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Abstract

Previous work has established an equality between the geodesic integral of a free bulk field in AdS
and the contribution of the conformal descendants of its dual CFT primary operator to the OPE
of two other operators inserted at the endpoints of the geodesic. Working in the context of the
AdS;/CFTy correspondence, we extend this relation to include the 1/N corrections to the bulk field
obtained by dressing it with i) a U(1) current and ii) the CFT stress tensor. In the former case, we
argue that the contribution of the Ka¢-Moody descendants to the respective boundary OPE equals
the geodesic integral of a particular U(1)-dressed bulk field, which is framed to the boundary via a
split Wilson line. In the latter case, we compute the gravitational 1/N corrections to the bulk field
in various gauges, and then write a CFT expression for a putative bulk field whose geodesic integral
captures the contribution of Virasoro descendants to the OPE of interest. We comment on the bulk

interpretation of this expression.

It has been recently observed [1-3] that the contri-
bution of the conformal family of a primary opera-
tor O in a CFT; to the OPE of two other primaries
A, B [4] can be represented as the integral of a free

bulk field in AdS441 constructed from O [5-7]

3O () = / Bz Ka(yl)O@) (1)

over the geodesic v4p that joins the boundary in-
sertions of A, B

Capo YN
~ T2[Bats /YAB dhe 248 dO0) (y()))
(2)
The above is a purely kinematic relation, which
simply follows from conformal symmetry and is
thus valid in any CFT. In a large N CFT, ®©
is the leading approximation at large N to the

A(z)B(0)

physical bulk field, which in general involves an
infinite series of multitrace corrections [8,9]

1
PukrL = /KAO+NZCn/KAn(AB)n+

1
oy D / Ka, (CAB))m +... (3)

whose coefficients are fixed by the OPE coeffi-
cients of O. Given this fact, it is interesting to
ask whether a relation of the form (2) could hold
between the full AB OPE and the all-orders bulk
field (3).

In this note, we would like to verify this rela-
tion for a particular subset of operators that must
appear in the AB OPE together with O, namely
multitrace operators constructed from one O and
an arbitrary number of insertions of either a U(1)
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current, j, or of the CFT stress tensor, T. We
specialize to the context of two-dimensional CFT's,
where the couplings of these operators are univer-
sal and entirely determined by the associated Kac-
Moody /Virasoro symmetry'. The dual bulk the-
ory is described by a scalar field coupled to U(1)
Chern-Simons theory or to pure three-dimensional
Einstein gravity, in a limit where the backreaction
of the scalar on the bulk gauge field/the metric
is entirely neglected. As a consequence, the bulk
gauge field/metric is pure (large) gauge and the
dressing of the bulk scalar by the current/stress
tensor can be computed to all orders.

Note added in v2: After this article appeared on
arXiv, it was brought to our attention that [11]
were also pursuing similar ideas.

Let us first concentrate on the case of a charged
bulk scalar in AdSsz coupled to a U(1) Chern-
Simons gauge field, which is rendered gauge-
invariant by attaching to it a Wilson line running
from the bulk point y to a boundary point xz.
The expression for the gauge-invariant bulk field
operator, to linear order in O and all orders in the
current, has been worked out in [12]

~

By(y) = / &z Ka(ylz) e @ 0@y ()

where ¢ is the U(1) charge of O and A is its con-
formal dimension. Note that ®(y) still satisfies
the free wave equation.

We would like to know whether the OPE of two
boundary operators, A, B in which one includes
both the (global) conformal and the Kac¢-Moody
descendants of the operator O, equals the geodesic
integral of this type of gauge-invariant bulk field
for some choice of the Wilson line used to frame it
to the boundary?. For this, it is useful to bosonize
the current to a chiral boson operator, x(z), via

That such a relation should exist is suggested by the
fact that the Virasoro heavy-light conformal block, which
sums up the above multitrace contributions, is the geodesic
integral of the corresponding bulk field [10].

2Note that in the approximation in which we are work-
ing, the shape of the Wilson line is irrelevant, and the fram-
ing is entirely specified by its boundary endpoint(s).

Ix(z) = j(z). The OPE of x with various op-
erators can be derived from the known j OPEs.
As explained at length in [12], while generically y
does not exist as an operator in the holographic
dual CFT (since its zero mode is unphysical), it is
nevertheless a useful computational tool. In terms
of x, the expression for the gauge-invariant bulk
scalar reads

B(y) = / 2z Ka(ylz) 1@ XD o) (5)

The way we will be checking the relation be-
tween the all-orders bulk field (5) and the bound-
ary OPE is by computing correlators of the form
Glwn) . (wn) A(er) Blzs) Of(zy)) with o; —
(2i,z;). In a CFTy, all these correlators can be
obtained recursively from the (A(z1)B(22)OT(z3))
three-point function, which is non-zero provided
that g4 + gg = ¢. For example, the correlator
with one insertion of j is

(j(w) A(z1)B(x2) O (23)) = < qa

w — z1

qB
w — 29

(6)

__ 49 ><A(a;1)B(w2)OT(x3)>

w — z3

which should equal the O(q) term of

/ d\ e rAan / P’ Ka(y(\))2') x
x(O(x') 10X () OF (25)) - (7)

where ¢ is taken to be O(1/N). The OPE of j(w)
with Of(z3) reproduces the last term in the cor-
relator (6), whereas the OPE of j(w) with O(z')
cancels against the contribution of x(z). Thus,
the first two terms in (6) must come from the OPE
of j(w) with x(zo). If ¢gg = 0, then this simply
tells us that o = z1, i.e. the AB OPE equals the
integral of the gauge-invariant bulk field framed
by a Wilson line ending on the insertion of the
operator A on the boundary. However, if both
qa,qp # 0, then the bulk field should be con-
nected to the boundary via a split (or forked) Wil-
son line, which starts at y, splits in two, and ends
on the boundary at x1 . We know such a Wilson
line should exist, since it contributes to the bulk



three-point function of the operators with charges
qa,qp and —q.

The expression for the gauge-invariant bulk op-
erator framed this way is?

8%0) = [ doKale) O x
x exp [i(gax(z1) + gex(z2) — qx(x))] (8)

and it has, by construction, all the correct corre-
lators with arbitrary powers of j (since they are
entirely determind by the singularity structure).
Its dressing by x can also be understood in the
shadow operator formalism [13] (see also [1,2]), in
which the AB OPE is written as

A(x1)B(x2) ~ /<>d2x (A(z1)B(22)O(x)) O(x)
(9)

where O is the shadow operator associated to O.
The split Wilson line in (8) is nothing but the
dressing by the current (or, equivalently, by x) of
the (ABO) correlator.

Let us now turn to the gravitational case. We
can find the all-orders “semiclassical” gravita-
tional dressing of a probe bulk scalar by consid-
ering its propagation in a metric that solves the
vacuum Hinstein equations in AdSs. The most
general such metric is obtained by acting with a
diffeomorphism &” on Poincaré AdSs

dz? + detdx~

2 __
ds® = 5

‘ (10)

Asymptotically, the diffeomorphism should ap-
proach

¢ = [f(@) + 00 + [f-(27) + O(P)]0-
+ S0 fr@t) + - f- (@) + OG0, (1)

If we require § to preserve radial gauge, g,. = 0,
then its form is entirely determined

2
Eraa = [f+(aT) - Efﬁ(l’_)]&r +[f-(z7) (12)
2

z //(x+)]a_ + %[a+f+(x+) _|_a_f_(a:_)]3z

_ 5 v
3Note that this dressing can be entirely rewritten in

terms of the current, using ¢ = qa + gB, so the unphys-
ical zero mode of x cancels away.

where we are working at linearized level. In this
approximation, f4 are related to the expectation
value of the stress tensor via (Th1) = 5 ff).

In principle, we can find the bulk field by work-
ing perturbatively in £#. At linear order, we have

O -m2)e) = 2y~ (g”v“quﬂ‘))) .

—2¢vv, 000 + <D + %) ¢'v,0  (13)

where £ is the AdS3 radius and all derivatives are
with respect to the Poincaré AdS background. In-
verting the propagator as in [14], one finds

() = - / @ Ka(y]r) (€(x) 0. 0(z) +

+ % aﬁa(x)0($)> +&(y) 0,20 (y)  (14)

where o = & runs over the boundary coordinates.

To find the linearized contribution to the gauge-
invariant bulk field, one needs to add to (14) the
contribution from the “gravitational Wilson line”
used to render the operator gauge-invariant. The
usual way to specify a gauge-invariant bulk oper-
ator in gravity is as the bulk field at some fixed
affine distance along a geodesic shot from the
boundary [15]; more concretely, it is EI;(y“ - x"),
where y* is an asymptotically trivial diffeomor-
phism used to set the metric components along the
said geodesic to zero. In general, x* is solved for in
terms of the metric; however, in our case it is sim-
pler to write it in terms of the diffeomorphism &#
used to generate the metric from pure AdSs. For
example, to obtain the bulk field in radial gauge,
one should take y* = &H — f .q- In the appendix,
we also work out the relevant x* for a bulk field
framed along certain “circular” geodesics.

The above implies that the linearized correction
to the bulk field in radial gauge is given by (14)
with ¢ replaced by &/ ;. Concentrating on the
holomorphic contribution due to fy(zT), the ex-
pression can be massaged into

(h—1) /d2ZE/O'0A_3 (—00 U (2 |2)+

Az~
z

() =

¥ (w'|x>> o) (15)



where A = 2h and we used the explicit expression
for the bulk-to-boundary propagator [7]

2 L AptAz—\ 272
Ka(zala') = (u) _ A2
2z
(16)
with Az® = 2/* — 2% We also defined
VO (le) = @)= fah) - @) AT
VO ) = f@h) - f@h) - At -
Azt)2
pay BT (17)
It is not hard to see that, at this order,
12 2/t 2!+
\I’(2) (x/’x) _ _/ dm//-i-/ da;"’+T++(x”'+)
C Jgp+ o+
and
12 2/t o+ 2!+
W@le) =2 [ [ [ re ay
C Jxt+ z+ o+

The linearized expression for the bulk field can
then be written as

$O

W) = = [ @ sl (10 @n)0w)

+ o® (x/\x)a+,c9(x/))

and it can be easily checked that it satisfies the
linearized equation of motion

2424
c

O-m?) e, = - =T, 9?00 (20)

Note that if we are turning on a purely holomor-
phic background (f_(x~) = 0), then the expres-
sion for both the metric and its inverse truncates
[16], and the above equation of motion is valid to
all orders in Ty 4. In this case, it is not hard to

(19)

guess the all-orders expression?®

~

Braaly) = [ Ka(yla!) e V1000 0)

(21)
with U2)-0) given by (18), which satisfies the
equation of motion with a purey holomorphic
source exactly. It is likely that the full expres-
sion for the gauge-invariant bulk field consists of
the above holomorphic and a similar antiholomor-
phic exponentiated factor; however, it is harder to
check that it satisfies the equation of motion, since
the latter includes an infinite series in 7 T /c2.

Coming back to our original question, we are
looking for a dressed bulk field that, when in-
tegrated, has the same OPE with the boundary
stress tensor as the AB OPE. If we are to follow
the same strategy that we used in the U(1) case,
we should first find a dressing that makes the OPE
of the bulk field with the CF'T stress tensor be that
of a local primary operator at some point zy on
the boundary, irrespectively of its bulk position.
In principle, we could first compute the OPE of
(21) with the stress tensor and understand how to
make it behave as a local operator at xz(; however,
in practice it is simpler to guess a CF'T expression
for a bulk field that has the desired behaviour.

For this, it is useful to introduce the Liouville
field ¢, related to the CFT stress tensor via [18]

T=Q¢"—¢", Qz\/§>>1 (22)

In terms of the holomorphic conformal transfor-
mation £(z) that generates the background un-
der study, the stress tensor and ¢ are given by

B c 36//2 6/// _Q ,
r-g(ie-F) . emgme

4This is for a bulk field in radial gauge. In the appendix,
we work out the bulk field framed along a set of “circular”
geodesics, and find an expression identical to (21), just with
x replaced by the boundary endpoint of the new geodesic.

®Note that (21) is not invariant under special conformal
transformations, as expected of a non-local operator in the
bulk [17].

(23)




where we can recognize T as a purely Schwarzian
derivative term. Given that a Liouville vertex op-
erator e¥ behaves at large ) as a primary of di-
mension h = %, the putative bulk field

~

Pr(y) = / Pa Ka(ylz) e @ #@0)=2@) o)

(24)
does have the desired OPE with the stress tensor,
since the contribution of the integrated operator
O(z) is canceled, at leading order in 1/N, by that
of exp[—%gﬁ(m)], which effectively contributes a
“negative dimension”. This behaviour is exactly
analogous to that of the charged bulk field (5).

It is then not hard to write down a CFT ex-
pression for a bulk field whose OPE with the stress
tensor is the same, at leading order in 1/N, as that
of an operator A inserted at x1 and an operator B
at @9

b0 (x) =

/dza: Ka(ylz) O(x) x (25)

 exp | S(0ap(ea) + haglan) ~ ho(a)
This dressing is natural also from the point of view
of the shadow operator formalism, since ¢2*/Q¥ =
&', so its role is to transform the integrated cor-
relator in (9) from &£(x) to x coordinates. It is
then clear that the OPE relation we are looking
for holds if the dressing of the integrated bulk field
is given by (25).

While (24), (25) represent scalar fields in the
bulk in the sense that they satisfy the wave equa-
tion® and have the correct ¢ — oo limit, we still
need to specify which precise framing of the bulk
field to the boundary yields these expressions. By
analogy with the U(1) case, we would like to inter-
pret them as the bulk field attached to the bound-
ary via a “radial” and respectively a “split” Wil-
son line. However, note that the “radial Wilson
line” that frames (24) is different from the dress-
ing of the bulk field in radial gauge (21), even

®Note that, unlike (21), they satisfy the free wave equa-
tion in AdS, so now z should be thought as the uniformizing
coordinate in which (T") = 0, whereas in (21) it simply rep-
resented the CFT coordinate.

though at linear level they both involve the double
integral of the stress tensor. It seems reasonable
to attribute this discrepancy to the two distinct
ways to define the gravitational dressing in 3d: by
labeling bulk points according to their affine dis-
tance to the boundary along geodesics, which is
the method we used to derive (21), and by fram-
ing the bulk field with SL(2,R) Wilson lines in
the Chern-Simons formulation of 3d gravity, which
is our conjecture for what (24) represents. This
conjecture is supported by the similarity between
the bulk field dressing in (24) and the matrix el-
ements of SL(2,R) Wilson lines recently worked
out in [19]. By the same token, (25) would corre-
spond to a split Wilson line dressing in the Chern-
Simons formulation.

This concludes our argument for an equal-
ity between the contribution to the boundary
OPE of an operator O and all of its Kac-
Moody/Virasoro descendants and the geodesic in-
tegral of an appropriately-dressed bulk field op-
erator. Since our proof ultimately relies on the
fact that both the Kaé-Moody and the Vira-
soro descendants can be generated via a holomor-
phic gauge/coordinate transformation, it would be
worthwhile to have a more explicit derivation of
this relation, e.g. by summing the global multi-
trace primaries that make up the Virasoro block,
along the lines of [20].

Our work indicates that there are two physically
different ways to define gauge-invariant operators
in 3d gravity, and it would be interesting to explore
them further. First, one could check whether (24)
corresponds indeed to the bulk field framed to the
boundary via an SL(2,R) Wilson line. Second,
it would be interesting to understand the physical
interpretation of the two possible dressings of the
bulk operator in both the metric and the Chern-
Simons formulation of 3d gravity. Finally, it would
be nice to find a relation between our dressings,
both of which are linear in the stress tensor, and
the “quadratic” dressing recently put forth in [21].

It would also be interesting to check the rela-
tion between the bulk field (3) and the boundary
OPE for the case of non-universal contributions to



the OPE, which do not follow by symmetry argu-
ments alone. If the relation does continue to hold
to all orders in 1/N, and given that the geodesic
integral can be viewed as a Mellin transform [3],
then the bulk field at an arbitrary distance inside
the bulk would indeed be given by the (appro-
priately defined) inverse Mellin transform of the
corresponding boundary OPE. It would be inter-
esting to explore whether this leads to a new way
to understand of the emergence of the holographic
direction in AdS/CFT.
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A. Bulk field in “circular” gauge

It is of interest to obtain an explicit expression
for the bulk field in a gauge different from radial
gauge. In this appendix, we would like to obtain
the dressing for a bulk operator connected via a
Wilson line that stretches along a geodesic obeying

+
X

22 +ata” =R?, — (26)
Letting 7% be the tangent vector to this geodesic,
we need to find the diffeomorphism &, that asymp-
totes to (11) at infinity and obeys (L¢ g, )7 = 0.
While we need this condition to be satisfied only
along some particular geodesic, we will request

that it holds for all geodesics” that are symmetric

"These geodesics are semicircles in the Minkovski space
conformal to AdS, hence the name for this gauge. Note
that g, = 0 is not a consistent gauge choice, as there exist
physical configurations that cannot be brought into it.

around the origin ¥ = 0 and obey (26) for some
R, .

Next, it is convenient to transform (10) to black
string coordinates

[r2 — 2 r
:L':t _ . +e27rT(d>$t) ’ = _+e27er> (27)
T T

in which the geodesic lines (26) simply become
lines of constant ¢, ¢. Their tangent vector is

2

T=r0, =
xta—

(xT0L +270_) — 20, (28)

The most general diffeomorphism that obeys the
boundary conditions (11) (we take f_(x~) = 0 for
simplicity) is

Sc:

2
~ 5@ O S(ET) —atp @) 0 (29)

where we defined

<f(§:+) —aTpfl(aT) + %(x*p)Qf”(W)) 04

2

it = gt 14— p=1/1+
xtax—™

-1
xtz—’

(30)
Note that 27 is nothing but the boundary end-
point of the geodesic that passes through the cho-
sen bulk point, and that xtp = 2T — 2. Shifting
the bulk field (14) by y* = &# — ¢, the expression
we obtain for the linearized bulk field in this gauge
is the same as (15), just with 2" replaced with 7,
in accordance with the fact that the endpoint of
the Wilson line on the boundary has moved. It
seems reasonable to assume that the expression
will exponentiate, as before.
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