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Bulk fields from the boundary OPE

Previous work has established an equality between the geodesic integral of a free bulk field in AdS and the contribution of the conformal descendants of its dual CFT primary operator to the OPE of two other operators inserted at the endpoints of the geodesic. Working in the context of the AdS 3 /CFT 2 correspondence, we extend this relation to include the 1/N corrections to the bulk field obtained by dressing it with i) a U (1) current and ii) the CFT stress tensor. In the former case, we argue that the contribution of the Kač-Moody descendants to the respective boundary OPE equals the geodesic integral of a particular U (1)-dressed bulk field, which is framed to the boundary via a split Wilson line. In the latter case, we compute the gravitational 1/N corrections to the bulk field in various gauges, and then write a CFT expression for a putative bulk field whose geodesic integral captures the contribution of Virasoro descendants to the OPE of interest. We comment on the bulk interpretation of this expression.

It has been recently observed [START_REF] Czech | A Stereoscopic Look into the Bulk[END_REF][START_REF] De Boer | Entanglement, holography and causal diamonds[END_REF][START_REF] Carneiro Da Cunha | Exploring the BTZ bulk with boundary conformal blocks[END_REF] that the contribution of the conformal family of a primary operator O in a CFT d to the OPE of two other primaries A, B [START_REF] Ferrara | Manifestly conformal covariant operator-product expansion[END_REF] can be represented as the integral of a free bulk field in AdS d+1 constructed from O [5-7]

Φ (0) (y) = d d x K ∆ (y|x)O(x) (1) 
over the geodesic γ AB that joins the boundary insertions of A, B A(x)B(0) ∼ C ABO |x| ∆ A +∆ B γ AB dλ e -λ∆ AB Φ (0) (y(λ))

(2) The above is a purely kinematic relation, which simply follows from conformal symmetry and is thus valid in any CFT. In a large N CFT, Φ (0) is the leading approximation at large N to the physical bulk field, which in general involves an infinite series of multitrace corrections [START_REF] Kabat | Constructing local bulk observables in interacting AdS/CFT[END_REF][START_REF] Kabat | Locality, bulk equations of motion and the conformal bootstrap[END_REF] 

Φ HKLL = K ∆ O + 1 N n c n K ∆n (AB) n + + 1 N 2 m,n d m,n K ∆m,n (C(AB) n ) m + . . . (3) 
whose coefficients are fixed by the OPE coefficients of O. Given this fact, it is interesting to ask whether a relation of the form [START_REF] De Boer | Entanglement, holography and causal diamonds[END_REF] could hold between the full AB OPE and the all-orders bulk field [START_REF] Carneiro Da Cunha | Exploring the BTZ bulk with boundary conformal blocks[END_REF].

In this note, we would like to verify this relation for a particular subset of operators that must appear in the AB OPE together with O, namely multitrace operators constructed from one O and an arbitrary number of insertions of either a U (1) current, j, or of the CFT stress tensor, T . We specialize to the context of two-dimensional CFTs, where the couplings of these operators are universal and entirely determined by the associated Kač-Moody/Virasoro symmetry1 . The dual bulk theory is described by a scalar field coupled to U (1) Chern-Simons theory or to pure three-dimensional Einstein gravity, in a limit where the backreaction of the scalar on the bulk gauge field/the metric is entirely neglected. As a consequence, the bulk gauge field/metric is pure (large) gauge and the dressing of the bulk scalar by the current/stress tensor can be computed to all orders.

Note added in v2: After this article appeared on arXiv, it was brought to our attention that [START_REF] Lamprou | to appear. See also L. Lamprou's talk at Perimeter[END_REF] were also pursuing similar ideas.

Let us first concentrate on the case of a charged bulk scalar in AdS 3 coupled to a U (1) Chern-Simons gauge field, which is rendered gaugeinvariant by attaching to it a Wilson line running from the bulk point y to a boundary point x 0 . The expression for the gauge-invariant bulk field operator, to linear order in O and all orders in the current, has been worked out in [START_REF] Guica | On the construction of charged operators inside an eternal black hole[END_REF] Φ

J (y) = d 2 x K ∆ (y|x) e -iq x x 0 j(x ′ )dx ′ O(x) (4)
where q is the U (1) charge of O and ∆ is its conformal dimension. Note that Φ J (y) still satisfies the free wave equation.

We would like to know whether the OPE of two boundary operators, A, B in which one includes both the (global) conformal and the Kač-Moody descendants of the operator O, equals the geodesic integral of this type of gauge-invariant bulk field for some choice of the Wilson line used to frame it to the boundary2 . For this, it is useful to bosonize the current to a chiral boson operator, χ(z), via ∂χ(z) = j(z). The OPE of χ with various operators can be derived from the known j OPEs. As explained at length in [START_REF] Guica | On the construction of charged operators inside an eternal black hole[END_REF], while generically χ does not exist as an operator in the holographic dual CFT (since its zero mode is unphysical), it is nevertheless a useful computational tool. In terms of χ, the expression for the gauge-invariant bulk scalar reads

Φ J (y) = d 2 x K ∆ (y|x) e iq(χ(x 0 )-χ(x)) O(x) (5)
The way we will be checking the relation between the all-orders bulk field [START_REF] Bena | On the construction of local fields in the bulk of AdS(5) and other spaces[END_REF] and the boundary OPE is by computing correlators of the form j(w 1 ) . . . j(w n ) A(x 1 ) B(x 2 ) O † (x 3 ) with x i = (z i , zi ). In a CFT 2 , all these correlators can be obtained recursively from the A(x 1 )B(x 2 )O † (x 3 ) three-point function, which is non-zero provided that q A + q B = q. For example, the correlator with one insertion of j is

j(w) A(x 1 )B(x 2 ) O † (x 3 ) = q A w -z 1 + q B w -z 2 - q w -z 3 A(x 1 )B(x 2 ) O † (x 3 ) (6) 
which should equal the O(q) term of

γ AB dλ e -λ∆ AB d 2 x ′ K ∆ (y(λ)|x ′ ) × × O(x ′ ) e iq(χ(x 0 )-χ(x ′ )) j(w) O † (x 3 ) (7)
where q is taken to be O(1/N ). The OPE of j(w) with O † (x 3 ) reproduces the last term in the correlator [START_REF] Hamilton | Holographic representation of local bulk operators[END_REF], whereas the OPE of j(w) with O(x ′ ) cancels against the contribution of χ(x ′ ). Thus, the first two terms in (6) must come from the OPE of j(w) with χ(x 0 ). If q B = 0, then this simply tells us that x 0 = x 1 , i.e. the AB OPE equals the integral of the gauge-invariant bulk field framed by a Wilson line ending on the insertion of the operator A on the boundary. However, if both q A , q B = 0, then the bulk field should be connected to the boundary via a split (or forked) Wilson line, which starts at y, splits in two, and ends on the boundary at x 1,2 . We know such a Wilson line should exist, since it contributes to the bulk three-point function of the operators with charges q A , q B and -q.

The expression for the gauge-invariant bulk operator framed this way is3 

Φ AB J (y) = d 2 x K ∆ (y|x) O(x) × × exp [i(q A χ(x 1 ) + q B χ(x 2 ) -qχ(x))] (8) 
and it has, by construction, all the correct correlators with arbitrary powers of j (since they are entirely determind by the singularity structure). Its dressing by χ can also be understood in the shadow operator formalism [START_REF] Ferrara | The shadow operator formalism for conformal algebra. vacuum expectation values and operator products[END_REF] (see also [START_REF] Czech | A Stereoscopic Look into the Bulk[END_REF][START_REF] De Boer | Entanglement, holography and causal diamonds[END_REF]), in which the AB OPE is written as

A(x 1 )B(x 2 ) ∼ ⋄ d 2 x A(x 1 )B(x 2 ) Õ(x) O(x) (9 
) where Õ is the shadow operator associated to O. The split Wilson line in ( 8) is nothing but the dressing by the current (or, equivalently, by χ) of the AB Õ correlator.

Let us now turn to the gravitational case. We can find the all-orders "semiclassical" gravitational dressing of a probe bulk scalar by considering its propagation in a metric that solves the vacuum Einstein equations in AdS 3 . The most general such metric is obtained by acting with a diffeomorphism ξ µ on Poincaré AdS 3

ds 2 = dz 2 + dx + dx - z 2 (10) 
Asymptotically, the diffeomorphism should approach

ξ = [f + (x + ) + O(z 2 )]∂ + + [f -(x -) + O(z 2 )]∂ - + z 2 [∂ + f + (x + ) + ∂ -f -(x -) + O(z 2 )]∂ z (11)
If we require ξ to preserve radial gauge, g µz = 0, then its form is entirely determined

ξ rad = [f + (x + ) - z 2 2 f ′′ -(x -)]∂ + + [f -(x -) (12) - z 2 2 f ′′ + (x + )]∂ -+ z 2 [∂ + f + (x + ) + ∂ -f -(x -)]∂ z
where we are working at linearized level. In this approximation, f ± are related to the expectation value of the stress tensor via T ±± = c 12 f

(3)

± . In principle, we can find the bulk field by working perturbatively in ξ µ . At linear order, we have

( -m 2 ) Φ (1) = 2∇ µ ξ ν ∇ µ ∇ ν Φ (0) - -2 ξ ν ∇ ν Φ (0) + + 2 ℓ 2 ξ ν ∇ ν Φ (0) ( 13 
)
where ℓ is the AdS 3 radius and all derivatives are with respect to the Poincaré AdS background. Inverting the propagator as in [START_REF] Heemskerk | Bulk and Transhorizon Measurements in AdS/CFT[END_REF], one finds

Φ (1) (y) = -d 2 x K ∆ (y|x) (ξ α (x) ∂ α O(x) + + ∆ 2 ∂ α ξ α (x)O(x) + ξ ν (y) ∂ ν Φ (0) (y) ( 14 
)
where α = ± runs over the boundary coordinates.

To find the linearized contribution to the gaugeinvariant bulk field, one needs to add to [START_REF] Heemskerk | Bulk and Transhorizon Measurements in AdS/CFT[END_REF] the contribution from the "gravitational Wilson line" used to render the operator gauge-invariant. The usual way to specify a gauge-invariant bulk operator in gravity is as the bulk field at some fixed affine distance along a geodesic shot from the boundary [START_REF] Donnelly | Diffeomorphism -invariant observables and their nonlocal algebra[END_REF]; more concretely, it is Φ(y µ -χ µ ), where χ µ is an asymptotically trivial diffeomorphism used to set the metric components along the said geodesic to zero. In general, χ µ is solved for in terms of the metric; however, in our case it is simpler to write it in terms of the diffeomorphism ξ µ used to generate the metric from pure AdS 3 . For example, to obtain the bulk field in radial gauge, one should take χ µ = ξ µ -ξ µ rad . In the appendix, we also work out the relevant χ µ for a bulk field framed along certain "circular" geodesics.

The above implies that the linearized correction to the bulk field in radial gauge is given by ( 14) with ξ µ replaced by ξ µ rad . Concentrating on the holomorphic contribution due to f + (x + ), the expression can be massaged into

Φ (1) rad (y) = (h -1) d 2 x ′ σ ∆-3 0 -σ 0 Ψ (2) (x ′ |x)+ + ∆x - z Ψ (3) (x ′ |x) O(x ′ ) ( 15 
)
where ∆ = 2h and we used the explicit expression for the bulk-to-boundary propagator [START_REF] Hamilton | Local bulk operators in AdS/CFT: A Holographic description of the black hole interior[END_REF] 

K ∆ (z, x|x ′ ) = z 2 + ∆x + ∆x - 2z ∆-2 ≡ σ ∆-2 0 ( 16 
) with ∆x α = x ′α -x α . We also defined

Ψ (2) (x ′ |x) = f ′ (x ′+ ) -f ′ (x + ) -f ′′ (x + )∆x + Ψ (3) (x ′ |x) = f (x ′+ ) -f (x + ) -f ′ (x + )∆x + - -f ′′ (x + ) (∆x + ) 2 2 ( 17 
)
It is not hard to see that, at this order,

Ψ (2) (x ′ |x) = 12 c x ′+ x + dx ′′+ x ′′+ x + dx ′′′+ T ++ (x ′′′+ )
and

Ψ (3) (x ′ |x) = 12 c
x ′+

x +

x ′′+

x +

x ′′′+

x +

T ++ [START_REF] Turiaci | On CFT and Quantum Chaos[END_REF] The linearized expression for the bulk field can then be written as

Φ (1) rad (y) = -d 2 x ′ K ∆ (y|x ′ ) h Ψ (2) (x ′ |x)O(x ′ ) + Ψ (3) (x ′ |x)∂ + ′ O(x ′ ) (19) 
and it can be easily checked that it satisfies the linearized equation of motion

( -m 2 ) Φ (1) rad = - 24z 4 c T ++ ∂ 2 -Φ (0) (20) 
Note that if we are turning on a purely holomorphic background (f -(x -) = 0), then the expression for both the metric and its inverse truncates [START_REF] Skenderis | Quantum effective action from the AdS/CFT correspondence[END_REF], and the above equation of motion is valid to all orders in T ++ . In this case, it is not hard to guess the all-orders expression 45 (3) given by [START_REF] Turiaci | On CFT and Quantum Chaos[END_REF], which satisfies the equation of motion with a purey holomorphic source exactly. It is likely that the full expression for the gauge-invariant bulk field consists of the above holomorphic and a similar antiholomorphic exponentiated factor; however, it is harder to check that it satisfies the equation of motion, since the latter includes an infinite series in

Φ rad (y) = d 2 x ′ K ∆ (y|x ′ ) e -hΨ (2) (x ′ |x)-Ψ (3) (x ′ |x) ∂ + ′ O(x ′ ) (21) with Ψ (2),
T ++ T --/c 2 .
Coming back to our original question, we are looking for a dressed bulk field that, when integrated, has the same OPE with the boundary stress tensor as the AB OPE. If we are to follow the same strategy that we used in the U (1) case, we should first find a dressing that makes the OPE of the bulk field with the CFT stress tensor be that of a local primary operator at some point x 0 on the boundary, irrespectively of its bulk position. In principle, we could first compute the OPE of [START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF] with the stress tensor and understand how to make it behave as a local operator at x 0 ; however, in practice it is simpler to guess a CFT expression for a bulk field that has the desired behaviour.

For this, it is useful to introduce the Liouville field ϕ, related to the CFT stress tensor via [START_REF] Turiaci | On CFT and Quantum Chaos[END_REF] 

T = Q ϕ ′′ -ϕ ′2 , Q = c 6 >> 1 (22)
In terms of the holomorphic conformal transformation ξ(x + ) that generates the background under study, the stress tensor and ϕ are given by

T = c 12 3 2 ξ ′′2 ξ ′2 - ξ ′′′ ξ ′ , ϕ = Q 2 ln ξ ′ (23)
where we can recognize T as a purely Schwarzian derivative term. Given that a Liouville vertex operator e αϕ behaves at large Q as a primary of dimension h = αQ 2 , the putative bulk field

Φ T (y) = d 2 x K ∆ (y|x) e 2h Q (ϕ(x 0 )-ϕ(x)) O(x)
(24) does have the desired OPE with the stress tensor, since the contribution of the integrated operator O(x) is canceled, at leading order in 1/N , by that of exp [-2h Q ϕ(x)], which effectively contributes a "negative dimension". This behaviour is exactly analogous to that of the charged bulk field [START_REF] Bena | On the construction of local fields in the bulk of AdS(5) and other spaces[END_REF].

It is then not hard to write down a CFT expression for a bulk field whose OPE with the stress tensor is the same, at leading order in 1/N , as that of an operator A inserted at x 1 and an operator B at x 2

Φ AB T (x) = d 2 x K ∆ (y|x) O(x) × (25) 
× exp 2 Q (h A ϕ(x A ) + h B ϕ(x B ) -hϕ(x))
This dressing is natural also from the point of view of the shadow operator formalism, since e 2α/Qϕ = ξ ′α , so its role is to transform the integrated correlator in (9) from ξ(x) to x coordinates. It is then clear that the OPE relation we are looking for holds if the dressing of the integrated bulk field is given by (25). While (24), (25) represent scalar fields in the bulk in the sense that they satisfy the wave equation 6 and have the correct c → ∞ limit, we still need to specify which precise framing of the bulk field to the boundary yields these expressions. By analogy with the U (1) case, we would like to interpret them as the bulk field attached to the boundary via a "radial" and respectively a "split" Wilson line. However, note that the "radial Wilson line" that frames (24) is different from the dressing of the bulk field in radial gauge [START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF], even though at linear level they both involve the double integral of the stress tensor. It seems reasonable to attribute this discrepancy to the two distinct ways to define the gravitational dressing in 3d: by labeling bulk points according to their affine distance to the boundary along geodesics, which is the method we used to derive [START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF], and by framing the bulk field with SL(2, R) Wilson lines in the Chern-Simons formulation of 3d gravity, which is our conjecture for what (24) represents. This conjecture is supported by the similarity between the bulk field dressing in (24) and the matrix elements of SL(2, R) Wilson lines recently worked out in [START_REF] Fitzpatrick | Exact Virasoro Blocks from Wilson Lines and Background-Independent Operators[END_REF]. By the same token, (25) would correspond to a split Wilson line dressing in the Chern-Simons formulation. This concludes our argument for an equality between the contribution to the boundary OPE of an operator O and all of its Kač-Moody/Virasoro descendants and the geodesic integral of an appropriately-dressed bulk field operator. Since our proof ultimately relies on the fact that both the Kač-Moody and the Virasoro descendants can be generated via a holomorphic gauge/coordinate transformation, it would be worthwhile to have a more explicit derivation of this relation, e.g. by summing the global multitrace primaries that make up the Virasoro block, along the lines of [START_REF] Fitzpatrick | Hawking from Catalan[END_REF].

Our work indicates that there are two physically different ways to define gauge-invariant operators in 3d gravity, and it would be interesting to explore them further. First, one could check whether (24) corresponds indeed to the bulk field framed to the boundary via an SL(2, R) Wilson line. Second, it would be interesting to understand the physical interpretation of the two possible dressings of the bulk operator in both the metric and the Chern-Simons formulation of 3d gravity. Finally, it would be nice to find a relation between our dressings, both of which are linear in the stress tensor, and the "quadratic" dressing recently put forth in [START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF].

It would also be interesting to check the relation between the bulk field (3) and the boundary OPE for the case of non-universal contributions to the OPE, which do not follow by symmetry arguments alone. If the relation does continue to hold to all orders in 1/N , and given that the geodesic integral can be viewed as a Mellin transform [START_REF] Carneiro Da Cunha | Exploring the BTZ bulk with boundary conformal blocks[END_REF], then the bulk field at an arbitrary distance inside the bulk would indeed be given by the (appropriately defined) inverse Mellin transform of the corresponding boundary OPE. It would be interesting to explore whether this leads to a new way to understand of the emergence of the holographic direction in AdS/CFT.

A. Bulk field in "circular" gauge

It is of interest to obtain an explicit expression for the bulk field in a gauge different from radial gauge. In this appendix, we would like to obtain the dressing for a bulk operator connected via a Wilson line that stretches along a geodesic obeying

z 2 + x + x -= R 2 , x + x -= α 2 (26) 
Letting τ µ be the tangent vector to this geodesic, we need to find the diffeomorphism ξ c that asymptotes to (11) at infinity and obeys (L ξc g µν )τ ν = 0. While we need this condition to be satisfied only along some particular geodesic, we will request that it holds for all geodesics 7 that are symmetric 7 These geodesics are semicircles in the Minkovski space conformal to AdS, hence the name for this gauge. Note that gτµ = 0 is not a consistent gauge choice, as there exist physical configurations that cannot be brought into it.

around the origin x ± = 0 and obey (26) for some R, α.

Next, it is convenient to transform [START_REF] Hijano | Semiclassical Virasoro blocks from AdS 3 gravity[END_REF] to black string coordinates

x ± = r 2 -r 2 +
r 2 e 2πT (φ∓t) , z = r + r e 2πT φ (27) in which the geodesic lines (26) simply become lines of constant t, φ. Their tangent vector is

τ = r∂ r = z 2 x + x -(x + ∂ + + x -∂ -) -z∂ z (28) 
The most general diffeomorphism that obeys the boundary conditions (11) (we take f -(x -) = 0 for simplicity) is

ξ c = f (x + ) -x + ρ f ′ (x + ) + 1 2 (x + ρ) 2 f ′′ (x + ) ∂ + - z 2 2 f ′′ (x + ) ∂ -+ z 2 (f ′ (x + ) -x + ρ f ′′ (x + )) ∂ z (29)
where we defined

x+ = x + 1 + z 2 x + x -, ρ = 1 + z 2 x + x --1
(30) Note that x+ is nothing but the boundary endpoint of the geodesic that passes through the chosen bulk point, and that x + ρ = x+ -x + . Shifting the bulk field ( 14) by χ µ = ξ µ -ξ µ c , the expression we obtain for the linearized bulk field in this gauge is the same as [START_REF] Donnelly | Diffeomorphism -invariant observables and their nonlocal algebra[END_REF], just with x + replaced with x+ , in accordance with the fact that the endpoint of the Wilson line on the boundary has moved. It seems reasonable to assume that the expression will exponentiate, as before.

That such a relation should exist is suggested by the fact that the Virasoro heavy-light conformal block, which sums up the above multitrace contributions, is the geodesic integral of the corresponding bulk field[START_REF] Hijano | Semiclassical Virasoro blocks from AdS 3 gravity[END_REF].

Note that in the approximation in which we are working, the shape of the Wilson line is irrelevant, and the framing is entirely specified by its boundary endpoint(s).

Note that this dressing can be entirely rewritten in terms of the current, using q = qA + qB, so the unphysical zero mode of χ cancels away.

This is for a bulk field in radial gauge. In the appendix, we work out the bulk field framed along a set of "circular" geodesics, and find an expression identical to[START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF], just with x replaced by the boundary endpoint of the new geodesic.

Note that[START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF] is not invariant under special conformal transformations, as expected of a non-local operator in the bulk[START_REF] Kabat | Decoding the hologram: Scalar fields interacting with gravity[END_REF].

Note that, unlike[START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF], they satisfy the free wave equation in AdS, so now x should be thought as the uniformizing coordinate in which T = 0, whereas in[START_REF] Lewkowycz | A CFT Perspective on Gravitational Dressing and Bulk Locality[END_REF] it simply represented the CFT coordinate.
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