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1 Introduction Upon fast enough cooling, most lig-
uids avoid crystallization and enter in a supercooled state.
In this supercooled state, the ’viscous slowing down” phe-
nomenon arises [1], i.e. the viscosity 7 of supercooled lig-
uids increases extremely fast when the temperature 7" is
decreased, this increase being even faster than Arrhenius
in the so-called fragile glasses. Below T}, the viscosity is
so high that the system is, in practice, a solid, the glass.
This glass transition is a longstanding issue of condensed
matter physics, since no direct structural signature has ever
been detected around 7}, contrary to what happens at the
crystallization transition [1]. Some progresses about the
glass transition were made in the two past decades, where
some experimental breakthroughs [2,3] as well as numer-
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ical works [6] established the heterogeneous nature of the
dynamics of supercooled liquids. These progresses led to
the important concept of “dynamical heterogeneities” [4,
5], according to which the relaxation events come from
collective motions of groups of typically N, molecules:
some of these groups are faster than others, but none of
them are permanent entities, they all evolve in time. It has
been proposed that the huge increase of 7 in supercooled
liquids comes from the fact that this number Ny, in-
creases as 1" decreases towards 7T;. The variation of Ncop,
with temperature thus became an important issue in the
field, triggering new theoretical ideas [7—10]. One of these
new ideas came from an analogy [10] with the well known
spin glass physics where the nonlinear susceptibility di-
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verges at T, reflecting the long range amorphous order
which sets in at the spin glass transition temperature 7.
Let us underline that no divergence occurs in the linear sus-
ceptibility of spin glasses due to the fact that two point cor-
relation functions are “blind” to this amorphous long range
order. This peculiar order is captured only by higher order
correlations functions, and thus by their associated non-
linear responses (through fluctuation-dissipation relations).
Based upon a generalized fluctuation-dissipation relation,
it was proposed in Ref. [10], that a similar phenomenon oc-
curs in supercooled liquids, with the key difference that the
peak of the nonlinear response x3 was predicted to occur
at finite frequencies of order 1/7(T") where 7(T') is the re-
laxation time of the supercooled liquid. For the first time, a
susceptibility was directly related to the quantity N, of
interest, allowing to scrutinize its temperature dependence.

2 Experimental setup Motivated by the new predic-
tion of Ref. [10], we have developed an experiment allow-
ing to measure the nonlinear susceptibility of supercooled
liquids by the detection of the third harmonics of the di-
electric polarisation P(t) [11]. The supercooled liquid fills
the space between two thick metallic electrodes separated
by a distance e, and is submitted to a field E cos(wt). As
a result, a dielectric response P; arises at w. P; is domi-
nated by the linear response Py;,,, corresponding to the lin-
ear susceptibility x7,, (w) + ix[;, (w) [11], and hereafter
the frequency where x;;,, is maximum defines the relax-
ation frequency f,, the latter being of order 1/7. Due to
the nonlinear behavior of the system, P(¢) contains higher
harmonics at frequencies nw, where n is an odd integer for
symmetry reasons (the even values of n would be allowed
if the field would contain a static part). The response Ps at
3w is thus the first signal which is directly proportional to
the nonlinear properties of the liquid. In pratice, P5 is dom-
inated by the third harmonics susceptibility xs of the lig-
uid (see [11,12] for a precise definition of x3). Due to the
weakness of P;/P;, we have developed a special bridge
technique, containing two samples of different thicknesses
ethin < 20um and e;picr = 2€4pin. This allows to get rid
of all the spurious 3w signals coming both from the source
and the voltage amplifier, and yields a sensitivity for P5/ Py
in the range of 10~7. Our experiment is described in full
details in Refs. [11,12]. The results reported here are for
glycerol, an archetypical glass former with 7;; ~ 190 K.

3 Results and discussion This high sensitivity
setup was used to fest the predictions of Ref. [10] which,
as evoked in the introduction, gives a relation between
x3 and the 7" dependent average number of dynamically
molecules N (T) through the following scaling form :

N €0(Ax1)%a®

X3 (wa T) ~ kBT NCO’!"I'(T) H (WT) B (1)
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Figure 1 (Color online) For glycerol, the modulus of the di-
mensionless nonlinear susceptibility Xs3(w,T) = x3(w,T’) x
ksT/[(Ax1)?a’co] is shown at two temperatures in the super-
cooled regime. For comparison, the corresponding quantity for
independent polar molecules, labelled | X3|¢riviai, is plotted as a
solid line (which does not depend on 7"). Both the humped shape
of 3 versus frequency, as well as its 7" dependence, are distinc-
tive features of glassy correlations. Inset: phase of X3 (same sym-
bols, phase of X3 triviar NOt shown).

where Ax; = x1(w = 0) — x1(w — o0) is the part of
the static linear susceptibility corresponding to the slow
relaxation process we consider, a® the volume occupied
by one molecule, and H a certain complex scaling func-
tion that goes to zero both for small and large arguments.
This humped shape of H comes out due to glassy corre-
lations [10]. To emphasize this point, let us consider the
case of independent polar molecules undergoing (non in-
ertial) rotational Brownian rotation. Their nonlinear di-
electric susceptibility is given (see [12,13]) by the first
prefactor of the right hand side of Eq. (1) times a func-
tion of wr which has two main features: i) it reaches its
maximum value at w = 0, ii) it does not depend on 7',
once plotted as a function of wr. This is why, in the fol-
lowing, we shall divide x3 by the prefactor of the right
hand side of Eq. (1), i.e. we shall focus onto the dimen-
sionless nonlinear susceptibility Xs3(w,T) = xs3(w,T) X
kpT/[(Ax1)?aeo). If Eq. (1) is relevant for supercooled
liquids, one has X3(w,T) & Neopr(T) H (wT). On the
contrary, for non-interacting molecules, | X3| is a steadily
decreasing function of wr and does not depend on 7T'. To
illustrate this point, we have used the analytical results of
D¢jardin et al. [13], and plotted, on Fig. 1, the values of
| X'5|¢rivia for independent molecules as a continuous solid
line. Here the label “trivial” emphasizes the fact that the
solid line on Fig. 1 has nothing to do with glassy correla-
tions.

In Fig. 1, two sets of data for glycerol are given, cor-
responding to 7" = 210.2 K and to 7" = 217.8 K, to il-
lustrate the main results of Ref. [14] where much more
data are reported. First, as predicted in Ref. [10], one ob-
serves on Fig. 1 that | X3]| is “humped”. Following Eq. (1),
this humped shape comes from the transient nature of the
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Figure 2 (Color online) For glycerol, the maximum value
X3,mae Of the modulus of X3(w) over frequency is plotted as
a function of 7. Its increase when 7" decreases is interpreted as
reflecting directly that of Neorr(T') (see text). The solid line is
the 7" dependence of 7" with an arbitrary normalisation at 202
K (see text).

glassy correlations, the lifetime of which is of the order of
~ 1/ fq: for f/fa > 1, the glassy correlations are not yet
established, while for f/f, < 1 the liquid “flows”, which
destroys the glassy correlations, leaving only the “trivial”
correlations above mentioned. This is why it was antici-
pated in [10] that the maximum of | X3| should arise for a
frequency f* of the order of f,; and Fig. 1 shows indeed
that f* ~ 0.21f,. Furthermore, |X3| decays as a power
law when f > f, as predicted in Ref. [15], this point is
illustrated in Fig. 2 of Ref. [14]. Last, defining, for each
considered T', X3 q(T') as the maximum of | X5(w, T)|
over frequency, one observes that | Xs(w, T')/ X3 maz(T)|
falls onto a unique master curve, depending only on f/ fs,
in agreement with the prediction of Eq. (1). This scaling
property can be guessed from the main part of Fig. 1, see
also Fig. 2 of Ref. [14], as well as from the inset where it
is shown that the phase of X3 falls onto a 7T-independent
master curve. Departures from this scaling occur at very
low frequencies and/or at the highest temperature of 225 K
reported in Ref. [14]. This is not surprising since in these
two limits the role of the trivial nonlinearities evoked above
is expected to contribute significantly to the measured X3.

Having checked that the main predictions of Eq. (1)
are relevant for the nonlinear susceptibility of glycerol, we
now move to the T-dependence of X3 4. (7). As shown
in Fig. 2, X3 4, increases when 1" decreases. By using
Eq. (1), we interpret this behavior as giving directly the
temperature dependence of N.,,.(T) when T decreases
towards T,. This is one of the main results of our study,
and a strong experimental evidence of a growth of the dy-
namical correlation length close to 7},. To further support
this interpretation, we plot on Fig. 2 the 7" dependence of
Txr defined by T'xr = max,,(T0(x};,(w)/Ax1)/0T).
As explained in, e.g. Ref. [8], T"x should be proportional
t0 Neor(T) up to an unknown prefactor proportional to
X0, Where xq is related to the correlation between the lo-
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Figure 3 (Color online) For glycerol |X3| is compared at T' =
204.5 K to the heating contribution arising from the modulation
of temperature at the frequency 2w coming from the dissipation
of electrical power in the supercooled liquid. The difference be-
tween the overestimated and damped heating contribution is ex-
plained in the text and in Ref. [12]. The heating contribution is in
any case negligible with respect to the values of | X'3| measured in
glycerol. To ease the comparison with heating at very large val-
ues of f/ fa, an extrapolation of the data of glycerol is plotted as
a dotted line, following the power law behaviour reported in Ref.
[14] at 210.2 K.

cal fluctuation of enthalpy and the orientation of molecules
[16]. If the amplitude of this “enthalpy-orientations” cor-
relation is 7-independent, then Ty captures the varia-
tion of the range of this correlation with 7', and xq is T'-
independent. In that case, Ty is a fair estimator of Neoy-r-,
up to an unknown constant prefactor [16]. Assuming that
xo does not depend on 7" for Glycerol, one can compare
the T'-dependence of T'x7 and of X3 ;4. In Fig. 2, one
sees that the T-dependence of both quantities are close
(the unknown prefactor was used to make 7y coincide
with X3 4, arbitrarily at 202 K). This shows that the sim-
pler method, introduced in [7] and used extensively in [9],
where Neopr(T) is drawn from Tyr is valid at least for
glycerol.

Expanding on the arguments given in Refs. [12,14], we
now comment on the possible contribution of the heating of
the liquid to our third harmonics measurements. This heat-
ing comes simply from the fact that the strong applied elec-
tric field leads to some dissipated electrical power p with a
d.c. component as well as a component ps (¢) oscillating at
2w. Before being absorbed by the thermal reservoir setting
the base temperature 7' of the experiment (hereafter rep-
resented by the metallic electrodes), this electrical power
has to travel across the sample of thickness e. As a result a
small temperature increase arises, containing a 2w compo-
nent §75 ~ po. By using, as an order of magnitude estimate
O0P(t) ~ (OPyn(t)/OT)0T(t), which involves a product
of two terms oscillating at w and 2w, one sees that a spu-
rious contribution to the measured Pj arises from 675(¢),
i.e. from a part of the heating phenomenon.

In order to estimate this spurious effect, we have to
compute §75(t) for a supercooled liquid of total specific
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heat ¢, and thermal conductance . As shown in Ref. [17],
the latter quantity does not depend on frequency, while the
former depends on f/ f, due to the fact that the slow de-
grees of freedom relevant for the glass transition cannot
equilibrate for frequencies larger than f,,. The heat propa-
gation equation for such a liquid surrounded by two ther-
mal reservoirs (i.e. the electrodes) separated by the dis-
tance e, is solved by decomposing the heating into spatial
modes of wave vector K = mm /e with m an odd integer.
After spatially averaging the heating over the sample vol-
ume, one finds, keeping only the dominant m = 1 spatial
mode [12]:

coX ), wE?e? cos(2wt — ¢o)

0Ty (t) =
2( ) 24kK4n 1+ (2thh)2

)

where ¢ = —m + 2arctan(xy/(x] — x1())), Ttn =
ce?(knm?), 2 = ¢ + arctan(2wryy) and € is the di-
electric permittivity of vacuum.

The simplest way to estimate the heating contribu-
tion Py p, is to set P3 j, = (OP1(t)/0T)0Tx(t), as evoked
above. This clearly overestimates P; j, in the case f > f,
because 075 (t) oscillates at a frequency larger than the typ-
ical relaxation frequency f, of the dipoles. A first estimate
of the damping of the effect of 675 on the polarisation is
given at the end of Ref. [12]. We shall not reproduce the
equations here. We shall just illustrate the heating contribu-
tion by Fig. 3, where the overestimated and damped heat-
ing contributions to | X3/ are plotted at 7" = 204.5 K and
compared to the measured values of | X3] at the same tem-
perature. The heating contribution is clearly negligible at
any frequency. A detailed analysis (to be published else-
where) shows that the heating contribution |Xs(f/fa)|n
globally increases with 7" -contrarily to | X3(f/fa)|-. The
fact that heating is negligible at 204 K at any value of f/ f,,
thus guarantees that this is also true for any lower temper-
ature. Last in the vicinity of f* ~ 0.21f, where | X3] is
maximum, the heating contribution is so small that it does
not affect the data reported in Fig. 2, even at the highest
temperature of 225.3 K.

Let us emphasize that the heating that we have just dis-
cussed above must not be confused with that of the “in-
homogeneous heating model” [18-20]. This “inhomoge-
neous heating model” intends to give a phenomenological
description of the intrinsic nonlinear effects in supercooled
liquids, and was shown to account for the nonlinear mea-
surements at w in, e.g., references [18-20]. In this frame-
work, each dynamical heterogeneity has its own fictitious
temperature on top of the temperature of the phonon bath.
Some more work is needed to give a thorough comparison
of this model at 3w and our data.

4 Conclusion To summarize, we have discussed the
behavior of the nonlinear susceptibility y3(w,T) of glyc-
erol for a temperature interval from T, 4- 4K to T, + 35K.
The predictions of Eq. (1) have been shown to be relevant
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for the experimental data, and this is why we interpret the
T dependence of the height of the peak of x3 as reflecting
directly that of N...(T"). We think that any model aim-
ing at describing the nonlinear susceptibility near the glass
transition should be able to account for both the modulus
and the phase of X5 reported here. Indeed, these two quan-
tities should contain important information about the dy-
namical correlations in the considered supercooled liquid.
Furthermore accounting for the modulus and the phase of
X3 will allow to obtain the absolute value of N,o-(T),
which is not possible at present due to the unknown ex-
pression of the function H. This is why, one can hope that
a detailed understanding of the kind of data reported here
will yield substantial progress in the modelisation of the
glass transition, and perhaps to unveil its possible link with
critical phenomena.
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