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We present a class of modified-gravity theories which we call ultra-local models. We add a scalar
field, with negligible kinetic terms, to the Einstein-Hilbert action. We also introduce a conformal
coupling to matter. This gives rise to a new screening mechanism which is not entirely due to
the non-linearity of the scalar field potential or the coupling function but to the absence of the
kinetic term. As a result this removes any fifth force between isolated objects in vacuum. It turns
out that these models are similar to chameleon-type theories with a large mass when considered
outside the Compton wave-length but differ on shorter scales. The predictions of these models only
depend on a single free function, as the potential and the coupling function are degenerate, with
an amplitude given by a parameter α . 10−6, whose magnitude springs from requiring a small
modification of Newton’s potential astrophysically and cosmologically. This singles out a redshift
zα ∼ α−1/3 & 100 where the fifth force is the greatest. The cosmological background follows the
Λ-CDM history within a 10−6 accuracy, while cosmological perturbations are significantly enhanced
(or damped) on small scales, k & 2hMpc−1 at z = 0. The spherical collapse and the halo mass
function are modified in the same manner. We find that the modifications of gravity are greater for
galactic or sub-galactic structures. We also present a thermodynamic analysis of the non-linear and
inhomogeneous fifth-force regime where we find that the Universe is not made more inhomogeneous
before zα when the fifth force dominates, and does not lead to the existence of clumped matter on
extra small scales inside halos for large masses while this possibility exists for masses M . 1011M⊙

where the phenomenology of ultra-local models would be most different from Λ-CDM.

PACS numbers: 98.80.-k

I. INTRODUCTION

Since the discovery of the accelerated expansion of the
Universe [1, 2], explaining its nature has become a ma-
jor problem in modern cosmology. Most of the possible
solutions for this problem rely either on the inclusion
of a dark energy component and/or on modifications of
General Relativity (GR) [3]. These alternative theories
of gravitation, which go beyond a simple cosmological
constant, usually imply the presence of at least one ad-
ditional low-mass scalar field in the theory and induce
the presence of a fifth force on cosmological scales. How-
ever, the presence of the scalar field must have a very
small impact on the dynamics of the Solar System and
on any laboratory test due to very stringent constraints
imposed by observations (e.g. [4]). One possible solution,
which was recently explored in [5], is to construct mod-
ified gravity theories with a screening mechanism that
provides convergence to GR in dense environments [6, 7]
such as the Solar System.

In this paper we investigate a particular type of modi-
fication of gravity with a new screening mechanism, that
we will call “ultra-local models”. We add to the Einstein-
Hilbert action a scalar field whose Lagrangian has a zero
(or negligible) kinetic term. For this reason, the equation
of motion for the scalar field of this theory, which gives
the relation between the scalar and the matter fields, is a
”constraint” equation with no time derivatives, contrary
to what happens in the case of other scalar tensor theo-
ries. In the ultra-local models, the scalar field is coupled

to the matter field via a non-linear conformal transfor-
mation function of the field itself and depends on the
local value of the matter density. In such a way the fifth
force associated to the scalar field is proportional to the
local gradient of the matter density. This provides an au-
tomatic screening mechanism as it implies that there is
no fifth force between isolated compact objects, indepen-
dently of the parameters of the model. This ultra-local
property ensures that astrophysical systems like the Solar
System are perfectly screened.

Thus, although these models can be seen as the limit of
chameleon scenarios with a scalar field mass or potential
that is much greater than its kinetic energy, outside the
Compton wave-length, they differ from the chameleon
scenarios on smaller scales. This gives rise to new fea-
tures for both the definition of the theory and its phe-
nomenology. In particular, because the scalar field po-
tential and coupling function are degenerate, we find it
convenient to choose (without loss of generality) a linear
potential, so that the physics arises from the non-linearity
of the coupling function. This is somewhat similar to
what happens in the Damour-Polyakov mechanism [8],
although here we have no potential and the field is not
attracted to the minimum of the coupling function (the
screening does not arise from the vanishing of the cou-
pling but from its locality). In contrast, other screening
mechanisms studied in the literature are associated to
non-linearities of the scalar Lagrangian of the scalar field
(e.g. chameleon [9], Vainshtein [10] or K-mouflage [11])
either in the kinetic terms or the potential.

http://arxiv.org/abs/1605.02938v2
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The non-linear coupling function is the only free func-
tion of the theory, which can be constrained using the-
oretical and cosmological results. In particular, we re-
quire the coupling function to be severely bounded so
that its contribution to the metric potential does not ex-
ceed the Newtonian one, associated with typical cosmo-
logical perturbations and astrophysical objects. These
ultra-local models correspond to modified source models
[12] where the coupling to matter has a magnitude of or-
der | lnA| . 10−6 to guarantee that the contribution of
modified gravity to Newton’s potential is at most of or-
der one. This implies that the Λ-CDM expansion history
is recovered up to a 10−6 accuracy. At the linear level,
the scalar field in this theory acts as a scale and time
dependent modification of the growth rate which can ei-
ther enhance or diminish it, depending on the shape of
the coupling function. On astrophysical scales, the mod-
ification of gravity is the largest on galactic scales while
no effects are expected in the Solar System and on clus-
ter scales. On the other hand, this is not the case in-
side halos, in particular for masses below 1012h−1M⊙.
The effects of the ultra-local interaction can be so drastic
for smaller masses inside the Navarro-Frenk-White pro-
file that the system can undergo a thermodynamic phase
transition with the presence of small clumps. We expect
that the fifth force on these small scales is eventually
screened by the ultra-locality of the scalar interaction.
This would lead to a different landscape of inhomogeni-
ties for small mass objectsM . 1011M⊙ deep inside their
cores. A more precise analysis would require numerical
simulations and this is left for future work.

The paper is organised as follows. In section II we
introduce the ultra-local models and in section III we
study the equations of motion, both in Einstein and Jor-
dan frames. In section IV we consider some generic con-
straints on the form of such theories and we present some
explicit models, while in section V we study the valid-
ity and the self-consistency of the theory. We study the
evolution of the cosmological background in section VI,
of cosmological linear perturbations in section VII, the
dynamics of the spherical collapse in section VIII and
the halo mass function in section IX. We consider the
screening properties of the theory, from clusters of galax-
ies down to the Solar System and the Earth, in section X.
We investigate the formation of non-linear structures and
the fifth-force non-linear regime in section XI, consider-
ing the stability of both cosmological and astrophysical
inhomogeneities. In section XII we study the dependence
of the previous results under the variation of the free pa-
rameter α of the coupling function and in section XIII we
compare the ultra-local models to other modified gravity
theories. Finally we conclude in section XIV.

II. SCALAR-FIELD MODEL WITH
NEGLIGIBLE KINETIC TERM

We consider scalar field models with actions of the form

S =

∫

d4x
√

−g̃
[

M̃2
Pl

2
R̃+ L̃ϕ(ϕ)

]

+

∫

d4x
√−gLm(ψ

(i)
m , gµν), (1)

where the various matter fields follow the Jordan-frame
metric gµν , with determinant g, which is related to the
Einstein-frame metric g̃µν , with determinant g̃, by [10]

gµν = A2(ϕ)g̃µν . (2)

In this paper, we investigate models where the scalar field
Lagrangian is dominated by its potential term, so that
we write

L̃ϕ(ϕ) = −V (ϕ), (3)

where we set the kinetic term to zero. Then, assuming
that the potential V (ϕ) can be inverted (i.e., that it is
a monotonic function over the range of ϕ of interest),
we can make the change of variable from ϕ to V . More
precisely, introducing the characteristic energy scale M4

of the potential we define the dimensionless field χ̃ as

χ̃ ≡ −V (ϕ)

M4
, and A(χ̃) ≡ A(ϕ). (4)

Therefore, in terms of the field χ̃ the scalar field La-
grangian and the conformal metric transformation read
as

L̃χ̃(χ̃) = M4χ̃ and gµν = A2(χ̃)g̃µν . (5)

Thus, these models are fully specified by a single func-
tion, A(χ̃), which is defined from the initial potential
V (ϕ) and coupling function A(ϕ) through Eq.(4). This
means that there is a broad degeneracy in the action (1)
as different couples {V (ϕ), A(ϕ)} with the same rescaled
coupling A(χ̃) give rise to the same physics. Therefore, in
the following we work with the field χ̃ and with Eq.(5).
The energy scale M4 is arbitrary and only defines the
normalization of the field χ̃. We can choose without
loss of generality M4 > 0 and we shall typically have
M4 ∼ ρ̄de0, where ρ̄de0 is the mean dark energy density
today , if we require the accelerated expansion of the Uni-
verse at low z to be driven by the scalar field potential
V (ϕ), without adding an extra cosmological constant.

III. EQUATIONS OF MOTION

Because the matter fields follow the geodesics set by
the Jordan frame and satisfy the usual conservation equa-
tions in this frame, we mostly work in the Jordan frame.
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This is also the frame that is better suited to make the
connection with observations as atomic physics remains
the same throughout cosmic evolution in this frame [13].
However, because the gravitational sector is simpler in
the Einstein frame, we first derive the Einstein equations
in the Einstein frame, and next translate these equations
in terms of the Jordan tensors.

A. Einstein frame

1. Scalar-field and Einstein equations

The scalar-field Lagrangian (5) is given in the Einstein
frame, where the equation of motion of the scalar field
reads as

M4 + T̃
d lnA

dχ̃
= 0, (6)

where T̃ = T̃ µ
µ is the trace of the matter energy-

momentum tensor in the Einstein frame. From the con-
formal coupling (5) the energy-momentum tensors in the
Einstein and Jordan frames are related by

T̃ µ
ν = A4T µ

ν and T̃ = A4T. (7)

As there is no kinetic term in the scalar-field Lagrangian
(5), the “Klein-Gordon” equation (6) contains no deriva-
tive term and it is a constraint equation, which gives
the field χ̃(x) as a function of the matter density field
ρ̃(x). The energy-momentum tensor of the scalar field
also reads as

T̃ µ
ν(χ̃) = M4χ̃δµν , (8)

so that the scalar-field energy density and pressure are

ρ̃χ̃ = −M4χ̃, p̃χ̃ = M4χ̃ = −ρ̃χ̃. (9)

In the Einstein frame, the Einstein equations take their
standard form, G̃µ

ν = T̃ µ
ν .

2. Cosmological background in the Einstein frame

Using the conformal time τ and comoving coordinates
x, the background metrics in both frames are given by
ds̃2 = ã2(−dτ2 + dx2) and ds2 = a2(−dτ2 + dx2), with

a = Āã and dt = Ādt̃, r = Ār̃, (10)

where we denote background quantities with a bar. Thus,
the cosmic times and physical distances are different in
the two frames. From Eq.(7) the densities and pressures
are also related by

¯̃ρ = Ā4ρ̄, ¯̃p = Ā4p̄, (11)

while the Friedmann equation takes the standard form,

3M̃2
PlH̃2 = ã2(¯̃ρ+ ¯̃ρrad + ¯̃ρχ̃), (12)

with H̃ = d ln ã/dτ the conformal expansion rate in the
Einstein frame. From Eq.(9) the background scalar field
energy density and pressure are given by

¯̃ρχ̃ = −M4 ¯̃χ, ¯̃pχ̃ = M4 ¯̃χ = − ¯̃ρχ̃. (13)

3. Perturbations in the Einstein frame

Taking into account the perturbations from the homo-
geneous background, the Einstein-frame metric reads in
the Newtonian gauge as

ds̃2 = ã2[−(1 + 2Φ̃)dτ2 + (1 − 2Ψ̃)dx2], (14)

and the Einstein equations yield, at linear order over the
metric potentials and in the quasi-static approximation
(for scales much below the Hubble radius),

Φ̃ = Ψ̃ = Ψ̃N with
∇2

ã2
Ψ̃N ≡ δρ̃+ δρ̃χ̃

2M̃2
Pl

. (15)

Here we use the non-relativistic limit v2 ≪ c2, so that
the gravitational slip Φ̃− Ψ̃ vanishes, and δρ̃ = ρ̃− ¯̃ρ and
δρ̃χ̃ = ρ̃χ̃ − ¯̃ρχ̃ are the matter and scalar-field density
fluctuations. in particular, we have

δρ̃χ̃ = −M4δχ̃. (16)

B. Jordan frame

1. Cosmological background in the Jordan frame

From Eq.(10) the conformal expansion rates in the two
frames are related by

H̃ = (1 − ǫ2)H with ǫ2(t) ≡
d ln Ā

d ln a
, (17)

while the densities and pressures are related as in Eq.(11).
Therefore, the Friedmann equation (12) yields

3M2
PlH2 = (1 − ǫ2)

−2a2(ρ̄+ ρ̄rad + ρ̄χ̃), (18)

where the Jordan-frame Planck mass is

M2
Pl(t) = Ā−2(t) M̃2

Pl. (19)

Then, we can define an effective dark energy density by

3M2
PlH2 = a2(ρ̄+ ρ̄rad + ρ̄de), (20)

which gives

ρ̄de = ρ̄χ̃ +
2ǫ2 − ǫ22
(1− ǫ2)2

(ρ̄+ ρ̄rad + ρ̄χ̃). (21)

In the Jordan frame the matter obeys the standard
conservation equations, ∇µT

µ
ν = 0, and the background

matter and radiation densities evolve as

ρ̄ =
ρ̄0
a3
, ρ̄rad =

ρ̄rad0
a4

. (22)
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The scalar-field equation of motion (6) gives

M4 = Ā4ρ̄
d ln Ā

d ¯̃χ
and

d ¯̃χ

dτ
= Ā4 ρ̄

M4
ǫ2H, (23)

hence

ρ̄χ̃ = −Ā−4M4 ¯̃χ,
dρ̄χ̃
dτ

= −4ǫ2Hρ̄χ̃ − ǫ2Hρ̄. (24)

2. Perturbations in the Jordan frame

In the Jordan frame we write the Newtonian gauge
metric as

ds2 = a2[−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2], (25)

so that the Einstein- and Jordan-frame metric potentials
are related by

1 + 2Φ =
A2

Ā2
(1 + 2Φ̃), 1− 2Ψ =

A2

Ā2
(1 − 2Ψ̃), (26)

while the Einstein-frame Newtonian potential (15) is also
the solution of

∇2

a2
Ψ̃N =

δ(A4ρ) + δ(A4ρχ̃)

2Ā4M2
Pl

. (27)

Since we wish the deviations from General Relativity
and the Λ-CDM cosmology to be small, at most of the
order of ten percent, the potentials Φ and Ψ cannot devi-
ate too much from the Jordan-frame Newtonian potential
defined by

∇2

a2
ΨN ≡ δρ+ δρχ̃

2M2
Pl

, (28)

where the scalar field density fluctuations must also re-
main modest as compared with the matter density fluc-
tuations. Therefore, Eqs.(26) and (27) lead to the con-
straints

∣

∣

∣

∣

δA

Ā

∣

∣

∣

∣

. |ΨN| , |δρχ̃| . |δρ| . (29)

Then, since |ΨN| is typically of order 10−5, we can lin-
earize in δA as we did for the metric potentials, and
within a 10−5 relative accuracy we obtain

Φ = ΨN + δ lnA, Ψ = ΨN − δ lnA, (30)

and

δρχ̃ = −Ā−4M4δχ̃. (31)

The equation of motion of the scalar field reads as

M4 = Ā4ρ
d lnA

dχ̃
. (32)

The matter and radiation components obey the stan-
dard equations of motion, which gives for the matter com-
ponent the continuity and Euler equations

∂ρ

∂τ
+ (v · ∇)ρ+ (3H+∇ · v)ρ = 0, (33)

and

∂v

∂τ
+ (v · ∇)v +Hv = −∇Φ. (34)

From Eq.(30) we have ∇Φ = ∇ΨN + ∇ lnA, and the
scalar-field equation (32) gives

∇ lnA =
d lnA

dχ̃
∇χ̃ =

M4

Ā4ρ
∇χ̃, (35)

so that the Euler equation (34) also reads as

∂v

∂τ
+ (v · ∇)v +Hv = −∇ΨN − ∇pA

ρ
, (36)

with

pA =
M4c2

Ā4
χ̃, (37)

where we explicitly wrote the factor c2.
Thus, in terms of the matter dynamics, the scalar-field

or modified-gravity effects appear through two factors,
a) the modification of the Poisson equation (28), because
of the additional source associated with the scalar-field
energy density fluctuations and of the time dependence of
the Jordan-frame Planck mass, and b) the new pressure
term pA in the Euler equation (36). This pressure pA
corresponds to a polytropic equation of state, as it only
depends on the matter density (the sum of cold dark
matter and baryons).

3. Linear regime in the Jordan frame

On large scales or at early times we may linearize the
equations of motion. Expanding the coupling function
A(χ̃) as

lnA(χ̃) = ln Ā+

∞
∑

n=1

βn(t)

n!
(δχ̃)n, (38)

the scalar field equation (32) gives at the background and
linear orders

M4 = Ā4ρ̄β1, δχ̃ = −β1
β2
δ, (39)

where we note δ ≡ δρ/ρ̄ the matter density contrast.
This also yields

δpA = −ǫ1(t)ρ̄c2δ and δρχ̃ = ǫ1(t)ρ̄δ, (40)
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with

ǫ1(t) ≡
β1
β2

M4

Ā4ρ̄
=
β2
1

β2
=

ǫ2
3− 4ǫ2

, (41)

where to obtain the last relation we took the time deriva-
tive of the first relation in (39) and used the second ex-
pression in (17).
The continuity equation (33) reads as ∂τδ +∇ · [(1 +

δv] = 0 in terms of the density contrast. Combining with
the Euler equation at linear order, this gives

∂2δ

∂τ2
+H ∂δ

∂τ
+ ǫ1c

2∇2δ =
ρ̄a2

2M2
Pl

(1 + ǫ1)δ. (42)

As compared with the Λ-CDM cosmology, the pressure
term ∇2δ introduces an explicit scale dependence. Going
to Fourier space, the linear growing modes D(k, t) now
depend on the wave number k and obey the evolution
equation

∂2D

∂(ln a)2
+

(

2 +
1

H2

dH

dt

)

∂D

∂ ln a
− 3Ωm

2
(1 + ǫ)D = 0,

(43)
where H = d ln a/dt is the Jordan-frame expansion rate
(with respect to the Jordan-frame cosmic time t) and
the factor ǫ(k, t), which describes the deviation from the
Λ-CDM cosmology, is given by

ǫ(k, t) = ǫ1(t)

(

1 +
2

3Ωm

c2k2

a2H2

)

. (44)

Thus, the two effects of the scalar field, the contribution
to the gravitational potential of δρχ̃ and the pressure
term due to the conformal transformation between the
Einstein and Jordan frames, modify the growth of struc-
tures in the same direction, given by the sign of ǫ1. A
positive ǫ1 gives a scale dependent amplification of the
gravitational force and an acceleration of gravitational
clustering. The k-dependent pressure term dominates
when ck/aH > 1, that is, on sub-horizon scales. More-
over, we have (ck/aH)2 ∼ 107 today at scales of about
1 h−1Mpc. Therefore, we must have

|ǫ1| . 10−7 (45)

to ensure that the growth of large-scale structures is not
too significantly modified. This also ensures that the
first condition in (29) is satisfied on cosmological scales.
Moreover, the fluctuations of the scalar field energy den-
sity in the Poisson equations are negligible and ǫ2 is very
small, of order 10−7, from the last relation in Eq.(41).

IV. EXPLICIT MODELS

A. Constraints

1. Small parameter α

In usual scalar-field models with a kinetic term, the
Klein-Gordon equation for the scalar field that corre-
sponds to Eq.(32) contains a derivative term ∇2ϕ, which

suppresses the fluctuations of the scalar field on small
scales. This mechanism is absent in our case and the
scalar field χ̃ only follows the variations of the local mat-
ter density. However, we wish the fluctuations of lnA to
remain small and of order 10−6 from cosmological scales
down to astrophysical objects such as stars and plan-
ets, to comply with the first constraint in Eq.(29) and to
ensure that the metric potentials remain close the New-
tonian potential. Because the density varies by many
orders of magnitude from the intergalactic medium to
the atmospheres and cores of stars and planets, and to
the typical densities found in the laboratory on Earth,
and we cannot rely on the small-scale suppression due
to derivative terms, the function lnA must be bounded
within a small interval over its full domain,

| lnA| . 10−6, hence |A− 1| . 10−6. (46)

Therefore, the conformal factor A always remains very
close to unity (we can renormalize A by a constant mul-
tiplicative factor without loss of generality). On the other
hand, from Eq.(32) we have d lnA/dχ̃ = M4/Ā4ρ, hence

d lnA

dχ̃
> 0, (47)

and

ρ→ 0 :
d lnA

dχ̃
→ +∞, ρ→ ∞ :

d lnA

dχ̃
→ 0. (48)

The small range of the function A(χ̃) in Eq.(46) also
implies that the Jordan-frame Planck mass (19) does not
vary by more than 10−6. This ensures that the bounds
on the variation with time of Newton’s constant obtained
from the BBN constraints [14, 15] or the Lunar Ranging
measurements [16] are satisfied. It also means that at
the background level the Einstein and Jordan frames are
identical up to 10−6.
The small range of lnA also leads to a small amplitude

for the factor ǫ2 defined in Eq.(17), of order 10−6. In fact,
from Eqs.(45) and (41) we have seen that we also require
ǫ1 and ǫ2 of order 10−7, so that both constraints give
about the same condition (46) on the coupling function
A(χ̃). Then, we recover a standard Λ-CDM cosmology
up to this order. Indeed, with ǫ2 ≃ 0 we recover the usual
Friedmann equation in Eq.(18), the dark energy density
ρ̄de is almost identical to the scalar field energy density
ρ̄χ̃ in Eq.(21), and the latter is almost constant at low z
from Eq.(24). From Eq.(24) we find that the value of the
scalar field today must satisfy

ρ̄de0 = −Ā−4
0 M4 ¯̃χ0 ≃ −M4 ¯̃χ0, (49)

if the scalar field drives the accelerated expansion of the
Universe at low z without an additional cosmological con-
stant. In particular, this implies ¯̃χ0 < 0. Finally, we
must check that ǫ1, defined in Eq.(41), remains small, as
in Eq.(45), and vanishes at high redshift if we wish to re-
cover the standard clustering growth in the early matter
era.
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In the following we use the approximation Ā ≃ 1 to
simplify the expressions and we present several explicit
models for the coupling function A(χ̃) that satisfy the
conditions (46)-(49). In particular, the equation of mo-
tion of the scalar field (32) becomes

d lnA

dχ̃
=

M4

ρ
, (50)

which implicitly defines the functions χ̃(ρ) and lnA(ρ)
for each coupling function lnA(χ̃). To obtain a unique
and well-defined solution χ̃(ρ) and A(ρ) to the scalar-field
equation (50), we require that d lnA/dχ̃ be a monotonic
function that goes from 0 to +∞ over a range of χ̃, which
will define the domain of the scalar field values. Then
χ̃(ρ) and lnA(ρ), defined by the values that are solutions
of Eq.(50) for a given ρ, are also monotonic functions of
ρ.

2. Derived characteristic density ρα and redshift zα

From Eq.(46) we write

lnA(χ̃) = αλ(χ̃), α . 10−6, (51)

where α is a small parameter that ensures the condition
(46) is satisfied, whereas λ(χ̃) is a bounded function of
order unity and χ̃ is also typically of order unity. Then,
the equation of motion (50) reads as

dλ

dχ̃
=

1

ρ̂
with ρ̂ =

αρ

M4
. (52)

This implicitly defines the functions λ(ρ̂) and χ̃(ρ̂), from
the value of χ̃ that solves Eq.(52) for a given density. The
changes of variables lnA → λ and ρ → ρ̂ have removed
the explicit parametersM4 ∼ ρ̄de0 and α . 10−6, so that
the functions λ(χ̃), λ(ρ̂) and χ̃(ρ̂) do not involve small nor
large parameters. Therefore, in addition to the density
M4 ∼ ρ̄de0, which is associated with the current dark
energy density from Eq.(49), these models automatically
introduce another higher density scale ρα given by

ρα =
M4

α
∼ ρ̄de0

α
& 106 ρ̄de0. (53)

This implies that, from the point of view of the coupling
function lnA, the low-redshift mean density of the Uni-
verse is within its very low density regime. Moreover, we
can expect a cosmological transition between low-density
and high-density regimes at the redshift zα where ρ̄ ∼ ρα,
which corresponds to

aα ∼ α1/3 . 0.01, zα ∼ α−1/3 & 100. (54)

B. Model (I): χ̃ is a bounded increasing function of
ρ

We first consider the case where χ̃(ρ) is a monotonic in-
creasing function of ρ, with χ̃− < χ̃ < χ̃+. From Eq.(48)

we find that d lnA/dχ̃ must decrease from +∞ to 0 as χ̃
grows from χ̃− to χ̃+. Moreover, the boundary χ̃− will
correspond to the late dark energy era while the bound-
ary χ̃+ will correspond to the early matter era. From
Eq.(49) we have χ̃− < 0 and to avoid introducing an-
other parameter we can take χ̃+ = 0, which corresponds
to a vanishing dark energy density at early times from
Eq.(24) (but we could also take any finite value, or an
infinite boundary χ̃+ → +∞ that is reached sufficiently
slowly to ensure that the dark energy component is sub-
dominant at high redshift). A simple model that obeys
these properties and the constraint (46), which also reads
as Eq.(51), is

model (I): − 1 < χ̃ < 0, lnA = α
√

1− χ̃2, (55)

with

α > 0, α ∼ 10−6. (56)

Here we set χ̃− to −1 without loss of generality, as this
merely defines the normalization of M4 and α. Instead
of the square root we could have chosen a more general
exponent, lnA = α(1− χ̃2)ν with 0 < ν < 1, but ν = 1/2
simplifies the numerical computations. Then, the scalar-
field equation (50) gives

χ̃(ρ) = −
(

1 +
α2ρ2

M8

)−1/2

, (57)

lnA(ρ) = α

(

1 +
M8

α2ρ2

)−1/2

, (58)

and

pA(ρ) = −M4c2
(

1 +
α2ρ2

M8

)−1/2

. (59)

We recover the fact that the system depends on the den-
sity through the dimensionless ratio ρ̂ = ρ/ρα introduced
in Eqs.(52)-(53). In terms of the scale factor a(t), using
ρ̄ = ρ̄0/a

3, this gives (at leading order)

ǫ2(a) = 3ǫ1(a) and ǫ1(a) = −α αρ̄/M4

(1 + α2ρ̄2/M8)3/2

(60)
and we can check that |ǫ2| = 3|ǫ1| . α ≪ 1 at all red-
shifts, while we have ¯̃χ0 ≃ −1 and M4 ≃ ρ̄de0. At low
redshift, z ≃ 0, we actually have |ǫ2| = 3|ǫ1| ∼ α2, which
is much smaller than the maximum value of order α that
is reached at a redshift zα ∼ α−1/3. Therefore, in this
model the modification to the growth of large-scale struc-
tures is the greatest at high redshifts, z ∼ zα, much be-
fore the dark energy era.
As explained in Sec. II, this choice of A(χ̃) corresponds

to an infinite number of couples {V (ϕ), A(ϕ)}. In par-
ticular, from Eq.(4) this corresponds for instance to

(Ia) : V (ϕ) = M4

√

1−
(

βϕ

αMPl

)2

, A(ϕ) = eβϕ/MPl

(61)
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with β > 0 and 0 < βϕ/MPl < α, where we assumed an
exponential coupling function A(ϕ), or to

(Ib) : V (ϕ) = M4e−γϕ/MPl , A(ϕ) = eα
√

1−e−2γϕ/M
Pl ,
(62)

with γ > 0 and 0 < ϕ < +∞, where we assumed an
exponential potential V (ϕ).

C. Model (II): χ̃ is a bounded decreasing function
of ρ

We next consider the case where χ̃ is a monotonic
decreasing function of ρ, over χ̃− < χ̃ < χ̃+. Thus,
d lnA/dχ̃ must increase from 0 to +∞ as χ̃ grows from
χ̃− to χ̃+. Now χ̃− corresponds to the early matter
era whereas χ̃+ corresponds to the late dark energy era,
hence χ̃+ < 0. A simple choice that satisfies these con-
ditions is

model (II): χ̃∗ < χ̃ < −1,

lnA = −α
√

(1 + χ̃)(1 + 2χ̃∗ − χ̃), (63)

where again α is a small positive parameter as in Eq.(51)
and we set χ̃− = χ̃∗ and χ̃+ = −1 without loss of gener-
ality. Then, the scalar-field equation (50) gives

χ̃(ρ) = χ̃∗ −
1 + χ̃∗

√

1 + α2ρ2/M8
, (64)

lnA(ρ) = α
1 + χ̃∗

√

1 +M8/α2ρ2
, (65)

pA(ρ) = M4c2χ̃∗ −M4c2
1 + χ̃∗

√

1 + α2ρ2/M8
, (66)

which again makes explicit the dependence on the dimen-
sionless ratio ρ̂ = ρ/ρc introduced in Eqs.(52)-(53). In
terms of the scale factor a(t) this gives ǫ2(a) = 3ǫ1(a)
and

ǫ1(a) = −α(1 + χ̃∗)
αρ̄/M4

(1 + α2ρ̄2/M8)3/2
. (67)

Again, we can check that |ǫ2| = 3|ǫ1| . α ≪ 1 at all
redshifts, with ¯̃χ0 ≃ −1 and M4 ≃ ρ̄de0. We also have
|ǫ2| = 3|ǫ1| ∼ α2 at low z and the maximum value of
order α is reached at a redshift zα ∼ α−1/3.
This choice of A(χ̃) corresponds for instance to

(IIa) : V (ϕ) = −M4



χ̃∗ +

√

(1 + χ̃∗)2 −
(

βϕ

αMPl

)2


 ,

A(ϕ) = eβϕ/MPl (68)

with β > 0 and α(1 + χ̃∗) < βϕ/MPl < 0, for an expo-
nential coupling, or to

(IIb) : V (ϕ) = M4e−γϕ/MPl ,

A(ϕ) = e−α
√

1+2χ̃∗−2χ̃∗e−γϕ/M
Pl−e−2γϕ/M

Pl , (69)

with γ > 0 and − ln(−χ̃∗) < γϕ/MPl < 0, for an expo-
nential potential.

D. Model (III): χ̃ is an unbounded decreasing
function of ρ

As a variant of the model (II) of Eq.(63), where χ̃(ρ)
is a bounded decreasing function of ρ, we can consider
the model

model (III): −∞ < χ̃ < −1, lnA = −α
√

1 +
1

χ̃
,

(70)
where χ̃ is unbounded from below. This avoids introduc-
ing a finite lower bound χ̃∗. Equation (50) gives

χ̃3 (χ̃+ 1) =
α2ρ2

4M8
, (71)

which is a fourth-order algebraic equation for χ̃. We can
easily solve it in two different regimes, namely when χ→
−1 (ρ→ 0) and χ→ −∞ (ρ→ +∞). In the former case,
we obtain

χ→ −1,
αρ

M4
≪ 1 : χ̃(ρ) ≃ −1− α2ρ2

4M8
, (72)

lnA(ρ) ≃ −α2 ρ

2M4
, (73)

pA(ρ) ≃ −M4c2 −M4c2
α2ρ2

4M8
. (74)

At leading order this gives

ǫ2 = 3ǫ1 with ǫ1(a) =
α2ρ̄

2M4
, (75)

and again we can check that ǫ1(a) ∼ α2 at low z. On the
other hand, in the high-density limit we obtain:

χ→ −∞,
αρ

M4
≫ 1 : χ̃(ρ) ≃ −

√

αρ

2M4
, (76)

lnA(ρ) ≃ −α+

√

αM4

2ρ
, (77)

pA(ρ) ≃ −M4c2
√

αρ

2M4
, (78)

and

ǫ2 = 3ǫ1 with ǫ1(a) ≃
√

αM4

8ρ
, (79)

which again shows that |ǫ1(a)| ≪ α in this limit.
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FIG. 1: Coupling functions and scalar field potentials for the model (I) of Eq.(55) (upper row), the model (II) of Eq.(63)
(middle row) and the model (III) of Eq.(70) (lower row). Left column: coupling function A(χ̃) [the plot shows ln(A)/α]. Middle

column: coupling function A(ϕ) for the examples (a) (red lines with crosses, in units of βϕ/αMPl), and (b) (blue lines with
squares, in units of γϕ/αMPl). Right column: potential V (ϕ)/M4 for the examples (a) (red lines with crosses, in units of
βϕ/αMPl), and (b) (blue lines with squares, in units of γϕ/αMPl).

As in the previous cases this coupling function A(χ̃)
corresponds to an infinite number of pairs {V (ϕ), A(ϕ)}.
In particular, the case of an exponential coupling or an
exponential potential are described by

(IIIa) : V (ϕ) =
M4

1−
(

βϕ
αMPl

)2 , A(ϕ) = eβϕ/MPl (80)

with β > 0 and −α < βϕ/MPl < 0, and

(IIIb) : V (ϕ) = M4e−γϕ/MPl , A(ϕ) = e−α
√

1−eγϕ/M
Pl ,

(81)
with γ > 0 and −∞ < γϕ/MPl < 0.
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E. Common low-redshift and low-density behavior

In the following, we consider the case α = 10−6 and
χ∗ = −2 for the parameters that define the models
(I), (II) and (III). In all cases we normalized the low-
density limit of the scalar field χ̃ to −1 and the deriva-
tive d lnA/dχ̃ must go to +∞ in this limit, from Eq.(50).
For a power-law divergence, d lnA/dχ̃ ∼ α|χ̃+1|−ν, with
0 < ν < 1, this gives |χ̃ + 1| ∼ (αρ/M4)1/ν in the low-
density regime. In the explicit models (55), (63) and (70)
we have ν = 1/2, so that in all three cases we have:

αρ

M4
≪ 1 : |χ̃+ 1| ∼

( αρ

M4

)2

, (82)

and

αρ̄

M4
≪ 1 : β1 =

M4

ρ̄
∼ α

| ¯̃χ+ 1|1/2 , (83)

|β2| ∼
α

| ¯̃χ+ 1|3/2 ∼ α−2

(M4

ρ̄

)3

, (84)

|ǫ1| =
β2
1

|β2|
∼ α| ¯̃χ+ 1|1/2 ∼ α2 ρ̄

M4
. (85)

For future use, writing d lnA/d ln ρ =
(d lnA/dχ̃)(dχ̃/d ln ρ), we also obtain in this low-
density regime

αρ

M4
≪ 1 :

∣

∣

∣

∣

d lnA

d ln ρ

∣

∣

∣

∣

∼ α2 ρ

M4
. (86)

In models (I) and (II), since the scalar field χ̃ has a
finite range of order unity, Eq.(49) implies M4 ∼ ρ̄de0 ∼
ρ̄0. Therefore, at low redshifts we have from Eq.(82):

a≫ aα ∼ α1/3 : | ¯̃χ+ 1| ∼ α2a−6, (87)

where we normalized the scale factor to unity today,
a(z = 0) = 1. In particular, we have | ¯̃χ+1| ∼ α2 ∼ 10−12

at low z, so that Eq.(49) implies

M4 = ρ̄de0, (88)

up to a 10−12 accuracy, and this parameter is completely
set by the reference Λ-CDM cosmology. Moreover, the
dark energy density is almost constant, along with ¯̃χ,
up to a redshift zα ∼ α−1/3 ∼ 100, which means that
the background cosmology cannot be distinguished from
the Λ-CDM reference, in agreement with the analysis in
Sec. IVA. For the model (III) we also take M4 = ρ̄de0,
which gives the same behaviors. Then, the scalar-field
equation (50) reads as

β1(a) =
d ln Ā

d ¯̃χ
=

Ωde0

Ωm0
a3. (89)

Thus, the first derivative of the coupling function,
d lnA/dχ̃, at the background level, is of order unity at
low z (despite the prefactor α of lnA, which means that
at low z we are close to the divergence of d lnA/dχ̃) and
decreases with redshift as (1 + z)−3.

Thus, these models involve two free parameters that
must be set to match observations: the usual dark energy
scale M4 = ρ̄de0, as in most cosmological models includ-
ing Λ-CDM, and the parameter α . 10−6 that is needed
to make sure that the fifth force never becomes too large
as compared with Newtonian gravity. Of course, this is
only an upper bound and we can take α as small as we
wish, as we recover the Λ-CDM scenario and General Rel-
ativity in the limit α → 0 [where the coupling function
A(χ̃) becomes identical to unity and the non-minimal
coupling between matter and the scalar field vanishes].

In Fig. 1, we show the coupling and potential functions
of the models (I) (upper row), (II) (middle row) and (III)
(lower row). The left column shows λ(χ̃) = α−1 lnA(χ̃)
from Eqs.(55), (63) and (70). The middle column shows
λ(ϕ) = α−1 lnA(ϕ) for the variants (a) and (b). The
right column shows −χ̃ = V (ϕ)/M4 for the same cases.

In models (Ia,Ib) ϕ is positive whereas in models
(IIa,IIb,IIIa,IIIb) it is negative. It has a finite range
in models (Ia) (0 < βϕ/αMPl < 1), (IIa) (1 + χ̃∗ <
βϕ/αMPl < 0), (IIb) (− ln(−χ̃∗) < γϕ/MPl < 0) and
(IIIa) (−1 < βϕ/αMPl < 0), while it extends from zero
to +∞ in model (Ib) and from zero to −∞ in model
(IIIb).

In all cases, the late-time dark energy era, t → +∞,
corresponds to χ̃→ −1, ϕ→ 0, V/M4 → 1 (i.e. the end-
point at the center of the plots). It is the maximum of the
potential V (ϕ) in model (I) and the minimum in mod-
els (II) and (III). This low-density limit corresponds to
d lnA/dχ̃ → +∞, which implies (d lnA/dϕ)(dϕ/dV ) →
−∞. In models (a), this is achieved by dV/dϕ→ 0, while
in models (b) this is achieved by d lnA/dϕ→ +∞.

The early-time or high density limit corresponds to
χ̃→ 0 in model (I), χ̃→ −2 in model (II) and χ̃→ −∞
in model (III). It also corresponds to d lnA/dχ̃ → 0,
which implies (d lnA/dϕ)(dϕ/dV ) → 0. In models (a),
this is achieved by dV/dϕ → −∞, while in models (b)
this is achieved by d lnA/dϕ→ 0.

V. SELF-CONSISTENCY AND REGIME OF
VALIDITY OF THE THEORY

Before we investigate the properties of the models in-
troduced in this paper, from cosmological to Solar Sys-
tem scales, we consider in this section the self-consistency
and the range of validity of theories defined by the La-
grangian (3).
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A. Stability with respect to a nonzero kinetic term

In the Lagrangian (3) we set the kinetic term of the
scalar field to zero. However, in realistic scenarios the
models studied in this paper may rather correspond to
cases where the scalar field Lagrangian is merely domi-
nated by its potential term with a negligible but non-zero
kinetic term. Then, we must check whether the solution
(23) obtained in the previous sections remains meaning-
ful for a small non-zero kinetic term. Thus, we generalize
the Lagrangian (5) to

L̃χ̃(χ̃) = −κ
2
∇̃µχ̃∇̃µχ̃+M4χ̃ with κ→ 0. (90)

Using Ā ≃ 1, so that the Einstein and Jordan frames are
identical at the background level, the equations of motion
(6) or (50) of the scalar field generalize to

−κa−4 ∂

∂τ

(

a2
∂χ̃

∂τ

)

+κa−2c2∇2χ̃+M4 = ρ
d lnA

dχ̃
. (91)

1. Quasi-static cosmological background

At the background level, considering a scalar field that
only depends on time, we expand the solution of the
Klein-Gordon equation (91) around the solution ¯̃χ0 of
Eq.(23), obtained in the previous sections with a zero
kinetic term,

¯̃χ = ¯̃χ0 + φ̄ with M4 = ρ̄
d lnA

dχ̃
( ¯̃χ0). (92)

Using the expansion (38) of lnA around lnA( ¯̃χ0), this
gives at linear order over φ̄,

κa−4 d

dτ

(

a2
dφ̄

dτ

)

+ ρ̄β2φ̄ = −κa−4 d

dτ

(

a2
d ¯̃χ0

dτ

)

. (93)

In the limit κ→ 0, the particular solution reads at linear
order in κ as

φ̄0 = − κ

a4ρ̄β2

d

dτ

(

a2
d ¯̃χ0

dτ

)

. (94)

As expected, it vanishes in the limit κ → 0. More pre-
cisely, the correction φ̄0 is negligible as compared to the
quasi-static solution ¯̃χ0 if

|κ| ≪ |β2|
ρ̄

H2
∼ |β2|M2

Pl. (95)

From the expressions given in section IV and as we will
check in Fig. 2 and Eq.(108) below, β2 is of order α

−2 ≫ 1
today and decreases at higher redshift until zα ∼ 100,
where it is of order α. At higher redshift it typically
remains of order α [because of the prefactor α in the
coupling function lnA(χ̃)], or decays to zero in models
such as (III) where |̄̃χ| is not bounded and goes to infinity

at high z. Thus, for practical purposes the condition (95)
is satisfied if

|κ| ≪ αM2
Pl ∼ 10−6 M2

Pl. (96)

For models such as (III), the condition (95) will be vio-
lated at very high z, z ≫ zα, if κ does not go to zero.
Then, one must take into account the kinetic terms in the
scalar field equation to obtain the background solution ¯̃χ.
However, at these high redshifts the scalar field should
not play an important role and our results should be in-
dependent of this early-time modification. On the other
hand, in such cases the kinetic prefactor κ generically de-
pends on time, through the factor (dϕ/dV )2 introduced
by the change of variable (4), and we expect for instance
κ to decrease as fast as β2, as 1/V 2, for models where
V goes to infinity while ϕ remains bounded, so that the
condition (95) remains satisfied.
So far we have only introduced two parameters in

the models, the dimensional dark-energy density today,
ρ̄de0 = M4 ≃ (2.296× 10−12GeV)4 [17], and the dimen-
sionless parameter α ∼ 10−6. Since M is smaller than
the reduced Planck mass, MPl ≃ 2.44× 1018GeV, by 30
orders of magnitude, we can see that we do not need to
introduce additional small parameters to satisfy Eq.(96).
Apart from κ = 0, the choices κ ∼ M2, κ ∼ MMPl or

κ ∼ M1/2M
3/2
Pl , satisfy the constraint.

The homogeneous solutions of Eq.(93) obey

d2φ̄

dτ2
+
a2ρ̄β2
κ

φ̄ = 0, (97)

in the high-frequency limit (i.e., over time scales much be-
low 1/H). From the condition (95) we have a2ρ̄β2/κ ≫
H2, so that the homogeneous solution evolves indeed on
time scales much shorter than the Hubble time. For the
solution ¯̃χ0 to be stable the homogeneous solutions (97)
must not show exponential growth but only fast oscilla-
tions, of frequency ω ∝ κ−1/2. This leads to the con-
straint

β2
κ
> 0. (98)

As the field χ̃ typically arises through the change
of variable (4), the kinetic coefficient κ introduced in
Eq.(90) depends on time. However, its sign is not modi-
fied by the change of variable and it is positive for stan-
dard well-behaved models. Then, the constraint (98)
leads to β2 > 0, which means that lnA(χ̃) must be a
convex function. This rules out the model (I) introduced
in Sec. IVB. More generally, from the definition of the
coefficients β1 and β2 and the scalar-field equation (50),
the condition β2 > 0 implies that dρ/dχ̃ < 0 and the
function χ̃(ρ) is a monotonic decreasing function of ρ. At
the background level, this implies that ¯̃χ increases with
time, hence the potential V (ϕ̄) defined from the change
of variable (4) decreases with time. As expected, the sta-
ble case corresponds to scenarios where the background
scalar field ϕ̄ rolls down its potential V (ϕ̄) [as in models
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(II) and (III) of Secs. IVC and IVD], whereas the un-
stable case corresponds to a background scalar field that
climbs up its potential [as in model (I) of Sec. IVB].
Models with β2 < 0 could be made stable, with respect

to the classical background perturbations analyzed here,
by choosing a non-standard sign κ < 0 for the small
kinetic term. However, such models are typically plagued
by ghost instabilities, as the kinetic energy is unbounded
from below, unless one sets a high-energy cutoff of the
theory at a sufficiently low energy to tame down these
instabilities. In the following we also present our results
for the model (I) of Sec. IVB to keep this work as general
as possible, even though this is unlikely to correspond to
realistic and natural scenarios.

2. Cosmological large-scale structures

To apply the equations of motion derived in Sec. III
to the formation of large-scale structures, we must also
check that the kinetic term plays no role on these scales.
Thus, we now take into account the Laplacian term in
Eq.(91) and the perturbations of the scalar field, φ =
δχ̃− ¯̃χ, obey at linear order

− κa−4 ∂

∂τ

(

a2
∂φ

∂τ

)

+ κa−2c2∇2φ− ρ̄β2φ = β1δρ. (99)

As for the background case, the time derivatives are neg-
ligible when the condition (95) is satisfied. The spatial
Laplacian can be neglected at comoving scale 1/k, where
k is the wave number of interest, if we have

|κ| ≪ ρ̄|β2|a2
c2k2

∼
(

aH

ck

)2

|β2|M2
Pl. (100)

This constraint is tighter than the background condition
(95) as we require the theory to remain valid down to
sub-horizon scales, ck/aH ≫ 1. If we wish to apply the
model without kinetic term down to 1 h−1kpc, below the
galaxy-halo scale, we must have

k ∼ 1 h kpc−1 : κ≪ 10−19 M2
Pl, (101)

where we used again |β2| ∼ α ∼ 10−6. We can still
choose for instance κ ∼ M2 or κ ∼ MMPl. Thus, we do
not need to introduce a new low-energy scale to build a
small-enough kinetic term that can be neglected for both
the background and the cosmological structures.
Of course, on scales 1 h−1kpc the density and scalar

fields are in the nonlinear regime, which modifies Eq.(99).
If we expand around the local solution, χ̃0[ρ(x)], the fac-
tors ρ̄β2(ρ̄) and β1(ρ̄) must be replaced by ρβ2(ρ) and
β1(ρ). For models such as (I) and (II), where β2 re-
mains of order α at high densities the upper bound in
Eq.(101) is simply multiplied by a factor ρ/ρ̄. Then,
nonlinearities actually loosen up the constraint (101)
and the kinetic term in the scalar-field Lagrangian be-
comes even more negligible. In practice, the coefficient

κ will depend on the local value of the scalar field, and
hence on the local density, but the relatively high up-
per bound (ρ/ρ̄)10−19M2

Pl, as compared with M2 or
MMPl, suggests that the scale M will be sufficient to
construct small-enough coefficients κ without introduc-
ing additional finely tuned parameters.

B. Small-scale cutoff

Independently of a possible kinetic term, the local
model (5) considered so far is not expected to apply down
to arbitrarily small scales. In the previous sections and
through most of this paper, we implicitly assume that
we can work with a continuous density field ρ(x) defined
by some coarse-graining procedure, instead of a singu-
lar field made of Dirac peaks (in the limit of classical
point-like particles) or of isolated density peaks (finite-
size classical particles). Therefore, we assume the models
studied in this paper to be effective theories that only ap-
ply beyond some small-scale cutoff ℓs, so that the density
field is defined by a coarse-graining at scale ℓs.
If we consider for instance the mean inter-particle dis-

tance, λ = (m/ρ)1/3, we obtain on the Earth, with

ρ ∼ 1 g/cm
3
and m ∼ mp, the proton mass,

λEarth ∼ 10−8 cm, (102)

and in the intergalactic medium (IGM), using the mean
density of the Universe,

λIGM ∼
(

m

mp

)1/3

100 cm, (103)

where m can be taken as the largest among the proton
and the dark matter particle mass. This typically gives a
distance of the order of a meter. In fact, in our study of
the cosmological background and of cosmological struc-
tures, we assume some coarse-graining of the density field
on scales at least as large as λIGM, so that we can use
the density ρ associated with the continuum limit.
In terms of energy scales, this corresponds to λIGM ∼

1 m = (1.973 × 10−16GeV)−1. On the other hand,
the mean dark-energy density today is ρ̄de0 = M4 =
2.778× 10−47GeV4, which gives λIGM ∼ 1 m ∼ 104M−1.
Therefore, the small-scale cutoff, ℓs, which defines the
smoothing scale of the density field in such an effective
approach, does not require the introduction of a new
fundamental scale. For instance, it is sufficient to set
ℓs = α−1M−1 ∼ 100m, using the two parameters M
and α that have already been introduced to character-

ize the model, or ℓs = M
1/2
Pl M−3/2 ∼ 1A.U., using a

combination with the Planck mass.
A natural way to introduce a smoothing cutoff on small

scales is to have a nonzero kinetic term in the scalar-
field Lagrangian (5), as considered in Sec. VA. Using
again the Lagrangian (90), the fluctuations φ of the scalar
field around the cosmological background obey Eq.(99)
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and the smoothing associated with the Laplacian term
becomes important at the physical scale ℓs if we have

|κ| ∼ ρ̄|β2|ℓ2s
c2

∼
(

ℓsH

c

)2

|β2|M2
Pl. (104)

We can check that this constraint is not contradictory
with the conditions (95) and (100), associated with the
validity of the solution without kinetic term for the back-
ground and cosmological structures, because the small-
scale cutoff ℓs can be taken to be much smaller than
cosmological scales. At z = 0, using |β2| ∼ α−2 ∼ 1012,
the condition (104) reads as

z = 0 : |κ| ∼
(

ℓs
1 m

)2

6× 10−41 M2
Pl, (105)

and for ℓs > 1 m we can take for instance κ ∼ MMPl.
Such a Laplacian term is also sufficient to regularize

the theory at the atomic scale (102) on the Earth if we
have

|κ| > mp|β2|Earth

λEarthc2
, (106)

where |β2|Earth is the value obtained for ρ ∼ 1 g.cm−3.
Using |β2|Earth ∼ α ∼ 10−6, as appropriate for the high-
density regime (see for instance Fig. 2 below), this yields

Earth : |κ| > 3× 10−49M2
Pl. (107)

This is a looser bound than the cosmological constraint
(105). However, because of the change of variable (4)
the kinetic prefactor κ generically depends on the envi-
ronment through the local value of the scalar field, so
that usually Eq.(107) cannot be directly compared to
Eq.(105). Nevertheless, in any case the estimates (105)
and (107) show that it is not difficult to regularize the
theory on very small scales through a small kinetic term
in the scalar-field Lagrangian, without violating the con-
dition (95).

VI. EVOLUTION OF THE COSMOLOGICAL
BACKGROUND

A. Evolution of the background scalar field

As explained in section IVA, we require the function
lnA to be bounded within a small interval of order 10−6,
see Eq.(46), so that contributions of the fifth force to the
metric potentials do not exceed the Newtonian potential
by several orders of magnitude. As pointed out in section
IVA, this implies that |Ā− 1| . 10−6 ≪ 1. This implies
in turn that we recover a Λ-CDM cosmology at the back-
ground level up to a 10−6 accuracy. We also have |ǫ1|
and |ǫ2| of order α ∼ 10−6, and ¯̃χ and ρ̄de are almost
constant in the dark energy era, see Eq.(24).
The factor β1(a) is always positive and decreases with

redshift as in Eq.(89), independently of the details of the

10-10

10-5

100

105

1010

 0.001  0.01  0.1  1

|β
2

|

a

(I)
(II)
(III)

10-13

10-12

10-11

10-10

10-9

10-8

10-7

10-6

 0.001  0.01  0.1  1

|ε
1

|

a

(I)
(II)

(III)

FIG. 2: Absolute value of the factors β2 (upper panel) and
ǫ1 (lower panel) as a function of the scale factor. We show
|β2| and |ǫ1| for models (I) (red line with crosses), (II) (blue
line with squares) and (III) (green line with circles); β2 < 0
and ǫ1 < 0 for model (I); β2 > 0 and ǫ1 > 0 for models (II)
and (III). The absolute values |β2| and |ǫ1| of models (I) and
(II) are equal.

coupling function lnA(χ̃), because it is directly set by
the scalar-field equation of motion (50).
We show the factors β2(a) and ǫ1(a) in Fig. 2. These

factors are positive for models (II) and (III), where the
fifth force amplifies Newtonian gravity, while they are
negative for model (I), where the fifth force decreases
Newtonian gravity. It happens that for our explicit
choices (55) and (63) (with χ̃∗ = −2) the factors β2 and
ǫ1 of models (I) and (II) have the same amplitude, but
opposite signs, so that their curves coincide in Fig. 2.
From Eqs.(84) and (85), we have at low redshifts

a≫ aα ∼ α1/3 : |β2| ∼ α−2a9, |ǫ1| ∼ α2a−3. (108)

Thus, |β2| is maximum today, with |β2|0 ∼ α−2 ∼ 1012,
and decreases with redshift until zα ∼ α−1/3 ∼ 100,
where it is of order |β2|zα ∼ α ∼ 10−6. At higher redshift
|β2| typically remains of order α, or goes to zero with a
rate that depends on the details of the model.
The factor |ǫ1| reaches a maximum of order α at a high

redshift, zα ∼ α−1/3 ∼ 100, and later decays as a−3 to
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reach a value of order α2 today. Therefore, the scenarios
considered in this paper have the characteristic property
that the main modification to the gravitational dynamics
actually occurs at a high redshift zα ∼ 100, much before
the dark energy era. This is related to the small parame-
ter α≪ 1, in agreement with Eq.(54) and the characteris-
tic density ρα of Eq.(53). At higher redshift, z ≫ zα, |ǫ1|
decreases again, as we have seen that ǫ1 = ǫ2/3 (in the
approximation Ā ≃ 1) and ǫ2 = d ln Ā/d ln a must van-
ish because Ā converges to a constant close to unity at
early times. For models (I) and (II) we have |ǫ1| ∼ a6/α
while for model (III) we have ǫ1 ∼ α1/2a3/2. Thus, the
decay of ǫ1 is much slower at very high redshift for model
(III). Indeed, using the scalar-field equation (50) we can
also write ǫ2 as ǫ2 = (M4/ρ̄)dχ̃/d lna. Then, dχ̃/d lna
goes to zero at high redshift for models (I) and (II), as
¯̃χ converges to a finite value, whereas dχ̃/d lna goes to
infinity as ¯̃χ goes to −∞. We can check these behaviors
in Fig. 2.

B. Negligible backreaction of small-scale
nonlinearities onto the cosmological background

We have seen in Sec. III B 3 that for small enough ǫ1
and ǫ2 the cosmological behavior remains close to the Λ-
CDM scenario at the background and linear levels. How-
ever, the nonlinearities associated with the scalar field
could jeopardize this result. In this section, we check
that the nonlinearity of the scalar-field energy density
does not give rise to a significant backreaction onto the
background dynamics.
We have seen that the scalar field energy density reads

as ρχ̃ = −M4χ̃ (using again Ā ≃ 1). Because χ̃(ρ) is a
nonlinear function of ρ, its volume average is not identical
to the background value ¯̃χ ≡ χ̃(ρ̄). This implies that the
mean Hubble expansion rate over a large volume, as large
as the Hubble radius today, could significantly differ from
the background expansion obtained from the background
Friedmann equation (18), especially if the volume average
is actually dominated by the highest-density regions.
In the models described in Sec. IV, the background

value ¯̃χ at low redshift, in the dark energy era, is very
close to the value χ̃(0) = −1 associated with a zero den-
sity, as | ¯̃χ+ 1| ∼ α2 ≪ 1, see Eq.(87). This is because of
the small parameter α that was introduced to ensure a
cosmological behavior that is close to the Λ-CDM predic-
tions. Then, we simply check that 〈χ̃〉 ≃ χ̃(0) too, where
the volume average 〈χ̃〉 is given by

〈χ̃〉 =
∫

V

dx

V
χ̃(ρ) =

∫ ∞

0

dρ P(ρ) χ̃(ρ). (109)

Here V is a large volume, with a size of the order of the
Hubble radius, while P(ρ) is the probability distribution
of the density within this volume. It obeys the two nor-
malization properties:

∫ ∞

0

dρ P(ρ) = 1,

∫ ∞

0

dρ P(ρ) ρ = ρ̄. (110)

For any density threshold ρs > 0, the second property
(110) implies the Bienaymé-Tchebychev inequality

ρs > 0 :

∫ ∞

ρs

dρ P(ρ) ≤ ρ̄

ρs
. (111)

For monotonic functions χ̃(ρ) we have |〈χ̃〉 − χ̃(0)| =
∫∞

0 dρP(ρ)|χ̃(ρ) − χ̃(0)|. Splitting the integral over the
two domains ρ ≤ ρs and ρ ≥ ρs, and using Eq.(111),
gives

|〈χ̃〉 − χ̃(0)| ≤ |χ̃s − χ̃(0)|+ ρ̄

ρs
|χ̃(∞)− χ̃(0)|, (112)

where we assumed that χ̃(ρ) is bounded.
Let us first consider the model (I) described in

Sec. IVB, where χ̃ is a bounded increasing function of
ρ. This gives χ̃(∞) = 0, χ̃s ≃ −1 + α2ρ2s/2M8, for den-
sities ρs . ρ̄/α, and the two terms in Eq.(112) are of
the same order for ρs ∼ ρ̄α−2/3. This choice provides an
upper bound |〈χ̃〉 − χ̃(0)| . α2/3 ≪ 1.
The model (II) described in Sec. IVC, where χ̃ is a

bounded decreasing function of ρ, gives similar results
and again |〈χ̃〉 − χ̃(0)| . α2/3 ≪ 1.
The model (III) described in Sec. IVD, where χ̃ is an

unbounded decreasing function of ρ, remains similar to
the model (II). To handle the infinite range of χ̃, we split
the integral (109) over three domains, [0, ρs], [ρs, ρα] and
[ρα,+∞[, where ρα = M4/α is also the density scale
where the model departs from the bounded model (II)
and probes the infinite tail (76). The first two terms
are of order α2/3 as for the model (II), with the same
choice ρs ∼ ρ̄α−2/3. Using the Cauchy-Schwarz inequal-
ity

∫∞

ρα
dρP(ρ)

√
ρ ≤ ρ̄/

√
ρα, the last term is found to be

of order α at most.
Therefore, in all cases we have |〈χ̃〉− χ̃(0)| . α2/3 ≪ 1

and the small-scale nonlinearities do not produce a sig-
nificant backreaction onto the overall expansion rate of
the Universe in the dark energy era.

VII. LINEAR PERTURBATIONS

A. Regime of validity

We study in more details the growth of large-scale
structures at linear order in this section. We first in-
vestigate the regime of validity of the linear theory. The
standard cosmological linear theory applies to large scales
where the matter density fluctuations δ are small. This
yields the transition scale to nonlinearity xNL

δ defined by
σ2(xNL

δ ) = 1, where σ(x) is the root-mean-square (rms)
density contrast at scale x, σ2 = 〈δ2x〉. In addition to
the perturbative expansion in δ, within the context of
the scalar-field models that we study in this paper the
perturbative approach involves an additional expansion
in the scalar field fluctuation δχ̃. Then, it could happen
that this second expansion has a smaller range of valid-
ity, xNL

χ̃ , so that linear theory applies to a smaller range
than in the Λ-CDM cosmology.
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Therefore, we need to investigate the range of validity
of the linear regime for the fifth force. From the Euler
equation (34) and the expression of the metric potential
(30), the linear approximation is valid for the fifth force
as long as we can linearize δ lnA in the density contrast δ.
In Sec. III B 3 we obtained the linear regime by expanding
lnA in δχ̃ and next solving for δχ̃ from the scalar field
equation (50). However, this formulation can underes-
timate the range of validity of the linear regime for the
fifth force. Indeed, because of the factor 1/ρ in the right-
hand side a perturbative expansion of Eq.(50) in powers
of δ = (ρ − ρ̄)/ρ̄ cannot extend beyond |δ| ∼ 1. This
artificial limitation can be removed at once by writing
instead the scalar-field equation as

dχ̃

d lnA
=

ρ

M4
. (113)

If the function χ̃(lnA) were quadratic the linear theory
would be exact for the fifth force. In the general case, the
range of validity xNL

A of the linear theory for the fifth force
will be determined by the nonlinearities of the function
dχ̃/d lnA but it can exceed xNL

δ .

In the models described in Sec. IV we have lnA =
αλ(χ̃), where the function λ and χ̃ are of order unity (or
more precisely, do not involve small or large parameters),
whereas α . 10−6 ≪ 1, as noticed in Eq.(51). Then, the
scalar-field equation (113) reads as

dχ̃

dλ
=

αρ̄

M4
(1 + δ), (114)

which we must solve for λ(δ). In the low-density regime,
following the same analysis as for Eq.(82), we have in the
general case lnA ∼ ±α|χ̃+ 1|1−ν , with 0 < ν < 1, and

αρ

M4
≪ 1 : χ̃ ≃ −1±|λ|1/(1−ν), λ ≃ ±

( αρ

M4

)(1−ν)/ν

.

(115)
Then, for generic ν, at low densities the function λ(ρ)
can be linearized in δ in the range |δ| . 1. For the
specific case ν = 1/2, which corresponds to the models
introduced in Sec. IV, the last relation (115) happens
to be linear so that the linear regime for λ(ρ) applies
up to αρ/M4 ∼ 1, that is, δ . M4/αρ̄ ∼ α−1 ≫ 1,
which yields a much greater range. At high densities,
αρ/M4 ≫ 1, we have a power-law divergence of the form
dχ̃/dλ ∼ |λ+ λ∗|−µ, with µ > 0. This yields λ ≃ −λ∗ ±
(αρ/M4)−1/µ, which can be linearized for |δ| . 1.

Therefore, we find that in all cases the regime of va-
lidity of the linear regime for the fifth force is at least as
broad as that for the matter fluctuations δ. In the spe-
cific case of the models introduced in in Sec. IV, which
have a square-root singularity in the low-density regime,
the linear regime for the fifth force applies to a much
greater range at low z, |δ| . α−1.

B. Model (I)

We first consider the case of the model (I) introduced in
Eq.(55), where χ̃ is an increasing function of ρ. This leads
to a negative ǫ1 and the fifth force decreases Newtonian
gravity. The linear modes D±(a) of the matter density
contrast satisfy the evolution equation (43), where the
departure from the Λ-CDM cosmology only comes from
the factor ǫ(k, a). Because |ǫ1| . α ≪ 1, the factor 1 in
Eq.(44) gives a negligible contribution to (1 + ǫ) and we
can write

ǫ(k, a) = ǫ1(a)
2

3Ωm

(

ck

aH

)2

. (116)

On Hubble scales we have ǫ ∼ ǫ1, hence |ǫ| . α≪ 1 and
we recover the Λ-CDM growth of structures. However,
on smaller scales |ǫ(k, a)| grows as k2 and it reaches unity
at a wave number

kα(a) ≃
aH

c
√

|ǫ1|
≃ 3× 10−4

√

a|ǫ1|
hMpc−1, (117)

where we used H2 ∝ a−3 in the matter era. We have
seen in Sec. VIA and Fig. 2 that |ǫ1| is maximum at
redshift zα ∼ α−1/3, with an amplitude |ǫ1|max ∼ α.
More precisely, from Eq.(60) we obtain

a≪ aα : |ǫ1| ∼ α−1a6, a≫ aα : |ǫ1| ∼ α2a−3.
(118)

Therefore, kα(a) is minimum at a ≃ aα, with

kmin
α ≡ kα(aα) ∼ 3× 10−4α−2/3 hMpc−1, (119)

which yields kmin
α ∼ 3 hMpc−1 for α = 10−6. Thus, wave

numbers below kmin
α never probe the fifth force, while

higher wave numbers feel the fifth force over a finite time
range, [a−(k), a+(k)], around the scale factor aα. From
Eq.(118) we obtain, for k > kmin

α ,

a−(k) ∼ α1/7

(

ck

H0

)−2/7

, a+(k) ∼ α
ck

H0
. (120)

In the time interval [a−, a+], the factor (1 + ǫ) in the
linear evolution equation (43) is dominated by ǫ and be-
comes negative. This means that the density fluctuations
no longer feel an attractive gravity but a pressure-like
force. Then, the linear growing mode D+(a) stops grow-
ing, as in the Λ-CDM cosmology, but develops an oscilla-
tory behavior. In the matter era, the evolution equation
(43) simplifies as

D′′ +
1

2
D′ − 3

2
(1 + ǫ)D = 0, (121)

where we denote with a prime the derivative with respect
to ln a. Rescaling the linear modes as

D(k, a) = a−1/4 y(k, a), (122)
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we obtain

y′′ −
(

25

16
+

3ǫ

2

)

y = 0. (123)

Then, defining ω =
√

−25/16− 3ǫ/2, we obtain in the
limit −ǫ≫ 1 the WKB solutions

y =
c√
ω
cos

[

∫ a

a−

da

a
ω(a)

]

+
s√
ω
sin

[

∫ a

a−

da

a
ω(a)

]

,

(124)
where the coefficients c and s are obtained from the
matching at a−.

We show the linear growing mode D+(k, a) as a func-
tion of the scale factor in the upper panel in Fig. 3. We
can check that we recover the behaviors predicted above.
For k . 3hMpc−1 the linear growing mode follows the
same growth as in the Λ-CDM cosmology (which can-
not be distinguished from the upper curve in the plot).
At higher k it develops oscillations, in the range [a−, a+]
around aα ∼ 0.01. Because the number of oscillations
is not very large in practice we do not need to use the
WKB approximation (124) and we simply solve the exact
evolution equation (43).

We show the dependence on k of the linear growing
mode in the middle panel in Fig. 3. The oscillatory be-
havior found for the time evolution at high k gives rise to
a decay of the growing mode at high wave number. In-
deed, for high k the linear mode D+(k, a) stops growing
in the increasingly broader interval [a−, a+], which leads
to an increasing delay for D+(k, a) as compared with
the Λ-CDM reference. From the WKB approximation
(124) we can see that a1/4D+(k, a) has about the same
amplitude at the boundaries a− and a+, where ω ∼ 1,

while it decreases as 1/
√

ω(a) in-between with a mini-
mum at aα. Therefore, in the matter era after the oscil-
latory phase, a > a+, we have D+(a) ∼ D+(a+)a/a+ ∼
D+(a−)(a+/a−)

−1/4(a/a+) ∼ (a+/a−)
−5/4a, where we

normalized the Λ-CDM growing mode as DΛCDM
+ = a in

the matter era. Thus, at high k the linear growing mode
is damped by a factor (a+/a−)

−5/4. From Eq.(120) this
gives:

k > kmin
α :

D+(k, a)

DΛCDM
+ (a)

∼
(

k

kmin
α

)−45/28

, (125)

which is consistent with the middle panel in Fig. 3.

We display the logarithmic linear power spectrum,
∆2

L(k) = 4πk3PL(k), in the lower panel in Fig. 3. Its ra-
tio to the Λ-CDM linear power is given by (D+/D

ΛCDM
+ )2

and shows a steep falloff with oscillations at high k, as
follows from the middle panel. The lower panel shows
that at z = 0 the decay of the linear power spectrum ap-
pears inside the nonlinear regime, at k & 2hMpc−1, but
at higher z it would fall in the linear regime.
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FIG. 3: Linear growing mode D+(k, a) and logarithmic
power spectrum ∆2

L(k, a) for the model (I) (we show the ab-
solute value |D+|). Upper panel: D+(k, a) as a function of
the scale factor for k = 1, 10 and 100hMpc−1, from top to
bottom. Middle panel: D+(k, a) as a function of the wave
number, at redshift z = 0. We also show the Λ-CDM result
as the upper dashed line. Lower panel: linear logarithmic
power spectrum ∆2

L(k, a) at redshift z = 0.

C. Model (II)

We now consider the case of model (II) introduced in
Eq.(63), where χ̃ is a decreasing function of ρ. This leads
to a positive ǫ1 and the fifth force amplifies Newtonian
gravity. Again, the linear modes D±(a) satisfy the evo-
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lution equation (43) and the factor ǫ(k, a) is given by
Eq.(116). We recover the Λ-CDM growth on Hubble
scales while ǫ reaches unity at the wave number kα(a)
of Eq.(117). The amplitude of ǫ1 verifies the same scal-
ings (118) as for model (I) and this again defines the
minimum wave number kmin

α of Eq.(119) for which the
fifth force ever had a significant impact. For k > kmin

α

the fifth force is significant in the time interval [a−, a+]
given by Eq.(120).
Because ǫ > 0 the linear modes do not show oscilla-

tions in the range [a−, a+] but faster growth and decay
as compared with the Λ-CDM evolution. Neglecting the
time dependence of ǫ, Eq.(121) leads to the growing and
decaying modes

D±(a) ∼ aγ± , γ± =
±
√
25 + 24ǫ− 1

4
. (126)

We show our results for the linear growing mode
D+(k, a) and the linear logarithmic power spectrum
∆2

L(k, a) in Fig. 4. We can see that low wave numbers,

k . 1hMpc−1, follow the same growth as in the Λ-CDM
cosmology whereas high wave numbers, k & 10hMpc−1,
follow a phase of accelerated growth around aα ∼ 0.01.
This leads to a steep increase of D+(k) at high k, at
low redshift. This means that high wave numbers, k ≫
10hMpc−1, enter the nonlinear regime at a . aα, much
before than in the Λ-CDM cosmology. As seen in the
lower panel in Fig. 4, at z = 0 this strong amplification
with respect to Λ-CDM is restricted to nonlinear scales,
but at higher z it would also apply to scales that would
be linear in the Λ-CDM cosmology.

D. Model (III)

The behaviors obtained for the model (III) are sim-
ilar to those of the model (II), as ǫ > 0 and the fifth
force accelerates the growth of structures at high k, in a
time interval [a−(k), a+(k)]. At a given time, the lowest
wave number kα(a) where the fifth force is significant is
still given by Eq.(117). The lowest wave number kmin

α

where the fifth force ever played a role (at aα ∼ α1/3) is
also given by Eq.(119). From Eqs.(75) and (79) we now
obtain, for k > kmin

α ,

a−(k) ∼ α−1/5

(

ck

H0

)−4/5

, a+(k) ∼ α
ck

H0
. (127)

Thus, the upper boundary a+(k) behaves as for models
(I) and (II), because all three models have the same low-
density or late-time behavior (82) (up to a sign), but the
lower boundary a−(k) decreases faster at high k. This
increases the time span where the fifth force is dominant
and it leads to a stronger impact on the growth of struc-
ture at high k than for model (II). This is due to the
slower decrease of ǫ1(a) at high redshift found in Fig. 2.
We show our results for the linear growing mode in Fig. 5
and we can check that we recover these properties. The
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FIG. 4: Linear growing mode D+(k, a) and logarithmic
power spectrum ∆2

L(k, a) for the model (II). Upper panel:

D+(k, a) as a function of the scale factor for k = 1, 10 and
100hMpc−1, from bottom to top. Middle panel: D+(k, a) as
a function of the wave number, at redshift z = 0. We also
show the Λ-CDM result as the lower dashed line. Lower panel:
linear logarithmic power spectrum ∆2

L(k, a) at redshift z = 0.

linear power spectrum is very close to the one obtained
from the model (II) in Fig. 4, hence we do not show it in
the figure.
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FIG. 5: Linear growing mode D+(k, a) for the model (III).
Upper panel: D+(k, a) as a function of the scale factor for
k = 1, 10 and 100hMpc−1, from bottom to top. Lower panel:

D+(k, a) as a function of the wave number, at redshift z = 0.
We also show the Λ-CDM result as the lower dashed line.

VIII. SPHERICAL COLLAPSE

A. Equation of motion

As can be derived from Eq.(34), on large scales where
the baryonic pressure is negligible, the particle trajecto-
ries r(t) read as

d2r

dt2
− 1

a

d2a

dt2
r = −∇r (ΨN +ΨA) , (128)

where r = ax is the physical coordinate, ∇r = ∇/a
the gradient operator in physical coordinates, and ΨA =
c2 lnA is the fifth force contribution to the metric po-
tential Φ. To study the spherical collapse before shell
crossing, it is convenient to label each shell by its La-
grangian radius q or enclosed mass M , and to introduce
its normalized radius y(t) by

y(t) =
r(t)

a(t)q
with q =

(

3M

4πρ̄0

)1/3

, y(t = 0) = 1.

(129)

In particular, the matter density contrast within radius
r(t) reads as

1 + δ<(r) = y(t)−3. (130)

Then, Eq.(128) gives for the evolution of the normalized
radius y, or density contrast δ< = y−3 − 1,

d2y

d(ln a)2
+

(

2 +
1

H2

dH

dt

)

dy

d ln a
= − y

H2r

∂

∂r
(ΨN +ΨA) .

(131)
The Newtonian potential is given by ΨN = −GδM/r,
with δM(< r) = 4πδ<(r)ρ̄r

3/3, which yields

∂ΨN

∂r
= Ωm

H2r

2

(

y−3 − 1
)

. (132)

The derivative of the fifth force potential reads as

∂ΨA

∂r
= c2

∂ lnA

∂r
=
c2

r

d lnA

d ln ρ

∂ ln ρ

∂ ln r
. (133)

This gives the equation of motion

d2y

d(ln a)2
+

(

2 +
1

H2

dH

dt

)

dy

d ln a
+

Ωm

2
y(y−3 − 1) =

−y
( c

Hr

)2 d lnA

d ln ρ

r

1 + δ

∂δ

∂r
. (134)

In contrast with the Λ-CDM case, where the dynamics
of different shells are decoupled before shell crossing, the
fifth force introduces a coupling as it depends on the
density profile, through the local density ρ(r) = ρ̄(1 +
δ(r)) (which is different from the mean density ρ̄(1+ δ<)
within radius r) and its first derivative ∂δ/∂r.
To obtain a closed expression without solving simulta-

neously the dynamics of all shells (which would not be
exact at late time when inner shells collapse and cross
each other), we use an ansatz for the density profile. Fol-
lowing [18, 19], we use the density profile defined by

δ(x′) =
δ<(x)

σ2
x

∫

V

dx′′

V
ξL(x

′,x′′)

=
δ<(x)

σ2
x

∫ +∞

0

dk 4πk2PL(k)W̃ (kx)
sin(kx′)

kx′
. (135)

Here x(t) = a(t)r(t) is the comoving radius of the spher-
ical shell of mass M that we are interested in while
x′ is any radius along the profile; ξL and PL are the
linear correlation function and power spectrum of the
matter density contrast, σ2

x = 〈δL<(x)
2〉 its variance

within radius x, which defines a sphere of volume V ;
and W̃ (kx) = 3[sin(kx) − kx cos(kx)]/(kx)3 the Fourier
transform of the 3D top hat of radius x. The choice
(135) corresponds to the typical density profile around a
spherical overdensity of amplitude δL< at radius x for a
Gaussian field of power spectrum PL. As the overdensity
turns nonlinear the profile should be distorted but we ne-
glect this effect. The ansatz (135) allows us to compute
the local density contrast δ(x) and its derivative ∂δ/∂x at
radius x from δ<(x) and to close the equation of motion
(134).
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FIG. 6: Time evolution of the nonlinear density contrast δ<
given by the spherical dynamics, as a function of the scale fac-
tor a. Upper panel: δ<(a) for several masses, from M = 106

to 1014h−1M⊙ from bottom to top, with the same initial con-
dition that corresponds to the Λ-CM linear density threshold
today δΛ−CDM

<L = 1.6. Lower panel: δ<(a) for several initial

conditions, from δΛ−CDM
<L = 1.6 to 150 from bottom to top,

for the fixed mass M = 108h−1M⊙.

B. Model (I)

We show in Fig. 6 the evolution with time of the non-
linear density contrast within a shell of mass M given
by the spherical dynamics, for the model (I). In the up-
per panel, we consider the curves obtained for different
masses M with a common normalization for the linear
density contrast δ<L at a very high redshift, zi & 103. In
the case of the Λ-CDM cosmology, this corresponds to a
linear density contrast today, at z = 0, of δΛ−CDM

<L = 1.6,
and to a nonlinear density contrast δ< ≃ 200, hence
to a collapsed and just-virialized halo. In agreement
with the results of Sec. VII B and Fig. 3, we find that
for large masses, M & 1012h−1M⊙, which correspond
to large scales, we remain close to the Λ-CDM behav-
ior (which cannot be distinguished from the curves for
M ≥ 1014h−1M⊙), whereas the collapse is delayed for
smaller masses. Because the density contrast is still in
the linear regime around aα ∼ 0.01, where the fifth force

is important (on small scales), the spherical dynamics fol-
lows the behavior of the linear growing mode displayed in
Fig. 3. For large mass it keeps growing as in the Λ-CDM
scenario whereas for small mass it shows oscillations with
an amplitude that is about the same at the end of the
oscillatory phase, a+, as at its beginning, a−. This de-
lays the collapse for small masses and leads to a density
contrast today that is much smaller than 200. In fact,
because the oscillations imply a change of sign of the den-
sity contrast, as was the case for the linear mode D+, an
initially overdense perturbation can come out of the os-
cillatory phase as an underdensity, in which case it will
never collapse but give rise to a void (neglecting shell
crossing).

In the lower panel of Fig. 6, we show the spherical dy-
namics for the fixed mass M = 108h−1M⊙ and several
values of the initial linear density contrast, which in the
Λ-CDM cosmology would give rise today to a linear den-
sity contrast of δΛ−CDM

<L = 1.6 to 150. For δΛ−CDM
<L . 10

the dynamics remains in the linear regime until z = 0
and the curves are simply a rescaled copy of the result ob-
tained for δΛ−CDM

<L = 1.6. As δ< only shows two changes

of sign (for M = 108h−1M⊙ the oscillation frequency is
still low) the perturbation comes out of the oscillatory
phase as an overdensity, which then resumes its growth.
Because of the delay of the collapse around aα ∼ 0.01 the
final nonlinear density contrast does not go much beyond
unity at z = 0. For the greater initial density contrast
δΛ−CDM
<L = 50, the overdensity has a higher amplitude
at the beginning of the oscillatory phase. It exits with a
similar and positive density contrast and it has time to
reach a nonlinear density contrast greater than 200 be-
fore z = 0. However, we can see from the curve obtained
for δΛ−CDM

<L = 100 that the final nonlinear density con-
trast is not a monotonic function of the initial condition
at high initial overdensities, δΛ−CDM

<L > 50. Indeed, for

the higher initial density δΛ−CDM
<L = 100 there is a single

oscillation, which implies that the perturbation becomes
an underdensity with a nonlinear density contrast that
converges to −1 at late time, when the fifth force no
longer plays a significant role. Increasing further the ini-
tial density contrast, δΛ−CDM

<L & 150, the perturbation
collapses before the oscillatory phase and remains highly
overdense.

For smaller masses, where the oscillatory phase shows
numerous oscillations in the linear regime, we obtain a
similarly non-monotonic behavior as a function of the ini-
tial condition. In these cases, to obtain a collapsed halo
today the overdensity needs to have already collapsed be-
fore the oscillatory phase begins, which leads to a much
more stringent condition than for the Λ-CDM cosmology.
The linear density contrast today, extrapolated from very
early times by the Λ-CDM growth factor, needs to be
greater than about 100 today, instead of about 1.6.

We show in Fig. 7 the linear density contrast thresh-
old, measured by δΛ−CDM

<L (i.e., the extrapolation up to
z = 0 of the linear initial density contrast by the Λ-
CDM growth rate), required to reach a nonlinear density
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FIG. 7: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The lower
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

contrast δ< = 200 today. In agreement with Fig. 6, at
large mass we recover the Λ-CDM linear density thresh-
old, δΛ−CDM

<L ≃ 1.6, whereas at small mass we obtain a

much greater linear density threshold δΛ−CDM
<L ∼ 100.

We also find a non-monotonic curve, which is due to
the oscillation phase and the complex behavior found in
Fig. 6. Moving towards smaller masses, from M ∼ 1011

down to M ∼ 2 × 109h−1M⊙, the linear density thresh-
old shows a steep rise as it must compensate for the
delay around aα ∼ 0.01 of structure growth (this cor-
responds to the curve M = 1010 in the upper panel in
Fig. 6). The threshold grows until δΛ−CDM

<L ∼ 100 at

M ∼ 2×109h−1M⊙, which corresponds to perturbations
that have collapsed just at a−, just before the beginning
of the oscillatory phase (this behavior corresponds to the
curve labeled ”150” in the lower panel in Fig. 6). Next,
down toM ∼ 2×108h−1M⊙ the linear density threshold
keeps slowly increasing as the oscillatory phase expands
and a− decreases (see the upper panel in Fig. 6). At these
masses the oscillatory phase displays a zero and next one
change of sign (so that overdensities emerge as underden-
sities and never collapse, as for the curve labeled “100” in
the lower panel in Fig. 6). At M ∼ 2× 108h−1M⊙ there
is a sudden drop in the linear density threshold. This
is because the oscillatory phase now shows two changes
of sign, and it is possible for overdensities that have not
yet collapsed before a− to emerge as overdensities and
resume their collapse (this corresponds to the curve la-
beled “50” in the lower panel in Fig. 6). Moving to lower
masses the linear threshold smoothly increases as a− de-
creases (so that the delay grows) until we again reach the
plateau around ∼ 100, and next encounter a second drop
at M ∼ 2 × 107h−1M⊙ at the transition from three to
four changes of sign. The second drop is smaller than
the first, because the width of the oscillatory phase has
increased so that it needs a higher initial linear density
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FIG. 8: Time evolution of the nonlinear density contrast δ<
given by the spherical dynamics, as a function of the scale fac-
tor a. Upper panel: δ<(a) for several masses, from M = 1014

to 106h−1M⊙ from bottom to top, with the same initial con-
dition that corresponds to the Λ-CM linear density threshold
today δΛ−CDM

<L = 1.6. Lower panel: δ<(a) for several initial

conditions, from δΛ−CDM
<L = 1.6 to 0.001 from top to bottom,

for the fixed mass M = 108h−1M⊙.

contrast to eventually reach δ< = 200 today.

In any case, the formation of low mass halos, M .
2× 109h−1M⊙, is strongly suppressed as compared with
the Λ-CDM scenario. In fact, rather than forming in
the usual bottom-up hierarchical fashion of CDMmodels,
low-mass halos may form later in a top-down fashion,
by fragmentation of larger-mass halos, as in Warm Dark
Matter (WDM) scenarios.

C. Model (II)

We show in Fig. 8 the evolution with time of the non-
linear density contrast within a shell of massM given by
the spherical dynamics, for the model (II). As in Fig. 6,
in the upper panel, we consider the curves obtained for
different masses M with a common normalization for
the linear density contrast δ<L at a very high redshift,
zi & 103. In the case of the Λ-CDM cosmology, this cor-
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FIG. 9: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The upper
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

responds to a linear density contrast today, at z = 0,
of δΛ−CDM

<L = 1.6, and to a nonlinear density contrast
δ< ≃ 200, hence to a collapsed and just virtualized halo.
In agreement with the results of Sec. VIIC and Fig. 4, we
find that for large masses, M & 1012h−1M⊙, which cor-
respond to large scales, we remain close to the Λ-CDM
behavior (which cannot be distinguished from the curves
forM ≥ 1014h−1M⊙), whereas the collapse is accelerated
for smaller masses and can occur as soon as a ∼ 0.01.
In the lower panel of Fig. 8, we show the spherical dy-

namics for the fixed mass M = 108h−1M⊙ and several
values of the initial linear density contrast, which in the
Λ-CDM cosmology would give rise today to a linear den-
sity contrast of δΛ−CDM

<L = 1.6 to 0.001. We can clearly
see the accelerated growth during the phase, a− < a <
a+, where the fifth force is important. This implies that
linear density contrasts as low as δΛ−CDM

<L ≃ 0.05 can
give rise to a collapsed halo today.
We show in Fig. 9 the linear density contrast thresh-

old, measured by δΛ−CDM
<L (i.e., the extrapolation up to

z = 0 of the linear initial density contrast by the Λ-
CDM growth rate), required to reach a nonlinear density
contrast δ< = 200 today. In agreement with Fig. 8, at
large mass we recover the Λ-CDM linear density thresh-
old, δΛ−CDM

<L ≃ 1.6, whereas at small mass we obtain

a much smaller linear density threshold δΛ−CDM
<L ≪ 1.

This means that small scales have turned nonlinear at
a−(M) . 0.01, much before than in the Λ-CDM cosmol-
ogy.

D. Model (III)

The model (III) shows a behavior that is very close
to the model (II), as was the case for the linear growing
modes studied in Sec. VII D. Therefore, we only show the
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FIG. 10: Initial linear density contrast, as measured by
δΛ−CDM
<L , that gives rise to a nonlinear density contrast δ< =
200 at z = 0, as a function of the halo mass M . The upper
dashed line is the mass-independent linear density threshold
obtained for the Λ-CDM cosmology.

linear density threshold δΛ−CDM
<L required for the nonlin-

ear density contrast δ< = 200 at z = 0, in Fig. 10. We
can check that this is close to the result displayed in Fig. 9
for the model (II). Again, at large mass we recover the
standard Λ-CDM result whereas at small mass the accel-
erated growth leads to a much smaller linear threshold
δΛ−CDM
<L ≪ 1.

IX. HALO MASS FUNCTION

A. Model (I)

As for the Λ-CDM cosmology, we write the comoving
halo mass function as [20]

n(M)
dM

M
=
ρ̄0
M
f(ν)

dν

ν
, (136)

where the scaling variable ν(M) is defined as

ν(M) =
δΛCDM
L (M)

σ(M)
, (137)

and δΛCDM
L (M) is again the initial linear density con-

trast (extrapolated up to z = 0 by the Λ-CDM linear
growth factor) that is required to build a collapsed halo
(which we define here by a nonlinear density contrast of
200 with respect to the mean density of the Universe).
The variable ν measures whether such an initial condi-
tion corresponds to a rare and very high overdensity in
the initial Gaussian field (ν ≫ 1) or to a typical fluctu-
ation (ν . 1). In the Press-Schechter approach, we have

f(ν) =
√

2/πνe−ν2/2. Here we use the same function as
in [21]. Then, the impact of the modified gravity only
arises through the linear threshold δΛCDM

L (M), as we as-
sume the same initial matter density power spectrum as
for the Λ-CDM reference at high redshift.
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FIG. 11: Upper panel: halo mass function at z = 0 for
the model (I) (red line with a downward spike at M ≃
1011h−1M⊙) and for the Λ-CDM reference (smooth black
dashed line). The red solid line shows the range where n(I) > 0
and the red dashed line the range where n(I) < 0. Lower

panel: relative deviation of the halo mass function from the
Λ-CDM reference, for the model (I). We show −∆n/n as
n(I) < nΛCDM.

We show our results for the halo mass function ob-
tained for the model (I) in Fig. 11. In agreement with
Fig. 7, at large masses the halo mass function is close to
the Λ-CDM prediction whereas it is significantly lower
at low masses, M ∼ 1011 − 1012h−1M⊙, because of the
delay of the collapse on small scales. In fact, at M ≃
1011h−1M⊙ the mass function given by Eq.(136) becomes
negative. In the usual Λ-CDM cosmology δΛCDM

L (M) is
actually mass independent while σ(M) is a monotonic
decreasing function ofM . Then, ν(M) is a monotonic in-
creasing function of M , which expresses the hierarchical
bottom-up nature of the gravitational clustering: smaller
scales and masses collapse first. As is well known from N-
body simulations and semi-analytic modeling, this gives a
mass function that can be described by Eq.(136), which
is everywhere positive with an almost universal scaling
function f(ν), and with a low-mass power-law tail and a
large-mass exponential cutoff.
In contrast, in the case of the model (I), the linear

threshold δΛCDM
L (M) shows a strong mass dependence,

as displayed in Fig. 7. In particular, it shows a steep
increase at lower masses from M ≃ 1011h−1M⊙ down to
M ≃ 2 × 109h−1M⊙. In this range, the variable ν(M)
becomes a decreasing function of mass, so that the mass
function (136) becomes negative because of the factor
d ln ν/d lnM . At small mass the mass function n(I) be-
comes very small because of the high values reached by
the linear threshold δΛCDM

L (M). Of course, this negative
sign merely signals the breakdown of Eq.(136) as the ex-
act mass function is always positive. The change of sign
of d ln ν/d lnM means that at low mass and small scales
gravitational clustering proceeds in an inverse hierarchy:
smaller scales and masses collapse later. This corre-
sponds to a top-down process as in the Hot Dark Matter
(HDM) scenario. In practice, we can expect that small
halos form in a very different manner than in the usual
Λ-CDM cosmology, by the fragmentation of larger-mass
halos. This very different mechanism implies that the
halo mass function for low masses cannot be described
by a rescaling of the form (136) and one must build a
new modeling suited to this different process. We do not
pursue this task here, which would require comparisons
to numerical simulations.

It is interesting to note that this behavior is differ-
ent from the modelization often used for the Warm Dark
Matter (WDM) scenario, where the formation of low-
mass halos is also suppressed as compared with the CDM
scenario. Indeed, in the WDM case, the main effect
comes from a cutoff of the linear power spectrum at high
k, due to the free-streaming of the dark matter particles
that have a non-negligible velocity dispersion after re-
combination. However, at low redshift their velocity dis-
persion is small (for typical candidates of particle mass
m & 3 keV) and the collapse proceeds as in the usual
CDM case. Then, the linear threshold δΛCDM

L (M) is iden-
tical to the Λ-CDM one and ν(M) is still a monotonic
increasing function of M , but with a smaller decrease
at low mass. Typically, σ goes to a finite constant for
M → 0. This pushes Eq.(136) to its limits, and the scal-
ing function f(ν) may differ from the CDM one, but it
remains positive and shows a reasonable shape. However,
numerical simulations suggest that this recipe overesti-
mates the low-mass tail and this is sometimes cured by
using a window function W (kR) [that defines the vari-
ance σ2 in Eq.(137)] that is a top hat in Fourier space in-
stead of configuration space [22] (but this involves intro-
ducing a free parameter to relate the wave number cutoff
to the mass scale, which is fitted to the simulations). In
contrast, in the case of the model (I), the initial linear
power spectrum (that defines the initial conditions, e.g.
at z ∼ 1000) remains the same as in the Λ-CDM cos-
mology, but it is the linear threshold that is modified,
because of the different dynamics around a−. This leads
to a dramatic decrease of the halo mass function at low
mass, without the need to change the filter W (kR), and
it makes apparent the top-down hierarchy that can be
expected from the analysis of the spherical dynamics.

An alternative modeling, which is closer to the one



22

often used for WDM, would be to define the initial con-
ditions at sufficiently late time, after a+ when the fifth
force is no longer dominant. Then, the linear power spec-
trum would be modified from the Λ-CDM reference, and
given by the lower panel in Fig. 3, whereas the spherical
collapse and the linear density contrast threshold would
be the same as for Λ-CDM. However, this would hide
the inverted hierarchical process [ν(M) would again be
a monotonic increasing function of mass] and would be
likely to underestimate the decrease of the low-mass tail,
as in the WDM case. In any case, a Press-Schechter-like
modeling is unlikely to be meaningful in the low-mass
regime for such scenarios, and obtaining a better match
with the numerical simulations by changing the filter may
not amount to much more than coincidence.
On the other hand, at large mass and in the exponen-

tial cutoff of the mass function, where the gravitational
clustering proceeds in the usual bottom-up fashion and

we probe rare events governed by the universal tail e−ν2/2

associated with the Gaussian initial conditions, we expect
our results to be robust.

B. Model (II)

We show our results for the halo mass function ob-
tained for model (II) in Fig. 12. In agreement with Fig. 9,
at large masses the halo mass function is close to the Λ-
CDM prediction whereas it is significantly higher at low
masses, M ∼ 108 − 1011h−1M⊙, because of the acceler-
ation of the collapse on small scales. At low masses the
mass function becomes smaller than in the Λ-CDM cos-
mology, because both mass functions are normalized to
unity (the sum over all halos cannot give more matter
than the mean matter density).
At large masses, M > 1012h−1M⊙, where the forma-

tion of large-scale structures remains close to the Λ-CDM
case, with only a modest acceleration, and the mass func-

tion is dominated by the Gaussian tail ∼ e−ν2/2, we
can expect the results displayed in Fig. 12 to be robust.
The relative deviation does not decrease from 1014 to
1015h−1M⊙ because the convergence towards Λ-CDM

is counterbalanced by the Gaussian tail e−ν2/2 which
increasingly amplifies deviations from Λ-CDM at high
mass.
At low masses, M < 1012h−1M⊙, where the history

of gravitational clustering is significantly different from
the Λ-CDM scenario, as a large range of masses have
collapsed together before a redshift of 100, and the halo
mass function is no longer dominated by its universal
Gaussian tail, these results are unlikely to be accurate.
Indeed, there is no reason to expect that the exponent
of the low-ν power-law tail remains the same as in Λ-
CDM, and because of the rather different clustering his-
tory the mass function may show a significantly different
behavior, even in terms of the scaling variable ν. Never-
theless, we can still expect the halo mass function to be
significantly higher than in the Λ-CDM case for masses
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FIG. 12: Upper panel: halo mass function at z = 0 for the
model (II) (solid line) and the Λ-CDM reference (dashed line).
Lower panel: relative deviation of the halo mass function from
the Λ-CDM reference, for the model (II). We show the abso-
lute value |∆n|/n (with a solid line for n(II) > nΛCDM and a
dashed line otherwise).

M ∼ 108− 1011h−1M⊙, although it is difficult to predict
the maximum deviation and the transition to a negative
deviation at very low masses.

C. Model (III)

We show our results for the halo mass function ob-
tained for model (III) in Fig. 13. In agreement with
Sec. VIIID, the results are very close to those obtained
for model (II). The acceleration of the gravitational col-
lapse by the fifth force leads to a higher halo mass func-
tion at moderate and large masses, with an amplification
that grows towards smaller masses, fromM = 1013 down
to 109h−1M⊙, and a convergence to the Λ-CDM falloff
around M ∼ 1013 − 1015h−1M⊙. At very small masses,
M < 107h−1M⊙, the deviation from the Λ-CDM halo
mass function becomes negative, in agreement with the
constraint associated with the normalization of the halo
mass function.

Again, these results should be robust at large mass,
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FIG. 13: Upper panel: halo mass function at z = 0 for
the model (III) (solid line) and the Λ-CDM reference (dashed
line). Lower panel: relative deviation of the halo mass func-
tion from the Λ-CDM reference, for the model (III). We show
the absolute value |∆n|/n (with a solid line for n(III) > nΛCDM

and a dashed line otherwise).

M > 1012h−1M⊙, where gravitational collapse remains
similar to the usual Λ-CDM case, whereas the predic-
tions are unlikely to be accurate at low masses, M <
1012h−1M⊙, where the significant differences in the pro-
cess of gravitational clustering could change the shape of
the scaling function f(ν).

X. SCREENING OF THE FIFTH FORCE IN
DENSE ENVIRONMENTS

So far we have focused on the impact of the modifi-
cation of gravity on the background cosmology and the
large-scale structures, including the linear regime and the
formation of collapsed halos. In practice, we wish to
recover General Relativity on small scales, especially in
the Solar System where accurate measurements provide
stringent constraints on a possible fifth force. Therefore,
we compare in this section the magnitude of the fifth force
with the Newtonian gravity on a variety of objects, from
clusters of galaxies to galaxies and to the Solar System.

A. Screening within clusters or spherical halos

We first consider here how the ratio of the fifth force
to Newtonian gravity behaves within spherical halos with
a mean density profile such as the Navarro-Frenk-White
(NFW) [23] density profile, often used to describe massive
dark matter halos. In particular, we wish to find the
conditions for the fifth force not to diverge at the center
of the halos and to remain modest at all radii, to be
consistent with observations of X-ray clusters. Within
spherical halos, the Newtonian force reads as

FN = −GNM(< r)

r2
= −Ωm

2
∆(< r)rH2, (138)

where ∆(< r) is the mean overdensity within radius r.
We can also write this as

FN = −v
2
N(r)

r
, v2N =

GNM(< r)

r
, (139)

where v2N is the circular velocity at radius r, which also
measures the typical magnitude of the velocity dispersion
when Newtonian gravity is dominant. The fifth force
reads as

FA = −c2 d lnA
dr

= −c
2
s(r)

r
= −c

2

r

d lnA

d ln ρ

d ln ρ

d ln r
. (140)

Therefore, the ratio of the fifth force to the Newtonian
force is

η ≡ FA

FN
=

2

Ωm∆(< r)

( c

rH

)2 d lnA

d ln ρ

d ln ρ

d ln r
(141)

=
c2

v2N

d lnA

d ln ρ

d ln ρ

d ln r
. (142)

In agreement with the discussion in Secs. III B 2 and
IVA, the second line (142) shows that we need a small
amplitude for the coupling function lnA to compensate
the large factor c2/v2N, for the ratio η not to be much
greater than unity in typical astrophysical and cosmo-
logical structures. This is provided by the parameter
α ∼ 10−6. In agreement with Eq.(44) and the analy-
sis of cosmological perturbations in Sec. VII, the first
line (141) shows that the relative importance of the fifth
force typically grows at smaller scales, as 1/r2 or k2, and
that the factor α is again needed to ensure that the fifth
force does not greatly exceed Newtonian gravity at scales
∼ 1h−1Mpc.
From the Euler equation (36) or the expression (140)

of the fifth force, we can also associate with the fifth force
the velocity scale cs, with

c2s = |rFA| = c2
∣

∣

∣

∣

d lnA

d ln r

∣

∣

∣

∣

, (143)

in a fashion similar to v2N for Newtonian gravity. Then,
the force ratio η also reads as

|η| = c2s
v2N
, (144)
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and it also measures the ratio of these two velocity scales.
On very small scales and high densities, the fifth force

is also partly screened by the nonlinearities of the cou-
pling function lnA, as d lnA/d ln ρ goes to zero at large
densities (because lnA is monotonic and bounded).
From Eq.(86), we have at moderate densities

ρ≪ M4

α
: |η| ∼ α2

a3

( c

rH

)2

. (145)

Thus, at low redshifts the ratio η is actually suppressed
by a factor α2, for the models studied in this paper, so
that η only reaches unity at r ∼ 3h−1kpc, i.e. at galaxy
scales (see also Sec. XB below). At higher densities, we
obtain for models (I) and (II), |d lnA/d ln ρ| ∼ M8/αρ2

and

(I) and (II), ρ≫ M4

α
: |η| ∼ a6

α∆3

( c

rH

)2

, (146)

and for model (III), |d lnA/d ln ρ| ∼
√

αM4/ρ and

(III), ρ≫ M4

α
: |η| ∼

√

αa3

∆3

( c

rH

)2

. (147)

Let us consider a power-law density profile, of exponent
γ > 0 and critical radius rα,

ρ(r) ∼ ρ̄0
α

(

r

rα

)−γ

. (148)

Since M4 = ρ̄de0 ∼ ρ̄0, at radii greater than rα we have
the behavior (145),

r > rα : |η| ∼ α2

a3

( c

rH

)2

, (149)

whereas at smaller radii we have

r < rα : (I) and (II), |η| ∼ a6

α∆3

( c

rH

)2

, (150)

(III), |η| ∼
√

αa3

∆3

( c

rH

)2

. (151)

From Eq.(149) we find that at large radius the relative
importance of the fifth force decreases as 1/r2, indepen-
dently of the shape of the halo profile. From Eqs.(150)
and (151) we find that at small radii the ratio η behaves
as r3γ−2 for the models (I) and (II), and as r3γ/2−2 for
the model (III). Therefore, the conditions for the ratio to
go to zero at the center are:

r → 0 : η → 0 if γ > 2/3 for (I) and (II), (152)

γ > 4/3 for (III). (153)

If we consider halos with a mean Navarro-Frenk-White
(NFW) density profile, which has γ = 1, we find that
the relative importance of the fifth force vanishes at the
center for the models (I) and (II) but diverges for the
model (III). This means that the model (III) is ruled

out, unless the small-scale cutoff ℓs discussed in Sec. VB
is of the order of 1 h−1 kpc. If we do not wish to rely on
the small-scale cutoff ℓs, Eq.(141) shows that, to obtain
a negligible fifth force at the center of a halo of exponent
γ, the coupling function must decay at large densities as

for η → 0 :
d lnA

d ln ρ
∼ ρ−µ with µ >

2

γ
− 1. (154)

However, we shall come back to this point in section XID
and argue that the divergence of the fifth force at the cen-
ter could actually disappear because of the non-linearities
of the scalar field dynamics and its ultra-local charac-
ter. Indeed, the result (153) was derived from dimen-
sional analysis and assumes that the density field remains
smooth. However, in the non-linear regime the density
field can develop strong inhomogeneities and fragment,
because of the fifth-force instability. This in turn leads
to a screening mechanism as isolated subhalos do not ex-
ert a fifth force on each other because of its ultra-local
character.
Keeping with the dimensional analysis in this section,

the result (154) would suggest that the relative impor-
tance of the fifth force always diverges at the center
of halos with a flat core, γ = 0, but this is not the
case as Eq.(154) was derived for power-law profiles with
γ > 0, where d ln ρ/d ln r in Eq.(141) was assumed to
be of order unity. For halos with a core radius rc, we
can write ρ ≃ ρc[1− (r/rc)

2] at small radii r ≪ rc, hence
|d ln ρ/d ln r| ∼ (r/rc)

2 and Eq.(141) gives the finite limit

r ≪ rc : |η| ∼ 1

∆c

(

c

rcH

)2 ∣

∣

∣

∣

d lnA

d ln ρ

∣

∣

∣

∣

ρc

. (155)

We show in Fig. 14 the radial profile of the force ratio
η at z = 0, for several halo masses. Here we consider
spherical halos with a mean NFW density profile, ρ(r) =
ρs/[(r/rs)(1 + r/rs)

2], and a concentration parameter,
c = R/rs given by c(M, z) = 11(M/1012M⊙)

−0.1(1 +
z)−1.5. We define the halo radius R200c by the mean
overdensity threshold ∆200c = 200 with respect to the
critical density ρcrit. In agreement with Eq.(149) and
Eqs.(150)-(151), the force ratio decreases as 1/r2 at large
radii for all three models, it decreases as r at small radii
for the models (I) and (II), while it increases as r−1/2 for
the model (III). The ratio η is maximum, for models (I)
and (II), or shows a bend between the small-radius and
large-radius regimes, at rα ∼ R200c/100 (for the cases
considered here). The overall amplitude of η increases
for smaller mass (hence smaller halo radius) because of
the characteristic growth on small scale, as 1/r2, of the
modification of gravity investigated in this paper.
As noticed above, the steady growth of the ratio η to-

wards the center of the halo for the model (III) suggests
that this model would lead to cluster or galaxy halos
that are significantly different from those obtained in the
Λ-CDM scenario. Then, this model would be ruled out
by observations, which show that Λ-CDM cosmologies
provide a reasonably good agreement with data for the
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FIG. 14: Absolute value of the ratio η = FA/FN, as a func-
tion of the radius r, within spherical halos. We display the
halo masses M200c = 1015, 1013 and 1011h−1M⊙, from bot-
tom to top, at z = 0. We consider the models (I) (red line
with crosses), (II) (blue line with squares) and (III) (green
line with circles); η < 0 for the model (I); η > 0 for the mod-
els (II) and (III). The absolute values |η| of models (I) and
(II) are equal.

properties of clusters and galaxies. The ratio η becomes
of order 10 (or greater) around R200c/100 for the models
(I) and (II) for halo masses M ∼ 1011h−1M⊙ (or lower).
This suggests that these models may also be strongly con-
strained by observations, which would provide an upper
bound on the model parameter α. However, obtaining a
quantitative estimate of this constraint requires a dedi-
cated study that we leave for future work. We would need
to evaluate the impact of the fifth force on the final halo
profile, which may require numerical simulations, and to
estimate the observational accuracy of the halo profiles
measured on the intermediary scale ∼ rα. Moreover, as
we discuss in section XID below, the results obtained
above may break down in the regime dominated by the
fifth force because it could lead to the formation of strong
inhomogeneities that in turn screen the fifth force in the
final configuration of the system.

B. Cosmological and astrophysical structures

We now estimate the fifth force to Newtonian gravity
ratio η for a variety of astrophysical objects and environ-
ments, from clusters of galaxies to the laboratory on the
Earth, at low redshift.

1. Clusters of galaxies

In a halo of mass M and radius R, the Newtonian
potential and the Newtonian force are of order

ΨN

c2
∼ GNM

c2R
,

FN

c2
∼ GNM

c2R2
. (156)

As in Eq.(128), the fifth force FA = −∇ΨA = −c2∇ lnA
is of order

FA

c2
∼ d lnA

dr
∼ 1

R

d lnA

d ln ρ
, (157)

where we assumed d ln ρ/d ln r ∼ 1. As seen from
Eq.(86), in the low-density regime we have:

α∆ ≪ 1 :
d lnA

d ln ρ
∼ α2∆, (158)

where ∆ = ρ/ρ̄ is the typical matter overdensity of the
object. Then, for a cluster of galaxies, with ∆ ∼ 103,
R ∼ 1Mpc, M ∼ 1014M⊙, we obtain

FN

c2
∼ 5× 10−6Mpc−1,

FA

c2
∼ α2103Mpc−1,

FA

FN
∼ (104α)2 ≪ 1. (159)

Therefore, the fifth force is negligible on cluster scales.
However, as seen in Sec. XA and Fig. 14, this is no longer
the case far inside the cluster, at r . R200c/100, for
clusters of mass M . 1013h−1M⊙.

2. Galaxies

We now consider a typical galaxy, such as the Milky
Way, with M ∼ 1012M⊙, R ∼ 10 kpc, and ∆ ∼ 106.
This high value of the density contrast is at the limit of
validity of the regime (158), but this should still provide
the order of magnitude of the fifth force. Then, we obtain

FN

c2
∼ 5× 10−4Mpc−1,

FA

c2
∼ α2108Mpc−1,

FA

FN
∼ (106α)2 ∼ 1. (160)

Thus, the fifth force is of the same order as the Newtonian
gravity on galaxy scales. This suggests that interesting
phenomena could occur in this regime and that galaxies
could provide a useful probe of such models. On the other
hand, since we are at the border of the regime (158),
nonlinear effects may already come into play and partly
screen the fifth force, depending on the details of the
coupling function A(χ̃).

3. Solar System

Many alternative theories to General Relativity are
strongly constrained, or even ruled out, by Solar System
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tests, based on the trajectories of planets around the Sun
(measurements by the Cassini satellite [24]) or the mo-
tion of the Moon around the Earth (Lunar Laser Rang-
ing experiment [16]). To remain consistent with these
data, modified-gravity scenarios often involve nonlinear
screening mechanism that ensure convergence to General
Relativity in small-scale and high-density environments
(typically by suppressing the gradients of the scalar field
or its coupling to matter). In our case, if we consider
stars, planets and moons as isolated objects in the vac-
cum, the screening is provided by the definition of the
model itself and is 100% efficient. Indeed, because the
fifth force is exactly local, as FA = −c2∇ lnA(ρ) only
depends on the local density and its gradient, the impact
of the Sun onto the motion of the Earth through the
fifth force is exactly zero, unless if it creates a distant
density gradient by other means (e.g. Newtonian grav-
ity). However, the impact of the gradient of the Newto-
nian force from the Sun onto the matter distribution in
the Earth is negligible and completely superseded by lo-
cal geophysical sources (the radial structure of the Earth
core and atmosphere and random variations associated
with mountains and oceans for instance). Therefore, the
Sun is completely “screened” as viewed from the Earth
by the fifth force, as well as all planets and moons of the
Solar System. Therefore, the trajectories of astrophysical
objects in the Solar System are exactly given by the usual
Newtonian gravity, or more accurately General Relativ-
ity, and all Solar Systems tests of gravity are satisfied, to
the same accuracy as General Relativity.
Here we assumed that the small-scale cutoff ℓs of the

theory, discussed in Sec. VB, is below the Solar System
scales. If this is not the case, then one needs to explicitly
consider the small-scale behavior of the complete theory.
If the small-scale regularization is associated with a ki-
netic term in the scalar-field Lagrangian, as in Eq.(90),
we recover a standard Dilaton model. Then, high-density
regions, or compact objects such as stars, give rise to a
long-range fifth force but the latter is screened in dense
environments by the usual Damour-Polyakovmechanism,
as the coupling function lnA goes to a constant at high-
densities and the coupling strength d lnA/dχ̃ vanishes.
The efficiency of this screening mechanism depends on
the details of the model [the kinetic and potential terms

in the original scalar-field Lagrangian L̃ϕ(ϕ)].

4. On the Earth and in the laboratory

Even though the fifth force on the Earth is not signif-
icantly influenced by the Sun and other planets, it does
not vanish as it is sensitive to the local gradient of the
matter density. Then, we must check that this local force
is small enough to have avoided detection in the labora-
tory or on the Earth (e.g., at its surface or in the atmo-
sphere). Here we first assume that the cutoff ℓs is smaller
than the scales we consider.
So far we have assumed that the scalar field is cou-

pled in the same manner to the dark matter and to the
ordinary baryonic matter. For the analysis of cosmolog-
ical structures, from the background dynamics down to
galaxies, we are dominated by dark matter so we mostly
probed the coupling to the dark matter and it made no
difference whether the coupling to baryons is the same or
not. However, on smaller scales, such as in the Solar Sys-
tem or on Earth, we are dominated by baryonic matter.
Then, a simple manner to ensure that we satisfy obser-
vations and experiments performed in the laboratory or
on the Earth is to assume that ordinary matter is not
coupled to the scalar field.
A second alternative is that screening mechanisms are

sufficiently efficient to make the fifth force negligible on
the Earth. We now investigate whether this is the case,
assuming dark matter and baryons couple in the same
fashion to the scalar field. As seen in Eq.(36), the local
nature of the scalar field configuration makes the fifth
force appear as a polytropic pressure pA(ρ), given by
Eq.(37), where ρ is now the baryonic matter density as
the dark matter density and its gradient can be neglected.
Since Ā ≃ 1 and M4 ≃ ρ̄de0, we obtain for a typical den-
sity of 1 g/cm3,

ρ ∼ 1 g.cm−3 :
pA
ρ

∼ 3× 10−13 χ̃ (m/s)2. (161)

For χ̃ ∼ 1, as in the models (I) and (II) where χ̃ has a
finite range of order unity, this corresponds to small ve-
locities and motions. To compare this pressure with the
thermal motions found on the Earth or in the laboratory,
we write Eq.(161) as a temperature,

mppA
ρkB

∼ 3× 10−17 χ̃ K, (162)

where again we chose ρ ∼ 1 g/cm3, mp is the proton mass
and kB the Boltzmann constant. For the models (I) and
(II) where χ̃ has a finite range of order unity, this gives
a very low temperature of order 10−17 K, which is much
smaller than the temperature reached by cold-atoms ex-
periments in the laboratory, T ∼ 10−7 K. Thus, for such
models where χ̃ ∼ 1 the fifth force can be neglected in the
laboratory and on the Earth (and in other astrophysical
objects).
More generally, Eq.(162) gives the local upper bound

for |χ̃|:

ρ ∼ 1 g.cm−3 : |χ̃| < 1010. (163)

For the model (III) where |χ̃| is not bounded, we obtain
from Eq.(76) χ̃ ∼ −6 × 1014α1/2 ∼ −6 × 1011, which
violates the upper bound (163). Therefore, this model
would appear to be ruled out by such cold-atoms experi-
ments. Models where |χ̃| is not bounded are still allowed
but their function χ̃(ρ) should be somewhat smaller than

Eq.(76) for ρ ∼ 1 g/cm
3
.

However, as noticed in Sec. VB, the local model (5)
considered in this paper is not expected to apply down
to arbitrarily small scales, but only above a small-scale
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cutoff ℓs. This may arise for instance from a nonzero
kinetic term in the scalar-field Lagrangian. In any case,
we should have ℓs > 1 m in the cosmological background
(i.e., in the intergalactic space). The cutoff scale ℓs gener-
ically depends on the environment, e.g. on the local value
of the scalar field through the change of variable (4). On
the Earth, the result (162) suggests that the theory could
be valid down to somewhat smaller scales, as long as we
remain above the atomic scale and we can still define a
continuum limit to the density field. In any case, this
small-scale regularization suggests that that the cold-
atom bound (163) can be relaxed and the result (162)
shows that the fifth force is negligible on the Earth and
in the laboratory, and hence it is consistent with local
experiments.

C. Fifth-force dominated regime

In the previous section, we estimated the fifth force to
Newtonian gravity ratio η and the impact of the scalar
field for a variety of objects and environments. It is useful
to make this analysis more general and to determine the
domain of length, density and mass scales where the fifth
force is dominant. Thus, using for instance Eq.(141) and
taking d ln ρ/d ln r ∼ 1, we write for structures of typical
radius R, density ρ and mass M = 4πρR3/3,

|η| ∼ 2

Ωm0

ρ̄0
ρ

(

c

RH0

)2 ∣
∣

∣

∣

d lnA

d ln ρ

∣

∣

∣

∣

. (164)

Then, the fifth force is greater than Newtonian gravity if
we have

|η| ≥ 1 : R2 ≤
(

c

H0

)2
2

Ωm0

ρ̄0
ρ

∣

∣

∣

∣

d lnA

d ln ρ

∣

∣

∣

∣

. (165)

Although for convenience we write the right-hand side
in terms of the cosmological quantities H0, ρ̄0 and Ωm0

at z = 0, this expression does not depend on redshift
nor on cosmology. Moreover, it is only a function of the
density ρ, as any coupling function lnA(χ̃) also defines
the functions χ̃(ρ) and lnA(ρ) through the scalar-field
equation (50). Therefore, in a density-radius plane, the
domain where |η| ≥ 1 is given by the area under the
curveRη(ρ), whereRη(ρ) is the density-dependent radius
defined by the right-hand side in Eq.(165).

We display this domain in the (ρ,R)-plane in Fig. 15.
At low densities, using Eqs.(86) and (88), we obtain

ρ≪ M4

α
: Rη(ρ) ∼ Rα with Rα ≡ c

H0

α√
Ωde0

. (166)

Thus, at low densities we obtain a constant radius thresh-
old, of order Rα ∼ 0.01Mpc for α = 10−6, as we can
check in Fig. 15. At high densities, we have the behav-
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FIG. 15: Domain in the density-radius plane where the fifth
force is greater than Newtonian gravity. This domain is iden-
tical for the models (I) and (II), and greater for the model
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ture, ρ, given in units of the mean matter cosmological density
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iors

(I) and (II), ρ≫ M4

α
:

∣

∣

∣

∣

d lnA

d ln ρ

∣

∣

∣

∣

∼ M8

αρ2
,

Rη(ρ) ∼
c

H0

Ωde0
√

αΩ3
m0

ρ̄
3/2
0

ρ3/2
, (167)

and

(III), ρ≫ M4

α
:
d lnA

d ln ρ
∼

√

αM4

ρ
,

Rη(ρ) ∼
c

H0

(

αΩde0

Ω3
m0

)1/4
ρ̄
3/4
0

ρ3/4
. (168)

Thus, at high densities the upper boundary of the fifth-
force domain decreases as Rη ∝ ρ−3/2 for the models (I)

and (II) and as ρ−3/4 for the model (III). As in previ-
ous sections, we find that the effects of the fifth force are
greater for the model (III). This screening of the fifth
force at high densities ensures that it becomes negligi-
ble at the center of halos with sufficiently steep density
profiles and for astrophysical objects such as stars and
planets. On the other hand, we find that, independently
of the density, the fifth force is always negligible on scales
greater than Rα ∼ αc/H0, of order 0.01Mpc. This con-
firms again that the fifth force is small on cluster scales
and beyond.
To facilitate the comparison with astrophysical struc-

tures, it is convenient to display the fifth-force domain
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(165) in the mass-radius plane (M,R). This is shown in
Fig. 16, as the curve Rη(ρ) provides a parametric defi-
nition of the boundary Rη(M), defining the mass of the
structure as M = 4πρR3/3. We obtain a triangular do-
main, with a constant-radius upper branch and a lower
branch that goes towards small radius and mass with a
slope that depends on the model. The upper branch cor-
responds to the regime (166), with

upper branch: R = Rα for M < Mα, (169)

and

Mα ≡ α2ρ̄0

Ωm0

√
Ωde0

(

c

H0

)3

, (170)

where Mα = ραR
3
α with ρα = M4/α. For α = 10−6 this

yields Mα ∼ 1010M⊙. The lower branch corresponds to
the regimes (167) and (168), which yield

lower branch for M < Mα :

(I) and (II) : R = Rα

(

M

Mα

)3/7

, (171)

(III) : R = Rα

(

M

Mα

)3/5

. (172)

We also show in Fig. 16 the regions in this (M,R)-
plane occupied by various astrophysical objects. From

left-bottom to right-top, we show planets, stars, molec-
ular clouds, globular clusters, extended starburst re-
gions, galaxies and groups of galaxies. In agreement
with Secs. XA and XB, we find that the fifth force is
negligible for clusters and groups (at their global scale)
and Solar-System objects, while it is of the same order
as Newtonian gravity for galaxies. In particular, it ap-
pears that various galactic structures, from the molec-
ular clouds and extended starburst regions, where star
formation takes place, to the overall extent of low-mass
galaxies, as well as the small old globular clusters, all lie
close to the boundary of the fifth-force domain. There-
fore, they may provide strong constraints on the models
considered in this paper. In fact, the model (III) might
be ruled out by galaxy observations, independently of
the issue found in Sec. XA with the divergence of the
fifth force at the center of NFW halos (153). However,
we leave a detailed study of molecular clouds and glob-
ular clusters to future works to check the quantitative
constraints they can provide on the scalar-field theories
(3).

XI. HISTORY AND PROPERTIES OF THE
FORMATION OF COSMOLOGICAL

STRUCTURES

In the previous sections we have studied the evolution
of the linear perturbations and of the spherical collapse
by assuming that the density field remains smooth and
that the fifth force on cosmological scales x is set by the
density gradient smoothed on these large scales. How-
ever, in the ultra-local models that we study in this pa-
per the fifth force is directly sensitive to the local density
gradient, as ∇ lnA = (d lnA/dρ)∇ρ. As compared with
the Λ-CDM cosmology, the models of the type (II) and
(III) accelerate the growth of small-scale perturbations,
and increasingly so on smaller scales because of the k2

term in Eq.(44), as seen in Figs. 4 and 5 of the linear
growing mode. This suggests that very small scales can
develop strong inhomogeneities at early times and the
local density gradient could always be set by such very
small scales (actually the small-scale cutoff of the the-
ory) rather than by the cosmological scales of interest.
Then, the fifth force would be screened as in the Solar
System, see the discussion in section XB3, because of
this ultra-local property, and there would be no effect left
on cosmological scales. In this case, the universe would
be made of small high-density clumps (set by the cutoff
of the theory), built at high redshift, while perturbations
on cosmological scales would evolve according to General
Relativity. To address this issue, we need to go beyond
perturbation theory and spherical dynamics, as this is a
highly non-linear and inhomogeneous problem. In this
article, we consider a thermodynamic analysis that pro-
vides a simple analytic framework, which we present in
section XIB below.
However, before we tackle this problem, we first de-
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scribe in section XIA the evolution with redshift of the
scales that enter the non-linear regime. This allows us
to distinguish various regimes: while at high redshift the
non-linear transition is set by the fifth force, more pre-
cisely by the pressure-like term ∝ ∇2δ in Eq.(42) associ-
ated with the ultra-local potential lnA, at low redshift it
is set by the standard Newtonian gravity [the right-hand
side in Eq.(42)].
In this section we focus on models (II) and (III), be-

cause model (I) actually damps small-scale perturba-
tions, so that the issue of a possible sensitivity to small
scales does not arise. Moreover, we have seen in sec-
tion VA1 that such scenarios are disfavored on theoret-
ical grounds because they are not stable with respect to
a small kinetic term.

A. Evolution of the cosmological non-linear
transition for the model (II)

As explained in previous sections for models (II) and
(III), at high redshift the fifth force amplifies the growth
of structures and the non-linear transition xcoll(z) is
much greater than for the Λ-CDM cosmology, as seen
from the linear power spectrum in Fig. 4. Using comov-
ing coordinates, we define this non-linear scale by

∆2
L(π/xcoll, z) = 1.5 (173)

and we show xcoll(z) in the upper panel of Fig. 17. The
factor 1.5, which should be order unity, is chosen to give
a scale of order 8h−1Mpc at z = 0, when the Newtonian
gravity dominates and we recover the usual Λ-CDM be-
havior. We define the non-linear scale xcoll(z) by the con-
dition (173) on the Fourier-space power spectrum ∆2

L(k)
rather than the real-space linear variance σ2

L(x) because
of the steep growth of the linear growing mode D+(k, t)
at high k. This makes the linear variance σ2

L divergent or
ill-defined, dominated by a small-scale cutoff, but this is
not physical because the linear theory cannot be trusted
in the non-linear regime. Using ∆2

L(k) allows us to avoid
this problem (in contrast, for the Λ-CDM cosmology,
where the slope of the linear power spectrum decreases
at higher k, using either ∆2

L(k) or σ2
L(x) gives similar

results).
To perform the thermodynamic analysis presented in

section XIB below, we shall need the initial kinetic en-
ergy or typical velocity of the collapsing region. From the
evolution equation (42) of the linear density, we define an
effective velocity scale ccoll by

c2coll(z) = c2s + c2N, (174)

with

c2s = ǫ1c
2, c2N = (1 + ǫ1)

3Ωm

2π2
(Haxcoll)

2
. (175)

The factor c2s comes from the pressure-like term ǫ1c
2∇2δ

in Eq.(42) while the term c2N comes from the right-hand
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FIG. 17: Upper panel: collapse radius xcoll(z) (in comoving
coordinates) as a function of the scale factor a. The solid line
is for the model (II) while the dashed line is for the Λ-CDM
cosmology. Lower panel: collapse velocity scale ccoll(z) (solid
line) as a function of the scale factor a for the model (II). The
dotted and dot-dashed lines are cs and cN whereas the dashed
line on the right is the result cΛ−CDM

coll = cΛ−CDM
N in the case

of the Λ-CDM cosmology.

side, associated with the usual gravitational force (where
the Newton constant is amplified by the negligible fac-
tor ǫ1 ≪ 1). We show our results in the lower panel of
Fig. 17. We also display the case of the Λ-CDM cosmol-
ogy where cΛ−CDM

coll = cΛ−CDM
N as there is no pressure-like

term. It gives cΛ−CDM
coll ∼ 200 km/s at z = 0, which is

indeed of the order of the velocities associated with col-
lapsed structures today. It is a bit low, by a factor two if
we compare with large clusters of galaxies, which is not
surprising as the relation (175) is only an order of mag-
nitude estimate, but this is sufficient for our purposes.
The component cs, associated with the pressure-like

term associated with the fifth-force potential lnA, dom-
inates at high redshift. Its amplitude follows the rise
and fall of ǫ1(z) displayed in Fig. 2, with a peak at
zα ∼ α−1/3 ∼ 100. The component cN, associated with
the Newtonian gravity, explicitly depends on the scale
rcoll(z). It grows with time, along with rcoll(z), and
dominates at late times, a & 0.03. The plateau for
0.01 . a . 0.2 follows from the very slow growth of
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rcoll(z) found in the upper panel in this redshift range.
This can be understood from the peak at zα ∼ 100 of
the fifth-force characteristic amplitude ǫ1 and from the
analysis of the linear growing modes and of the spherical
collapse shown in Figs. 4 and 8. As seen in the previous
sections, the fifth force amplifies the growth of structures
with a peak at zα and a strong dependence on scales, fol-
lowing the k2 factor in Eq.(44). As can be seen in Fig. 8,
the main effect is that wave numbers higher than the
characteristic value kmin

α ∼ 3hMpc−1 of Eq.(119) become
strongly amplified and reach the non-linear regime at zα,
with a steep scale dependence of D+(k). This leads to
the steady rise of rcoll(z) and ccoll(z) until zα and its sub-
sequent stop as the fifth force declines and the steep scale
dependence imprinted on the linear perturbations implies
that it requires a very long time for the usual gravita-
tional instability to push the non-linear regime towards
greater scales. We recover the standard Λ-CDM behavior
at late times, a > aΛ−CDM ≃ 0.2, when the Newtonian
gravity dominates and the scales that turn non-linear had
not been significantly impacted by the fifth force at zα
(i.e. x & 1/kmin

α ).

Thus, we can distinguish three regimes from Fig. 17,
defining acs/cN ≃ 0.03 as the transition where cs = cN
and aΛ−CDM ∼ 0.2 as the time when we recover the
Λ-CDM behavior. At early times, a < aα = 0.01,
the fifth force dominates and increasingly large scales
enter the non-linear regime. This is the period when
the thermodynamic analysis of section XIB below ap-
plies and allows us to estimate the behavior of the sys-
tem in the non-linear regime. For aα < a < acs/cN ,
the fifth force remains dominant but rcoll(z) does not
significantly grow so that no new structures form. For
acs/cN < a < aΛ−CDM, the Newtonian gravity becomes
dominant but again rcoll(z) does not significantly grow so
that no larger structures form. However, some top-down
structure formation might occur (in the range where
gravity remains dominant), as in hot dark matter sce-
narios. Finally, for aΛ−CDM < a < 1, we recover the
Λ-CDM behavior as Newtonian gravity is dominant and
the linear power spectrum on the large scales that now
turn non-linear has not been strongly modified by earlier
fifth-force effects.

We can note that this history singles out a character-
istic mass and velocity scale, associated with the plateau
found in Fig. 17 over 0.02 . a . 0.2. This yields

x∗ ∼ 0.355 h−1Mpc, M∗ ∼ 2× 1010 h−1M⊙,

c∗ ∼ 50 km/s. (176)

As in Fig. 16, we recover galaxy scales, more precisely
here the scales associated with small galaxies. Again, it
is tempting to wonder whether this could help alleviate
some of the problems encountered on galaxy scales by the
standard Λ-CDM scenario. However, this would require
detailed numerical studies that are beyond the scope of
this paper.

B. Thermodynamic equilibrium in the fifth-force
regime for the model (II)

As explained above, we have so far implicitly assumed
that during the initial phase a < aα of structure for-
mation governed by the fifth force the density field re-
mains smooth on cosmological scales. In other words,
we assumed for the computation of the fifth force in lin-
ear theory and for the spherical collapse dynamics that
the gradient of the fifth force potential, ∇ lnA, is set by
the density field smoothed on cosmological scales. This
is not obvious because small scales, x ≤ xcoll(z), have
already turned non-linear at high redshift, z > zα, as
seen in the upper panel in Fig. 17. Then, the density
field could have become strongly inhomogeneous, made
of objects of mass Mcoll(zcutoff) formed at a high cutoff
redshift zcutoff amid empty space. Then, the gradient
of the fifth force potential ∇ lnA at a given location in
space would be unrelated with the gradient of the density
field smoothed on cosmological scales. This strong sensi-
tivity to the small-scale distribution of the density field
does not arise for the Newtonian gravitational force, be-
cause the force at a distance d explicitly depends on the
density smoothed over a size of the same order, through
the integral F = GN

∫

d3rρ(r)r/r3. This comes from the
fact that the Newtonian potential is given by the Pois-
son equation (28), ΨN ∝ ∇−2ρ, which regularizes the
density field, whereas the fifth force potential lnA is a di-
rect function of the local density through Eq.(50). Thus,
this issue only arises in the first stage a < aα found in
Fig. 17, where new scales enter the non-linear regime and
are dominated by the fifth force.

To address this question we need to go beyond pertur-
bation theory and spherical dynamics, as this is a highly
non-linear and inhomogeneous problem. We use a ther-
modynamic analysis, which provides a simple analytic
framework, and we leave dedicated numerical studies for
future works. Assuming that the scales that turn non-
linear because of the fifth force at high redshift reach a
statistical equilibrium through the rapidly changing ef-
fects of the fluctuating potential, in a fashion somewhat
similar to the violent relaxation that takes place for gravi-
tational systems [25], we investigate the properties of this
thermodynamic equilibrium. This first requires the study
of the phase transitions and of the phase diagram associ-
ated with the potential lnA(ρ) that defines our models.
Because this issue arises from the behavior of the fifth
force in the regime where it dominates over Newtonian
gravity, we can neglect the latter to investigate this prob-
lem. Note that contrary to the usual gravitational case,
the potential lnA is both bounded and short-ranged , so
that we cannot build infinitely large negative (or positive)
potential energies and a stable thermodynamic equilib-
rium always exists, and it is possible to work with either
micro-canonical, canonical or grand-canonical ensembles.
In this respect, a thermodynamic analysis is better suited
for such systems than for standard 3D gravitational sys-
tems, where the potential energy is unbounded from be-
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low and stable equilibria do not always exist, and differ-
ent statistical ensembles are not equivalent [26].

1. Thermodynamic phase transition and phase diagram

We work in the grand-canonical ensemble, where the
dark matter particles are confined in a box of size x (the
scale that reaches the non-linear regime at a given red-
shift) with a mean temperature T = 1/β and chemi-
cal potential µ. These two thermodynamic quantities
will be set by the initial energy and density at the non-
linear transition xcoll(z). If the potential lnA(ρ) were
constant, there would be no fifth force and as usual the
potential would disappear as an irrelevant constant in
the statistical analysis. Then, we would recover the ho-
mogeneous equilibrium of the perfect gas, without inter-
actions. However, because of the variations of lnA we
expect inhomogeneities to develop. For the models (II)
and (III), where the potential lnA(ρ) decreases at higher
density, see Eqs.(65) and (73)-(77), the fifth force gen-
erates instabilities, as already seen from the behavior of
linear perturbations, and the medium can be expected to
become strongly inhomogeneous, with small high-density
clumps amid large voids. However, this outcome depends
on the temperature 1/β. At high temperature, we are
dominated by the kinetic energy and the potential en-
ergy is negligible as lnA is bounded. Then, we recover
the perfect gas with an homogeneous distribution. At
low temperature, the potential becomes important and
we expect the system to present strong inhomogeneities.
As for the thermodynamics of many standard systems,
we shall find that there is a phase transition between the
homogeneous and the inhomogeneous phases at a criti-
cal temperature Tc = 1/βc. We do not need to consider
cases such as model (I), where lnA(ρ) increases at higher
density and the fifth force has a stabilizing influence that
prevents the formation of small-scale inhomogeneities, as
already seen from the behavior of linear perturbations.
In the continuum limit, where the mass m of the dark

matter particles goes to zero, we describe the system
by the smooth phase-space distribution function f(x,v).
The mass M , the energy E and the entropy S of the
system read as [26–28]

M =

∫

d3xd3v f(x,v), (177)

E =

∫

d3xd3v f(x,v)

(

v2

2
+ c2 lnA[ρ(x)]

)

, (178)

S = −
∫

d3xd3v f(x,v) ln
f(x,v)

f0
, (179)

where f0 is a normalization constant and we used the fact
that the potential lnA is a function of the local density.
In the grand-canonical ensemble the statistical equilib-
rium is obtained by minimizing the grand-canonical po-
tential Ω, which is given by

Ω = E − S/β − µM, (180)

where β and µ are the inverse temperature and the chem-
ical potential. With our notations β has units of inverse
squared velocity and µ has units of squared velocity. The
equilibrium phase-space distribution is given by the min-
imum of the grand potential, DΩ/Df = 0. This yields

f(x,v) = f0 e
−β(v2/2+c2 lnA+c2d lnA/d ln ρ)+βµ−1. (181)

Since lnA only depends on the positions of the parti-
cles but not on their velocities, we recover as expected
the Maxwellian distribution over velocities, f(x,v) ∝
ρ(x)e−βv2/2. The proportionality factor is obtained by
integrating over velocities, which gives the usual result

f(x,v) =

(

β

2π

)3/2

ρ(x) e−βv2/2, (182)

and Eq.(181) yields

ρ(x) = f0

(

2π

β

)3/2

e−βc2(lnA+d lnA/d ln ρ)+βµ−1. (183)

Because of the specific form of the potential lnA, which
is local and only depends on the local density ρ(x),
the thermodynamic equilibrium condition (183) factor-
izes over different positions x. The different space loca-
tions are thus decoupled and we can omit the space co-
ordinate x: the equilibrium condition (183), which was
a functional equation over the field ρ(x), simplifies to an
ordinary function of the local density ρ. As noticed in sec-
tion IVA2, it is convenient to introduce the rescaled di-
mensionless potential and density λ and ρ̂, from Eqs.(51)
and (52). Defining also the rescaled dimensionless inverse

temperature β̂ and chemical potential µ̂,

β̂ = αc2β, (184)

µ̂ = ln

[

αf0c
3

M4

(

2π

βc2

)3/2
]

+ βµ− 1, (185)

the equilibrium condition (183) reads as

µ̂ = θ + β̂ ν(θ), (186)

where we introduced

θ = ln ρ̂, ν(θ) = λ+
dλ

dθ
. (187)

For a given value of the rescaled inverse temperature

β̂ and chemical potential µ̂, this gives the equilibrium
density θ as the solution of the implicit equation (186).
In terms of these dimensionless variables, the grand-
canonical potential (180) reads as

Ω =
M4c2V

β̂
Ω̂ with Ω̂ = eθ

[

β̂λ− µ̂− 1 + θ
]

, (188)
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FIG. 18: Upper panel: fifth-force potential functions λ(θ)
and ν(θ) for the model (II). Lower panel: thermodynamic

equilibrium relation µ̂ = µ̂(θ, β̂) as a function of θ, fixing

β̂ = 0.5β̂c, β̂c and 2β̂c.

where V is the total volume of the system. Thus, the
equilibrium equation (186) is the condition dΩ̂/dθ = 0, as
the thermodynamic equilibrium corresponds to the min-
imization of the grand-potential.

It is convenient to analyse the system at a fixed tem-
perature, which corresponds to a given initial velocity
dispersion, as a function of the chemical potential µ̂ or
of the density ρ̂, seen as conjugate variables. At high

temperature, β̂ → 0, Eq.(186) becomes µ̂ = θ and there
is a unique density for each µ̂. This corresponds to the
high-temperature homogeneous phase where we recover
the perfect gas as the potential energy is negligible. At

low temperature, β̂ → ∞, the right hand side of Eq.(186)
can become non-monotonic so that for some values of the
chemical potential µ̂ there are several solutions θi. This
corresponds to the inhomogeneous phase, where the sys-
tem splits over several regions of different densities θi,
with an admixture such that the mean density over the
large scale x = V 1/3 is the initial density ρ̄, see [29] for
an analysis of such phase transitions.

We first consider the model (II) defined in Eq.(63).

From Eq.(65), with again χ∗ = −2, we obtain

(II) : λ(θ) = − 1√
1 + e−2θ

, ν(θ) = − 1 + 2e−2θ

(1 + e−2θ)3/2
.

(189)
We show these two functions in the upper panel of
Fig. 18. From Eq.(186), the function µ̂(θ), at fixed in-

verse temperature β̂, is strictly monotonic if dµ̂/dθ =

1 + β̂dν/dθ > 0. Therefore, the function µ̂(θ) becomes

non-monotonic below the temperature 1/β̂c, where β̂c is
given by the most negative value of dν/dθ,

β̂c =
−1

min(dν/dθ)
=

(15 +
√
105)5/2

16(51 + 5
√
105)

≃ 1.96 (190)

We display in the lower panel of Fig. 18 the function µ̂(θ)

for three values of β̂. As explained above, for low β̂ (i.e.
high temperature) the function µ̂(θ) is monotonic while

for high β̂ (i.e. low temperature) it is non-monotonic over
some range of densities, with a first-order phase transi-

tion at β̂c. Then, for β̂ < β̂c, we always have a single

solution θ(µ̂) for any chemical potential µ̂. For β̂ > β̂c,
in a finite range [µ̂1, µ̂2] and [θ1, θ2], we have three solu-
tions, θ− < θm < θ+, for a given chemical potential µ̂.
Both θ− and θ+ are local minima of the grand-potential

Ω̂ whereas θm is a local maximum. Then, the physical
solution θ(µ̂) is the global minimum among {θ−, θ+} (i.e.
the deepest minimum). For µ̂ ≃ µ̂1, where we are close
to the bottom left monotonic branch in the lower panel
of Fig. 18 (i.e. the low-density branch), this global mini-
mum is the lowest-density one θ−. For µ̂ ≃ µ̂2, where we
are close to the upper right monotonic branch (i.e. the
high-density branch), this global minimum is the highest-
density one θ+. Then, there is a critical value µ̂s in be-
tween, µ̂1 < µ̂s < µ̂2, where we make the transition from
θ− to θ+. This happens at the crossing of their values

of the grand-potential, when Ω̂(θ−; µ̂s) = Ω̂(θ+;µs) [29].
This condition allows us to compute µ̂s, as a function of

β̂, from Eqs.(186) and (188). At leading order for large

β̂ we obtain

β̂ → ∞ : µ̂s ∼ −β̂, θ− ∼ −β̂, θ+ ∼ ln β̂

2
. (191)

This means that the transition occurs close to the low-
density boundary (θ1, µ̂1) of the multi-valued region.
Thus, we have a first-order phase transition, as the den-
sity of the system jumps from θ−(µ̂s) to θ+(µ̂s) when
the chemical potential goes through µ̂s. At µ̂s, where
Ω̂− = Ω̂+, there is a coexistence of the two phases. One
part of the volume V is at the low density θ− and the
other part at the high density θ+. The relative fraction
between the two phases is set by the mean density θ̄ of the
full volume, θ− ≤ θ̄ ≤ θ+, which is given by the initial
condition of the system (the constraint on the average
density of the full system).
The thermodynamic phase diagram of the system, in

the inverse temperature - density plane, is shown by the
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FIG. 19: Thermodynamic phase diagram of model (II). The

shaded area is the region of initial inverse temperature β̂ and
density θ where the system reaches an inhomogeneous ther-
modynamic equilibrium. The white area corresponds to the
homogeneous phase. The solid line is the cosmological trajec-
tory (β̂coll(z), θcoll(z)).

shaded area in Fig. 19. This domain is limited at low

β̂ by the critical temperature β̂c. The lower and upper

limits of the domain are the curves θ−(β̂) ≡ θ−(µ̂s(β̂), β̂)

and θ+(β̂) ≡ θ+(µ̂s(β̂), β̂), which obey the asymptotes

(191). We choose the (β̂, θ) plane to display the phase

diagram, rather than (β̂, µ̂) for instance, because the den-
sity is a more direct physical variable than the chemical

potential, while the temperature 1/β̂ is also directly re-

lated to the initial kinetic energy. Whereas in the (β̂, µ̂)

plane the transition appears as a critical line µ̂s(β̂), in the

(β̂, θ) plane it appears as an extended domain, because

the critical line µ̂s(β̂) corresponds to the jump from θ−
to θ+ over the density. The meaning of the diagram in
Fig. 19 is the following. If the average initial tempera-

ture and density, (1/β̂, θ), fall outside of the shaded re-
gion, the system remains in the homogeneous phase. If
the initial condition falls inside the shaded region, the
system becomes inhomogeneous and splits over domains
with density θ− or θ+, with a proportion such that the
total mass over the full volume is conserved.

2. Cosmological trajectory in the phase diagram

Using the phase diagram of Fig. 19, we can now con-
sider the behavior of the collapsing scales rcoll(z) ob-
tained in Fig. 17, in the time interval a < aα where the
new structures that reach the non-linear regime are gov-
erned by the fifth-force potential lnA. For the typical
density associated with the non-linearity transition we
simply take ρcoll(z) = ρ̄(z), as the transition corresponds

to density contrasts of order unity, hence

ρcoll(z) = ρ̄(z), θcoll(z) = ln

[

αρ̄(z)

M4

]

. (192)

At the thermodynamic equilibrium (182) the kinetic en-
ergy reads as Ekin = 3MT/2 = 3M/2β. From the typical
velocity scale ccoll(z) of Eq.(174) we use the simple esti-
mate

βcoll(z) =
1

c2coll(z)
hence β̂coll(z) =

αc2

c2coll(z)
. (193)

We show in Fig. 19 the cosmological trajectory

(β̂coll(z), θcoll(z)) over the phase space diagram of the sys-
tem defined by the fifth-force potential lnA of the model
(II). The curve runs downwards to lower densities θcoll as
cosmic time grows. In agreement with the lower panel of

Fig. 17, the inverse temperature β̂coll first decreases until

aα, as the velocity ccoll(z) grows. Next, β̂coll increases
while ccoll(z) decreases until aΛ−CDM, when we recover

the Λ − CDM behavior, and β̂coll decreases again there-
after. We are interested in the first era, a < aα, and we
find that the cosmological trajectory is almost indistin-

guishable from the upper boundary θ+(β̂) of the inhomo-
geneous thermodynamic phase. Indeed, from Eq.(174)
and Fig. 17 we have at early times ccoll ≃ cs, hence

β̂coll ≃ α/ǫ1. Using Eq.(67) we have at high densities,
which also correspond to a < aα, ǫ1 ≃ αρ̂−2 = αe−2θ,
hence

a≪ aα : θcoll ∼
1

2
ln β̂coll, (194)

and we recover the asymptote (191) of θ+(β̂). De-
pending on the choice of some numerical factors, e.g.
whether we modify Eq.(193) as βcoll(z) = 2/c2coll(z) or
βcoll(z) = 1/2c2coll(z), we can push θcoll slightly above
or below θ+. If θcoll > θ+ we are in the homogeneous
phase and the system remains at the initial density ρ̄. If
θcoll < θ+ we are in the inhomogeneous phase and the
system splits over regions of densities θ+ and θ−. How-
ever, as we remain close to θ+ most of the volume is at
the density θ+ ≃ θcoll and only a small fraction of the
volume is at the low density θ−. Neglecting these small
regions, we can consider that in both cases the system
remains approximately homogeneous. This means that,
according to this thermodynamic analysis, the cosmolog-
ical density field does not develop strong inhomogeneities
that are set by the cutoff scale of the theory when it enters
the fifth-force non-linear regime. Therefore, density gra-
dients remain set by the large-scale cosmological density
gradients and the analysis of the linear growing modes in
section VII and of the spherical collapse in section VIII
are valid. Of course, on small non-linear scales and at
late times, where Newtonian gravity becomes dominant,
we recover the usual gravitational instability that we ne-
glected in this analysis and structure formation proceeds
as in the standard Λ-CDM case.
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FIG. 20: Upper panel: collapse radius xcoll(z) (in comoving
coordinates) as a function of the scale factor a. The solid line
is for the model (II) while the dashed line is for the Λ-CDM
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line) as a function of the scale factor a for the model (II). The
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on the right is the result cΛ−CDM

coll = cΛ−CDM
N in the case of

the Λ-CDM cosmology.

C. Cosmological trajectory in the phase diagram
for the model (III)

We can repeat the previous analysis for the model (III),
which also amplifies density perturbations and is similar
to the model (II) in many respects. We show the evolu-
tion of the non-linearity scale rcoll(z) and of the velocity
scale ccoll(z) in Fig. 20. We can see that the behavior is
similar to the one obtained in Fig. 17 for the model (II),
except that rcoll(z) and ccoll(z) decrease more slowly at
high redshift, z ≫ zα. This is because the amplitude of
the fifth force, as measured by ǫ1, decreases more slowly
at high z for this model, as found in Fig. 2 and explained
in section VI. At lower redshifts, z < zα, the models be-
have in the same fashion, as was also seen in Fig. 2. This
leads to the same characteristic mass and velocity scales
(176), associated with the intermediate redshift plateau,
zΛ−CDM ≪ z ≪ zα.
The thermodynamic behavior is similar to the one ob-

tained for the model (II) in section XIB 1. As in the

(III)
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FIG. 21: Thermodynamic phase diagram of model (III).
The shaded area is the region of initial inverse temperature
β̂ and density θ where the system reaches an inhomogeneous
thermodynamic equilibrium. The white area corresponds to
the homogeneous phase. The solid line is the cosmological
trajectory (β̂coll(z), θcoll(z)).

upper panel of Fig. 18, the fifth-force potential functions
λ(θ) and ν(θ) again decrease from 0 at low density to −1
at high density, except that ν(θ) is now strictly decreas-
ing and does not show a local minimum at θ ≃ 0 (which
did not play a significant role anyway). We again obtain
a first-order phase transition as described in the lower
panel of Fig. 18. The inverse critical temperature is now

β̂c ≃ 3.53, (195)

and at low temperature we obtain the asymptotic behav-
iors

β̂ → ∞ : µ̂s ∼ −β̂, θ− ∼ −β̂, θ+ ∼ 2 ln β̂. (196)

We show the thermodynamic phase diagram of the
model (III) in Fig. 21. We recover the same features
as for the model (II) shown in Fig. 19, with a somewhat

higher inverse critical temperature β̂c and upper bound-
ary θ+ of the inhomogeneous phase. The cosmological

trajectory (β̂coll(z), θcoll(z)) again roughly follows the up-
per boundary θ+ at high redshift, z > zα. Indeed, using

again β̂coll ≃ αc2/c2s = α/ǫ1 and Eq.(79), we obtain at

high densities and redshifts ǫ1 ≃ α/
√
8ρ̂ = αe−θ/2/

√
8,

hence

a≪ aα : θcoll ∼ 2 ln β̂coll, (197)

and we again recover the asymptote (196) of θ+(β̂).
Therefore, as for model (II), we can conclude that dur-
ing the fifth-force era of structure formation, a < aα,
density gradients up to the linear transition remain set
by large scales and do not suffer from cutoff-scale depen-
dence, so that the analysis of the linear growing modes in
section VII and of the spherical collapse in section VIII
are valid.
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D. Halo centers

It is interesting to apply the thermodynamic analysis
presented above to the inner radii of clusters and galax-
ies. Indeed, we have seen in section XA that the fifth
force can become large inside spherical halos and the ra-
tio FA/FN can actually diverge at the center for shallow
density profiles, see Fig. 14 and Eqs.(152)-(153). How-
ever, this analysis was based on dimensional and scal-
ing arguments and it fails if the density field becomes
strongly inhomogeneous so that the typical density inside
the halo is very different from the global average density.
The thermodynamic analysis presented in section XIB 1
neglected Newtonian gravity. However, we can also ap-
ply its conclusions to a regime dominated by Newtonian
gravity where at radius r inside the halo the structures
built by gravity and the density gradients are on scale r.
Then, we can ask whether at this radius r fifth-force ef-
fects may lead to a fragmentation of the system on much
smaller scales ℓ ≪ r. To study this small-scale behavior
we can neglect the larger-scale gravitational gradients r
and discard gravitational forces.
Within a radius r inside the halo the averaged reduced

density is

θr = ln

[

αρ(< r)

M4

]

= ln

[

α3M(< r)

4πr3M4

]

. (198)

We write the reduced inverse temperature as

β̂r =
αc2

Max(c2s, v
2
N)
, (199)

where vN is the circular velocity (139) associated with
the Newtonian gravity while cs is the velocity scale (143)
associated with the fifth force. As noticed in Eq.(144),
the maximum Max(c2s, v

2
N) shifts from one velocity scale

to the other when the associated force becomes dom-
inant. Here we choose the non-analytic interpolation
Max(c2s, v

2
N) instead of the smooth interpolation c2s + v2N

that we used in Eq.(174) for the cosmological analysis
for illustrative convenience. Indeed, the discontinuous
changes of slope in Fig. 22 below will show at once the
location of the transition |η| = 1 between the fifth-force
and Newtonian gravity regimes.
If the density grows at small radii as a power law, ρ ∝

r−γ , we have seen in Eqs.(150) and (151) that the fifth-
force to gravity ratio η behaves as η(II) ∼ r3γ−2 for the

model (II) and η(III) ∼ r3γ/2−2 for the model (III). This
led to the bounds (152) and (153) over γ for the fifth force
to become negligible at the center. From Eqs.(198) and
(199) we obtain in this power-law regime θr ∼ −γ ln r
and

v2N ∼ r2−γ , c2s(II) ∼ r2γ , c2s(III) ∼ rγ/2, (200)

where we used Eqs.(65) and (77). In the Newtonian grav-
ity regime this gives for both models

|η| < 1 : θr ∼ γ

2− γ
ln β̂r, (201)

and in the fifth-force regime

|η| > 1 : θr(II) ∼
1

2
ln β̂r, θr(III) ∼ 2 ln β̂r. (202)

For γ > 2 we are in the Newtonian regime for both mod-

els and v2N → ∞, β̂r → 0, so that we are in the ho-
mogeneous phase of the thermodynamic phase diagram

as β̂r < β̂c. Let us now consider the case γ < 2. For
model (II), Newtonian gravity dominates at small radii
if γ > 2/3 from Eq.(152). In this regime Eq.(201) yields

θr > (1/2) ln β̂r, so that we are above the upper bound-
ary θ+ of the inhomogeneous phase obtained in Eq.(191).
For shallower density profiles, γ < 2/3, the fifth force

dominates and we obtain θr ∼ θ+ ∼ (1/2) ln β̂r. The
model (III) shows a similar behavior. Newtonian grav-
ity now dominates for γ > 4/3 from Eq.(153), this gives

θr > 2 ln β̂r hence θr > θ+. In the fifth-force regime,

γ < 4/3, we obtain θr ∼ θ+ ∼ 2 ln β̂r. Therefore, in both
models in the Newtonian gravity regime we are far in
the homogeneous phase of the thermodynamic diagram
whereas in the fifth-force regime we are along the up-
per boundary of the inhomogeneous phase domain. This
means that the dimensional analysis of section XA is
valid as the fifth force does not push towards a fragmen-
tation of the system down to very small scales.
The previous results were obtained in the small-radius

limit r → 0. In Fig. 22 we show the full radial trajec-

tories (β̂r, θr) over the thermodynamic phase diagram,
from R200c inward, for the NFW halos that were dis-
played in Fig. 14 at z = 0. As we move inside the halo,
towards smaller radii r, the density θr grows. The turn-

around of β̂r at θr ≃ −4 corresponds to the NFW ra-
dius rs where the local slope of the density goes through
γ = 2 and the circular velocity is maximum. At smaller
radii, r ≪ rs, the NFW profile goes to ρ ∝ r−1, hence
γ = 1. For model (II) (upper panel) this corresponds to
the Newtonian regime and we move farther away above
the inhomogeneous phase. However, for low-mass ha-
los, M . 1013h−1M⊙, at intermediate radii we are in
the fifth force regime, as seen in Fig. 14, and the tra-
jectory converges towards the upper boundary of the
inhomogeneous phase. These behaviors agree with the
discussion above and Eqs.(201)-(202). The transitions
between the Newtonian-gravity and fifth-force regimes
correspond to the discontinuous changes of slope in the
figure. For M = 1015h−1M⊙ there is no intermediate
fifth-force regime, for M = 1013h−1M⊙ it corresponds
to −1 . θr . 2, while for M = 1011h−1M⊙ the low-
radius boundary of the intermediate fifth-force regime is
beyond the scales shown in the figure. For model (III)
(lower panel) the small-radius density slope γ = 1 is in
the fifth-force domain and we can see that for the three
masses the trajectory converges to the upper boundary
θ+ of the inhomogeneous domain, in agreement with
Eqs.(201)-(202).
The results found in Fig. 22 suggest that for large-

mass halos, M & 1013h−1M⊙ at z = 0, the dimen-
sional analysis of section XA is valid. In the case of
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FIG. 22: Radial trajectory (β̂r, θr) over the thermodynamic
phase diagram inside halos of mass M200c = 1015, 1013 and
1011h−1M⊙, at z = 0. We show our results for the models
(II) (upper panel) and (III) (lower panel).

model (III) this would lead to an increasingly dominant
fifth force at small radii and characteristic velocities that
are higher than the Newtonian circular velocity. This
is likely to rule out this scenario. For low-mass halos,
M . 1011h−1M⊙ at z = 0, we find that a significant
part of the halo is within the inhomogeneous thermody-
namic phase for both models II and III. This may leave
some signature as a possible fragmentation of the system
on these intermediate scales into higher-density struc-
tures. This process would next lead to a screening of
the fifth force, as discussed for the Solar System and the
Earth in sections XB3 and XB4, because of the ultra-
local character of the fifth force. Indeed, because it is set
by the local density gradients, the fragmentation of the
system leads to a disappearance of large-scale collective
effects and the fifth force behaves like a surface tension
at the boundaries of different domains. Such a process
may also happen in the case of massive halo at earlier
stages of their formation, which could effectively screen
the fifth force in the case of model (III) where a simple
static analysis leads to a dominant fifth force at small
radii. However, a more precise analysis to follow such
evolutionary tracks and check the final outcomes of the

system requires numerical studies that are beyond the
scope of this paper.

XII. DEPENDENCE ON THE PARAMETER α

It is interesting to investigate how the results obtained
in the previous sections change when we vary the param-
eter α that measures the amplitude of the modification
to General Relativity. For illustration, we consider the
model (II) defined by Eq.(63), keeping χ̃∗ = −2. We
show our results in Fig. 23, where we compare the case
α = 10−6 considered in the previous sections with the
two cases α = 10−7 and α = 10−8.
In agreement with the discussion in Sec. VIA, the fac-

tor ǫ1 shown in the upper left panel, which measures the
amplitude of the modification of gravity at linear order
over field fluctuations, decreases linearly with α while its
peak is pushed towards higher redshift as zα ∼ α−1/3.
The smaller value of ǫ1 implies that the effect of

the scalar field on gravitational clustering is pushed to

smaller scales, as kα ∝ ǫ
−1/2
1 from Eq.(117), and hence

kα ∝ α−1/2. We can check in the upper right panel that
the deviation from the Λ-CDM linear power spectrum
is indeed pushed towards smaller scales as α decreases.
This also means that the deviation of the halo mass func-
tion is repelled to smaller masses, as we can see in the
lower left panel. At a given mass, the relative deviation
∆n/n decreases with α, but one can still reach deviations
of order unity by going to small enough masses.
As expected, the area in the (M,R) plane where the

fifth force is greater than Newtonian gravity shrinks as α
decreases, as we can see in the lower right panel. The up-
per branch at constant radius is pushed towards smaller
scales, as Rα ∝ α from Eq.(166). The lower branch
keeps the same slope and goes down at the very slow
rate R ∝ α1/7 at fixed mass [as can be seen from Eq.(171)
and the expressions of Rα and Mα]. Because the lower
branch is almost insensitive to α, the various galactic
structures shown in the figure remain along the border of
the fifth-force dominated region. They only progressively
leave this region, starting from the largest and most mas-
sive objects, as the upper branch is pushed downward.
Therefore, globular clusters and molecular clouds remain
sensitive to the modification of gravity until α becomes
smaller than about 10−10.

XIII. COMPARISON WITH SCALAR-FIELD
MODELS WITH A KINETIC TERM AND
TOMOGRAPHIC RECONSTRUCTION

The ultra-local models introduced in this paper can
be easily compared to models of modified gravity of the
chameleon type. These models are defined by two func-
tions, the potential V (φ) and the conformal coupling
A(φ) of a scalar field φ. They can be reconstructed from
two functions m2(ρ) and β(ρ), which are respectively the
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mass squared and the coupling to matter in an environ-
ment of density ρ, using the tomographic mapping [6, 19]

φ(ρ)

MPl
=
φBBN

MPl
−
∫ ρ

ρBBN

dρ
β(ρ)

M2
Plm

2(ρ)
, (203)

and we have

lnA(ρ) = −
∫ ρ

ρBBN

dρ
β2(ρ)

M2
Plm

2(ρ)
(204)

where we assumed that ABBN(ρ) is close to one, and

V (ρ) = VBBN +

∫ ρ

ρBBN

dρ
β2(ρ)ρ

M2
Plm

2(ρ)
. (205)

This parametric mapping defines all the models of the
chameleon-type such as f(R) models, chameleons, dila-
tons and symmetrons.

In the case of the ultra-local models, as the rescaling
A(χ) between the Einstein and the Jordan frames is con-
strained to vary cosmologically by less than 10−6, the
dynamics of the models can be equally understood in the
Einstein frame. Then, we can write the ultra-local model
in the same form as Eqs.(203)-(205), where χ̃ plays the
role of the reduced scalar field φ/MPl. The effective po-
tential reads

Veff(χ̃) = −M4χ̃+ ρ lnA(χ̃), (206)

where ρ is the conserved matter density, and the equa-
tion of motion (50) corresponds to the minimum of the
effective potential,

∂Veff(χ̃)

∂χ̃

∣

∣

∣

∣

χ̃min(ρ)

= 0. (207)

Thus, we recover the behavior of models of the chameleon
type, where the field is stuck at the minimum of the ef-
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fective potential since Big Bang Nucleosynthesis. At this
minimum one can define the effective coupling to matter

β1(ρ) ≡
d lnA

dχ̃

∣

∣

∣

∣

χ̃min(ρ)

(208)

and the effective mass

m2(ρ) ≡ 1

M2
Pl

∂2Veff
∂χ̃2

∣

∣

∣

∣

χ̃min(ρ)

=
ρβ2(ρ)

M2
Pl

. (209)

From β2 ≡ dβ1/dχ̃ = −β1d ln ρ/dχ̃, where we used
the equation of motion β1 = M4/ρ, we obtain dχ̃ =
−(β1/β2)d ln ρ. With Eq.(209) this yields

χ̃(ρ) = χ̃BBN −
∫ ρ

ρBBN

dρ
β1(ρ)

M2
Plm

2(ρ)
. (210)

Thus, we recover the same tomographic mapping as for
chameleon-type models, where χ̃ plays the role of the
rescaled field φ/MPl and β1 that of β in Eq.(203). We
can also write d lnA/dρ = β1dχ̃/dρ = −β2

1/β2ρ, which
yields

lnA(ρ) = −
∫ ρ

ρBBN

dρ
β2
1(ρ)

M2
Plm

2(ρ)
, (211)

which also coincides with Eq.(204). Finally, writing V =
−M4χ̃ and using M4 = ρβ1, we recover Eq.(205). This
completes the equivalence, at the background level, of the
ultra-local models with a subclass of the chameleon-type
models. Thus, the ultra-local models are defined by the
specific choice

ultra-local ∼ chameleon with β(ρ) =
M4

ρ
, (212)

while the squared-mass m2(ρ), or equivalently the cou-
pling β2(ρ), remains a free function. We recover the fact
that all ultra-local models can be defined by a single
function of the matter density, as was already seen in
section IV.
At the linear perturbation level, the chameleon-type

models modify the growth of structure as Newton’s con-
stant becomes space and time dependent [6, 18]

Geff = GN (1 + ǫ(k, t)), (213)

with

ǫcham(k, t) =
2β2(a)

1 + a2m2(a)
k2

. (214)

On large scales beyond the Compton radius (but still
below the horizon) we have

H ≪ k

a
≪ m : ǫcham(k, t) =

2β2(a)k2

a2m2(a)
. (215)

On the other hand, from Eq.(44) we find that on sub-
horizon scales the ultra-local models also exhibit a mod-
ified Newton constant with

H ≪ k

a
: ǫultra(k, t) = ǫ1(a)

2k2

3Ωma2H2
=

2β2
1k

2

a2m2
,

(216)
where in the second equality we used the definition (41),
ǫ1 = β2

1/β2, and the identification (209), β2 =M2
Plm

2/ρ̄.
Thus, we recover the result (215) of the chameleon mod-
els, over the intermediate scales H ≪ k/a≪ m.
So we find that the ultra-local models can be seen as

chameleon-type models when their mass terms are much
larger than the kinetic energy outside the Compton wave-
length of the scalar field. We will give an explicit model
with such a large mass in a companion paper where we
discuss the supersymmetric chameleons. However, we
should note that the correspondence found in Eq.(216)
is not complete as it breaks down inside the Compton
wave-length. From Eq.(209) and the estimate (108) we
obtain at low redshift

z . 1 : m2 ∼ ρ̄

α2M2
Pl

∼ H2

α2
. (217)

This means that the correspondence with the chameleon
models, in the low-k regime (215), applies up to m ∼
H/α. Since α ≪ 1 this means that it holds down to
scales that are much below the horizon, 1/m ∼ 3h−1 kpc
for α ∼ 10−6. However, for the ultra-local models that we
consider in this paper the rise with k of ǫ in Eq.(44) goes
on to much higher k, until we reach the cutoff of the the-
ory. Therefore, ultra-local models go beyond chameleon
models with a relatively large squared-mass m2; taking
the kinetic terms in the Lagrangian or the unit factor
in Eq.(214) to zero is not exactly the same as taking
m large in Eq.(214). This is also clear from the phe-
nomenology presented in this paper, which shows many
different qualitative features from usual chameleon mod-
els at short enough scale inside the Compton wave-length
of the chameleon scalar field.

XIV. CONCLUSIONS

We have introduced in this paper ultra-local models, a
class of modified gravity theories where we add a scalar
field with a negligible kinetic term to the Einstein-Hilbert
action and a conformal coupling to matter. This gives
rise to a new screening mechanism, which is not mainly
due to the non-linearity of the scalar field potential or
coupling function but to the absence of kinetic term. In-
deed, it is this feature that leads to the ultra-local char-
acter of the model, where the fifth force potential only
depends on the local density. This removes any fifth force
between isolated objects in vacuum. Another property of
this class of models is that the scalar field potential and
coupling function are degenerate, so that predictions only
depend on a single free function. We have then presented
a cosmological analysis of these scenarios.
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We have shown the ultra-local models recover the Λ-
CDM expansion history at a level of accuracy which is set
by a free parameter α of the theory but is always smaller
than α . 10−6. Moreover we have demonstrated that, for
some of the models considered in this paper, the results
obtained for the expansion history are stable if we add
a small initial kinetic term to the Lagrangian. We have
also checked that the non-linearities of the models do not
lead to strong back-reaction effects on the cosmological
background. In addition to the dark energy density to-
day, ρ̄de0, these models single out a characteristic density
ρα ∼ ρ̄de0/α and redshift zα ∼ α−1/3 & 100 where the
fifth force is the greatest.
At the linear level of cosmological perturbations, the

presence of the ultra-local scalar field has a major im-
pact on the growth rate of structures at small scales,
enhancing or diminishing it, even though the last case
corresponds to a model that is found to be unstable if we
add a small initial kinetic term to its Lagrangian.
We have studied the spherical collapse in this frame-

work showing that, due to the modification of the growth
rate at small scales, the halo mass function is substan-
tially modified in the low mass tail. However, it must be
taken into account that we have used a Press-Schechter-
like approach without considering qualitative modifica-
tions to the spherical collapse, which we may be taken
into account in future studies.
We have shown that due to the ultra-local behavior

of the theory, very dense environments such as the Solar
System are completely screened but on the other hand
the importance of the fifth force in astrophysical systems
with a continuous distribution of matter, such as galax-
ies or clusters of galaxies, may or may not diminish go-
ing towards the center of the objects depending on the
shape of the coupling function. This could provide very
stringent constraints on the latter, which may require a
better understanding of the possible modifications of the
halo profile for this theory and/or the use of numerical
simulations.
To study the non-linear and inhomogeneous regime of

the fifth force, which requires to go beyond perturba-

tion theory or the spherical collapse, we have presented a
thermodynamic analysis. This leads to a phase diagram
with a first-order phase transition. At at low temper-
ature (i.e. low initial kinetic energy) and intermediate
density, the system becomes inhomogeneous and splits
over domains of either larger or smaller density. We have
checked that this inhomogeneous transition does not in-
validate our cosmological analysis. On the other hand,
for small masses M . 1011M⊙, the ultra-local force may
alter significantly the landscape of inhomogeneities inside
the object. The study of this effect requires numerical
methods beyond the present work.

Then, we have briefly considered the dependence of our
results on the main free parameter α of these models. As
it decreases we slowly converge to the Λ-CDM scenario.
However, from α ∼ 10−6 down to α ∼ 10−8 we expect
some signatures on galactic or subgalactic scales. Indeed,
it is a peculiar feature of these modified gravity scenar-
ios that the fifth force appears to be most significant on
galactic scales, 1 pc−−10 kpc, whereas clusters of galax-
ies and astrophysical compact objects (stars or planets)
show no significant fifth force or are screened.

In the last section we have compared the ultra-local
models to chameleon-type models with a mass term that
is much greater than the potential one. Both scenarios
are similar outside the Compton wave-length of the scalar
but differ otherwise. We shall discuss a supersymmetric
implementation of ultra-local models in a companion pa-
per [30, 31].
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