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ALGEBRAS VIA GENERALIZED MACDONALD OPERATORS
PHILIPPE DI FRANCESCO AND RINAT KEDEM

ABSTRACT. We introduce difference operators on the space of symmetric functions which
are a natural generalization of the (g, t)-Macdonald operators. In the ¢ — oo limit, they
satisfy the Ay_1 quantum Q-system [DEK14] [DFKT5]. We identify the elements in the
spherical Ay_1; DAHA [Che(5] which are represented by these operators, as well as within

the quantum toroidal algebra of gl; [FIMM12] and the elliptic Hall algebra [SV11] [Sch12].
We present a plethystic, or bosonic, formulation of the generating functions for the gener-

alized Macdonald operators, which we relate to recent work of Bergeron et al [BGLX14].
Finally we derive constant term identities for the current that allow to interpret them in
terms of shuffle products [Negl4]. In particular we obtain in the ¢ — oo limit a shuffle
presentation of the quantum @Q-system relations.
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1. INTRODUCTION: GENERALIZED MACDONALD OPERATORS

1.1. Introduction. The aim in this paper is to make explicit the relation between the
algebra satisfied by the generators of the Ay_; quantum )-system, or more precisely, their
t-deformation [DFKI16], and the following algebras, whose relation to each other is better
known: the Ay_; spherical Double Affine Hecke Algebra (sDAHA) [Che05], the level-0
quantum toroidal algebra of gAll [IMik07, [EJMM12], the shuffle algebra [FO98|, Neg14] and
the Elliptic Hall Algebra (EHA) [SV11].

Quantum @-systems arise naturally as the quantization [BZ05] of the cluster algebras
[EZ02] associated with the classical Q-system [Ked08, [DFK11]. The latter is a recursion
relation for characters of Kirillov-Reshetikhin modules [KR87] of quantum affine algebras,
and it is directly connected [HKO™99, [DFKO0§| with fermionic formulas for the characters of
the tensor products of KR-modules. The quantum ()-system is similarly connected with the
graded characters of the Feigin-Loktev fusion product [FL99] of the same spaces [DEK14],
where the quantum parameter ¢ is associated with the homogeneous grading.

Graded characters of tensor products of KR-modules can be written as iterated, ordered
products of difference operators, which satisfy the quantum @-system, acting on the poly-
nomial 1. That is, there is a representation of the algebra satisfied by the generators of

the quantum @-system in terms of difference operators acting on the space of symmetric
functions [DFK14, DFK15].
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In Ref. |[DFKI16], we gave a relation between this algebra and a non-standard level 0
representation of the Drinfeld currents in the quantum affine ;lg algebra, or rather, a rank-
dependent quotient of the algebra. The difference operators introduced in [DEK15] were
identified as a generalization of the the dual Whittaker limit ¢ — oo of the celebrated
Macdonald difference operators [Mac95]. This connection naturally leads [DFK16] to the
introduction of a t-deformation of these operators.

The present paper, a continuation of [DFK16], gives the algebraic framework of this
deformation. To do this, we define a new set of difference operators.

1.2. Generalized Macdonald operators. Let C,; := C(g,t) be the field of rational
functions in the formal variables ¢ and ¢. We denote by Fy the space of rational symmetric
functions of N variables over C, ;:

(11) :TN = Cq7t(I1,Z’2,...,Z’N)SN.

It is a subpace of Sy, symmetric functions of N variables over the same field. Here, the
symmetric group Sy acts naturally on {z1,...,xx} by permutations.

Given any rational function f(x1,zs,...,xx), let Sym(f) denote its symmetrization, and
let I'; be the multiplicative shift operator, acting on functions in Sy as follows:

(12) Fz f(.ﬁ(fl, ...,ZL’N) = f(.ﬁ(fl, ey Lj—1,qT5, Ty 1, ...,ZL’N) (1 S 7 S N)

Alternatively, I'; = ¢% where 6; is the additive shift operator, 6; : xj = T+ 0; ;.
Consider the following g-difference operator, which is a generalization of the Macdonald
operator, acting on JFy:

Definition 1.1. Let o € [1, N] and P € F,. Define the associated generalized Macdonald
operator to be the difference operator D, (P) acting on Fy as

. 1 tr; — x;j
(13) @a(P) = mSym ( (.]71, T2, ..., .lea) H F1F2 B 'Fa> .

1<i<a<j<N J

The following special examples of the operator in Definition [T
(1) The original Macdonald difference operators [Mac95] correspond to P =1 € F:
~ tr;
(1.4) D - > [ A | H T,.
IC[1,N] i€l Li = T

[I|=a J€&I

(2) The generalized Macdonald operators, introduced in [DFKI6], correspond to the
special case of P = (x1xg -+ x,)" € Fo, n € Z:

(1.5) Mo = Do (2 -0)") = 32 T ()" Htjl_f IIr-
! T ier

Ici, N] el
1I|= J&ZI
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These operators were inspired by the functional representation of the quantum Q-
system. Note that M,.c = D, are the original Macdonald operators.

(3) More generally, Let P be a generalized Schur function s, . o, € Fa with a; € Z.
This is the natural generalization of Schur polynomials to Schur Laurent polynomi-
als:

Definition 1.2. For any (a1, as, ..., a,) € Z*, define the generalized Schur function:

a;it+a—j .

deti<ij<a (%J ]) [Tzt

=Sym | &==——"—].
H1§i<j§a Li — Xy Hi<j Ti—Tj

By construction, Sg, . a.(%1,22,...,%,) is a Laurent polynomial in &,. We denote
the difference operators corresponding to generalized Schur functions by

(16) Sal,,,.,aa(xlvx%'"vxa) =

MalﬂQ,m,aa = 'Da<sal7~~7aa(x17x27"'7Ia)>
tr;, — x;
J
1.7) = > swean) [[ =2 TIT
IC[1,N] ier 7t J el
[I=« J¢1

where x; stands for the ordered collection of variables (z;)c;-

As a particular case, we recover My, = M, ... n, Which when n > 0 corresponds
to the usual Schur function s, . .(z1,...,24) = (122 --2,)", with rectangular
Young diagram « X n.

1.3. Main results and outline. The paper is organized as follows.

Our first task is to show in Section [2 how the operators M, of (LI) appear naturally
in the context of the functional representation of the spherical DAHA. To this end, we
introduce families of commuting operators Y;, = (X1 Xo--- X;1) " Y; (X1 Xo--- X;)" in
terms of the standard generators X;, Y; of the DAHA (see Sect. 2.1l for definitions). Next
we show in Theorem 217 that the operators (5] correspond to their elementary symmetric
functions, in the same way as usual Macdonald operators are obtained from elementary
symmetric functions of the Yj-generators of the DAHA. We find that Y;,, is proportional
to the n-th iterate of the action on Y; of one particular generator of the SLs(Z) action on
DAHA. This clarifies the algebraic origin of the operators M,,,.

In Section B, we show (Theorem B.3]) that the generating functions for M,, = M, for
all operators with @ = 1 is an element of the functional (level-0) representation of the
quantum toroidal algebra of gAll [Mik99, [FJMM12], or more precisely a particular quotient
thereof that imposes the finite number N of variables (see (8.5]) and (3:6])). We call these
the “fundamental currents” for reasons which will become clear in Section 4. This section
explains a posteriori one of the findings of Ref. [DFKI6], which corresponds to the limit
t — 0o, where these generating functions are partAof a non-standard representation of the
quantum enveloping algebra of the affine algebra sis.
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In Section M, we give the plethystic formulation of the above currents, equivalent to
their so-called bosonization. It describes their action on formal power series of the power
sum functions p, = Y. z¥ for k € Z*. This generalizes a construction of Bergeron et al.
[BGLX14].

In Section [fl we give an alternative definition M, (P) (see Definition (5.2) for the gener-
alized Macdonald operators D, (P) of Definition [T, which expresses them as a multiple
constant term involving products of the above fundamental currents. The coincidence of
these two definitions is the subject of Theorem [5.3] The latter allows to write the multiple
generating function for the operators My, . 4., of (L7) in terms solely of those of the M,,’s
(Theorem [5.7]). We conjecture (Conjecture [5.9) that these may be reduced to polynomial
expressions modulo the relations of the quantum toroidal algebra, and give the proof in the
case @ = 2 (Theorem [5.10). Such polynomials play the role of (¢, ¢)—determinants (see the
expression (B.19) for @ = 2). In Section (.3, we show that the definition of M, (P) is nat-
urally compatible with a suitably defined non-commutative product * : I, x Tz = T4,
(P, P") — P x P’ (the shuffle product [FO98, [Neg14]), which satisfies the morphism prop-
erty: Mosg(P * P') = My(P)Mg(P’) (see Thorem B5.I5). We may therefore translate re-
lations between the generalized Macdonald operators into shuffle product identities, which
sometimes are easier to prove (see examples in Sections [5.3.2H5.3.4)).

Section [@] presents a functional representation of the EHA in terms of our generalized
Macdonald operators. The established connection between spherical DAHA and EHA in
the case of A, (infinite number of variables) [SV11] extends to the quotient corresponding
to Ay_1 (finite number N of variables). This connection allows to derive new formulas for
the operators M., of (IH]) as polynomials of the fundamental operators with a = 1, thus
proving Conjecture for ay = ag = - -+ = a, = n (Theorem [G.3)).

In Section [7, we explore the dual Whittaker limit ¢ — oo of the constructions of this
paper. In particular, we relate the finite ¢ Macdonald operators M,, to their t — oo limit
M,,. We also find an explicit formula for the ¢ — oo limit of the operators Mg, 45,4, a5 @
quantum determinant, which involves a summation over a x o Alternating Sign Matrices
(Theorem[7.3]). By considering the ¢ — oo limit of the shuffle product, we find an alternative
shuffle expression for the quantum cluster algebra relations (Theorem [T.5]).

Section [ gathers a few concluding remarks on the (g, ¢)-determinant that expresses the
operator M, ., as a polynomial of the M,,’s, and suggest that the Ay_; EHA quotient
corresponding to a finite number N of variables is the natural t-deformation of the quantum
Q-system algebra.

Acknowledgments. We thank O. Babelon, I. Cherednik, M. Jimbo, A. Negut, V.
Pasquier, O. Schiffmann for valuable discussions and especially F. Bergeron for bringing
Ref. [BGLX14] to our attention and providing us with detailed explanations. R.K.s re-
search is supported by NSF grant DMS-1404988 and the conference travel grant NSF DMS-
1643027. P.D.F. acknowldeges support from the NSF grant DMS-1301636 and the Morris
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and Gertrude Fine endowment. We thank the Institut de Physique Théorique (IPhT) of
Saclay, France, and the Institut Henri Poincaré, Paris program on “Combinatorics and
Interactions”, France for hospitality during various stages of this work.

2. FORMULATION OF THE GENERALIZED MACDONALD OPERATORS IN DAHA

In this section, we find the explicit elements in the spherical double affine Hecke algebra
(sDAHA) whose functional representation are the generalized Macdonald operators M.,

of Equation (LH). The standard definitions and properties in this section can be found in
Cherednik’s book [Che05].

2.1. The Ay_; DAHA: Definition and relations.

2.1.1. Generators and relations. Let ¢ and 6 be indeterminates, where 6§ = t2. The
An_1 double affine Hecke algebra is the algebra generated over C(q,t) by the generators
{X..Y;,T; i€ [1,N],j € [1, N — 1]} , subject to the following relations:

(2.1) LiTinTi = Tinn T Tigas
(T, =) (T, +07") = 0
(2.2) LX:T, = X T T = Yig, (1<i<N-1)

TX, = X,Tx LY, =Y,T. (j#ii+]1)
X1Y, = YoT7 Xy
Xin = Xin; YiY} = Y}Yi;
Vi YnX; = qX;Yi--- Yy
(2.3) X XyY, = ¢ 'YX Xy
2.1.2. Other useful relations. We list here several useful relations among the generators of
the DAHA which follow from the definition above. Some of them can be found in [Che05]
(see Sect. Some relations on pp 103-104, egs. (1.4.64-69)).
The following relations give a way to reorder X; and Y;:
XY = Y TPX, =Yin T, X T, =T Y, T, X, (i=1,2,..,N—=1)
ViXih = XinT7Yi= X T7VYon T =T, X0 T, Y, (i=1,2,.,N—-1).
More generally, let 1 <7 < 7 < N. Then
XY = V(G Tin T Ty T X,

= Yju(T3Tj-1 - TZ)XZH(Tl_lle_ll .. 'Tj_1)§
Y; Xj+1 = Xj-i-l(Tj_lj}__ll .. Ti:-11TZ‘_2TZ'+1T,'+2 - T])Y;

= Xn(T' T - T Yo (DT - - T)).

2
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Moreover,
(XiXjo1 X)) Y = V(DT T TP T Tiga -+ Ti) (X X1 -+ X5)
= YT - T) (X X - - X)) (T7 1T111 Th).
This equation can be iterated to obtain

(24)  (X;Xjo1-X)" Y =Y (T - T (X Xy - X)) (T T - T,

J
Lemma 2.1. Foralll <:<j <N,

(X Xip1+ X )(T 1Tz+11 "T_—ll) (T sz:rl "Tj__11)(Xin'+1 e ‘Xj)'

J

Proof. For all 1 <7 < j < N, we have:
(XiXiq - X)(TTTY T = (XX X)) (T T Ty X
= Xi(TXi- - TjoX; 5T X;)
= T7' X1 X (T Xia - Tj1X54)
= 7' X (T Xia - T X5 X,
= T X (T X - T X50) X Xia

= (T 1T111 T'_—ll)(XiXi—i-l e 'Xj)-

7

The lemma follows. O

2.1.3. The generator w. Define
=Y "y Tn_;.
Using Y;11 = Ti_1 Y; Ti_l, we may express each of the Ys as:
Y, =TTy Ty n M7 T7 (i =1,2..., N).
In other words, we may express 7w in N different manners:
(2.5) r=T"T T Y ' Ty - Ty (i=1,2,...,N).
The following two Lemmas show that 7w acts as a translation operator on T;s and X;s:

Lemma 2.2.
nl, =T (1=1,2,..,N —2)

Proof. Using the ith expression for 7 (2.5), we compute:
Tl = (T1_1T2_1 o 'T'_11>}/;_1(ﬂﬂ+1ﬂ)(ﬂ+2 +++Ti-1)

1—

(T1_1T2_1 . -T-__ll)Yi_le‘H (T - - Tn-a)

7

= LT T)Y (T - Tvey) = Tiaw

)

where we have first used the braid relations (ZI)) and the commutation relations(2.2). O
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Lemma 2.3.
7TXi :Xi+l7T (Z: 1>2a"'>N_ 1) and 7TXN :q_leﬂ-

Proof. Using YV; X;,1 = XZ-+1TZ-_2YZ-, wich implies TY;_lXiJrlTi_2 = Z-HYZ-_I, and the expres-
sion (2.5) for m, we compute:
Xy = (T T)Y (G - T X = (T - T

= (V' )Y X T (T -+ - Tva)

71—

= Xipn(I7'I5 - T T (T - Tvey) = X

1— 3 K3

DY X (T - Tv-a)

The last relation is obtained by using
X: - Xy=q¢'X;- - Xy,
obtained from the relation (2.3]). O

2.2. The functional representation of the DAHA. Since the variables X, ..., Xy
commute among themselves, we can define the functional representation p of the DAHA
acting on V' = C, (21, ..., zxn) as follows:

p(Xi)f(l’l,l’g,...,ZL'N) = ZL’Z'f(ZL'l,ZL'Q,...,ZL'N), fGV;

p(si) flxy, oo, iy xigr, oy xn) = f(x1, o, T, Tiy s xy), fEV;
0—6-1
p(T;) = Op(si) + —=——(p(s:) — 1)
riry —1
Ox; — 9_11'2'4_1 0 —01
= ————p(si) — By ————;
Ti — Ti41 Ty — Tit1
p(T7Y) = p(T) —0+067"
Hxi — ‘9_1.§IIZ'+1 0 — 9_1
e A O R
Ty — Ti1 Ti — Ti41

p(m) f(w1, 29, oy an) = flwo,23,.y2n,¢ ‘1), fEV;
p(Y;)) = p(TiTiy - Tyom "I T2 (i=1,2,..,N).

We see that the g-shift operators I'; of (L2]) are a representation of the following element
in the DAHA:

(26) Fz = p(sisi—l—l "'SN_QSN_lﬂ'_lSlSQ"'Si_l), 1= 1,2,...,N.

2.3. Macdonald difference operators. The operators Y7, ..., Yy commute among them-
selves. Therefore one can define the elementary symmetric functions e, (Y3, ..., Yy) unam-
biguously.
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Definition 2.4. The Macdonald operators are
(2.7) D, :=en(Y7, ..., Yn), (=0,1,2,...,N).

Equivalently one can write .°_ 2Dy = [, (1 4 2Y;).
It is well-known that the operators p(D,) act on the space Sy of symmetric functions in
the variables x1, ..., xx. The following is a standard result of Macdonald theory:

Theorem 2.5. The restriction of the operators p(D,) to Sy is
p(Da)lsy =t Do = 67°N=) D,
where D, are the Macdonald operators (IA).

2.4. More commuting operators. In this section, we introduce families of commuting
operators {Y; ,}icpi,n) for each n € Z. These are related to Cherednik’s SLy(Z) action on
Y; by n iterations of the generator 7, .

2.4.1. Definition and commutation.

Definition 2.6. We introduce the family of operators:
Yin=(X1 X X; )"V (X1 Xo - - X0)T, (1=1,2,..,N;n €Z).
In particular, Y; o =Y, and Y7 ,, = Y1 X{'. We also see that
Yo = (X1 Xno1) Yy (X1 Xn)" = ¢" Xy Y.
Lemma 2.7. For fivzed n € Z, the elements {Y;,, : i € [1, N]} commute among themselves:
YinYin=Y;,Yin Vi, je[l,N].
Proof. Writing j =i+ k, k > 0, we have:
(Xp- - Xi)"YinYigpn( Xy X)) ™"
= Yi(Xit1- - Xigpo1) Yirn(Xig1 - - Xigw)"
= n+kn(ﬂ+k—1 e 'Tz'+1)(Xz'+2 o 'Xz‘+k)_n(Tijrl1 o 'Tijf—l)(XiH e 'Xi—l—k)n
= Yiur(Tipnr - Top) ViX2) (T35 Tg )
= Yir(Tprm - TXP (T T35 )Y,
where we have first used the relation (2.4)):

(Xip1 - Xivho1)"Yirk = Yigr(Tipm1 -+ Tis) (KXo - - X)) (T3 - Tigy)
then Lemma 2.1}
(T T ) (X X)) = (X X)) (T -+ Tipey)
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and finally V; X7, = T, X 'Y; by iteration of (2.4). Likewise, we have:
(Xy- - Xie )Yk n Yin(Xy - Xp)™"
(Xi- Xivn—1) "Yign(Xs - - Xigw)"Ys
= Yz’+k(Tz’+k—1 o 'Tz')(XiJrl e 'Xz'+k)_n(Tz'_1 o T‘z:jﬁ—l)(Xz e 'Xz'+k)nYi
= Yir(Tivn—1 - 'Ti)Xin(Ti_l T )Yi

i+k—1

by use of the relations

(Xi Xivh1) Yirw = Yiu(Tipnor - T) (Xir -+ Xog) (L7 - Tihy)
(7' T )X X)) = (X Xa) (T Tigy)
The lemma follows. U

2.4.2. Fxpression in the functional representation. From this point on, we will work in the
functional representation p of Section 2.2l We introduce the following symmetric function
of Xl, ey XNZ

> Log(X,)?
(2.8) 7 = exp {; %g(q))}

This element does not belong to the DAHA, but to a suitable completion (see [Che05]).
Nevertheless, it has some useful commutation relations with elements of the DAHA.

Lemma 2.8.
1
Ty =g Xy
Proof. Using 771 X; = X; 177!, fori € [2, N] and 771 X| = ¢Xy7~!, we compute

1 [~ Log(X;)? - Log(X;)? Log(q)\
T <Z m) = <Zm + Log(X,41) + 5 )71’

J=1 J=1

and the Lemma follows. O

Lemma 2.9.
Proof. We simply note that

< Log(z;)? <~ Log(z;)? Log(q)

j=1




(t,q) Q-SYSTEMS, DAHA AND QUANTUM TOROIDAL ALGEBRAS 11

Theorem 2.10. For all n € Z, we have:
Yin =q2 7" Yi"
Proof. As ~ is a symmetric function of the X;’s, it commutes with s;, and with all the T;
in the functional representation. We compute:
YY" = oy T Ty m T A
= T.Tn oy "ty T TS
= @ Ty Xeatoot 1t
¢ 2T Ty (Xy X)) (X X)) e LX)
= ¢ (X1 X)) T Ty 7 (X X)L T
¢ (X1 X)) Y X X)) =2 Y,

where we have first used the fact that v is a symmetric function of Xi, ..., Xy and therefore
commutes with 7} for all j, then we have used Lemma 2.8 and finally the commutations
between the X’s and the T’s, in particular that the symmetric function X;i...X; of the
variables X7, ..., X; commutes with T} for j = 1,2, ...,7—1, and also that X;...X;_; commutes
with Tj for j =4,e+1,...,N — 1. O

Remark 2.11. Theorem [2.10 above implies immediately the commutation of the operators
Y, for any fivzed n. Howewver, the element v (2.8)) only belongs to a completion of the
DAHA, as it involves infinite power series of the generators X;. The direct proof of Lemma
[2.7] bypasses this complication.

2.4.3. Comparison with the standard SL(2,7) action on DAHA. Theorem 210 allows to
identify the conjugation w.r.t. ! as the action of the generator 7, of the standard SL(2,7Z)
action on DAHA [Che05]. Indeed, using the deﬁnitioﬁy

(X)) =X, T (T) =T, 7(q)=q 7()=t¢

T (Y1Yy- - Y;) = q—i/2 (V1Yy - Y)(X1 Xs -+ X))
This leads to the expression Y;, = ¢"/?77(Y;), which allows to finally identify:
Lemma 2.12. The generator T, of the standard SL(2,7Z) action on DAHA reads:

T4 = ady1

namely it acts by conjugation w.r.t. y~1 of ([Z.]).

The second generator 7_ of the standard SL(2,7Z) action on DAHA is obtained by use
of the anti-involution e of the DAHA acting on generators and parameters as:

e: (X3, Yi, Thyq,t) = (Yi, Xa, T g7t

IThis definition is in fact dual to that of [Che05], and corresponds to the definitions of Chapter 1.
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and such that
T_=€T, €
This leads to the following:

Lemma 2.13. The generator 7_ corresponds to the conjugation w.r.t. the element n=!,

where:
- Log(V;)?
2.9 = expl — =t
29) ! { ; 2Log(q) }
namely
T_ = adn—l
Proof. Apply the anti-involution € to 7, and note that e(y) = 7. O

Remark 2.14. The quantity n~' is very similar to the nabla operator V of [BGI9] in a
version suitable for the case of N wariables. To avoid confusion, we write n=" = V),
It is known |Che05|] that the Macdonald polynomial Py\(x1,...,xN) for any partition A =
(A > Xy > -+ > Ay) (or equivalently Young diagram with \; bozes in row i), is an
eigenvector in the functional representation of any symmetric function f({Y;}Y,), with
eigenvalue f({t - YY), In particular, this holds for V)| with the result:

VO - exp{2Lolg(q)Z<<$—z>Log< )+ xLog)) }PA

= <CNH T )P)\—CNU)\P)\

where Log(Cy) = M]\;iz_l)LLZgg(g) and uy =t~z =N gz AN - yhere n()) = Yoi—1)N,
and X is the usual reflected diagram, with 1 box in the bottommost A\; — Ay Tows, 2 bozes in

the next Ay — A3 rows, etc, such that n(N') =Y. Ni(A —1)/2. In [BG99], the V operator is
defined to have eigenvalue t"Ng™ ™) on the modified Macdonald polynomials Hy, obtained

from Py by a certain transformation. We see that VN) is an analogue of the operator V,
acting instead on the Pj.

2.5. Generalized Macdonald difference operators.
Definition 2.15. We define operators:
(2.10) Doy = DI = g7o" > YiynYigm - Y

)T ta,N

1<41 <t < <ta <N
Equivalently, we have: ZHB 29¢" Doy = Hﬁil(l +2Yin).

Theorem .10 allows to rewrite immediately:
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Lemma 2.16. We have the following identity in the Ay_1 DAHA functional representation:

p(Dazn) = 4~ p(7) " p(Dao)p(7)"
where Dy = D, are given by (2.7).

Theorem 2.17. The operators p(D,.,) leave the space Sy of symmetric functions of the
x’s invariant. They take the following form:

(2.11) P(Dan)lsy = Dagn = gV Ma;n

where M., are the generalized Macdonald operators (LX), and D, their slightly renor-
malized version:

Ox;, — 0 'z,

I|=a, IC[1,N i€l v J
[T]=a, IC[1,N] =

where vy = [[,c; 2 and I'y = [, L', with Dyyo = D.,.

Proof. We use Lemma to write for any index subset I of cardinality «:

Lrp(y) = ([[T0) p(v) = a5 21 p(7) T4

iel
Starting from the expression of Lemma[2.16] we may now conjugate the formula of Theorem
L4l for p(Dy) = p(Dayo) with p(y)" as follows:

p(Dan) = ¢ 2 p(7) "p(Da)p(M)" = % pr(v)‘”ﬂp(v)”

)
: T; — Ij
||=c, IC[1,N] i€l
JEI

—1
= (l’[) E—— I
I|=a, IC[1,N] er Ui
’ ’ Jer

where we have used Lemma The Theorem follows. O

3. INTERPRETATION VIA QUANTUM TOROIDAL ALGEBRA

3.1. Definitions and results. In this section, we show that the generalized Macdonald
operators {D;,, : n € Z} satistfy the relations of the quantum toroidal algebra [Mik07,
EJMM12] at level 0. We call the generating functions of these generators the fundamental
currents, and in Section [ (Theorem [6.3]) we show, by use of the elliptic Hall algebra, that
the generators D, , are polynomials in the fundamental generators {D; ,}.
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3.1.1. Level 0 quantum toroidal gT[l. For generic parameters ¢,t € C* let us introduce the
function:

(3.1) g(z,w) == (z — qu)(z — t 'w)(z — ¢~ Htw)
We will use the formal delta function
(3.2) d(u) = Zu"
nez
with the property that §(u)f(u) = d(u)f(1) for any function f which is non-singular at
’ Tﬁé quantum toroidal algebra of gAll is defined by generators and relations. The genera-

tors are {e,, f, = :n € Z,m € Z, }, and the relations are most easily expressed in terms
of generating functions:

e(z):Zznen ) f(z>zzznfn ) ¢:I:(Z):Zz:|:n¢i:’
nez nel n>0

where z is a formal variable. In general, the algebra has a central charge ¢ explicitly
appearing in the defining relations. In the functional representation which appears in our
context, ¢ = 0.

Definition 3.1. The ¢ = 0 quantum toroidal é\[l is the algebra generated by {e,, fn, VE :
n € Zm € Z.} with relations:

with ¢F invertible and ¥ mutually commuting for n € 7., .

Note that when ¢ — co, we may set go(z, w) = lim;_,o t 1g(z, w) = 2z — qw, and the first
relations become relations in the quantum affine algebra of sl; in the Drinfeld presentation
(with a non-standard deformation parameter /g, as in the Hall algbra of [Kap97]). The
last two identities are Serre-type relations and distinguish the quantum toroidal algebra
from the original Ding-Tohara algebra [DI97].
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3.1.2. Macdonald currents. We claim that the generalized Macdonald operators introduced
in Equation (2.12]) are elements of a functional representation of a quotient of the quantum
toroidal algebra. In order to make the comparison explicit, we first define generating
currents for the generalized Macdonald operators (212) for a = 1,2, ..., N:

q% no n q —na n =1 ¢
(33) ea(Z) = W Zq /2Z gi’fm fa(Z) = T‘l)a Zq /22’ @gl;n’t 1.

(1
nez ne”L

(I

where we have indicated the ¢, ¢ dependence as superscripts, so that:

—1 4—1 n e—ll,i _ 91’ -
34 i = > et [[———T1
|I|=c, IC[1,N] ;2 i J

and I'; ! acts on functions of 2y, ...,z by multiplying the i-th variable z; by ¢~ '.

Remark 3.2. Note also that if S denotes the involution acting on functions of (x1,...,Tx)
—15%-1
by sending x; — x;* for all i, then we have ST;S =T;" and DL g S@g;fnS, so that

Sea(2) S = (=1)"fa(z7) .
The currents (3.3]) can be explicitly expressed as

2 Ox; — 07 'z,
ea(z) = Y 6P [[ T,

(1-4) |I|=c, IC[1,N] ier T; — X
JET
q_% o 9_1xi _ HLU ~
fa(2) = —qg e Z 3(q~"zar) H ﬁrll’
q ‘I‘:a,IC[LN} ;;§ 1 j

by use of the formal ¢ function (B.2).
Note that the finite number N of variables implies the vanishing relations:

(35) €N+1(Z) =0 and fN+1(Z) =0.

3.1.3. Main result. We call ¢(z) := e1(z) and §(z) := f1(2) the fundamental currents. Our
main result is that these satisfy relations in the quantum toroidal algebra, as suggested by
the notation. We will see later that the vanishing condition (B.5]) implies a certain quotient
of the algebra by polynomials of degree N + 1 in the fundamental generators.

Theorem 3.3. The Macdonald currents ¢(z) := ¢1(2) and f(z) := f1(z) B3)), together with
the series:
N 1 1

1 —q 2t(zx;) ™) (1 — g2t (2;)
(36) ¢i(z) ::H( q _E ) i>1( q : ( :t)l )
i (L—q72(zz) ™) (1 — g2 (z25) ")

satisfy the ¢ = 0 quantum toroidal 5[1 algebra relations of Def. [3.1.

Cll=]
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We will prove this theorem in several steps in the following sections.
Note that 1+ are explicit symmetric polynomials of 1, ..., zx, with & = 1y = 1, and
in particular

o=
(3.7) o= (¢

The finite number N of variables clearly imposes algebraic relations between the coef-
ficients of the series 1. The Macdonald currents generate a quotient of the quantum
toroidal algebra by the relations (8.5) and those relations.

)(1’1+1’2+"'+1’N)
Yt oyt )

3.1.4. The dual Whittaker limit t — oco. Before proceeding to the proof of Theorem [3.3, we
make the connection with our previous work in [DFKI16] regarding the quantum Q-system
generators. In that paper, we showed that the Ay_; quantum @Q-system algebra can be
realized as a quotient, iiepending on N, of the algebra of nilpotent currents in the quantum
enveloping algebra of sly, U 4(n[u, u~'). Furthermore, we were able to define currents e, f

in terms of fundamental quantum @-system solutions which satisfied non-standard U 4 (;lg)
with truncated Cartan currents. The functional representation of these was constructed in
terms of the degenerate generalized Macdonald operators, corresponding to the so-called
dual Whittaker (t — oco) limit of the ¢-deformation considered in this paper.

These observations become more transparent when we take the ¢ — oo limit of Theorem
B3l Note that it is crucial that N be finite in order for this limit to make sense. Defining
the limits of the renormalized currents:

(3.8)

¢ (u) := lim e e(u), §°u):= lim e fu), »=C)(2) = lim t NyE(2),

t—o00 t—o0 t—o0

and ¢\ (z,w) := lim;_, o %ﬂ;l g(z,w) = z — qw, we find that the limiting Cartan currents
become:
N +1
£(00) () — (_,—5 AN (i)
(3.9) P(2) = (—q7227) }:[1 01— ) (1 — A (em) )’

whereas the other relations reduce to those of U \/5(572) (the Serre relation is automatically
satisfied). Note that the Cartan currents have a non-standard valuation of z*V in this
limit, and vanish when N — oo, whereas in the Drinfeld presentation of the quantum
affine algebra, the zero modes of the Cartan currents are invertible elements.

3.2. Proof of Theorem [B.3. For readability, we decompose the proof of the Theorem
into several steps, Theorems [3.4], [3.5] and 3.7 below.
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Theorem 3.4. We have the following relations:
9(z,w)e(z)e(w) + g(w, z)e(w)e(z) = 0
g(w, 2)f(2)f(w) + g(z, w)f(w)j(z) =
Proof. We start with the computation of

(1 - Q)2 - 1 Ox; — 9_1l’k R 1 Hl’j - 9_11’k
= 2 . 7:[‘ 2 . B — F
. e(2)e(w) ;:1 d(q2zxy) ;!JZ oz ;:1 d(q2wx;) kl#lj Pt

-1 -1
925‘2' —0 X ij —qH ZT;
T; — X .CL’j — qT;

= Z 5(q%zxi)5(q%wzj)

1<i#j<r+1

.,

Ox; — 0 oy, O — 6 1oy,
< |1
T — T Ti—T
kpig R 7ok
r+1 _ _
Ox; — 0 oy, gbx; — 0 oy,

—i—Zé(q%zxi)é(q%wxi) H I,

T; — X T, — X
i1 kot ) k qx; k

The second term is proportional to 6(z/(qw)), and since (z — qw)d(z/(qw)) = 0, we have:

(1=q) (z — quw)e(z)e(w) = Z 5(q%zxi)5(q%wx]~) X
1<iAj<r+1
(z — qw)(0z; — 07 z;)(0x; — g0~ z;) (Oz; — 07 ay) (Oz; — 0 ay,) .
' (@i — ;) (x; — qui) kl;[] (@i — ) (2 — 1) His
(z —tw)(z — qt7'w)

= —w E (0(q2zx;)0(q2wx;) + 0(q2 z2;)0(q2 wa;)) X
1<i<j<r+1
. p1 . _p-1
" H (Ox; — 07 ay)(Ox; — 6 Ik)FiFj

(zi — 1) (25 — 1)

(3.10)

ki,
This makes the quantity (z —qw)(z —t'w)(z — tg " w)e(z)e(w) manifestly skew-symmetric
under the interchange z <+ w. The relation for § follows by taking (q,t) — (¢~*,¢™1), under
which g(z,w) — g(w, z). O

This shows that the fundamental generalized Macdonald currents satisfy the first two
relations of the quantum toroidal algebra. We now consider the third relation.

Theorem 3.5. We have the commutation relation between Macdonald currents:
0(z/w)

[e(2), f(w)] = 1) (W7 (2) =¥ (2))



18 PHILIPPE DI FRANCESCO AND RINAT KEDEM

where = (z) are the power series ([B.6) of 2.
Proof. Let us first compute

r+1 _ r+1

! Ox; — 0y, \ 0-lz; — Oy
- = 2 2z = - T ~ ST 7T Pk
1= = St [T S [0
i=1 k#i j=1 k#j
R 1 e e )
= Z 5(q%zxi)5(q_%wxj)9x’ 0 w; 0 — g0
1<ij<r+1 Li — Ty Tj— qT;
<1 (B = 6"y (0" — Ok) 1, (oo
ki (i = i) (w5 = 2) ’
r+1 _ _
1 1 Ox; — 0 'ay, 0 gz, — Oz,
+ Y 0(q2zx;)o(qrwz; :
; (q2z2:)8(q )g e oo
and
r+1 . 9 T el'k r41 0r — 9_11’k
=) —q Diw)e(z) = D _dlg 2wy [[=——=17" > dlgrzu) [[———T
j=1 A LT Tk i=1 i 1T Tk
10 Oy Py — =191,
= Z 5(q%2xi)5(q_%wxj)9 zj — bz 07 — g7 07
T — 1 Ti— gtz
1<i#j<r+1 j i i j
(Oz; — 07 o) (07 ey — Oxp)
e e e VA
ki, DRV k
r+1 1
1 1 q 0x; — 07 a0 xl—ka
+ Z d(q™2zx;)0 w:m) H P P —— P

ki

In the commutator [e(z),f(w)], the terms corresponding to ¢ # j cancel out, while the
remaining terms are proportional to 6(z/w), so that we are left with:

) = ) )z{aqézxi)newi—@— 50071, — O

1-q)(1-q¢") = e T TE qri— T

g la; — xy, T — Ty,

“1p.. _ p1 1,
—5(q_%zx,~)Hq Ox; — 0 a1, 0 x; ka}.
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Recalling that 0(z) = >, ., 2", this is in agreement with the partial fraction decomposition
of (3.6]), which reads:

7‘+1 1 1

g(1,1) 1 Ox; — 0 tay, 0 qu; — Oz,
3.11 T2) =1+
( ) Vi) (1_61)(1_(1_1); l—q%z:):,- oy Ty — Tk qr; — Ty

1 q 0x;, — 0 ', 071, — Oy,

e e S EEE

(312) Y (z)=1- 9(1,1) i 1 I1 bai — 0, 07 s — Bz
. I=q—q¢") = |1~ ¢ iz la! i Li T Tk qri — Tk

quﬁxl—ﬁ Lo 0o, — Oy,
1—gq2 z‘lx qlr; — Ty Ti — Tk ’

as power series of z and 271, respectively. Here, we have identified the constant g(1,1)/((1—
1 —q ") =0-t"H(1-tg7)/1—-q"). [

We proceed with the next two relations of the quantum toroidal algebra.

Theorem 3.6. We have the following relations between the Macdonald currents and the

series (B.6):

Q
—
\'N
g
~
<
H_
—
N
~—
(o
—~
g
~—
<
—~
kS
IS
~—
(o
g
~—
<
H-
N
|
[a]

Proof. By explicit calculation,

1

1- (1 — g 30%22) (1 — 30 222;) o= . o Oz — 67!
Lyt (z) e(w) = H( 1 _12%)( b Zx’)25(q§wxi)H7x Thp,
q2 o (I—g¢ §z:17j)(1—q§z:17j) — o i Tk

B A w) —q 1tz)( —t712)
= Y dlaten) =)

y H (1- q‘%92zxk)(1 — @20 222y, Oy — 0 'y

re (1= g 2zmy) (1 — g2 zay) Tp — Ty,

Fi>
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1—gq A 1 Ox;, — 0 'z g q_%ﬁzzx- 1-— qéﬁ_zzx-
o) () = 3 blghwny) [[ ey, [ L)L 2l ey
qz — i BT Tk o (L—gq2zmy) (1 — g2 22y)
r+1

B L (w—t2)(w — qt™2)
= Q) e

7.

y H Oz; — 0 ay, (1 — g 26222 ) (1 — qéé’_zzzzk)r

ki i Tk (1— q_%zxk)(l - Q%Zxk)

Using
(w—q't2)(w—t"12) (w—t2)(w— qt™'2)
(w—q712)(w - 2) (w = 2)(w — q2)
we see that g(z, w)Y(z) e(w) + g(w, z)e(w) Y1 (z) = 0. The derivation of the 1)~ equation
follows a similar calculation. U

g(z,w) = _g(waz)

The final two relations are the cubic, Serre-type relations for the fundamental currents.

Theorem 3.7. The fundamental currents satisfy the cubic relations

(3.13 S e (2[5, [ cla)] ) = 0

z3

z2

(3.14) Sy e ( 2[00, ) F]] ) = 0

Proof. 1t is sufficient to prove the statement of the theorem for ¢, eq. (313), as that for §
follows by the substitution (q,t) — (¢7,¢t7!). The proof of [B.I3)) is straightforward but
extremely tedious. We prefer to postpone it to Section [(£.3l where it reduces to a suffle
product identity (Theorem [5.I8) which is considerably easier to prove. U

We conclude that the currents e(z), f(2), ¥*(2) satisfy all the relations of the ¢ = 0
quantum toroidal algebra gl;, and Theorem [3.3 follows.

4. PLETHYSMS AND BOSONIZATION

In this section, we show that the action of the currents e(z), f(z) on the space of symmetric
functions in N variables can be expressed in terms of plethysms, which act naturally on
functions expressed in terms of the power sum symmetric functions. In the infinite rank
limit N — oo, the power sum symmetric functions become algebraically independent,
and together with derivatives with respect to these functions, they generate an infinite-
dimensional Heisenberg algebra. Thus the plethystic expression becomes, in this limit,
a formula for the bosonization of the action of the currents on the space of symmetric
functions at level zero. This formulation is to be compared to recent work of Bergeron et
al [BGLX14].
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4.1. Power sum action and plethysms. Let {pj}rez (o} be an infinite set of algebraically
independent variables, and consider the space P of functions that can be expressed as formal
power series of the pi’s. For any collection X of variables, e.g. X = (z1,29,...,2y), We
may evaluate functions in P by using the substitution py — pi[X] = Zf\il 2%, namely by
interpreting the p’s as power sums of the «’s, for k € Z*, in which case any F' € P may be
evaluated as F[X] by taking all p, = p[X] in its power series. If the number of variables
N is finite, the resulting space is a quotient of the original space as the functions pg[X]s
are not algebraically independent. Note that F[X] is a symmetric function.

Given the collection X, we consider the action of the generalized Macdonald operators
@‘f;fl and @‘f;’fl on the space of functions of the form F[X], for F € P, which we denote

by P[X]. First, we present some commutation relations which hold for arbitrary N.

Lemma 4.1. For any N and i < N, and given the collection X = (x1,xs,...,xx), the
following commutation relations hold:

—1,4-1 _ -1 ,-1
pe[X], Dip) = (1= ¢") DY,y and [p[X], DY, " 1= (1-¢7") DY, [ -
Proof. By direct computation, using [pi[X],I] = (1 — ¢*) 2% 'y, with I'; as in (I2). O

Corollary 4.2. For any N, k € Z*, and X as above,

i) = (i) + TS ) of),
k2 k)2
mixl = (mx]- 2 ) )

Therefore, up to a scalar multiple coming from the action of the currents on the constant
function 1, the action of the currents e, f on P[X] is by substitutions on all the power sums
of the form py[X] — pi[X] + p for some specific sequences .

Such substitutions are plethysms (see the notes [Hai99] for a detailed exposition). In
A-ring notations, one writes as above X = (z1,x,,...) for the collection of variables (an
alphabet), for which power sums are pi[X] = Y, 2%. For two alphabets X, Y, the sum
X +Y refers to the concatenation of the two alphabets, with power sums pi[X + Y] =
pel[X] + pr[Y], while for any scalar A we have pg[AX] = A\*p.[X]. Note finally that for a
single variable alphabet p, we have pp[X + u] = pp[X] + p¥.

In the plethystic notation, Corollary can be written as

1/2 _ ,—1/2 1/2 _ —1/2
=%l foFx=F|x-1T "1
z z

(4.1) e(2) F[X] = F | X + f(z)

for any F' € P, where the alphabet X is extended by two variables.
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Define the two functions in P[X]

(1 — Z:L'Z) — 6—2?’:11%[?(}%

(4.2) Clz) =

—

@
Il
,_.

) 2k
(43) C(Z) = (1 - Z[[’Z_l) = e_Zkzlp—k[X]T

—

@
Il
—_

In terms of these functions we can write

Theorem 4.3. The currents e and | act as the following plethysms on symmetric functions

F[X] € P[X]:

/2 ;—1/2 1/2,-1 —1/24,,—1 172 —1/2
q t ~ C(q'*t™12) _g Cqg 2tz q q
F|IX| = R — T I\plXxX+ T
e(z) F'[X] l—ql—t1! {t C(q'/22) t C’(q_l/Zz_l) * z ’
~1/2 41/2 N C(g—1/2 v g\ /24151 1/2 _ ,~1/2
i Fx) = 0 Ny Cit) Ot ) Uy a7 e T
1—q 11—t C(q1/2z) C(q'/221) z

Proof. The plethystic part of the action was derived in ([@I]). To fix the overall factors,
apply the currents to the constant F'[X| = 1. For example,

e(2)-1 =

First, we have

Ox; — 0z, tTT —t 2 et

(44) X;H v—x; 01—ttt —1 T
3 Jj#i

by noting that the left hand side of this equation is a symmetric rational function, whose

common denominator is the Vandermonde determinant J],_ ;% — «j, and which has total

degree 0, hence must be a constant cy. The constant can be found for example, by taking

the limit z; — oo:

—9N1+912H9”“ - xﬂ_ere en-1,

=2 Jj#i
Jj>1
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which, together with ¢o = 0, yields ¢y = ‘99 o= and (4.4) follows.
Next, by simple fraction decomposition,
N

_ N -
C(q"*t12) _ 1— ¢t 2y —t_N+(1—t_1)Z 1 Hzi—t lxj.
C(q'/?z) Lt L—q'2 1 —q'z Pl

Therefore
N-1 N+1 N

t= C(¢"?*t™'2) t—= N1 1 r —t7
=Y =
1-— L

1—t1 C(q"%2) 1—t! — q?zx; Ti — T

By using the change of variables (q,t,z, ;) — (¢7', t7%, 271, ;) we get:

1

t_NTf é(q_l/ztz‘l) N+1 N

tr;, —
1—t C(g-2/22-1) 1 T Z —1/2 P H T —xj

Summing the two above contributions yields the full action of ¢(z) on 1. That of f(z) follows
immediately by sending (q,t) — (¢~ %, t71). O

Moreover, the Cartan currents act as scalars on symmetric functions of z1, o, ..., x:
¢+( ) C’(q_l/ztz)C(ql/2t_lz) ) a(q_l/ztz_l)C~'(q1/2t_lz_1)
z) = , 2) = —= = )
Clg122)C(q"2) C(qg122=1)C(q'/?271)
Remark 4.4. The plethystic formulas above for ¢ and —f, as well as " and V=, are
exchanged under the involution x; — 1/x; for all i, and z — 27!, under which C(z)

C(z™Y), and the one-variable plethysm [X + p] — [X + p~']. This is in agreement with
Remark[3.2 for a = 1.

4.2. Bosonization formulas in the N — oo limit. As mentioned at the beginning of the
section, in the infinite rank N — oo limit the power sum symmetric functions p; become
algebraically independent for all £ € Z\ {0}, and together with the derivatives with respect
to these functions, form a Heisenberg algebra.

4.2.1. Plethystic formulas for the N — oo limit. The limit of an infinite number of variables
is obtained by taking N — oo (we assume |t| > 1), whereas the collection X = (x1, xo, ...)
becomes infinite. Accordingly, we define the limiting functions:

oo o0

Coo(2) == H(l — z1;), Coo(z) :== H(l — zx;t).

i=1 i=1

In view of the plethystic formulas of Theorem 3] let us define: ex(2) 1= limy o0t 2 e(2),
and foo(2) := limy_oe t = §(2). By taking the N — oo limit of the result of Theorem F3),
we obtain the following:
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Theorem 4.5. This limiting currents ex(2), foo(2) act on functions F[X] as:

B q1/2 Coo(ql/2t_1z) q1/2 _ q—1/2
exo(2) F[X] = =90 =11 Cn(d) F {X + E— } ;

B q—1/2 500(q1/2t—1z—1) q1/2 _ q—1/2
foo(2) FIX] = TeN0—t7 Cuigia) F [X - } :

4.2.2. Comparison with the plethystic operators of Bergeron et al [BGLX14]. To simplify
the comparison with the operators of [BGLX14], let us introduce the generating functions:

n l—q ~na
(45) m(z) = Zz Mn: Wt 3 e(q 1/22)’
nez
m | I
(4.6) m(z) = m(q2)|gmg-1im-1 = ?Fﬂt = 5(g122).

In the infinite rank limit, we write

My (2) := lim ¢

Jim m(z), Meo(2) = Meo(q2)|gog—1t-1-

In this limit, the currents my(z) and m,, act on symmetric functions as follows:

(4.7) mao(2) FIX] = _1t_1 Cz:(_z)z)zr lX + 4 . 1} ,
(4.8) () FIX] = - ! t %Z((t;__lj))zr [X - qz;l} |

Note that as the prefactor only involves the power sums p; with £ > 0 (via the function
Cw), we may restrict the action to power series F' € P, where P, is the space of formal
power series of the {py }rez.,-

The action (LHA8) can now be compared with the definition of the difference operators
Dy, D of [BGLX14]. These were defined for k € Z, only, via a plethystic formulation.
However, it is easy to extend the definition to all £ € Z, by considering the generating cur-
rents D(z) := Y, ., 2" Dy and D*(z) := Y, ., 2" Dj. Their action on symmetric functions
F[X] € P,.[X], X an alphabet of infinitely many variables z1, xo, ..., is:

(4.9) D(z) F[X] = Coo(z)F[XJrW],

(4.10) D*(2) FIX] = C:(Z) F [X (=) - )} .
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In [BGLX14], the commutation relations between the Dj’s and the D}’s are derived. They
can be rephrased as the following commutator of currents:

w (1-t)(1—q) z
— )] = —F——(z/w)=—%
e et ey
Theorem 4.6. Let 3 be the operator acting by the plethysm [X] — [X/(t—1)] (accordingly
Y71 acts by [X] — [X(t — 1)]). Then we have the following identities between operators
acting on P [X]:

(4.11) [D(z), D*(

mo(z) = — (S'D(2)%)

11—t -1

o - ()

Proof. The bosonized expressions are matched using (A9) and ([@I0) and writing F' = ¥G.

Then, we have:
F{Xiw] :G{iiq_l}’

t—t—1

U t—1 U
while
B Cooltu) ., 1 Coo(t™'q ')
SO (u)D = D Y =
) 2= ) el " " Ol )
Hence

SIDWRGIX] = »pwFx] = =t ¢ [X + 1= 1} :

Coo(u) u
1 U - 1y U o Coo(t_lq_lu) q—1
XD (ﬁ)EG[X] = XD (ﬁ)F[X] = mG lX - ] ,

where the action of ¥~ on Co (u)*'G [% + q;—l} is expressed by considering the latter as

a function of [X]. The Theorem follows by taking ¢ — ¢! in the above, and comparing

with equs. ([ALTHLS). O

Note that the commutation relation (AII)) is equivalent to the N — oo limit of the
commutation relation of Theorem B.5, once expressed in terms of the m currents.

Remark 4.7. Theorem [{.0 allows to refine Remark [2.14) as follows. The transformation

relating the Macdonald polynomials Py to the modified Macdonald polynomials H)y is the
following [Mac95)]:

AX] = o | 2]

= ¢>\(t) (Z P)\)|t—>t*1a

t—t—1
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where ¢x(t) 1s a normalization factor independent of the x;’s. The V operator of [BGIY]

has eigenvectors H,\ with eigenvalues Ty := t"MNg"N) | e VH,\ =T HA We deduce that
(VD) i1 Py = TaJiyt Py = "N Py

We finally identify

(412) 7= VW =0y (7 ) (57 VD) e,

where d acts on Macdonald polynomials as d Py = || Py, Cy as in Remark[2.14, and V s
restricted to act on symmetric functions of x1,xs,...,xn. The element n in the completion
of the DAHA was defined in Equation (2.9)).

4.2.3. Bosonization formulas for ex(2), foo(2) in the N — oo limit. The so-called bosoniza-
tion of the currents uses the operators p, and k € Z*. They obey the following
commutation relations

8p’

0
l@,pk} = 5jk

interpreted as independent harmonic oscillator relations. These relations still hold when
evaluated on the infinite collection X = (z1,29,...), as the pg[X] remain independent
variables. We call the expression of the currents in terms of these elements evaluated on
the infinite collection X, a bosonization.

As {pr[X],k € Z*} are independent, a plethysm which adds one additional variable to
the alphabet can be written as

F[X+u]—exp{2u 5 a[ ]}F[X],

k0

as readily seen from multiple Taylor expansion. This allows to rewrite Theorem as

Theorem 4.8. The limiting Macdonald currents es(2), foo(2) € P[X] can be expressed in
terms of the Heisenberg algebra generators as follows:

1/2 Jk/2 Ky, k /2_q=k/2 4
¢ (Z) = q €Zk>0pk[X}# Z’“?fo zg Op[X]
> 1—q)(1—t1! ’
q
q—1/2 qu/Q(litfk)sz 5 gF2_q=kI2 5
foo(z> — 62k>01”7k[ }f@ k#0 2k o [XT |

(I—g )Tt
4.3. Plethystic formulas in the ¢t — oo limit. We now investigate the dual Whittaker
limit ¢ — oo of the plethystic expressions for the currents. To this end, we use the definition
of the limiting currents ¢(>), §(°°) ¢)*(>) as in (3.5).
First, using (3.9), we are led to introduce the notation A for the following symmetric
function:
A=z129---2N.
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The function Log A can be understood as a renormalized version of the power sum py[X],
namely:

Log A = lim w
e—0 €

By a slight abuse of notation we shall write A = eP°. In the dual Whittaker limit,

7WD—I—(oo)( ) (_q_l/zz)NA (
z =(—
Clq 1 P2)C(g %)~ !
~1/2,—1\N 7-1 -
w—(w)(z) _ (N_q 122 N) A _ (_q—1/2z—1)N e—po+2k>op7k(q’“/2+q*k/2)#.
Clq=122)C(q"/?z)

The necessity of the introduction of the quantity A (or pg) imposes on us to consider it
as an independent variable, so that plethysms will act on the space Py of functions that
are power series of all p, k € Z (including k = 0). The plethysms must therefore acquire
a po dependence as well. More precisely, we must take into account an extra commutation
relation in addition to those of Lemma [Z.1]

k
T2 )N gpot i (@2 +a7 ) 5

Y

Lemma 4.9. We have the relations:
(4.13) DI po[X] = (po[X]+Log q) DY

1;no

—1 ,-1 —14-1
and ®[{,n ! Po [X] = (pO [X] —LOg q) ‘D({,n ! :
Proof. We use the g-commutation relations:

—14-1

(4.14) D, A=qAD},, and DI

1o n

due to I'F' A = ¢*1 AT, O

-1 4-1
,t

A=qgtADY

7n )

We now extend plethysms to functions of the pg, k € Z so that, in the case of addition

of one variable, we have:
[ mlX) et ik £0
prlX + 4] = {pO[X] +Logp if k=0 "
As a check,
o x4 ¢ —q P X+ L k£ 0
g 2 po|X]+Logqg ifk=0"

Note that the notation [X + u| now refers to the full plethysm involving all the py, k € Z.

With this notation, we easily get the action of the currents on functions F[X| € Py[X], i.e.
formal power series of all pi[X], k € Z:

1/2 1 (=g~ V/2z-1)N A /2 —1/2
(00) _ 4 =g =z q q
() FIX] = {o<q1 S } F {X T i ] ,

—1/2 _—1/2_\N /2 . —1/2
FOI () FIX] = L —{= ! _ (=a 122) A F[X_%}.
=g | C(g/2271) C(q=1/2z) z
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5. CONSTANT TERMS AND SHUFFLE PRODUCT

5.1. A constant term identity for generalized Macdonald operators. In this sec-
tion, we study the Macdonald and related currents defined above in the light of constant
term identities. These allow in particular to reformulate current identities and relations in
terms of shuffle products.

5.1.1. Constant term identities and generating currents. In this section we use the slightly
different generating currents m,(u) for the generalized Macdonald operators (L.5):

(5.1) my(u) := Zu"?\/[am = Z O(uxy H txxl_ zx] Iy
i J

ne”L IC 1, N i€l

The currents m,(u) and e, (u) are related via

a(N a)

gzt
(1—g)*

Note that my(u) = m(u) of (AH]). As a consequence of Theorem [3.4] and the above relation

(52), the currents m(u) satisfy in particular the following important exchange relation:

(5.3) g(u,v) m(u) m(v) + g(v,u) m(v) m(u) =0

where g is as in (B.1)). Equivalently, expressing the coefficient of u%v® in (5.3)), we get explicit
quadratic relations between the M’s, namely for all a,b € Z:

(5.4)

fap = qtMa_3My — (£ 4+ ¢t + ) Ma2My_y + (¢t + T+ ¢*) Mo 1 Mp—z — gtMMp_3 = — 154

(5.2) eo(u) = ma(qa/zu)

Definition 5.1. We define the multiple constant term of any rational symmetric function
fug, ...y uq) € Fo as:

(5.5) CToy ... (f(ug, .y g Hj{ duz T

2m uz

where the contour integral picks up the residues at u; = 0.
In particular, we have CT,(f(v)d(u/v)) = f(u).

Definition 5.2. To each symmetric rational function P(x1,xs,...,7,) € F, we associate
the difference operator M, (P):

(5.6) My(P) = éCTu< (uyt uyty oy uyh) H (( i — ) —Q;Z Hm uz)
’ j i=1

14 -—tu] tu,
1<i<j<a

We have the following remarkable result:
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Theorem 5.3. For any symmetric rational function P(z1, ..
have the identity:

(5.7) Ma(P) = Da(P)
with Do (P) as in Definition [
Proof. Let us compute:
U; — Uj U; — quj
m(u;)

g u; — tuj tu; — quy; 11

Uy — Uj U; — tx;, —xj,
_ o) [T e —Siep,

Hu—tujtul—qu Z H( Ui H T, — Tj, )

i<j 11,82,..500 k=1 JeFik
. Hui—uj ui—qujx
u; — tuj tu; — quy;

i<j
@
tax;, — x;, ta;, — qux; to;, — i
k e 2 1k I
Ty, — Ty, Tg, — — X;

wTo) € Fy, 1 <o < N, we

inia . i j=1 oo Wi 520 igiy, i
2 tx;, — x;
= % Do) I 22ror,
iFia# . Fia j=1 i1 i P ’
o
tSL’Z’ — T
- al S(wair: el B AV
2 Dot 11
11<i2<...<iq j=1 101,000 k
P 1) COES | e
= o m UpT — Ly
al (N —a)! Y ) ALy :
1<i<a<j<N

We have first noted that terms with any two identical i, = 7,, K < ¢, in the sum must
vanish. This is due to the prefactor (u; — qu,) which when multiplying the delta function
d(ugx;, )0(wege;, ) yields a zero result. Comparing with Definition [[.3] the constant term
(7)) follows immediately. O

As a by-product of the proof of Theorem above, we note that if & > N, then there
are no terms in which all 44 are distinct (as there are at most N of them), thus causing the
result to vanish. We deduce the following;:

Corollary 5.4. For any symmetric rational function P(xq,...,x4) € Fo, @ > N, we have:
(5.8) Mo(P) =Du(P)=0 YV a> N.

This implies in particular that
(5.9) Myt1n =0 VneZ
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in agreement with (3.0)).
Recalling the definition (I.7]), Theorem [5.3] has also the following immediate application
t0 P = Say.. a0 (T1, .0y Ta):

In particular, this implies:

(5.11) Mo = iCTu <(U1u2 T H ((ui — uj')(ui - qw)) Hm(ui))

u; — tu; ) (tu; — qu;
1<i<j<a * i) (tui — qu;

or equivalently in terms of the currents m,(2) or e¢,(z) of (B.3):

Corollary 5.6. We have the following constant term identities:

(512) ma(z) = éCTu (5(U1U2"~ua/z) I ((?%i—u]:)(ui'—qw).)Hm(ui)>

(513)  eu(z) = $0Tu (5(u1u2---ua/z) Il ((:Li—_mzj)((:i—_qq/ﬁ)He(“")>

Proof. The first equation is the current form of (5.11]) obtained by multiplying by 2™ and
summing over n € Z. The second equation results from the change of variables u; — ¢'/?u;

for all ¢ and z — ¢®/2 2 in the previous multiple constant term residue integral, while using
the relation (5.2)). O

The result of Corollary may be rephrased in terms of generating currents as follows.
We consider the generating multi-current with argument v = (v, v, ..., Vy):
(5.14)

1 det (((S(IZ Uj))l<i j<a>
m (V) = M, ., a'U?1U(212"'UaQ — 7_@ <,)<
) “17-262 o : H?zl ,U;J 7 HlSi<jSa(xi - %’)

Theorem 5.7. The generating current for the generalized Macdonald operators (L) reads:

«

(5.15) m.v)= ] (v — qv,) [T m()

1<i<j<a (t - Uivj_l)(tvi - qu;) i=1
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Proof. Using the identity (5.10), and the expression (L) for the generalized Schur function,
we compute:

1 —a;—Q
My (v) = JCTU< Z det( ! ﬂ) (O D

ai,...,an €7
> H - ( - qu]) ﬁm(ul)
1<i<j<a (tul )(tuZ - qu]) i=1
i . (h—qu)
= —CT, | det (0(v;/u;) vl - —— m(u;)
al ( (9(v; i) 1<g<a (tu; " — ;) (bu; — quy) 211
1 (uz - qu
= —CT, | det (6(vj/u;)) 4 m(u; )
a! ( 1<E<a (t — wu; Y (tu; — qu;) ZI:[
(Uz — qu;)
H (t — Vv, )(tvi — quy) 211 m(v:)

1<i<j<o

where in the last step we have used the skew-symmetry of both the determinant and the
quantity next to it, to see that each of the a! terms in the expansion of the determinant
contributes the same as the diagonal term []&(v;/u;)ul™®. O

Corollary 5.8. We have the following alternative expression for the generalized Macdonald

operators (LT):

a o (uz B qu]
516 Ma w = CTu ; a; m 7
(5.16) Lyt <£Ilu 11 (t = wiuj ) (tu; — quy) zl_[l "

1<i<j<o

Proof. The constant term (5.16]) picks up the coefficient of uj*u3? - - - ul> in M, (u). O

We also have the corresponding current version, when a1 = ay = --- = a, = n:

(5.17)  ma(z) = CT, <5(u1u2~-~ua/z) I1 (v — quy) ﬁmu)

(t — wuy Y (tu; — qu;)

1<i<j<a i=1
(ui — quy) -
(5.18) ea(2) = CTy | 0(uug---us/2) - e(u
e 1<E<a (t—uiujl)( —q/tu;) 11:[1

5.1.2. Polynomiality and the (q,t)-determinant. In this section, we state the following:

Conjecture 5.9. The generalized Macdonald operators M, . ., may be expressed as poly-
nomials of finitely many M, ’s. These polynomials are t-deformation of the quantum deter-
minant expression (T1I]) below.
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Note that if they exist, such polynomials are not necessarily unique, as they can be
modified by use of the exchange relations (5.4]).

We first give the proof of the conjecture in the case o = 2 for arbitrary M,,, a,b € Z,
by deriving an explicit polynomial expression (see Theorem [5.10 below), and the sketch of
the proof in the case a = 3 (Theorem B.11]). Further evidence will be derived in Section
[6l, where the connection to Elliptic Hall algebra leads naturally to a polynomial expression
for Mo, = My, ... for all a,n, as a function of solely M,,, M, 1.

Theorem 5.10. For all a,b € Z, the operator M, can be expressed as an explicit quadratic
polynomial of the M,,’s, with coefficients in C(q,t). More precisely, we have:
_ q(q+ t*Wap — t(1 + QVar1p-1 + (@ + )h-1.041 — @1 + Q) V2,042
(¢ —1)(¢* =) (1 = ¢?)
where v, stands for the following “quantum determinant”:

(5.19) Mgy

(520) Vap =

Proof. We start from the current relation of Theorem (.7t
(U1 - qu)
(t — viv5 D) (tvy — qug)

We note that the exchange relation (5.3) can be rewritten as

(521) mg(’Ul,’Ug) =

m(vy) m(va)

(v1 = qvs) (v2 — qu1)
m(vy) m(vg) + m(ve) m(vy) =0
(i0 — o) (tor —gog) P 2) + o g S () m(w)
As a consequence, the renormalized double current 9y(vy,v9) 1= My(vy, vs)/ve is skew-

symmetric, and we may rewrite (5.21)) as:
U1 — qv2
V102

= (=) (o)

(2

(5.22) 012N (v, v2) = m(vy) m(vy) =: po(vy, ve)

where we use the notation

Using the skew-symmetry of 91y, let us apply the transposition (12) that interchanges
V1 4> U9, With the result:

(5.23) 021 Ma(v1,v2) = —pa(va, v1)
Next, we eliminate the prefactors by using the “inversion” relation:
(5.24)
S s alg+ ) —t(1+q)! g+ t) —qt(l+ )}
Rt TR T W D@ -8 YT - D= 0@ - 1)
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which is easily derived by decomposing 1/(d1202,1) into simple fractions. With the above
choice, we conclude that:

My (v1, v2) = V.M (v1, V2) = Vo112 H2(v1, Vo) + 012 p12(va, v1))

b2
U1

Defining v5(vy, vg) 1= vopa(vq, v2) = <1 —q ) m(vy) m(vy), we finally get:

v
(5.25) M (v1,v2) = M2 Va(v1,v2) + 11_2 01 2 vo(va, V1)
1

Introducing the mode expansion: v5(vi,vs) = ., 4oz Vap¥ivh, with v, as in (5.20), the
formula (5.19) follows from the mode expansion of (B.25]). O

Note that the expression (5.19) expresses M,; in terms of more variables that just
Mg, M1, My_1, M. However, if we consider the limit when ¢ — oo of this expres-
sion, after defining M,, = lim; .t 2N "2M,,, M, = lim; oo t-V"YUM,, and n,, =
limy o t 720V "Vy, ., we obtain:

q Nap + Np—1,a+1
q—1
where we have used the t — oo exchange relation. Indeed, for finite ¢ the expression (5.19)
is not unique: it is unique only up to the exchange relation (5.4]) for the M,’s. Here is
a simple example. Revisiting the proof of the Theorem, we note that there is another
inverting pair (1] 5, 0] 5) = (—02,1, —12,1) obtained by acting with the transposition (12) on

the inversion relation (5.24]), namely we also have:

Ma,b = = Ngp = MaMb - qMa+1Mb—1

Malia— 015001 =1

This choice leads to alternative expressions:
My(vy,v9) = vMa(v1,v2) = —vy <92 1 fi2(v1,02) + 2,1 pa(vz, Ul))
= —921V2(U1,U2)—U—7721V2(U v1)
)

@1+ @)a1p41 — (@ + P)ap + L+ Qo — ¢(q + ) Vp1,041
(¢ —1)(¢*> —t3)(1 —1?)

The difference between the two expressions (5.19) and (5.20) is proportional to:

(5.27) (q+ ) (Vap + V-1,041) — t(Vas1,-1 + Voa) — @ (Vae1,p41 + Vo—2,012)

Rewriting the exchange relation (5.4) as:

(5.26) M., =

(528) PLap = qtya—?),b - (C] + t2)l/a—2,b—1 + tVa—l,b—2 = —¥ba

we see that (5.27) is nothing but —p.i25+1 — Yo+1.a+2 = 0, as a direct consequence of the
exchange relation. This gives a simple example of equivalence of two polynomial expressions
for M, modulo the exchange relations of the algebra.
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Theorem 5.11. The conjecture (5.9 holds for a = 3.

Proof. Sketch of the proof. Use simple fraction decomposition of the quantity 1/(d1 202 101,303,102,3032)
to obtain a relation of the form:

Z sgn(0) Ay (v1,V2,3) 06(1),0(2)00(1),0(3) 0o (2),0(3) = 1

oES3

with explicit Laurent polynomials A, (vy, ..., v, ). This allows to express the skew-symmetric
current N, = M, /(v9v3) as a sum over the symmetric group Ss of Laurent polynomials of
the v’s times permuted products of the fundamental currents m(v;)’s. The polynomiality
property of the coefficients follows. O

More generally, one could try to generalize the above argument. Defining the skew-

symmetric function 9, = M, /(vov3 - - - v2!), we wish to invert the relation

v; — qUj
( H 52]> a(V1, .y 0a) = H ——— T m(vy) - m(va) = oV, ey Vo)
1<i<j<a 1<i<j<a

Acting with the permutation group of the v’s, we have accordingly for all o € S,:

H 50@)7“0) ma(vlv X Ua) = Sgl’l(O’) :U'a(va(l)v ey Ua(oz))

1<i<j<a
Inverting the system could be done by looking for Laurent polynomials A, (v, ..., v,) such

that
ngn(U)A vy, . H o (i

gESqy 1<i<j<a

If such A,’s existed, then we could write

m = 122’113 v ! Z A 'Ul, ua(vg(l) ’Uo(a))

0E€Sq

and polynomiality would follow.

5.2. Plethystic formulation. Using the plethystic formulas of Section Ml we derive a
plethystic formula for the higher currents e,,.
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Theorem 5.12. The current e, (z) acts on functions F[X] as follows:

_ q' /212 ¢ (u; — u;)?
ea(z) : F[X] - <(1 — q)(l _ t_l)) CTy ( H (ul — tuj)(u,- — t_luj)
% 1:[ { (q/2 i) t C(q_1/2ui_l) }

=1
“1
1/2_ —1/2 -
X +(q q )E "

i=1

O(ugug -+ uy/2) + F

Proof. We start from the bosonized formula for ¢(z) of Theorem [4.3], and substitute it into
1/2_g-1/2

(518). We need to compute the action of the plethysm [X + £ ] on e(w): it sends

respectively
C (gt 'w) (z — qt7'w)(z — w) C(g"*t w)
C(q"?w) (z —t7'w)(z —qu)  C(¢"w)
Clg Pt (w- q‘ltZ)(w Z) ClgPtw™)
C’(q—l/2w—1) (w—tz)(w “12) ¢ ( —1/2w—1)
hence both terms are mapped identically, and the theorem follows by repeated applications
until all u;’s are exhausted. O

Similarly, we have the following bosonization of the multi-current 9, (v) of (5.14).

Theorem 5.13. The multi-current M, (v) for the generalized Macdonald operators acts on
functions F[X] as follows.

M, (v)- F[X] = (t—1> H (t_vi(;il_)(:i)i—vj)x

1<i<j<a

NCt ’UZ _%C’(tvi_l) .
XH{ —t C’(v_l)} F

[

vz

a

X+(q—1)ZH

7

Proof. Starting from (5.14), we substitute m(v;) = ¢~Y2(1 —q)t"= ¢(¢"/2v;), and then use
the proof of Theorem [5.12] to rearrange the prefactors of the plethysms. O

5.3. Shuflle product. The shuffle product is a non-commutative product * : F, x Fg —
Fostp, sending (P, P') — ) = P+ P'. It allows to express the product of any two difference
operators D, (P) and Dg(P’) for arbitrary rational functions P € F, and P’ € J3, as a
difference operator of the form D,;5(Q), for some @ € F,4p5. In the following sections,
we first define the shuffle product, and then present various applications, among which
alternative proofs of the exchange relation (5.3]), and of Theorems (5.7, B7 and 510
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5.3.1. Definition and main result. Let us introduce the quantity:
1—txt—qx
()= l1—21—qx
Definition 5.14. The shuffle product P« P' € T3 of P € ¥, and P' € F3 is defined as

the symmetrized expression:
(5.29)

1
P P'(x1,...,0045) := —=Sym (P(ml, s T )P (Tot1y ooy Tay ) H C(ml/x])>

o 5' 1<i<a<j<a+f
where the symmetrization Sym is over Ty, Ta, ..., Ta4g-

This product is in general non-commutative by construction, but associative.
Theorem 5.15. For any rational functions P € &, and P’ € Fg, we have the relations
(5.30) Do(P)Ds(P') = Dyoys(P * P, My (P)Mg(P') = Moyp(P x P')
with the shuffle product P x P' € Fo.p defined in (5.29).

Proof. We use Theorem 5.3 and compute, for u = (uy, ua, ..., Uat3):

OT. P(ul_l, . u;l)P/(u;}rl, ey u;_lw) y
" ol !

Ma(P) Mg(P) =

a+8

X H C(uy/u) ™! H m(ug)
k=1

1<j €[l,a] or [a+1,a+ 03]

or (P(ul_l, s u;l)P’(u;}rl, i u;_lw)

- al B! %
a+p
< JI i) ] CCui/u)™ [ mlw)
1<i<a<j<a+p 1<j €[l,a+p] k=1
1 pac
= MCTu Px P'(ui’, au;}-ﬁ) N H C(uj/u;) ™t H m(uy)
i<jella+p] k=1
= Mas(P < P)

where we have used the symmetry of the last factor in the second line, and the fact that the
constant term is preserved under symmetrization, namely CT, ... (Sym(f(u1, ..., un)))/m! =

.....

CTus....um, (f(ul, ey um)) The Theorem follows. O

In the next subsections, we explore applications of Theorem [5.15]
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5.3.2. Application I: Macdonald current relations. Note that
m(v) = Dy (0(vxy))
By iterated use of Theorem [5.15, we may express any product m(vy)m(vs) - - - m(v,,) as:
m(vy)m(vy) - - -m(v,) = Dy (5(2}13:1) % 0(Vgy) * + -k 5(vaz1))

where we used associativity of the shuffle product to drop parentheses. In particular, the
exchange relation (B5.3]) boils down to the following shuffle identity on Fs.

Theorem 5.16. We have the relation:
9(u, v) §(uz1) * 6(vx1) + g(v, u) 6(var) * 6(uzy) =0

Proof. Use Definition [5.14] to compute:

g(u,v) §(uxy) x 6(vry) = g(u,v)Sym (5(um1) 5(Ux2)(

(u — tv)(tu — qv)

To — tl’l)(tl’g — ql’l)
(56’2 - 56’1)@2 - qxl) )

= g(u,v) (0= 0)(u—qv) Sym (0(uzy) d(vzs))

(v —tu)(u —tv)(tv — qu)(tu — qv) wr) 8o o) S lu

= gt(u —0) (0(uw1) 0(var) + 6(vwy) 6(uws))
which is manifestly skew-symmetric in (u,v). O

More generally, Theorem [5.7] translates into the following shuffle identity.
Theorem 5.17. We have the relation:

b G IR B P s
i (to; —

HlSi<jSa(xi - xj) a i=1 1<i<j<a t J Ui)(tvi - q/U])

Proof. We compute:

d(v121) %0 (voxy) %+ - -x(Vax1)

d(v11) * 0(vamwy) * - - - % 0(vawy) = Sym <5(v1x1)5(v2x2) w0 (VaTa) ((x;]__tiggcf]—_qi[s;))

1<i<j<o

_ 1 _ H (tv; — v;)(tv; — quy) Sym d(v121)0(voxs) - + - 0 (Vay)
and the result follows, as the symmetrization produces the desired determinant. [l

Finally let us revisit Theorem B.7] for m, namely the identity

S0 (2 (01 ), ()] ) =0

The corresponding shuffle identity is the following.
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Theorem 5.18. We have the identity:
o)
SYMy, 115 05 {v_ (5(1)1:51) * (5(1)2561) % 0(vgwy) — 0(vgmy) * 5(1)2x1))
3

—(5(1)2113'1) * 5(U31’1) — 5(1)31’1) * 5('[121’1)) * 5('[)11’1))} =0

Proof. Using the proof of Theorem 517 for a = 3, we compute:

d(v1my) * 6(vaxy) * d(v3wy) = H (b — vi)(bv; = qvj)Symxww3 (6(v121)0(va22)d(V373))

1<i<j<3 (vi — qu;)(vj — v;)

Noting that the symmetrized term is also symmetric in (vq, vs,v3), the statement of the
Theorem boils down to:

Symvlm’vs (2(1 _ (23) _ (123) + (13)) H (tvj - ’Ui)(tvi - qw)) -0

U3 1<i<j<3 (vi — quj)(v; — vi)

where the permutations on the left act by permuting the v’s. This latter identity is easily
checked. U

5.3.3. Application II: commuting difference operators. The Macdonald operators form a
commuting family whose common eigenfunctions are the celebrated Macdonald polynomials
[Mac95]. Their commutativity boils down via the relations (5.30)) to the identity

lax1g=1g%1,
where we denote by 1, the constant function 1 € F,. This identity amounts to the following:

Lemma 5.19. The following identity in Foqp5 holds.

(5.31) Sym( 11 c<xi/xj>>=8ym( 1T <<xif/xjf>>

1<i<a<j<a+p 1<i'<p<j'<a+p

Proof. The symmetrized function is by definition invariant under any permutation of the
x’s. Consider the permutation o € S,4s such that o(i) = a+ f+1—i for all i €
{1,2,...,a + }. The permutation ¢ clearly maps the range 1 <i < a < j < a+f to
1<0(j) < B <o(i) <a+f, and the identity follows by noting that the result is invariant
under z; — ;" for all 4. O

Likewise, using the definition M., = Do ((z1 - - - 24)"), the commutation of the operators
My, for any fixed n and v = 1,2, ..., N is a consequence of the commutation:

(y - mo)" (1 ap)" = (21 2p)" % (1 -+ 20)"

The latter is a trivial consequence of Lemmalb.T9] as the product (z1 - - )" (Tat1 -+ Tatps)”
is symmetric in the x’s, and therefore drops out of the symmetrization.
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More generally, we could try to find commuting families of similar difference opera-
tors, by looking for families of shuffle-commuting rational functions. In fact, any fac-
torized choice for P(zy,...,x4) = f(x1)f(x2)--- f(xs) and similarly for P'(z4,...,z5) =
f(x1)f(za) -+ f(xp) will trivially lead to commuting operators from P P’ = P’x P, as the
product f(xq)--- f(za+p) drops out of the symmetrization and leaves us with the identity
of Lemma [5.T9l The previous case corresponds to f(z) = a".

Consider now the function f(x) = 1 4 ax for some fixed arbitrary coefficient a. Note

that
[Tr@)=> a*sigar(zi, ... 70)
i=1 k=0

where the notation 1¥0%~* stands for k& 1’s followed by o — k 0’s. We deduce that
Do(f(a1) -+ f(xa) = Y a"Mix go-s
k=0

Expressing the commutation relation [D,(f(x1)--- f(za)), Da(f(z1)--- f(zp))] = 0 and
identifying the coefficient of a* yields the following relations between the M’s:

Min(k,a)
Z [Mll’oafl,Mlk—lprkal] - 0 (0 S kf S o + /8)
{=Max(0,k—p)

For a« = 1, § = 2, this reduces for instance to:

(Mo, Moo] =0, [Mo, My 0]+ My, Mool =0, [Mo, My1]+ My, Mol =0, [My,My;]=0.

5.3.4. Application III: proving relations between the difference operators. Another applica-
tion of Theorem [5.15 consists in using shuffle identities to prove identities between difference
operators, the former being much simpler than the latter. Let us illustrate this on the fol-
lowing examples, which allow to express any operator M,, , as a quadratic polynomial of the
M,,’s (an alternative expression to that of Theorem [5.10). We denote by [z,y], = xy — qyx
the g-commutator of x,y.

We shall proceed in several steps. First we note that, due to the skew-symmetry of the
determinantal definition of the generalized Schur function (L.G)), we have s, , = —Sp_1.n+1,
and therefore M,, , = —M,_1 1. This allows to restrict ourselves to n > p, as M, ,41 = 0.
In the two following Theorems and 521, we find explicit expressions for M, n,
respectively for £ > 0 odd and even. Finally, we express M,, ,, in Lemma [5.37, which allows
to complete the Theorem, with explicit quadratic expressions for all M,, ,,.

Theorem 5.20. We have the relation:
k k

(5-32) (1 - q)tMn+2k+1,n = Z Un+20n+2k—20+1 = Z [Mn+2€7 Mn+2k—2z+1]q

/=0 /=0
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Proof. The shuffle relation corresponding to (5.32)) reads, in Fy:

k
Z(Il)n-i-%—% % (Il)n-i-%—i-l _ q(xl)n+2k—2é+l % (:L,l)n-‘r% _ (1 o q)t 3n+2k+1,n(1'1a1'2)

=0
= (1 —q)t(z122)" Sok+1,0(21, 22)

Explicitly, we write

k

Sym ((Z(xl)”+2k—2f(x2)"+2z+l _ q(xl)n+2k—2£+1(x2)n+2£> (xg — txy)(tegy — q$1))

=0 (2o — 1)(22 — q1)

— (2122)"Sym <(93§)k+; - (ﬂﬁ)l‘“rl (z2 — tq)(tws — ql”l))

(2122)" W42 (0 VR (0t V(e — o
= T o (@ = @)~ )z~ am)

= (1 - Q)t ($1$2)n 32k+1,0($17 $2)

where we identified s,0(z1,72) = (2¢T! — 25™) /(21 — 22). The Theorem follows. O

This gives an explicit expression for M,,ox+1, for £ > 0.
Theorem 5.21. We have the relations, for all k > 0:

k—1

(1 — @)t Mpsakn — Motoknion) = E Un420n4-4k—20 T Vntak—1—20 042041
=0
k-1

(5.33) = Z (Mot20, Miar—2el, + [Moan—1-20, Miy2041],,
(=0
k
(1 — @)t Mpsakron + Motoktintokt1) = Z Vnt20mtak+2—20 T Vnadk41-20m4-2041
(=0
k
(534> = Z [Mn—l—ZZv Mn+4k+2—2€]q + [Mn+4k+1—2€7 Mn+2€+1]q

=0
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Proof. The shuffle relations corresponding to (5.33) and (5.34]) read respectively in F:

k-1
{(Il)n+4k—1—26 % (Il)n+2é+1 _ q(l,l)n-‘rélk—% % (:L,l)n-‘r%
=0
+($1)n+2€ " (xl)n+4k—2é . q(xl)n-i—%-‘rl % (x1>n+4k—1—2£}
=(1- Q)t(5n+4k,n($1> Ty) — Sn+2k,n+2k($1, 1’2))

k
Z {(Il)n+4k+1—2€ " (Il)n+2£+1 _ q(xl)n+4k+2—2£ % (:L,l)n-i-%

=0

_l_(l,l)n-l-% % (Il)n+4k+2—2é _ q(xl)n-i—%-‘rl % (xl)n+4k+1—2£}

=(1- Q>t(3n+4k+2,n(x17 T2) + Spi2k+1,n42641 (21, $2))

Explicitly, we write:

Sym (( : ()R 120 ()42 (xl)"+2f(x2)n+4k—1—2é> (22 — til)ita;zl - cm))
= 11— q)(ar + x2><x1x2>"(jz_:(xl)%-l-”(xz)” @) ()" )
= #(1 = q)(@aa)" ( <><> () )
) ) R )
= t(1—q) <x1x2>"(§<x1>4k-€<xz>f ~ (0122)*)

= t(l - C_I) (Sn+4k,n(£51, 962) - 8n+2k,n+2k(£€1, 1’2))
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Analogously, we have:

Sym (( S g1 3o g 2 = )02 g
= (1~ g)( + x2><x1x2>"(é(xn‘*’f“—”(xz)” + () ()4 )
= 1(1 — q)(2125) (g Y22 ()2 () I ()24
T (R (o))
=t(1-4q) <x1x2>"(ii:<x1>4k+2—f<x2>f + (1))

= t(l - C_I) <5n+4k+2,n(551, 932) + Sn+2k+1,n+2k+1(931, Iz))

This completes the proof of the shuffle relations and the Theorem follows.

To get an expression for M, ;95 ,, for all k& > 0, we also need to compute M,, .

Lemma 5.22. We have the relations:

(535) (Mn)2 - an-i-an—l = (q +t+ t2) Mn,n —qt Mn-l—l,n—l
(5.36) (M) ="M My = (I+t+qg ) M — ¢t Mpg1na

Equivalently, we have:

(1 —¢*)(Mn)? + q [My—1, My
(1-=q¢(1+1t)(g+1)

and
(5.38)

(1 —g)g+ ) (Mn)* + (1 + 1) (g + 1) Mooy, Mg, — tq Moy, Mo

Matin-1= (1-q¢)(1+1t)(g+1)

Proof. The shuffle relations corresponding to (5.35) and (5.30) read in Fy:

()" * (21)" — q(2)" T % (2)" = (¢+t+ t2)sn,n(xl> Tg) — qt Spt1,n—1(21, T2)
(1) (x1)" — q(@1)" "% ()™ = (L+t+q ") spn(T1,22) — ¢ ' Spi1n-1(T1, T2)

)
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These read respectively:

(29 — tzy)(twy — qxl))

Sym <(I?x§ - q$?+lzg_l) (1’2 _ l’l)(llfg N qxl)

x1(xy — txy)(txe — qr1)
To — X1

= (:Elz)sg)"_lsym (

= (2122)" (g + t + t})z129 — qt(x% + z179 + :Bg))

and

Sym ((x?xs g

(x9 — ty)(txe — qx1)
(w2 — 1) (22 — q11) )

ZL’Q(IQ — tl’l)(tl’g — ql’l)
To — I1

= —q Y(z129)" 'Sym (

= —q a1 @)" (2 + 2wy + 23) — (q + gt +12)3120)
and eqgs. [5.35 and [5.30] follow from the values s,,,, = (z122)" and sp41,-1 = (T122)" (23 +
7179 + 23). Finally eq. (5.37) follows from the combination (5.35)—q (5.36]). O

Substitution of the expression (5.37)) into the relations (5.33H5.34)) yields alternative poly-
nomial expressions to those of Theorem [G.10.

6. ELLIPTIC HALL ALGEBRA AND ¢, --DEFORMED (Q-SYSTEM RELATIONS

In this section, we use the known relation between DAHA and Elliptic Hall Algebra to
obtain new relations between our generalized Macdonald operators.

6.1. Elliptic Hall Algebra: definition and isomorphisms. In this section, we recall
known results from [Sch12]. Let

(6.1) o = %(1 1t — ), (k ez,

Definition 6.1. The Elliptic Hall Algebra (EHA) has generators uqp, 0ap, a,b € Z*, subject
to the commutations:

(E1)  [ued tgp) =0 if (0,0), (a,b), (c,d) are aligned
and

(EQ) [uc,d, ua,b] = ea’b;qd Ha—i-c,b—i-da lf ng(CL, b) = 1 and Aa,b;c,d = (Z)
aq

where Ay p.e.q 18 the intersection with Z* of the strict interior of the triangle (0,0), (a,b), (a+
c¢,b+d), and €,p.cq = sgn(ad — be). The generators 6 and u for non-coprime indices are
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further related via:
(B3) 1+ Ouunz" = eZieruens  (ged(a,b) = 1)
n=1

and in particular 0, , = oy u,, whenever ged(n,p) = 1.

The EHA is isomorphic to the quantum toroidal algebra of Section [B] via the following
assignments:

(6.2) e(z) = Zul,n 2, fz) = Zu—l,n 2% Yi(z) =1+ Z Op.tn 2"

ne”L neL n>1

There is a natural action of SL(2,Z) on the generators u,, given by:

ag ap u —u
as as a,b apa+azb,a;a+asb

For further use, we single out the two generators:

(6.3) T:((l) }) and U:G ‘1))

acting on the EHA generators respectively as T ugp = Ug q4+b and U tgp = Ugsb p-

In [SV1I], the authors constructed an isomorphism between the EHA and the Spherical
DAHA (in infinitely many variables X;, i € N). In particular, the natural SL(2,Z) action
on the EHA maps onto the natural SL(2,Z) action on the DAHA [Che05], namely:

T—1y=ad,:, and U~ 7_ =ad,~

with v and 7 as in (2.8)) and (2.9), and Lemmas and respectively.

The isomorphism maps the generators Ug,o tO the power sums P := ZZ(Y,)k operators
in the spherical version of DAHA, which is respected by the functional representation of
Sect. above.

6.2. EHA representation via generalized Macdonald operators. We are now ready
to complete the identification of generators of the EHA in terms of generalized Macdonald
operators.

Comparing (6.2]) with the representation of Theorem B.3linvolving generalized Macdonald
operators, we easily deduce the following representation of the EHA, or rather a quotient
thereof corresponding to the finite number N of variabled:
¢? i q\/? . .

q?2 gl;n = 1— qq%tT Mna U_1,n = 1— q_lq_§ (f;n )

—14—1
,t

(64) ul,n =

2These assignments first appeared in [Mik07] Proposition 3.3, with different notations (q,~,y;) — (0 =
t1/27 Q/eu xi)'
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whereas the relation:
LTk k B -
L+ § 90 +n Zin = ezkzl 2 pirq2 (1—t=F)(1—tFg™F)
n>1

fixes the values:

[N

q

(6.5) Uo +k = mpik (k € Zso)

45

Moreover, from the spherical DAHA homomorphism, it is easy to identify the wuy o from

the DAHA power sum operators, which in the functional representation are:

N

Pri=D (Vi) lsx

i=1

and are related for k& > 0 to the Macdonald operators D, = DL via:

a;0
N N .
(6.6) [1(1 = 2Yilsy = 3 (=2)*Dy = e St P
1=1 a=0

-1 4—1
,t

while for k < 0 they are expressed in terms of the dual operators D, = Diy"  via:

N

(6.7) S (—2)D, = e Sk P

a=0

Finally from the action of —e which maps wug to uj o, we have the identification:

INE

(6.8) Utk = ( d Pk (k € Zso)

1—¢~)

Remark 6.2. We continue the comparison with the work of [BGLX14] started in Remarks
and[{.7]. In this paper a connection to the positive quadrant of the Elliptic Hall Algebra

(with generators uqp — Qup with a,b > 0) was found by setting

for k >0, where the Dy.’s are defined via their generating current in (£9), and extending the
identification via the SL(2, Z) action on the EHA. By Theorem[{.6, we have the relations

]\}I_EI(I)O tl_N Mn = 1 — t—l (Z_l Dn Z)|t—>t*1
lim —py(x1, 29, ...,x8) = —pi(x1,29,...)

N—oo
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Comparing with our functional representation of EHA in the limit of infinite number of
variables of x1,xs, ..., we find:

k41
N o q 2 -1
]\}L}H;Ot Utk = ( )(1 ) (Z Qlyk Z)|1‘/—>t71
and
lim ug, = T (=7 (=p1) D)ot
N—oo (]_—q)(]_—t_l)

Moreover, by using (£12), and V(N)ume(N)_l = Uq+bp We have:

N)(k+1) -1 . (I—N)(k+1)
lim t v uLkV(N) = lim ¢ 2 Uk+1,k
N—o0 N—oo
. (A-—N)(k+1)  N—-1 1 N-1 1, _g4
= dim t 2 T @) (DY) |k (57 V) s (T g2)
N—oo
k+1
q 2 . (1—N)(k) N 1

l\)\b—‘

= lm ¢t 2 (£ q2) (S VQue V'Y o (877 q2)

(1 - Q)(l — t_l) N—o0
Note that the action of Q1 on lfl,\ is a linear combination of terms in which k boxes are
added to \, and similarly for u, i, acting on Py. We deduce that the conjugation by (t%q%)d
amounts to a factor (t°= q2)*, and using VQusV™' = Qarvp (from BGLX14]) we finally
get:

2k+1

. 1—N)(k+1) q 2 -1
lim ¢t 2 = ) ) _
Nl_T)I;O Uk+1,k 1—q)(1— t‘l)( Qr1,62) |11
Repeating the inductive proof of [BGLX14], we arrive in general at:
(1-N) anH}
1—N)a
lim t7 2wy, = Y QupD) i
Noos tab = T @erllioe

for any coprime (a,b).

6.3. EHA and relations between generalized Macdonald operators. The EHA rep-
resentation provides us with an alternative way of finding relations between the generalized
Macdonald operators. We first concentrate on an alternative version of Theorem [5.7], aimed

at expressing the generalized Macdonald operator M,,., as an explicit polynomial of the
M/S.

Theorem 6.3. The operator D, is expressible as a homogeneous polynomial of degree o
in the variables Dy, D1.ns1, with coefficients in C(q,t).



(t,q) Q-SYSTEMS, DAHA AND QUANTUM TOROIDAL ALGEBRAS 47

Proof. Let us first use the definition of EHA to compute 6, ¢ as an iterated commutator.
We first note that

Un-11 = [Un-g 1, ur0) =00 = [[ +[uar, wa], wre] - ,u1,0]
gz
= G gl [ Dral, Dol - D)
Moreover, we have:
ayq2
(69) en,O = [un—l,la Ul,—l] = ﬁ [ .. [@1;1’ @1;0], @1;0], ceey @1;0]’ @1;_1]

1
for n > 2, while 0, o = aju1 0 = % D1,9. On the other hand, 6, is related to the uy o via
the relation (£3) of Definition 6.1l above:

(6.10) 143 02" = eSemoomost — e Smo /2=t ) (1= Rk P 2
n>0

Eliminating Pj between this and (6.6]), we are left with an algebraic relation of the form:

®a;0 = 90(91,0, 92,0, e Ha,o)

where ¢ is a quasi-homogeneous polynomial of total degree a (assuming 6; has degree
i), with coefficients in C(q,t). Combining this with (6.9), we deduce that D, is a homo-
geneous polynomial of degree « in the three variables (Dy.1, D19, D1.—1), with coefficients
in C(q,t). This proves the Theorem for n = 0. To get to arbitrary n, we simply have to
iteratively conjugate by v~ and use D,.,, = g™ 277D 0" O

Corollary 6.4. The operator M., is expressible as a homogeneous polynomial of degree o
in the variables M,,, M, 11, with coefficients in C(q,t).

Proof. The result for D, of Theorem immediately translates into that for M,,,, due
to the relations D, = t*@=N/2N(,,.,. O

Example 6.5. Let us write the explicit polynomial relation of Theorem[6.3 above for o =
2,3. We start by expressing D;.o’s in terms of P;’s via (6.6), which gives:

P2 —P P3 — 3PPy + 2P
(6.11) Do = P1, Doy = 172 D = — 16 227
Neat, we express the P;’s in terms of the 0;’s via (6.10), which gives:
1

B e T N e e N (R (P RO
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These are reexpressed in terms of D11, D1, D1,—1 by using:

1/2 q 3/2
91,0 = 0411 — q®1;0, 92,0 =0 (1 — q)2 [91;1, D1;—1], 93,0 =01 (1 — q)3 [[®1;1, D1;0], Dl;—1]7
as:
P = Dy
%= a0 Dl — i)
Py = - (3[[D1;1, Do), Dis—1] — 3arDio[Dry, Dyy—i] + a%@io)

(1=qPA=t7)(1—q%?)
Substituting this into (6.11]) gives the polynomial relations:

t q
Doy = — (1 4+q)D%2, — —— [D14,D1._
2;0 (1—|—t)(q—|—t) {( Q) 1;0 1—q[ 1;1, Y1, 1]}
t2
Dyy = +#) +t(1+q+ ¢+ ¢*)D}
1+ q)(1+t)(g+t)+t(1—qg+ ¢ 2
LA+ A+l +t)+td—g+g ))91;0[91;1’91;_1] L4 2“@1;1’91;0]’91;_1}}
1—4q (1—4q)
Finally conjugating n times w.r.t. v~! gives:
t q
Doy = ———(14+¢)D? — ——[Dypi1, Dy
2; (1+t)(q+t){( Q) 1;n 1—q[ 1;n+15 21, 1]}
t2
Ds, = + )+t +q+¢*+¢3)D3,
3; (1+t)(q+t)(1+t+t2)(q2—|—qt—|—t2) {(q(q ) ( q q q )) Iin
1+ q)(1+t)(g+1t)+t(1—qg+ ¢ 2
+q(( q)( )((i _q) (1—q+gq )>@1m[®1m+1,®1m_1] + (L E 7 [[@MH,@M],@M_J}

Note that the expression for Da., above is in agreement with (5.37), upon identifying Dy, =
t*="M,,, and Dy, = +5 M,,. Moreover, using also D,y = t3C=NE2M,, 0, we get:

t! 2 2 . 33
Mo = Munn = (1+t)(Q+t)(1+t+t2)(q2+qt+t2){(Q(q+t JHHL+a+a ),
LA t>(q1t12 +tl-q+q ))Mn[Mn+1,Mn_1] + - > [[MnH,Mn],Mn_l]}

7. THE DUAL WHITTAKER LIMIT ¢t — 00

In this section, we describe the ¢ — oo limit of the constructions of this paper, in
particular the degenerations of our generalized Macdonald operators, and of the shuffie
product.
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7.1. Quantum M-system and quantum determinant.

7.1.1. Quantum M-system. The generalized Macdonald operators M,,, (L) were intro-
duced in [DFK15] as the natural ¢t-deformation of the difference operators:

(7.1) My, = hm toN=a) Z x H

— 00
IC[1,N] i€l
[I|=a Jg1

z_xj

The difference operators M,.,, together with the quantities A = I'/I'y---I'y and A =
x1To - - - xy satisfy the quantum M-system relations, inherited from the (graded) quantum
cluster algebra associated to the Ay_; quantum @Q-system with a coefficient [DEKT5].
These relations read for o, 8 = 1,2, ..., N:

Mo Mgy = qmm(a’ﬁ)(p " Mpp Mo (In—pl < |a—p|+1)
qa Ma;n—l—l Ma;n—l = (M ) - Ma+1;n Ma—l;n (1 <a< N)
MO;n = ]-> MN+1 n = 0, MN,n =A"A
A Ma;n = qan Ma;n Aa Ma;n A= qa AMa;n> AA= qN AA

7.2. Currents. There is a simple linear relation between the ¢-deformed M,.,’s and the
Ml-n7S.

Theorem 7.1. We have the relation:
(72) Ml%" = —Z(—t_l)j ej(xl, ...,[L’N) Ml;n—j

where e; are the elementary symmetric functions.

Proof. Evaluating

N N
(7.3) [tz —z) = (1)t T2 Tej(ay, ... zw)
i=1 =0
at x = x;, we get:
(7.4) [tz — ) = - S (=t e ez, )
i=2 Jj=0
We deduce that
try —x tV al N T
7.5 L - —t Y ez, ... n=g !
(7.5) xl]‘_!l’l_l'z t—lzg( Y €i(@1, e ) gzl—xi’

and the lemma follows by substituting this and its images under the interchanges z; <> x;
for i = 2,3, ..., N into the expression (LH) for o = 1. O
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In terms of currents, defining m(z) := >, 2" My,,, Theorem [1] translates into the
following relation.

Corollary 7.2. The t-deformed Macdonald current m(u) is expressed in terms of the t — oo
limit m(u) as:

(7.6) m(u) = o C(t ') m(u)
with C' as in (E2]).

Proof. Note that by definition C(t71u) = Z;V:O(—t_lu)jej(xl, ...,oy) and compute the

generating currents for both sides of (T.2). O

With the obvious definition of limiting currents
— n I I —a(N—a)
ma(2) : %z Mo = lim ¢ my(2) |

it is easy to recover from eq.(5.17) the following quantum determinant expression for m,(z)
(see [DEFK16], Theorem 2.10):

(7.7) Ma(z) = CTy (5(u1 g /2) ( I] 1- qﬂ> Hm(ui)>
1<i<j<a Wi )iy
Note also that the limit of the result of Corollary[(.6lyields the following alternative formula:
1 - B [0
mea(z) = aCTu (5(u1 c Uy /2) H (u;t — u; Y (u; — quy) Hm(u,))
1<i<j<a i=1

Similarly, we may consider the limiting difference operators:

(7.8) Do (P) := lim t=olN=)p_(P) = M,(P) := lim t=o =) M (P)
—00 —00
where
]. x.

(79) D,(P) = ————Sym | P(z1,...,24) LTy Ty,

al(N — a)! 1§z‘§1a_£j§N T — X

1 B B B B o
(7.10) Mo(P) = —CT, <P(u1 Looug) Tt =gt (us - quj)Hm(ui)>

’ 1<i<j<a i=1

as well as

M., i= lim t7@WV =00,
t—o0

which is a polynomial of degree o in the M,’s, as a direct consequence of formula (710
and the fact that s,, ., is a Laurent polynomial of z, ..., x,.

.....
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7.2.1. Quantum determinants and Alternating Sign Matrices. The formula of Corollary
.16 also gives the following alternative “quantum determinant” expression:

(7.11) M, .. o, = CTy (H u; ( IT - q%) Hm(ui)> = ’(Maﬁi_j)lg,jga
i=1 v

1<i<j<a i=1

q

or equivalently the generating multi-current expression:

a a Ao v =
(7.12)  Ma(vi,.va) = > My, a0 05 - 08 _< 11 1—qU—]> ljllm(vi)

ai,...,aa€7Z 1<i<j<a v

There is a very nice expression of the quantum determinant (Z.IT]), involving a sum over
Alternating Sign Matrices. This is because the quantity J],_ ; Ui+ Avj is the A-determinant
Adet(V;,) (as defined by Robbins and Rumsey [RR86]) of the Vandermonde matrix V,, :=

(v 7)1<ij<n- Recall that an n x n ASM A has elements a;; € {0,1, —1} such that each
row and column sum is 1, and the non-zero entries alternate in sign along each row and
column. We denote by ASM,, the set of such matrices. We need a few more definitions.
The inversion number of an ASM is the quantity [(A) = 3", ; i, AijAre. We also count
its number of —1’s, which we call the —1 number, denoted by N(A). Let us also define the
column vector v = (n—1,n—2,..,1,0)", and for each ASM A we denote by m;(A) := (Av),.
Then we have the explicit formula, obtained by taking A = —q for the A-determinant of
the a x @ Vandermonde matrix V,:

— m; (A
II vimavi= > (""" o

1<i<j<a A€ASM, i=1

Combining this with (.I1]), we deduce the following compact expression for the quantum
determinant:

Theorem 7.3. The quantum determinant of the matrix (Maj+i—j)1§i,j§a reads:
(7.13) ‘(Majﬂ_j)lgm — Z (—q)W-NA (1 _ )N HMa#a_i_mi(A)
A€ASM, i=1

Example 7.4. For a = 2, we have two ASMs:

CRYE )

with respective inversion and —1 numbers I(A) = 0,1 and N(A) = 0,0, and with (m,(A), ma(A)) =
(1,0),(0,1). The formula (TI13) gives:

Ma1 Mag—l

Ma1+1 Ma2 = Ma1 Ma2 - qMa1+1Ma2—1

Ma17a2 =
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For a = 3, we have seven ASMs:

100 010 100 0 0 1 0 01 010 0O 1 O

o1o}),{r 00}),y00 1}),40 10,112 00,10 0 1,1 -1 1

0 01 0 0 1 010 1 00 010 1 00 0 1 O
with respective inversion and —1 numbers I(A) =0,1,1,3,2,2,2 and N(A) = 0,0,0,0,0,0,1,
and (mq1(A),my(A),ms(A)) = (2,1,0),(1,2,0),(2,0,1),(0,1,2),(0,2,1),(1,0,2),(1,1,1).

The formula (TI3)) gives:
Ma1 Mag—l Ma3—2

Ma1,a2,a3 = Ma1+1 Maz Mas—l = MalMagMag - qMa1+1Ma2—1Ma3 - qMalMag—i—lMag—l
Ma1+2 Ma2+1 Mas

_q3Ma1+2Ma2Ma3—2 + sza1+2Ma2—1Ma3—1 + q2Ma1+1Ma2+1Ma3—2 - Q(l - Q)Ma1+1Ma2 Mag—l

7.3. The t — oo limit of the shuffle product and the quantum M-system. It is
instructive to consider the limiting definition x of the shuffle product *, compatible with
the limiting difference operators (.g)).

Define for (P, P') € F, x Fp the product:

1 Plxy,....,x0) P (ag1, -y Ta
Px Pl(x1,...,x0yp) := —7Sym (1 ) _E _+1_1 iﬁ) '
al ! ngz’gaqgaw(%’ ;) (x5 — qzi)

It is given by the limit

Px P (1, .. Tarp) = im t 2P Px P'(21, ..., Torp)

- t—o0
The compatibility:
Da(P)Ds(P') = Days(P  P')
simply follows by computing the limit
lim ¢t~ W= D (P)t PNV Dy(P') = lim t~FAWN=e=B D o(t729F P x P')

t—o0 t—o00

Recall that M., = Dy((x122---24)"). The quantum M-system relations boil down to
relations in the x shuffle algebra, namely:

Theorem 7.5. We have the following relations:

(T129 -+ o))" * (w129 - - - 25)P

= in"(O"B)(p_")(:leg cexg)P K (a0 xe)" (Mup€Z, |p—n| <|la—p+1)

n+1 n—1

qa(l'l{lfg st .CL’Q) * (ZL’lZL’g s Ia)
= (5171932 o 'l"a)n * (5171932 o 'l"a)n - (931552 o '$a+1)n * (931552 o 'Ia—l)n (n € Z)

which hold respectively in Foip and Fan, with o, f € [1, N —1].



(t,q) Q-SYSTEMS, DAHA AND QUANTUM TOROIDAL ALGEBRAS 53
Example 7.6. For a = =1, we have in Fy:
o x it = qat xal, (vme)" = 2} x 2 — gt x !

These follow from respectively

Sym (M) = (2172)" Sym (#) = (z122)"

X1 — LUQ)

where Sym denotes the symmetrization in xq,xy. The “higher” identities:

k+1 n—1 k+1
7 (r120) xy
Sym [ 22— ) = (2y29)"Sym [ —2—— ) = (2129)" Spo(21, 22) = S T1, T
Yy < (x2_1_$1_1) ) (z122)" Sy ((ZE1—ZE2)) (z172) k,o( 15T2) n+k,n( 1,T2)
amount to:
Stk (21, 02) = 2y w2l — T

which amounts to the relation

Mn-‘,—k Mn—l

Mn—i—k,n = Mn—i—k Mn - an—i-k—i-l Mn—l = ‘M e M.
n n

q

This is nothing but the v v} coefficient of Ma(vy,vs) (T12).

8. DiscussiON/CONCLUSION

8.1. (q,t)-quantum determinant. One of the goals of this paper can be understood as
the construction of a t-deformation of the quantum determinant of [DFK15] defined in the
context of the quantum @Q-system for Ay_;. Concretely, we conjecture that the quantity
Mo, as....ae 15 @ polynomial of the M, ’s, and proved the conjecture in the case o = 2
(Theorem [5.10), and in the case when a; = ay = - -+ = a, = n (Theorem [6.3], and Corollary
[64). The latter case uses explicitly the relations in the Elliptic Hall Algebra. We would
like to interpret this polynomial the (g, t)-determinant of the matrix (MajJri_j)l <ij<a
The main difference with the usual and the quantum determinant is that, in both of the
cases above, the polynomial expression for M, 4,. . 4, depends, in general, on more than
just the matrix elements {Mq,4i—;, 1 < 4,5 < a} (on which it depends in the quantum
determinant case). This polynomial is unique modulo the relations of the quantum toroidal
algebra, namely the exchange relation (5.3) and the Serre relations (3.13), expressed respec-
tively as quadratic and cubic relations between the M,,’s. In that respect, the expressions
(32) of Theorem for k = 0, (B37) derived from Lemma (522, and the alternative
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expression (5.20) for a = n + 2, b = n, all have this desired property, as we may write for
them:

M, M,| 1
Mn-l—l,n — Mn—l—l Mn—l—l q’t_ (1—q)t [MnaMn+1]q
— MTL Mn—l _ 1 1 9
T R e A
M M, _ 1
Mn n = n—+2 n—1 _
2T M Mo |, - DO -2 @ -B)

o (61 + @) Vs Mgl = (0 ) e, Mal = a0+ ) Mo, M)

The property still holds for M,,;3,, but breaks down for M,,,4, which can at best be
expressed as a polynomial of M, 4, M,,, M, 15, M,,_1, M, 13, M, 1.

The (q,t)-determinant is therefore a subtle deformation of the quantum determinant.
However, it is possible that one of the expressions for this quantity has a nice combinatorial
expression, generalizing eq. (C13) of Theorem

8.2. EHA as t-deformed quantum cluster algebra. In this paper, we have constructed
a representation of the EHA for finitely many variables x, s, ...,xy. The algebra itself
admits a quotient by the ideal generated by the relations My, = 0, n € Z, and the
relations expressing that ¥* o Y k=0 up +12" are series expansions of finite products. In
particular, the condition My1.,, = 0 expresses that a degree N +1 polynomial of M,,, M, 14
must vanish (by use of Theorem [6.3] and Corollary [6.7]).

This allows to view the EHA as a natural t-deformation of the quantum Ay_; M-system
algebra, which corresponds to the limit ¢ — oo. We expect the defining relations of the
M-system to be explicitly t-deformed. For instance, the first g-commutation relation:

(81) MnMn+1 - an+1Mn =0
is t-deformed into:
Mn Mn—l—l - an—l—l Mn = t(l - Q)Mn—l—l,n 5
obtained from eq. (5.32) of Theorem 20 for k£ = 0. Indeed, as M,, ~ t¥~! and M, , ~
t2(N=2) for large t, we write:
tl_NMn tl_NMn—i-l - qtl_NMn-l-l tl_NMn = t_l(l - q)t2(N_2)Mn+l,n
which shows that the r.h.s. is subleading at ¢ — 0o, and we recover the M-system relation
(BJ) in this limit.
Similarly, the M-system relation

(82) M2;n = MEL - an—l—an—l
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is deformed into (5.35)), namely:
M2 — gM, M,y = (g +t+ )Moy — @My
Repeating the scaling analysis, we get
$20-M2 oV NN = (1 qt—2>t2(2—N)M2m _ qt—1t2(2—1\7)Mnﬂm_1

and we recover (8.2)) in the ¢ — oo limit, by neglecting the subleading terms O(t~1), O(t~?).

More generally, the quantum M-system relations were shown in [DFK16] to be solved by
the quantum determinant (Z.7)) expressions for M,,, as polynomials of { M4 }jij<a, With
the condition that My, = 0 for all n € Z. More generally, we may consider the quantum
determinant expression (Z11I) for M,, a,.. a,. Let us rewrite the (¢, t) relation of Theorem
B in the following manner:

(8.3)
I1 (1 —t—lﬂ) <1 —t—lqﬁ) e, (v) = ] (1 - qﬂ) [Tt Ym(w,)
1<i<j<a s vi 1<i<j<a Vi) 5

where lim;_, o, t*“V=Y9,(v) = M,(v), and accordingly lim o, t~ ¥ Ym(v) = m(v). The

r.h.s. of (B3) is simply the generating function for the quantum determinants ('Y Mg, 4j-i)1<ij<alq
which tend to |(Ma;1j-i)i<ij<alq When ¢ — oco. Expanding the Lh.s. in powers of t~1 at

large t, we see that the dominant term is t ™=, (v) and all other terms are of stricly

smaller order. This displays explicitly in which sense this relation is a t-deformation of the
quantum determinant relation (ZIT]).

Example 8.1. For a =2, (83) gives in components:
t2(2_N) ((1 + qt_2>Ma1,a2 - t_lMal—l,a2+1 - t_lqMal—l—l,ag—l) = tz(l_N) (Ma1Ma2 - qMa1+1Ma2—1) .

8.3. Relation to graded characters. The difference operators M,., = lim;_,» tela—N) Main
were introduced in [DFK15] to generate graded characters of tensor products of Kirillov-
Reshetikhin modules by iterated action on the constant function 1. In particular, any
expression of the form Hzlzk ng_ll(Ma;i)"avi -1 for ny,; € Z, is Schur positive, namely de-
composes onto Schur functions with graded multiplicities in Z, [g]. This is not the case for
the t-deformed version. As an example, it is easy to see that My-1 = tV~le, —tV~2¢;, where
the e’s are the elementary symmetric functions of xy, ..., zy, so Schur positivity is lost. It
would be interesting to understand the geometric or representation-theoretical meaning of
this t-deformation of the ¢-graded characters.

8.4. Possible generalizations. The objects and structures of this paper are all linked to
the type A groups/algebras. However, many of them can be extended to other types: on
the one hand, DAHA was defined for other types [Che05]; on the other hand (quantum)
cluster algebras and ()-sytems have been defined for other types as well. Preliminary results
indicate that similar constructions to those of this paper should exist for the other types.
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Another interesting direction, even in the Ax_; case, is to try to understand the meaning
of the other cluster variables (not of the form M,,,) in the quantum cluster algebra of the
@-system. Preliminary explorations show that those other variables are also difference
operators. Understanding these could be a step in the direction of fully comprehending the
t-deformation of the quantum cluster algebra.
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