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ABSTRACT

We present a general formalism for incorporating the string corrections in generalised
geometry, which necessitates the extension of the generalised tangent bundle. Not only are
such extensions obstructed, string symmetries and the existence of a well-defined effective
action require a precise choice of the (generalised) connection. The action takes a universal
form given by a generalised Lichnerowitz—Bismut theorem. As examples of this construction
we discuss the corrections linear in o in heterotic strings and the absence of such corrections

for type II theories.
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1 Introduction

Generalised complex geometry [1,2] provides a geometric description of string theory that
makes its symmetries manifest. The generalised tangent bundle incorporates information
about the space-time geometry and the topology of the B-field and so is well-suited to de-
scribe the on-shell supersymmetry [3] and give a handle on understanding non-local symme-
tries such as T-duality [4]. In fact generalised geometry provides a compact description of the
full off-shell type II supergravity theories using a generalised version of the Levi-Civita con-
nection that encodes the geometry of NSNS fields. The geometrical description of the bosonic
theory was first considered in [5-7] using the language of Double Field Theory (DFT) [8].



The full theory with fermions was given using generalised geometry in [9] (see also [10] for
a subsequent DFT version, given to all orders in fermions). Suitable generalisations of the
basic construction, involving the exceptional groups Egy(4), describe all massless fields in type
IT string theory and M-theory in d — 1 and d dimensions respectively [11,12]. The dynamics
are again encoded by the corresponding generalised Levi-Civita connections [13]. That this
geometry also describes the full ten- or eleven-dimensional theory was recently shown in [14]
using the ideas of [15] and [16]. So far the generalised geometrical constructions have been

classical.

In this paper we shall address two natural questions concerning the extensions of the
formalism. The first question is whether it is possible to incorporate the o’ expansion in
the framework of generalised geometry.! If so, does the result agree with the known string
theoretic corrections? The second question may be thought of as a particular case of the
first. Is there a generalised geometric description of the heterotic strings? The problem here
is that the closure of the three-form H which, as will be reviewed in sec. 2, is essential for

the standard construction of [1,2] is no longer satisfied.?

Our conclusion will be that to correctly describe corrections generically one needs to
extend the generalised tangent space. There can be important topological restrictions aris-
ing from the construction of the extended tangent space E. The underlying supergravity
degrees of freedom and dynamics arise from choosing the appropriate sub-structures on F
and considering compatible connections. The action takes a universal form which arises as
a generalised Lichnerowitz—Bismut theorem [18]. A key new point here is that we naturally
obtain the correct gravitational connection in the Bianchi identity. The o/-corrected gener-
alised geometry in the heterotic string context has previously been considered in [19,20]. A
similar construction describing heterotic a’-corrections in the DF'T formalism was presented
in recent work [21]. These results can also be compared with [22], which takes a different
approach in the context of DF'T by perturbing the generalised Lie derivative and the O(n,n)
metric to include higher-derivative corrections. However, in the latter approach the extra
terms are not manifestly diffeomorphism invariant and, in addition, different generalised
tensors receive corrections at different orders in . As we discuss in section 6, the correct
geometrical framework to understand such corrections is as lifts into the generalised tangent

spaces described here.?

"'We shall not speak about the string loops and the g, expansion here.
2In type II theories we can think of H as a curvature and of the B-field as a connection on a gerbe. For

the heterotic string this is not longer true and leads to a number of subtleties explored in particular in [17].
3While this paper was being completed a discussion of further corrections to the generalised Lie derivative

for bosonic string theory appeared [23], now also depending on the dynamical fields. We will not comment

on the relation to the bosonic theory here.



The heterotic Bianchi identity provides a natural starting point. It reads schematically
dH = ;o/(tt FAF —trRAR) (1.1)

where the first term is built out of the curvature two-form R and the second of the gauge
field strength F' of either the gauge group G = Fg X Eg or G = SO(32). The word schematic
refers to the fact that we have not specified yet what connections are used in (1.1). A change
of connection will result in a shift on the right-hand side by an exact form. In a number
of applications, e.g. when determining the consistency of heterotic compactifications, one is
interested in the integrated form of (1.1), where the choice of connection is immaterial. On
the other hand, the manifest (0, 1) world-sheet supersymmerty together with the choice of a

hermitian covariant metric in space-time singles out the (torsionful) connection
- LC
Q" =w—3H. (1.2)

Here w®

€ is the Levi-Civita connection and H is understood as the o(n)-valued one-form
H,, = teatgpy H. A priori, there is a freedom in choosing the sign of H, but this choice is
correlated with the signs in the supersymmetry transformations.

The two terms in (1.1) present one with different types of problems. The gauge part
comes with new degrees of freedom and an enlarged local symmetry. So it is clear from
the beginning that new ingredients need to be added. For an Abelian gauge group the
situation is well-understood. As we shall review in detail, by considering a backgrounds with
a set of commuting isometries and dimensional reduction of an SO(n + d,n + d) structure,
one gets the Abelian version of (1.1) with two set of U(1)? fields.* More generally one
can reduce on a general group manifold and obtain the non-Abelian versions of (1.1). A
closely related notion, B, generalised geometry on a bundle TM & R & T*M is discussed
in [24-26]. Incorporation of the non-Abelian degrees of freedom requires a new extension of
the generalised tangent bundle. Locally £ ~ TM & ad Pg & T* M, where ad P is the vector
bundle for the adjoint representation of a Lie group G, that is, with fibres that are the Lie
algebra g of G. Such structures are known in the mathematics literature as transitive Courant
algebroids [27,28], and can always be constructed as dimensional reductions of conventional
generalised geometry on a group manifold.>. We refer to section 3 for explanations and
definitions. These structures were used in [19,20] to construct heterotic actions. On the
physics side, constructing heterotic theories by reduction has been discussed in [32,33], the

form of the generalised Lie derivative and the local generalised geometry in the DFT context

4We shall denote the dimension of the space-time by n (typically n = 10 or rather n = (1,9)). When we
talk about the backgrounds with isometries or dimensional reductions the number of compact dimensions

will be denoted by d.
SHeterotic flux (torsionful) backgrounds provide a natural context for applying these constructions [29,30]

The role of torsionful connections (1.2) in heterotic backgrounds has been discussed in [31].



is given in [34], and in [35] it is shown how such generalised structures via dimensional
reduction. There are global constraints associated with the extensions of the generalised
tangent bundle (to be reviewed shortly) but as far as the consistency of the construction
goes there are no restrictions on the choice of connection in the }lo/ tr ' A F factor.b

On the contrary, the gravitational contribution to (1.1) does not enlarge the symmetry
group. It is tempting and in many ways natural to consider GL(n,R) as a special case of
the gauge group (see e.g. [32]), so that together with the gauge part one is considering a
group G x GL(n,R). By doing so one can correctly reproduce the heterotic Bianchi identity.
Such an approach was used to reproduce the heterotic dynamics using generalised geometry
in [19,20]. The problem however is that the new extended generalised tangent bundle is too
large and there will be unphysical degrees of freedom. In particular, the GL(n,R) connection
in [19,20] has to be put in by hand. This is reflecting the fact that the GL(n,R) symmetry
is not independent but is the group that rotates bases for the tangent and cotangent spaces.
The solution is that when defining the dynamical degrees of freedom we specify a more refined
structure. In particular we identify an O(n) sub-bundle of GL(n,R) and then identify this
O(n) structure with one of the O(n) structures defined on the TM @& T*M part of the
tangent space. Thus the overall structure group is simply O(n) x G x O(n). We then require
that the generalised connections which define the dynamics are compatible with the refined
structure. We find we must slightly relax the constraint that the generalised connection
is torsion-free, and demand instead that all the connections that appear in supergravity
equations be unique. Remarkably, this procedure by construction gives the full Bianchi
identity (1.1) with precisely the connection (1.2). The generalised geometric construction
moreover reproduces the known fact that the supersymmetry transformation of the gravitino
should contain a covariant derivative using QF = w'C + %H . All this is in accordance with
the known string-theoretic calculations, but the discussion of the way the local data enters
in the construction of the extended generalised tangent bundle is new.

Finally, we may turn to the effective actions. As shown in [5,6,9] even though a generalised
Riemann tensor is not unambiguously defined by vanishing (generalised) torsion conditions,
the generalised Ricci tensor is. Moreover, the Ricci scalar gives the full NSNS part of the
effective action. The Ricci scalar can be constructed using the action of the generalised
connection on spinor representations [9], in a way that is closely related to a generalisation
of Lichnerowitz theorem due to Bismut [18], which states that there exists a pair of first-order
operators, a covariant derivative and a Dirac operator respectively,” such that the difference

of their squares is tensorial. The construction of the extended generalised bundle provides

6As will be discussed in subsection 3.4 the connection may be restricted by extra requirements, such as
T-duality covariance.
"Note that the Dirac operator here is not the trace of the covariant derivative. In general, the torsion

parts in the respective operators may involve different physical degrees of freedom.



us with the needed first-order operators (corrected up to order ~ o). The order o/ effective
action S is schematically written as

(DD, + DDy, — (P)?)e = 15€ + v ypeqe . (1.3)
It will not come as a surprise that D, D, (a =1,--- ,n) and D, (« = 1,--- ,dim(G)) are the
operators appearing in the supersymmetry variations of the dilatino, gravitino and gaugini
respectively. Naively the right-hand side of (1.3) contains not only a non-trivial scalar S but
also four-form I. However the latter is equal to the Bianchi identity and thus vanishes. In
section 5.3 we show that after adding an GL(n, R) factor and identifying the O(n) x G x O(n)
structure, we naturally find a composite fermion that corresponds to the gravitino curvature.
Making the variations of the composite field compatible with the variations of the gravitino
while preserving the condition that [ above vanishes actually induces a whole hierarchy of
higher order o/ corrections. This is the generalised geometric version of analysis of [36].

The appearance of a generalised Lichnerowitz—Bismut theorem is not an accident. As we
discuss in section 7, it is a generic consequence of supersymmetry. We show that one can
construct a general formalism by which generalised geometry can be viewed as an infinite-
dimensional version of the embedding tensor formalism [37]. The generalised Lichnerowitz—
Bismut theorem is then simply a result of a supersymmetric Ward identity [38,39].

Interestingly, if one tries to apply this same set of ideas to type II theories (this suggestion
goes back to [32]) and consider an extended generalised tangent bundle with G = O(n)xO(n)
and then try and identify these with the O(d); and O(d)- acting on TM @ T*M, one finds
one cannot consistently choose a generalised connection compatible with O(n) x O(n). As
will be explained in detail in Appendix A depending on the allowed choices, one either
ends up with ambiguities in the effective action or in the Bianchi identity. Hence dH = 0
is the only consistent choice. The absence of corrections linear in ' in theories with 32
supercharges is well known, but the exercise is instructive and shows that the outlined
procedure is restrictive.

In a slightly different direction, one can take the extended generalised generalised tangent
space E ~ TM @ ad Pg @ ad Pgrnr) © T M, where we now take Pgrnr) to be the frame
bundle and try to restrict the symmetry parameters to elements of TM @& ad Pg & T*M,
that is diffeomorphisms, B-field gauge transformations and gauge transformations of the
G-connections. To do so we need to determine a GL(n,R) transformation in terms of a dif-
feomorphism. This requires a lift of vectors, essentially defining the GL(n,R) transformation
via

L,e* = A"e’ (1.4)

where v € I'(T'M) is the generator of a diffeomorphisms, A € I'(ad Pgrmpr)) and e is an



arbitrary section of the frame bundle.® This states that the GL(n,R) transformations are
generated by the action of diffeomorphisms on the auxiliary frame e*. Note that due to the
appearance of the Lie derivative £,, (1.4) does not define a subbundle of the generalised tan-
gent bundle. Rather, it defines a subspace in the space of sections on the original bundle E.
In section 6 we show that inserting (1.4) into the natural metric on F and the corresponding
generalised Lie derivative leads to terms that look like higher-derivative corrections to the
conventional expressions in the unextended case where ' ~ TM & T*M. In fact, when
restricted to coordinate frames (and hence written in non-manifestly covariant form), these
corrections match the o/ corrections recently computed in DFT [22]. However, in our con-
text, viewing them as corrections is somewhat misleading, and not only because manifest
diffeomorphism invariance is then lost. Globally the generalised vectors are sections of the
extended generalised tangent space and not the conventional one: the only way to make
sense of these expression is in terms of the extended space. Note that related discussions to
this point recently appeared in [21,40].

As we see the complete construction requires both global and local considerations. As
mentioned, some of the former have appeared in the maths literature, in the context of
transitive Courant algebroids, as have aspects of the latter, though without giving a natural
explanation for the appearance of {2~ in the Bianchi identity. The extension of the construc-
tion needed to correctly cover the gravitational contributions to the Bianchi identity and the
important appearance of the local data is new. Our results for the effective action reproduce
the known «o/-corrected supersymmetric actions, but the “all-at-once” construction, based
on the generalised Lichnerowitz-Bismut theorem, presented here is also original.

So far we have mostly concentrated on the heterotic Bianchi identity, with type II just
providing an illustrative example of how a complete construction may rule out certain cor-
rections. However we think that the main principles/ingredients should apply in a more

general discussion as well:

Extensions The first step is always to extend the generalised tangent bundle. We have
discussed here the most intuitive extension using the local gauge symmetries of the theory.
However one might expect generically a series of extensions, perhaps most naturally mirroring
the local symmetries of the hierarchy of massive states in the corresponding string theory.
The extended space always admits a conventional generalised Lie derivative that is first-
order in the derivative. In the general formalism this can be regarded as identifying the
infinite-dimensional analogue of the embedding tensor. These objects are then the main
building blocks of the construction. They in particular determine the possible corrections to
the Courant bracket.

8Changing the choice of section e® corresponds to a gauge transformation in G. Therefore, the choice of

e® fixes a gauge in G.



Obstructions  The extensions are obstructed. The triviality of the total (gauge and
tangent bundle) Pontryagin class is well known and has been much used in heterotic com-
pactifications. Yet crucially, H is not a curvature of a gerbe. In the type II case all possible
extensions preserve the gerbe nature of the B-field, and eventually result in the absence of
corrections linear in . This happens due to subtle cancellations and there is no reason that

further (e.g. (a’)?) corrections should not appear.

Connections One may allow for the possibility that the extended generalised tangent
bundle may have more symmetry than needed. It is important that the connections are

compatible with the correct symmetries. This compatibility may in turn impose restrictions.

Local actions The generalised Lichnerowitz-Bismut theorem allows the computation of
effective actions starting from the extended generalised tangent bundle. The procedure is
somewhat different from computing supersymmetric completions. It is important to note
that a particular correction to a given order in o’ may induce all order corrections in the
effective action (as is the case with the heterotic Bianchi identity [36]). On the other hand,
a family of corrections (a priori all orders in ) in the effective action should trace back to
a single extension of the generalised tangent bundle. A particular higher-derivative coupling

may belong to different families and be derived from different extensions.

The paper is organised as follows. After reviewing some facts on generalised geometry
in the beginning of section 2, we show in subsection 2.1 how its dimensional reductions
give rise to a non-trivial Bianchi identity. Section 3 is concerned with the incorporation
of non-Abelian gauge groups in generalised geometry and the construction of the extended
generalised tangent bundle. In particular, in subsection 3.1 we discuss how a non-trivial
Bianchi identity arises in generalised geometry, and discuss the symmetries in subsection
3.2. In subsection 3.3 we then discuss an analogous construction for the gravitational part of
the Bianchi identity and in subsection 3.4 we discuss the importance of choice of connections
for symmetry properties, such as T-duality. The significance of such a choice is further
elaborated on in our discussion of the effective actions in section 4 where we consider the
coupling of the N = 1 ten-dimensional supergravity to Yang-Mills. We start by identifying
the physical degrees of freedom and by constructing the generalised connections in subsection
4.1, which are then used to write down the action and equations of motion in subsection 4.2.
Section 5 is devoted to the o/ corrections in heterotic strings. In particular, in subsection
5.1 we explain why Q~ is the necessary (composite) connection for the gravitational part of
the Bianchi identity. The equations of motion up to order ~ o’ are discussed in subsection
5.2, while the inclusion of higher order o' corrections in the effective action is the subject
of subsection 5.3. We also show how the consistency of the extended generalised tangent

bundle prevents the appearance of corrections linear in o' in type II theories. For the



fluency of presentation, we have placed this discussion in Appendix A. Section 6 discusses
how the construction of the extended generalised tangent bundle reflects on corrections to
the Courant bracket. In section 7 we show how to construct a general formalism by which
generalised geometry can be viewed as an infinite-dimensional version of the embedding
tensor formalism. Finally we conclude with a speculative section 8, where the modifications

of the Bianchi identity due to the presence of NS5 sources are discussed.

2 Basics of generalised geometry

We first very briefly review some basic notions in generalised geometry [1,2], which can be
thought of as giving a geometric formulation of the NSNS sector of type II theories, namely
the metric g, B-field B and dilaton ¢. The bosonic symmetries of the theory are

1. diffeomorphisms (g, B, ¢) — (9 + L,9, B+ L, B, ¢ + L,9) ,

2. gauge transformations (g, B,®) — (g, B — d\, ¢).
where L is the Lie derivative. The symmetries are therefore generated by vectors v and
one-forms A. These are combined in the generalised tangent bundle into generalised vectors.

More precisely, the generalised tangent bundle £ on a manifold M is defined as a particular
exact extension of T'M by T M

0—T"M —FE - TM — 0. (2.1)

Generalised vectors are sections of E. Locally they can be written as V =v+Aor V = (v, \)
where v € I'(T'M) and A € I'(T*M). In going from one coordinate patch U; to another Uj,
we have to first make the usual patching of vectors and one-forms, and then give a further

patching describing how T*M is fibered over T'M in E. The latter is given by

V() = V() »

(2.2)
AG) = AG) gy AAGg) -
This corresponds to the patching
By = B(j) — dAgj) - (2.3)
There is a natural O(n,n) pairing on F, given by
(V,W)=2Lip+2i,A, where V= (v,0), W=(w,p). (2.4)

The differentiable structure on E is encoded in the generalised Lie derivative defined as

Ly W = [v,w] + Lyp — tpd X (2.5)



This has the Leibniz property
Lv,Lw] =L, w = Lywy (2.6)
where the Courant bracket is defined as the antisymmetrization

[V,W] =1 (LyW — Ly V) = [v,w] + Lop — LA — 2d(tup — 1)) - (2.7)

1
2
The inner product (2.4) is invariant under the generalised Lie derivative, i.e.

(LW, U) + (W, LyU) = LW, ) . (2.5)

In addition to diffeomorphisms, the action A — A\—, B is an automorphism of the generalised
Lie derivative if dB = 0. If however H = dB # 0, it transforms as

Lesy (ePW) = P (Ly W + 1y, H) . (2.9)
Note that here H = dB, and correspondingly
dH =0. (2.10)

The NSNS fields define a generalised metric G. To include the dilaton, one considers
the weighted generalised tangent space E = det T*M ® E which admits a natural action of
O(n,n) x R, the RT corresponding to a rescaling of the weighting. A generalised metric
G is an O(n) x O(n) structure. It defines an isomorphism E ~ F together with a splitting
E =C, & C_, with the orthonormal generalised vielbeins on Cy given by

Ej = e_2¢\/—g (é;r + e: + ié;B),
Eg =e ¥ /=g (ég —e; + iégB),

are orthonormal bases for g in TM and e* their duals. The two O(n) groups act

(2.11)

where é*

separately on Et and F~ and
(Ef,E) = [vola|? 6, (E; B ) = —|volg|* 65, (Ef, E;) =0, (2.12)

where |volg| = e72?y/=g. In the special case where the two frames are aligned, so e = e, =

€aq, it is conventional to also define generalised vielbeins of the form

. e’
Ey=e*—g : (2.13)
€a+ Le, B

such that

1 0

In the next section we will see how by dimensional reduction we obtain a non-zero right-

. 1 0 1
<EA,EB>_§|v010|2< ) (2.14)

hand side to (2.10). We will do the simple case of a circle reduction, which is enough to

understand the idea, and can be somewhat easily generalised to tori reductions.



2.1 Circle reductions and Bianchi identities

From a dimensional reduction we can obtain a right-hand side to the Bianchi identity of the
form given by the contribution from (an Abelian) gauge bundle in the heterotic theory. This
will allow us to get some intuition on the concepts introduced in the next section.

Consider an (n + 1)-dimensional manifold M that is a circle fibration with base M. The
generalised geometry on M has an O(n + 1,n + 1) structure invariant under a U(1) action
generated by a vector 0/0,,, where locally ¢ parametrises the circle fibration. If we require

all the fields to be independent of ¢, the metric on such a background takes the form
ds* = ds? +e’(dp + C1)? (2.15)
where
Gy =dC, (2.16)

gives the field strength of the fibration. Moreover, we can also decompose the field strength
H of the B-field as
H = H3+ Hy A (dp + C) (2.17)

where 19, Hs = 0.
If we started with a trivial Bianchi identity (2.10) in n + 1 dimensions, we find now for
the n-dimensional fields
dHs = —Hy N Go | dHy; =0, (2.18)

i.e. a non-trivial Bianchi identity. If we define
Fr=1H,+£Gy), (2.19)
we end up with the Bianchi identity
dH3 =F ANF~ —FTAFT | (2.20)

which can be viewed as an Abelian version of (1.1). If we reduce the two-form gauge field
B itself, using
B = By + By A (dp + C) (2.21)

we find
H3 = dBQ - Bl VAN G2 5 H2 - dBl . (222)

Under the redefinition (2.19) the first equality becomes
Hy =dBy + A~ ANdA™ — AT AdAT (2.23)

where we defined
By=DBy+ A" NAT, A*=L(B +0O) (2.24)

10



and we have F* = dA*.

The generalised vielbein (2.13) now reads

ea

ef(dp + C
pa= | et (2.25)
éa + Lea32

¢ (0 + B1)

Note that T-duality along ¢ just amounts to an exchange of G5 and H, (and of course an
invertion p — —p). In other words it maps A* — +A*, while H3 and B, are invariant.
Recall that the B-field must be patched as in (2.3). On triple overlaps one has the gerbe
structure
Aijy + Agry + Ay = diji (2.26)

with g;jx = exp(4ma/iA;jy,) satisfying gjklgi_kllgijlgi;]i = 1 so that H is quantised. Assuming all
the gauge transformation parameters are independent of ¢ it is easy to see that this implies
that the B; bundle is trivial, and hence the Pontryagin classes [F'~ A F~] and [F A F*] are
equal in cohomology, as required by the form of (2.20).

Forgetting about the circle as a physical direction, we can view the above construction
as n-dimensional generalised geometry on M with two U(1) gauge groups. The symmetries
are now

1. diffeomorphisms ,
2. one-form transformations B+ B —d\,

3. gauge transformations (AT, A7)+ (AT +dAT, A~ +dA7) .
Geometrically, the bundle in consideration becomes TM & R ® R & T*M, the two R factors

corresponding to the adjoint representation of the U(1) groups, and there is a scalar product
(VW) = 20,0 + 30A + ATET —A787 | (2.27)

where we defined V' = (v, AT, A7, \) and W = (w, X", X7, o). Furthermore, the generalised
vielbein is given by

a

Em

+ + A+
+ AL
B = Ty : (2.28)
[+ A,
éq + (Le, B2)m
where f* are some non-vanishing functions giving a basis for the two R bundles.
We find a generalised geometry whose Bianchi identity is sourced by the first Pontryagin

class of two U(1) bundles. Similarly, one can also discuss the Bianchi identity with only one

11



U(1) bundle, giving rise to B, generalised geometry on a bundle TM &R @ T*M [24-26]. In
section 3.1 we will discuss non-Abelian gauge groups in generalised geometry by generalizing
the bundle construction employed here to the non-Abelian case.

Let us now consider the generalised Lie derivative (2.5). After the circle reduction (as-
suming that the generalised vectors do not depend on ¢) we find that the generalised Lie

derivative splits into
LyW = Low+ Lyp — tpdN+25TdAT =28 "dA™ + L,XT — L AT+ L, — LA™ . (2.29)

Notably, the one-form transformation has a non-trivial contribution from gauge transforma-
tions. Note that the scalar product (2.27) obeys the relation (2.8) with this generalised Lie
derivative (2.29). The Courant bracket then gets modified to
[V, W] =[v,w] + Lop — LA — 5d(tep — tpA) + AT — ATAET = Z7dA™ + A7dE
+ LY — LAY+ L, — LA
(2.30)
Before dimensional reduction, shifts by B were automorphisms of the Courant bracket if
dB = 0. This together with shifts in A; such that Fy = dA; = 0 give the automorphisms of
(2.29), that are transformations induced by By and A%,
By : (v,\) = (v, A — 1, Bs)
AT = A*
AT (0,0 = (v, N £ 20FAT F (1, AF)AY) |

A = AF - AT

(2.31)

From (2.9) we can also compute the transformation behavior if By and A are not closed,
that is

Losoy (€P2W) =eP2 (Ly W + 141,dBs) |
Loaty (€ W) = (LyW + 2(5 %0, — A1) FH — 10 (AT AAAY) + 1,0,(dAT)) , (2:32)
Loa—y (e W) =e* (LyW — 2(5 1ty — A1) F™ + totw(A” AdAT) + 11, (dA7))
Puting everything together we can defined the twisted generalised Lie derivative
Ly W = LyW+2(3F 1y — A1) FT—2(57 10— A1) F ™+ byt Hy+ Lot F ¥ 100, F7) . (2.33)

with the correction terms combining into the gauge-invariant field strengths Hs and F*.
The simple calculation presented here exemplifies many of the points we will see in
the more general set-up. We shall turn now to considering a non-Abelian gauge group G.
Formally one may take G to be a product group and have an GL(n,R) or O(n) factor. Trying
to identify this GL(n,R) factor with gravitational contributions to the Bianchi identity is

associated to a number of complications, the discussion of which is the essential part of this

paper.
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3 Non-Abelian gauge groups in generalised geometry

In this section we will discuss different aspects of incorporating non-Abelian gauge sym-
metries in generalised geometry. This gives the geometrical basis for describing N = 1
supergravity coupled to super Yang—Mills theory, and also o/ corrections.

We have already seen how Abelian groups can appear from a reduction on a circle. For
non-Abelian groups the basic construction is by reduction on a general group manifold. In
the mathematics literature, this is known as a “generalised reduction” [41]. The result-
ing extended generalised tangent space with the corresponding generalised Lie derivative is
known as a “transitive Courant algebroid”. That such algebroids can be constructed by
reduction was first observed by Severa [28] (see also [27] for a discussion) and first discussed
in the generalised geometric context in [24,25] and [26]. It was specifically applied to the
heterotic theory in [19,20]. We note that a Courant algebroid is a vector bundle £ with a
map 7 : £ — TM, a Dorfman bracket (or generalised Lie derivative) Ly € I'(E) and an
(indefinite) metric <U, V>, with the properties

(1) [Ly,Ly]W = L,vW,
(2) (LoV.W) + (V,LyW) = tyind(V, W), (3.1)
(3) LyV =24(V,V).

Using the metric one can define the dual map %71'* :T*M — FE, and in the last equation this
is used to interpret the one-form on the right-hand side as an element of E. The Courant
algebroid is transitive if the map 7 is surjective, and is exact if it is transitive and the
sequence T*M — E — T'M defined by 7 and %TI‘* is exact. It is crucially the third condition
that means that transitive Courant algebroids encode a non-trivial Bianchi identity for H.
In the physics literature, the reduction picture was discussed in [32, 33|, the form of
the generalised Lie derivative and the local generalised geometry in the DFT context is
given in [34], and in [35] it is shown how such structures appear by effectively a generalised

reduction.

3.1 Symmetry algebra and patchings

We saw in the previous section how a reduction on S! led to a theory with two U(1) gauge
fields, which could be described by an extension of conventional generalised geometry, with
a generalised Lie derivative given by (2.29). Necessarily the total Pontryagin class of the
bundle was zero. We now review how this extends to the non-Abelian case with group G.

One way to view the structure is again as a reduction from higher dimensions, this time

13



choosing a space which is a fibration with fibre GG, that is a principle bundle.” However, one
can also just construct the generalised geometry from first principles using the non-Abelian
analogues of the objects defined in the previous section, or equivalently, the symmetries of
N = 1 supergravity coupled to non-Abelian gauge theory. For simplicity this is the approach
we will use. Again we will see that the total Pontryagin class of the gauge bundle has to

vanish. This is encoded in the Bianchi identity of the form
dHs; =tr FAF (3.2)

where F' = dA + A A A is now the field strength of some non-Abelian gauge field A. This
will be the starting point of the construction.
The non-Abelian version of (2.23) realizing (3.2) is

H; =dBs + ws3(A) , (3.3)
where the Chern—Simons three-form ws3(A) is given by
wi(A) =tr (ANF — 1A%) . (3.4)
Under a finite gauge transformation
A A =gAg " +gdg! (3.5)

one finds
w3(A') = w3(A) +dtr (¢ 'dg A A) — S tr (gdg_l)3 . (3.6)

The final term is closed,'® thus locally we can write
sor(9dg™)” = dua(g) . (3.7)
and hence to keep H invariant, one actually transforms
B+ B'=B—tr(g7'dg A A) + pa(g) - (3.8)

Infinitesimally the three transformations are generated by vectors v for diffeomorphisms,
one-forms A and Lie algebra elements A.
As before, we can combine these into a single object V' = v + A 4+ X such that

Ay — A + [Aa), Ap)
Biiy = dAg) — tr (dAg A Ag) -

V()

(3.9)
U(s)

9The S! reduction gave U(1)? with a trivial U(1) factor from the reduction of the B-field gerbe. In the

following, we will simply keep a single G factor.
10 Actually it must be since dwz(A) = tr F A F is a gauge invariant four-form.

14



Egs. (3.5) and (3.8) imply that the patching (2.2) is now of the form (cf. (2.31) for the
Abelian case, without diffeomorphisms)

V(i) =VG)

gy =dAGy — Lo, dAj) + 2d tr (A(j)g(j})dgu‘j)) +dtr [(cvg(ij))dg(;}) (3.10)

+ d<LU(J’>IU/2(g(ij))) )
-1 -1
Ay =96 Ni»9az) + 96 Loy 9y -

There is an ambiguity in integrating the second relation but we can choose it such that

V() = V() o

Ay = AG) = b, dAqy) + 2tr <A<j>9<§§)d9<z'j>) + tr [(ﬁvg(z‘ﬂ)dg(ij)] + togyi2(9a7) - (3.11)

-1 -1

Ay = 96 N9 + 96 Loy a5 -
The first two terms in the second line are the usual patching one takes for the generalised
tangent space, eq. (2.2). The last three terms are corrections which describe how the B-

patching is twisted by the gauge bundle.

We can view (3.11) as defining a generalised heterotic tangent space
E~TM @®adPs®T"M (3.12)

where ad Py is the adjoint bundle with fibres in the Lie algebra g of G. The bundle is
naturally defined as an extension using the patchings (3.11). Crucially, we have seen that
such an extension is only possible if the gauge bundle has trivial first Pontryagin class.
This space has the natural metric, invariant across patches, given by the non-abelian
generalisation of (2.27)
<V, W> = %Lva—l— %Lw)\—l—trAE ) (3.13)
We note that this gives E the structure of a O(n,n 4+ dim G) bundle, where dim G is the
dimension of G. The differential structure is given by the generalised Lie derivative (2.29)
where the last term gets an extra contribution with repect to the non-Abelian version, i.e.

we have

LW =Lw+ LY — LA+ [N, ]+ Lop — tpd\ + 2tr 2dA (3.14)

where V' = v 4+ A + A. Similarly, the Courant bracket is given by the antisymmetrisation
[V,W] = 1Ly W — Ly V. It takes the form

[V, W] = [v,w]+ L,E = LA+ [A, B+ Lyp— LA — 3d(op— 1) +tr(SdA — AdY) . (3.15)

and since Ly, Ly] = Ly it reproduces the algebra of the variations (3.9) by [0y, dw] =
dpvwy- 1t is easy to check that Ly W satisfies the conditions (3.1) and so defines a transitive

Courant algebroid.
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3.2 Splittings and automorphisms

Given the symmetries of the underlying supergravity we expect that the construction is
invariant under under combinations of diffeomorphisms, closed B-shifts, pure-gauge “A-

shifts” and global gauge transformations

B-shifts: A+— A —,B dB =0,
A = A+ 2tr(AA) — tr[(,A)A]
A-shifts: r(A4) = trl(e,A)A] dA+ANA=0,  (3.16)
A —A—1,A,
global gauge: A+ gAg™* dg=0.

These preserve the metric (3.13) and furthermore are automorphisms of the generalised Lie
derivative (3.14).

More generally, we can view generic choice of A and B as providing a splitting of the
generalised tangent space, that is, an explicit isomorphism E ~ T'M @ ad P & T* M, which
allows us to take a combination of vectors, gauge parameters and one-forms and lift them
into a section of E. Writing this map as ePe? we find, for generic A and B shifts, the

generalised Lie derivative transforms as
LosoayePed V! = ePelL, V', (3.17)

where

Ly V' =[v,0'] + LN — 1ydX + 2tr(A'DA) + 2tr(A't, F) — 2tr(Avy F)

3.18
+ byt H + [N, N+ 1, DN — 1y DA + 141, F ( )

and where we introduced the gauge covariant derivative DA = dA + [A, A] and the field
strength ' =dA+ AA A.
Note also, that there are vector duals of A-shifts, which we might call a-shifts

= v+ 2tr(Aa) — tr[(toM\)a]
a-shifts: oy r(Aa) = trl(ad)al (3.19)
A= A=\,

which are the analogues of f-transformations (and similarly fail to preserve the bracket).

These are the complementary elements in O(n,n + dim G).

3.3 Extended generalised tangent space for G x G

As the first step towards understanding the gravitational contribution %O/ tr R A R to the

heterotic Bianchi identity (1.1) let us consider an extension by a product group G X G,
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where G = GL(n,R). We will also now include explicit factors of a/. Of course by treating
the gravitational connection w = A as independent G connection, we introduce unphysical
degrees of freedom. For now, let us not worry about that and simply take advantage of the

fact and in the “new” Bianchi identity
dH = Lo/ trFAF—trFAF] , (3.20)

the gravitational contribution takes the familiar form and can be treated like a gauge one.

In particular
H=dB+ %LO.//(Wg(A) — wg(fl)), (3.21)

where ws is given by (3.4). The gauge fields A and A transform under gauge transformations
as
A gAg 4 gdg™t, A GAGT 4+ gdgt. (3.22)

This implies that B transforms as

B — B—id (tr (97'"dg A A) —tr (§_1d§ A 121)) + 10’ (p2(g) — p12(9)) - (3.23)

For the patching of the generalised tangent bundle we find (similar to (3.11))

V) =VG)
Aw) =AG) = by Ay + 30 ( (A 1935 4965) ) - (A 93 41 m))
+ %10/ <tI‘ <(£vg(ij )dgi" ) —tr ( vg (i5) )) + a Lv(]) H2 g(ZJ)) - M2(§(ij))> )

Ay =965 M) 955 + 96 Loy 9

Ay =96 M9 + 96 Loy 95
(3.24)

The scalar product reads
<V, V’> = %LUX + %LU/)\ + io/(tr(AA’) — tr(AA)) (3.25)

and is invariant under the patching given in (3.24). The generalised Lie derivative is given
by

Ly V' =[v, 0] + LN — td) + o/ (tr A'dA — tr A'dA)
o _ _ 3.26
A A+ dA — pdA £ [A, A’] + iy d — 1pdA (3:26)

and the Courant bracket by

[V, V'] =0, 0]+ LN = LA — 5d (1, = 10 N)
+ 3/ (tr(A'dA) — tr(AdA) — tr(A'dA) + tr(AdA)) (3.27)
+ [A, N] + (1, dA — 1y dA) + [ } (LUdA' — Wd]\) )
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The relative minus sign between the two terms in (3.20) is a matter of trace conventions
for G and G respectively and is reflected in our construction of E. However, we shall see
that once chosen this relative sign propagates to the the effective action and the F2 and F2
terms will also have opposite signs. This will be addressed in sections 4 and 5.

We shall now have a preliminary discussion of the effect of choosing G = GL(n,R) on the
Courant brackets and how imposing extra symmetry properties, such as T-duality, covariance

may restrict the so-far unconstrained connections.

3.4 Local data: isometries and T-duality

In section 2.1 we reviewed the circle reduction in generalised geometry. We will now redo
the analysis in the extended case, and study the effect of the presence of a gauge group in
the higher-dimensional theory. Once again, the Bianchi identity (3.2) will be our starting

point and we introduce a shorthand for the right-hand side
dH = X(F) . (3.28)

We have already seen how the generalised geometry restricts the topology of the gauge
bundle. The reason for redoing this exercise is to study the role of the connections themselves,
and see how they can be restricted by the constraint of realising of T-duality. This leads us
in to the local constructions of sections 4 and 5.

As already explained, X (F) is exact, i.e.
X(F) = rdw(A) , (3.29)

where w(A) in the case of X = ktr(F?) is given by the Chern-Simons term (3.4). Using the
decomposition (2.17) and

X(F) = Xy(F)+ X3(F) A (dp + Cy) (3.30)
the Bianchi identity (3.28) translates into
dH3 :X4—H2/\G2 R dHQ :X3 . (331)

We can replace X, and X3 by the components ws and wy of the Chern-Simons term w(A),
with

W(A) = W3 + Wo A (dgo + Cl> . (332)
We find that
ng = /idu)‘g, - ég N G2 s (333)
and
dGy =0, (3.34)



where we defined
ég = HQ — RWwsy . (335)

In order to understand the properties of w3 and ws, we dimensionally reduce the gauge
connection A, i.e.

where A; is the lower-dimensional connection while the Wilson lines a transform tensorially

under lower-dimensional gauge transformations, i.e.

A= ghigT +gdg™ . a—gag, (3.37)
where g does not depend on ¢. From (3.32) and (3.4) we find

w3 :tr(A1 VAN dA1 -+ %A?) -+ tl"(CLAl) A G2 s

wy =tr(A; Ada + adA; +2aA; A Ay) + tr(a®)Gy . (3.38)
By defining the gauge-covariant derivative D on a as
Da = da + [Ay, 4] , (3.39)
we can rewrite wy in a tensorial way as
wy = tr(DDa) + tr(a®)Gy , (3.40)

which means w» is gauge invariant and therefore globally defined, which in turn means that
G in (3.35) is globally defined. Moreover, defining

1'—:[3 = Hg — %tr(Da) VAN GQ 5 (341)
we can solve (3.33) by
Hy = dBy + kw(A)) +w(A7) —w(A') (3.42)

where AT are the gauge connections for F'* = (ég + (G5). Furthermore, the two-form gauge

1
2
field By appears in the decomposition of B as

In total, the Bianchi identity of the lower-dimensional three-form field strength Hs reads
dH; = ktr(F2) + tr((G7)?) — tr((G1)?) . (3.44)

We can now consider T-duality on the circle. This will exchange G5 and G, and we see

that the three-form Hj has been constructed such that it remains invariant. Furthermore,
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also the gauge fields A; must transform such that tr(F3) is T-duality invariant. Examples
are A itself being invariant or anti-invariant. The Wilson lines a on the other hand can
have a very non-trivial transformation behaviour.

If A is simply a connection in G these constraints are rather mild. However, let us now
turn to the gravitational connection A in G = GL(n,R). The invariance of the horizontal
part of tr ' A F immediately implies that A cannot be the Levi-Civita connection but must
involve H, since T-duality exchanges metric and B-field components. In fact as shown in [42]

this is satisfied provided F is computed using the torsionful connections
OF=uw'CtliH, (3.45)

where w"™® is the Levi-Civita connection. The torsion of QF is just TH. Note that the
T-duality considerations do not fix the relative sign in Q* but do imply that the connection
cannot be generic. As already mentioned, this is also the connection that is naturally chosen
by world-sheet supersymmetry. The goal of sections 4 and 5 is to show how the generalised

geometry singles out the choice of QF.

4 Action, connections and more

Thus far we have discussed how the extension of conventional generalised geometry by a
non-Abelian gauge group captures the global topology that encodes the non-trivial Bianchi
identity for H. To connect to the actual supergravity theories, we need to construct the
local dynamics.

In this section we shall present an “all-at-once” construction of effective actions based
on the generalisations of the Lichnerowitz theorem. This will reproduce the standard ten-
dimensional, N = 1 supergravity coupled to super Yang-Mills with gauge group G [43],

which has particle content

gravity multiplet:  {g, B, ¢;¥m, p}

(4.1)
gauge multiplet: {A;(}.

As usual in generalised geometry, the construction is to consider a refined structure on F
and then define the appropriate compatible generalised connection.

In the next section, we shall adapt this general construction to the specific examples of
lowest order o’ corrections in heterotic string and see the importance of the local data. A
related construction based on [9] was given in [19], see also [20]. However, when applied to
the heterotic theory, this required the 2~ connection in the Bianchi identity (1.1) to be put
in by hand. Using the construction here, as we will see in the next section, {2~ will appear

naturally.
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4.1 Local structure group

As in the previous section, we identify a generalised tangent space £ ~TM @ ad P ®T*M,
for a generic gauge group G whose Lie algebra is g. Given an invariant metric on g, denoted

by the trace, there is a natural interior product on F
(0+ A+ N0+ N+ N) =L (N 4 0)) + L tr AN, (4.2)

providing an isomorphism E* ~ E. For the weighted generalised vector bundle E =
(det T*M) ® E one can then define a corresponding bundle F of frames, orthonormal up to
a conformal factor. By definition, this is an O(n 4+ dim G, n) x R principal bundle.

Given the fields (g, B, A, ¢) one can define the set of frames!!

Ef =e /=g (6f +er + 1B+ 14A— @ tr Av+ A),
Ef =e /=g (\/ Zta — Va! tr tad), (4.3)
E; =e /g (67 — ez +te-B+1,-A— %trALé;A),

+

where é* are orthonormal bases in M, e* their dual, and [t,,ts] = fap 'ty give a basis for

g, with trt,ts = d.5. We have
(EF B = |volg|* 6,
(EY,E5) = [volg|* 6, (4.4)
(B, ;) = = vola|” 0,
where |volg| = e72?,/—¢, and all other inner products vanishing. Following [19,20], one can
view these frames as defining a generalised metric which splits £ = C', & C_, and reduces

the structure group to O(n + dim G) x O(n), with the respective frames'?

) (E;,E;) O(n + dim G,

=<\ (4.5)
E7 O(n)-

Ey=
We actually want to reduce the structure group on E further to disentangle G from the O(n)
inside C~’+. In other words, we pick a substructure P C F of the generalised frame bundle
which is an O(n) x G x O(n) principal bundle. This further splits £ = Cy & Cy @ C_ with

the respective frames

Ef O(n),
Ex=FE+r G . (4.6)
E; O(n)_

UNearly all notation and conventions follow [9].
12Note that given the O(n + dim G) frame is not generic: one could also take rotated combinations of E;‘
o+
and L.
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It is in this setting that we would like to present the supergravity equations in terms of
generalised connections, much in the same way as for the type II case in [9].

In [9] it was shown that all supergravity equations can be written in terms of generalised
connections which are compatible with the local O(n) x O(n) structures and are torsion-free,
and that even though there are several such connections, the supergravity equations are
uniquely determined, as they should be. In [19] a similar approach was taken for the heterotic
theory, using the local O(n + dim G)) x O(n) structure discussed above. The supergravity
equations could again be formulated using torsion-free, compatible generalised connections,
however, the form of the R-curvature in the Bianchi identity (1.1) has to be put in by hand.
A priori, it is the curvature of an arbitrary connection on a generic O(n) bundle. The
condition that the bundle is that coming from 7'M and that the relevant connection is 2~
as given in (1.2) does not come from the construction.

To overcome this problem we will instead consider generalised connections that are com-
patible with the O(n) x G' x O(n) structure P = P, @ P; @ P_. The consequence is that
we can no longer require that generalised connections compatible with the reduced structure
be torsion-free, as for a generic choice of P (i.e. a generic field configuration) there exists
a non-vanishing intrinsic torsion. To see this, let D and D’ be two arbitrary compatible
generalised connections. Fix D and define the tensor ¥ = D" — D. Then by varying D’ we
have that ¥ spans

K=E® (ACy @ad Py @ A%C), (4.7)

where ad Pz is the adjoint bundle with fibres in the Lie algebra g and we have used we used
ad ]5i ~ A2Cy. Now the torsion of a connection is defined by the bracket (3.14) and is an
element [9]

T(D) € T(W), where W =A’E®E. (4.8)

Therefore we can define the associated map for the difference of the torsions, 7 : K — W,
such that
7(X)=T(D") - T(D). (4.9)

It is easy to check that the intrinsic torsion space Wi, = coker 7 is non-trivial,
Wing =Cy @Cy @ C_. (4.10)

We thus have that, for a generic structure, every compatible connection will have some
torsion. Using the frame (4.3), we can calculate the intrinsic torsion explicitly and find it

takes the form

Tab,y — _%\/&Fﬁb’}/' (411)

Thus we see that requiring a torsion-free connection sets F' = 0, which is too strong a

condition.
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Instead of requiring the full torsion-free condition, we can take the weaker physical condi-
tions that the connections that appear in the supergravity equations are uniquely determined.
We consider first the fermionic fields. Using the O(n) x G x O(n) structure we identify the
fields!?

gravitino: v, € I'(CL ® S(C.)),
gaugino: (, € I'(Cy, ® S(C-)), (4.12)
dilatino: p e I'(S(C-)),

where S(C_) is the spin-bundle for the Spin(n) group on C_ (we assume throughout that
our manifold is spin). The supersymmetry parameter € is similarly a section of S(C_).
Comparing with the structure of type IT theories discussed in [9], we require that the follow-
ing operators are uniquely determined, since they will appear in either the supersymmetry

transformations or the fermion equations of motion

”Y&Daﬂ, Dawm DaCaa € F(‘S(C*))’
Dup. +"Dats, € T(C.®S(C)), (4.13)
-Dapv VEDagaa S F<CE®S(C—))
Solving for the compatible connection we find that this implies that the torsion of T'(D) is

restricted to lie in the subspace

T(D) € F(Wrestr)7 (414)

where
Wiestr = A*CL @ A°Cy @ (Cr @ ad Pg) @ (C @ A°CL) @ (CL 0 Cye C) CAES E,

with the last term being the intrinsic torsion, which is independent of the choice of D. Using
the frames (4.3), we can solve explicitly for D. If V = 0 +w + A is the covariant derivative
associated with the combined Levi—Civita and gauge connection, then acting on a generalised
vector W = w B} + wgo‘f?;“ +w* E; € T(E), we have

Dawi = Vawi — % (5abac¢ — nacabqﬁ) wh + Qabcw‘jr, (4.15a)
Dow’, = Qa’aw, (4.15b)
Dyuwh = Vaul, — 1 H cws, (4.15¢)
Dawg = Vawgﬁ + Qaﬁwwg, (4.15d)
Dowi = Qa" wy, (4.15¢)
Dawf = Vauwy, (4.15f)

13Note that we are using the redefined dilatino p = 4™, — A where X is the conventional dilatino field.
Also, for the ten-dimensional theory one would need to correctly identify the chiralities of the fermion fields

but in order to keep the discussion completely general we will not be explicit about this here.
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Dawé — Vawl_i -+ %HGEEU)E, (415g)
Dow® = —3Va FP a0t (4.15h)
Dawg_ = Vawg_ + %Hagawé_ - %(5;86@5 - naéagﬁb) w® + Qagéwé_, (4.151)

for any Q € I'(E ® ad P) satisfying

Qal_)é = 07 Qal_)é Q&bc = 07 Qﬁ,@’y = 07

— 0,
’ ) ’ (4.16)
Q[aB&] = 07 sz b — 07 Qoe B8 = 07 Qa b= 07

and otherwise arbitrary. This means that ) will in general contribute to the torsion of D, for
instance the fully antisymmetric component (q;q will be in the torsion if it is non-vanishing.
In addition, again note that irrespective of the particular choice of (), all connections D
will have an intrinsic torsion given by T@b7 = —%@Fabm simply due to the fact that
they are compatible with the reduced structure P. Crucially, however, the supergravity
operators (4.13) are independent of the particular choice of D, since all () contributions will
drop out of (4.13).1

4.2 Supergravity equations

We next see how the generalised connection D encodes the equations of N = 1 ten-
dimensional supergravity coupled to super Yang-Mills [43].
We start with the bosonic action. For any spinor € € I'(S(C-)), we can consider the

following Bismut-type equation:
72Dy’ Dye = D*Dye + D Dye — 157¢, (4.17)

Generically one might expect the right-hand side to contain scalar, two-form and four-form
terms of the form Ty, a, %" (since the spinors are chiral the six-form terms can be
written as four-forms). However, remarkably, provided the Bianchi identity (3.2) holds, only
the scalar term S~ survives. This scalar gives the dilaton equation of motion, or equivalently,
the bosonic action

S” =s+4V? — 4(09)* — LH? — L tr F?, (4.18)

14 Ag an alternative way of stating this, while we have been thinking of the unconstrained @ as an element
of U ¢ K = E ® adP, we could instead consider it as a map Q : S & J & Jg = E®(S®J@ Jy) where
S=8(C.), J=Cy®S(C_) and J; = Cy ® S(C_). The linear projections in (4.13) on the other hand are
amap P: EQ(S®JPJy) - S&J & Jg. The map Q is then such that precisely kerP = ImQ.

The space U spanned by @ is thus set by the kernel of the projection to S® J ® Jg. For the type II case,
this space coincided with the kernel of the torsion map within the metric connections space. In this case,
since the fermionic representations are smaller, the kernel of the projection is larger and includes some of
the torsion.
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where s is the Ricci scalar for the metric g.

The supersymmetry variations of the fermion fields are given by
51% = Da€ = vaE -+ %Hal‘,é’}/bEG,
5Co¢ - Dae = _%\/EFaBoﬂ/ab@ (419)
0p = V" Dae = v*Vae + iﬂagévagée — (0z0)7%,

while the fermionic action has the form
1 g . _
Sr= 57 [ 2v0la [0 Dyt + 54Ty + 2000 = 927 Dap

) ] (4.20)
+ 0 Dy + Ty atba + 20D,

where 7' is the intrinsic torsion (4.11) which is fixed by the choice of local structure P (and
independent of choice of compatible D).

The Bismut-type formula (4.17) can then be understood as a consequence of the dilatino
equations of motion closing into the dilaton equation of motion under susy. The bosonic
equations of motion for g, B, A will similarly contain torsion terms, with the generalised
Ricci given by

sRaye = [y"Da, DyJe + 4T3 s Dge, (4.21)
1Ragy"e = [y"Da, Dgle + 713" Dye, '
and the g and B equations and A equation corresponding to the generalised Ricci flat con-
ditions
Rz =0 and Rzo =0 (4.22)
respectively. For the bosonic supersymmetry transformations we have
SE] = epEf — evavba B77,
OE; = epEl — evaCa ™, (4.23)
SE; = epEy — eyah BT — evaC BT,

Note that all these equations are independent of () as required.

5 o corrections for heterotic strings

We shall now turn to our principal example to see how the framework introduced in the
previous section can be used to describe the o corrections in heterotic strings. A key
point is that we will see the Bianchi identity (1.1) appears naturally with the correct Q~
connection. The same formalism can be used to analyse type II theory and in particular to
show why linear o' corrections are ruled out in this case. However we put this discussion

into an appendix A for sake of fluency of the presentation.
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5.1 Structures and connections

The first step is to consider the construction of the previous section with a product gauge
group G; x Go. We will eventually identify G; with the gauge group G and Go with O(n)
or GL(n,R) as in section 3.3, but, for the moment, we will keep them general. We will write
their respective adjoint indices as a = (a!,a?), with corresponding generators {t,:}. For
the metric on the sum of the Lie algebras we take the indefinite form tr = tr; — try where
tr; titg = 7721-51-.

The generalised frame defining an O(n), x Gy x G5 x O(n)_ structure and corresponding
connection follow from the expressions in the previous section. The generalised tangent space

decomposes as
E:C+@091@CQQEBC*7 (51)

We find that (4.3) becomes

A

E;r = e_2¢\/—g <é: + e: + Lé;B + LéjAl + Lé;A2
—ta/try Al AN 4 Lol try A Lé;rA2>,

Eé1 = 672(;5\/ —g <\/ étal - \/J try ta1A1>,

. (5.2)
2, = e 2/ (,/%tcﬁ + Vo try ta2A2>,
By = e 2y=g (& — 7 + 10, Bt 1 A 1, A°
— 2o/ try At - AN + 1 trp A7 LéjA2>,
where A® is a connection for GG;. The generalised connection becomes
Dawi = Vawi — % (5ab(9¢qb — nacabgb) wh + Qabcwi, (5.3a)
DaiU)i = Qaiba’wi, (5.3b)
Dawljr = V@wi — %Habcwfr, (5.3¢)
Dawy = Viwl + Q. iwy, (5.3d)
Daing = Qaiﬁj,\/ng;7 (536)
Dawl = Viw?, (5.3f)
D’ =Vuw* + 1H e, (5.32)
1 b Y
Dy’ = _EﬂFl aarw i =1 (5.3h)
o F? owt ifi=2
Dawli = Vawli + %H@bEU)i — %(5abag(b — nagab(b)wi + Qabgwi, (531)
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In order to match to the o’ theory, we need to make a further reduction of the structure
group. The crucial step is that we identify the Go structure group with the O(n), structure
group. In the case were Gy = O(n) we can just directly identity the two. If Gy = GL(n,R),
one can think of first reducing to O(n) and then identifying with the O(n), structure group.
In this latter case, the reduction O(n) C GL(n,R) specifies a “metric”, which is to be

identified with the gravitational metric g. In either case we end up with a refined structure

O(n)y x Gy x Gy xO(n)- D0(n); x G xO(n)_, (5.4)

where now we identify G; = G, the heterotic gauge group. Equivalently we identify Cj, ~

A2C,, that is we consider

E=C,eC,®\NC,0C_, (5.5)

Concretely the a? index now corresponds to an antisymmetric pair of vector indices [ab], and

writing just a for the G; = G index we have

a' = a, o? = [ab], (5.6)

«
g

(w,wg, ws, w). We can then rewrite (5.3c) and (5.3f) as

... 1 2 i
so, writing wy, = wy and wg, = w‘}rb, the components of the generalised vector are W =

b __ b —-b ¢
Daw+—aaw++9a c'l,UJr,

ab ab 2a , .cb 2b , ac
Dawy’ = 0wy’ + Az cwf + A7 cws’,

LC

where 7 = W™~ — %H , with w"C the Levi-Civita connection.

We then make the further natural requirement that the generalised connection is com-
patible with the O(n),y x G x O(n)_ structure. This requires that two derivatives in (5.7)
agree, that is

A=Q =uw'C-1H (5.8)
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With this identification the generalised derivative is given by

Dl = Vb — 2-(0,°0:0 — 100" ¢) WS + Qulews,,
Dawi = Qa aW,

Daa’wi = Qaa’bcwiu
Dawi = Vawi - %Habcwia

Dawgﬁ = vawgﬁ + Qaﬁ'nga

Dt = Qe 59)
Doww} = Qau” ],

Dawgﬁ = V,—lwg ,

Dyw’ = Vo’ + §H, s’

Dawl_i —%\/JFECQUJE ,
Dyouw? = ;\/ER(Q_) caa W

Daw® = Vaw® + LH e — 2 (6,°0:6 — 1a:0"9)w® + Qabeuw’

where R(€27) is the curvature of the 2~ connection. Compatibility means that the Dyw?’
expressions follow directly from those for Dj;w’, namely

Dyw®? = V¥ — -22(8,20:6 — 10" 0)w? + Qb w?
iL@”&é—mJW@wT+wa$7

Dyt = Qulew? 4 QoY ' (5.10)

Daa/wf’f/ = Qua’ WY + Quu cwi,

Daw = Vaw bb/ Hac+ Hac+

As before the undetermined parts of that connection satisfy

Qaab = 07 szal; = 07 Qaaﬂ - Oa Qaccb =0. (51]‘)

5.2 Supergravity equations

As before the supergravity equations of motion and supersymmetry variations all follow
from the generalised connection D defined in (5.9). The action comes from the Bismut-type

equation (4.17). Specialising to the case in hand of a product group G; x Go = G x O(n)
with tr = try — trg, gives

’yaDa'yED,;e = D%D,e + D*D,e — D®D e — %‘S*e, (5.12)

where we have fixed the normalisation of the O(n) trace trt oty = dapday- As before, this

equation only defines a scalar S~ if the corresponding Bianchi condition holds. Here this
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reads

dH = 1d' [tr FAF —tr R(Y7) AR(Q7)], (5.13)

reproducing the o’ corrected condition with the correct connection 2~. Calculating the
scalar S~, one finds the o’ corrected bosonic action (or equivalently the dilaton equation of
motion)
ST =544V —4(0¢)* — 5H? — L/ tr F? + Lo/ tr R(Q7)?, (5.14)
with again the appropriate curvature-squared term.
The supersymmetry variation of the fermion fields follow as before from the set of uniquely

determined operators
0y = Dye = Ve + %Halgﬂ&e,
0Co = Doe = =V Fgy™e, (5.15)
3p = 7" Da€ = "Vae + 4 Hyp oy ™€ — 7 (0ag))e.

The formalism naturally has, in addition, a “gaugino” 1, € I'(A2C, ® S(C_)) for the
G2 = O(n); gauge group. The corresponding variation is

6wab = l)ab6 = %\/&R(Q_)&Tmb’yage' (516)

The obvious interpretation is that 1, is the standard composite “gravitino curvature” [36],

given to leading order in the fermions by
U = 3V (Omtn = Onthm + 1" U = 001" 00m) - (5.17)
Calculating the corresponding variation one finds [36]
Sy = 2V RO yagy™e = Dape + O(a). (5.18)
as required, where we have used the fact that
Roinpg(Q7) = Rpgunin (1) — 3dHynipg = Rpgrn () + O(). (5.19)

We will discuss briefly the question of the higher order o/ corrections to (5.18) in the next
section.

For the bosonic variations we have
OE} = epEf — evatpa 77,
SE, = epEl — evaCo B0, (5.20)
OE; = epBy — erata BT — 3o B + eyt B,
and for the O(n) basis
0Ew = €pEa, — eyatban ™, (5.21)
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which is equivalent to variation of the composite object
a6, 0 = —Emtba + O(), (5.22)

which indeed follows from the other variations. We are reproducing the standard result [36]
that (Y, ) indeed transform as a gauge multiplet.

Finally we can also write the fermionic action including higher derivative terms for 1,
following (4.20), as

Sp = _21? 2 volg [zﬁ“v’_’Dgwa +2pDath® — 7" Dap + 2pDal™ — 2pDapt)p™
+ (9" DyCs — ™y Dytbs (5.23)
+ YT atba = O Ty ante + 0 150l — 0 T3 athne

where the intrinsic torsion terms are given by

Tuy = =3V Fapyy Taper = 2V RO ) apeer- (5.24)

The bosonic equations of motion then come from varying the corresponding fermionic equa-
tions and are given by vanishing of the components of the corresponding generalised Ricci
tensor, defined by
sRa"e = [y Dy, Dyle + 'yaTa/BbDﬁe — T D wre,
%Ragvae = [y*Da, Dgle + WaTabnge, (5.25)
%Ra,bb’”yaG = [’YaDz“ Dbb']€ - ’YaTaCbb'DCE-

The full set of independent bosonic field equations are then
Si - Rab == R@/j == 0, (526)

while the composite equation Ry = 0 follows identically from the previous to zeroth order

in o/, a well-known result from [36].

5.3 Higher orders in o

In [36] a quartic action with (a/)® corrections was derived, and in fact an iterative procedure
that can in principle be used to generate an entire family of corrections with arbitrarily high
powers of o was pointed out. The procedure is based on the supersymmetric completion of
the heterotic Bianchi identity (1.1), and the key observation is that an identification of the
auxiliary O(n) Yang-Mills gauge fields with the gravitational degrees of freedom is possible.!®

15Note that only the corrections to the Bianchi identity considered in [36] are linear in o’. The Bianchi
identity itself does not change and is used in the process of iteration.
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However, in order to make such an identification one has to equate the “gaugino” with the
gravitino curvature (5.17). On the other hand, as we have already seen, this identification
is not quite consistent with supersymmetry variation we had for the gaugino so far — in fact

it only works to order o’
dthap = Dape + O(a). (5.27)

This is a consequence of the heterotic Bianchi identity (1.1), since in order to make the iden-
tification of the gaugino one has to use the relation Ryup,(27) — Rpgmn(27) = —12d H ppg-
Explicitly, the correction to the variation of the gravitino curvature is then

0bap = Dape + 2V o/ (/[tr FAF — tr R(Q7) A R(27) o) 7€ (5.28)

With this change, though, supersymmetry no longer closes on the action. Indeed, in [36]
it was found that in order to restore supersymmetry it is necessary to introduce corrections to
the supersymmetry transformations of the “fundamental” (i.e. non-composite) fields at order
(a’)?, and add new quartic terms to the action at order (/). The resulting theory is then
supersymmetric, but only up to order (a/)? since the corrections to the gravitino variation
mean that (5.28) would get new (a’)® corrections — which would then break supersymmetry
again and require new higher-order corrections to the variations and the action, and so
on. Clearly this is a process that can, in theory, be repeated to generate ever higher o
corrections.

In our context these issues can be viewed in a slightly different manner. Let us denote the
corrected variation 61g, = Dgpe + O(d) = De. Our guiding principle for writing bosonic

actions is the Bismut formula
’yaD@*yl_’Dge — D*D,e + D*Dje + D®D e = —%‘S*e. (5.29)

However, if we were to simply replace D, with ﬁab, the equation will no longer define just a
((o/)3-corrected) scalar S™, but it would also generate on the right-hand side a two-form and
a four-form at order (/). (This is just an equivalent, and somewhat more straightforward
way of seeing that the action is no longer supersymmetric.) We would then be naturally

2 and introduce corrected

led to also modify the supersymmetry rules (5.15) at order (o)
operators Dqe and ’y‘iDae such that they precisely cancel the two-forms and four-forms in
the Bismut formula, at least to order (a/)?. As in [36], this procedure would give rise to an
iterative rule for generating higher o/ corrections. We hope to provide some results in this
direction in upcoming work.

We would like to emphasise that these all-orders-in-o/ corrections to the effective action
originate from a single extension of the generalised tangent bundle, that captures the contri-
bution of the heterotic Bianchi identity (5.13) linear in /. This aspect of our construction

is fully concordant with the construction of [36].
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6 o corrections and brackets

Our starting point for deriving the possible o gravitation corrections has been to view O(n)
or GL(n,R) as a “gauge group”, build an appropriate extension of the generalised tangent
bundle, and hence enlarge the set of symmetries parametrised by the generalised tangent
space. The additional symmetries are simply local changes of frame.

However, one could also consider a different parametrisation, where the additional frame
rotation symmetries are induced by diffeomorphisms, and so are not independent parameters.
This is particularly interesting when flows and the related Lie algebroids are considered.

Vector fields generate diffeomorphisms by generating flows on manifolds. These diffeo-
morphisms in turn induce a GL(n,R) action on the frame bundle of the manifold F. To see
this, choose a frame e® and its dual €,. Under the flow generated by some vector field v the
frame e* will be rotated by an element in GL(n,R), which to leading order is just given by
its Lie derivative along v. Therefore, if we call the generator of this rotation Lv, we find for
its components

(Lv)“b = Lébﬁve“ R (61)

in terms of a basis of GL(n,R) generators °, which are given in terms of the frame é, by
@b, = e® ® é,. Note that (6.1) depends on the choice of a particular frame e®. However,
changing to a different frame corresponds to a global GL(n,R) transformation which just
transforms the generators 4’, into each other. Therefore, the choice of frame is part of the
gauge choice, and the construction will not depend on it.

The idea now is to take the gravitational gauge bundle P to have gauge group G =
GL(n,R) and identify it with the frame bundle. We can then restrict the corresponding
gauge parameter in the generalised tangent space to being of the form A = L.

Let us then discuss how this can be accomplished in more detail. For simplicity we will
ignore for the moment the gauge group GG, which we already know how to handle, and keep
the focus on just the frame bundle. Generic infinitesimal G-equivariant automorphisms of
F can be understood in terms of the bundle A = TF/G ~ TM @ ad F (that is, the Atiyah
algebroid for F') which inherits a Lie algebroid structure from the Lie bracket algebra on T'F
itself. Elements of A are simply combinations of vectors v and gauge parameters A patched
just as in (3.11). In fact, the extended generalised vector space E is often thought of as an
extension T*M — E — A.

Given a vector v € I'(T'M) there is then a natural lift to an element o € I'(A) given
locally by

U =wv+ L, (6.2)

where the components of the gauge part (Lv)%, are precisely the ones given in (6.1). This

has the property that [v, w] = [0, @], where [0, @] is the bracket on the Lie algebroid .A. One

32



can check that the gauge part A = Lv indeed patches correctly. Note that one cannot think
of © as being a section of some sub-bundle of A, since its definition involves derivatives of
v itself. It is merely an element of the subspace of sections of A defined to consist of those
(v, A) for which the condition A = Lv with (6.1) holds.

As always, one needs a splitting to identify the isomorphism A ~ T'M @& ad F', which here
is given by an arbitrary choice of GL(n,R)-connection w for the frame with the associated

covariant derivative V. Using the identity tz, L,e® = (Vpv®) — t,w% we write
b= (v — tyw) + (V) i, (6.3)

and identify Vyv® as the element of ad F'. This is just an example of the gauge shifts we
observed in (3.16).
One might wonder whether the same reparametrisation can be achieved for a choice
G = O(n), that is considering instead the orthogonal frame bundle P C F with fibre
O(n). However this does not work since P does not admit natural lifts of vectors on M.
The closest related notion, the Kosmann lift [44] v® corresponding to lowering an index
of (6.1) and taking the antisymmetric part, does not satisfy [v,w]® = [v& wX], where
vE wk € T(TP/O(n)) are the Kosmann-lifted vectors, unless either v or w are Killing (i.e.
the Kosmann lift actually provides an homomorphism from the Lie algebra of infinitesimal
isometries of M to infinitesimal automorphisms of P). For a discussion see for example [45].
The construction that we have described so far can be easily embedded into the construc-
tion of E as described in section 3. In particular, we can reproduce the inner product (3.25)
and the generalised Lie derivative (3.27) after lifting to A and subsequently to E. From the
identification A = Lv, we take generalised vectors of the form V = v + Lv + X and find for
the scalar product
(V,V') = 20,N + 2up X + tr(Lo L), (6.4)
while the generalised Lie derivative (or equivalently the Courant bracket) becomes
LyV =[v,v'] + LN — tpd) + 1o/ tr(Lv")d(Lv) + [Lv, Lv']. (6.5)

Naively the Lv terms in (6.4) and (6.5) look like higher-derivative corrections to the
inner product and generalised Lie derivative on the conventional, unextended generalised
tangent space ' ~ T'M @&T*M. However, this interpretation is misleading precisely because
V =wv 4 Lv + )\ is really part of a larger generalised tangent space. Crucially, the one-form
components A are patched in a way that depends non-trivially on the G-bundle patching.
They are not the same objects that appear in the conventional generalised tangent space

E''6 We see that the only way to make sense of such higher-derivative corrections, both

160f course we have the isomorphisms E' ~ TM @T*M and E ~ TM ®T*M ®ad F. Thus given a choice
of splitting for each bundle, that is a B-fields B’ for E’ and B for E (with different patching properties and

Bianchi identities!) it is possible to map between objects in E’ and F, but there is no such natural choice.
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from a diffeomorphism-invariant perspective and from the patching, is to realise that they
really come from the extended bundle F.

One should note that working in a local coordinate frame where é, = 6%0, we have
Lv*, = Oyv* and strikingly (6.4) and the vector and one-form part of (6.5) become exactly
the DFT o/-corrected expressions given in [22]. The above construction gives a description of
how to realize these o/-corrected generalised Lie derivatives and inner products on a general
curved manifold, and suggests that corrections linear in o’ have to be of the described kind.

Another variation is to consider taking G to be the full O(n,n) group and lift not vectors
v but conventional generalised vectors V' = v+ € I'(E’) into O(n, n) gauge transformations.
This possibility was first pointed out in section 4.2 of [21] in a DFT context. Taking F ~
TM®T*M ®ad F, where F with fibre O(n,n) is the generalised frame bundle, they defined
the lifted vector V + A € I'(E) with AMy = 2(OvVY — 9™ Vy). Again this is a coordinate-
dependent expression, but nonetheless substituting into, for instance, the definition of the

scalar product, they obtained terms like
HONVM =MVy) (VN —0NVy,) = Lon VY =0 V) (0 V'Y) = L(0,0™)(80™), (6.6)

where the last equality follows from the “strong constraint” of DF'T. This term then matches
the GL(n,R) transformation we considered and hence also gives the o/ correction discussed
in [22].

Again we can try and make this description properly covariant by introducing the gen-
eralised geometric analogue of the Lv lift defined above. If U4B = BA ® EB is a basis for

ad F defined by the generalised frame E4, then we define the lifted object
V=V+LV, (6.7)
where LV = (LV) 4pUA? with!”
(LV)ap = (Ep,LvEy). (6.8)

One then finds, for example, that there is a generalised Lie derivative on E induced from

that on E’, given by
LW = LyW = Ly W + [LV, LW] + (V,d(LW)) — (W,d(LV)). (6.9)

Although one still has [L, L] = LL(,W and L[~]<f/, W> = <LU‘~/, W> + <‘7, LUW>, crucially
the third condition in (3.1) required for (6.9) to define a Courant algebroid is not satisfied.

1"Note that the form of the generalised Lie derivative means that LV is actually only an element of the
Lie algebra of the geometric subgroup Ggeom C O(n,n), corresponding to gl(n, R) transformations combined
with B-shifts.
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This is precisely because the terms of the form 2 tr LWd(LV') are missing. This is the same
problem mentioned above: there is no natural map from E' ~ TM & T*M to E respecting
the generalised Lie derivative structures on each. Nonetheless the existence of the lift LV
from E to the generalised frame bundle F is perhaps worthy of further study. In addition,
it is interesting to note that the FEr(7) generalised Lie derivative [13] also fails to satisfy
the corresponding condition, but nonetheless defines the correct structure to describe the
relevant truncations of eleven-dimensional and type Il supergravities.

Returning to our original reparametrisation, we again stress that the relation between
gauge transformations A% = (Lv)%, of G' and diffeomorphisms does not define a subbundle
of the bundle defined by (3.24), as it involves derivatives of the section. Note also that all the
discussion in this section refers to the underlying differential structure before one introduces
any of the dynamical degrees of freedom. For this reason it gives no information relating to
the particular choice of connection €2~ that appears in the gravitational part of the Bianchi

identity.

7 General formalism

Our general philosophy has been that o’ corrections are naturally encoded by first consid-
ering further extensions of the generalised tangent space with a corresponding generalised
Lie derivative, then defining a particular class of generalised connections, and finally using a
Bismut-type formula to write the action. A test of the construction would be its usefulness
in ordering higher o’ terms. The first observation is that at the very first step of defining
the extended generalised tangent space there can be obstructions. To leading order in the
heterotic theory these were that the Pontryagin classes of the tangent and gauge bundle can-
celled. At higher (/)™ order, simply on dimensional ground one would expect obstructions
involving classes in n 4+ 1 powers of the curvature. Since dH is a four-form it is hard to
envisage any higher order obstructions involving the Bianchi identity. Interestingly, at order
(a’)? though one might though have an obstruction encoding the B A Xg terms.

More generally one might ask whether there is a general framework for describing such ex-
tensions and in particular if the Bismut-type formulae (4.17) and (5.12) are generic features.
One approach is motivated by the structure of gauged supergravity theories. Generically
the gauging modifies the supersymmetry transformations, adding new fermionic variations

of the form

S =A-e S'x =B -e, (7.1)

where U, are the gravitinos in the theory and x the other spin—% fermions, and A and B are

generic matrices. There is then a supersymmetric “Ward identity” [38,39] that relates these
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variations to the potential V', namely
B'B—-ATA=V1, (7.2)

which reminiscent of the Bismut-type formulae. These relations are actually best described
using the embedding tensor formalism [37] (for a review see [38]).

As we will now show, all generalised geometric constructions can actually be rephrased
as very particular infinite-dimensional versions of the embedding tensor formalism. In this
framework, the Bismut-type relation follows directly from the supersymmetric Ward iden-
tity (7.2). It also provides a formalism for addressing how these objects might be generalised
to describe higher-order corrections. That there is a relation between generalised geometry
and the embedding tensor was already observed in [13], and the formalism also played a
crucial role in the reformulations given in [16], and in the discussions in [46]. Here, though,
we go a step further and show that generalised geometry can be viewed precisely as an
infinite-dimensional version of the embedding tensor construction.

We start by recalling the basic ingredients of the formalism. One begins with an ungauged
supergravity theory in n dimensions with a global symmetry group G and an R-symmetry
H, and (at least) the following content

scalars: M e G/H,
Abelian gauge fields: A, €€,
gravitinos: v,es,
spin—% fields: xe€J,

where £ is a G-representation and J and S are H-representations. In general there may also
be higher-rank p-form fields. The gauged theory is determined by the embedding tensor X.

This is a map
X:€—adg, (7.4)

where ad G is the adjoint representation of G. Supersymmetry requires that the map satisfies

(1) X)), X(V)] = X(X(U)-V), (7.5)

(2) a particular restriction on G-reps appearing in X, (7.6)

where X (U) -V is the adjoint action of X (U) on V. Note that the first condition means that

X makes € into a Leibniz algebra.!®

18The relation (7.5) is more usually written in explicit indices: viewing adG C £* ® &, if elements of
€ have components VM then the embedding tensor can be written as Xy n?, with (7.5) taking the form
[(Xor, Xn] = —Xun"Xp.
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The tensor X completely determines the gauged theory. It generates a potential for the
scalars and mass terms for the fermions, and it describes the gauging of the kinetic terms and
also the corrections to the supersymmetry transformations. In particular, it determines the
matrices A € S® S* and B € J ® §* appearing in (7.1). In fact, for maximal supergravity
theories the representation constraint on X is that, decomposing under 4, only the A and
B representations appear. In other words, A and B are uniquely determined by X and (for
the maximal case) vice versa. The potential then follows from (7.2).

Let is now see how generalised geometry falls within this framework. For concreteness
we will consider O(d, d) x R* formulation of type IT theories but the same ideas work equally
well for the full Eyq4 x R* formulations [13] of d-dimensional truncations of type II or eleven-
dimensional supergravity. The idea is to imagine “dimensionally reducing” the theory on
a d-dimensional manifold M without actually truncating any of the modes, following the
original idea of de Wit and Nicolai [15] (see also [47] in the context of generalised geometry).
Thus our set of “moduli” is an infinite-dimensional space formed of arbitrary choices of
metric, B-field and dilaton tensor fields on M, since these all transform as scalars from the
point of view of the lower-dimensional theory.!?

We can formally describe this moduli space as a coset G/H where we define

G = group of diffeomorphisms and local O(d, d) x RT gauge transf, (7.7
‘H = subgroup of local O(d) x O(d) gauge transf. '

Mathematically we consider an (arbitrary) O(d,d) x Rt principle bundle F' over M. The
group G is then the group of bundle isomorphisms, that is equivariant diffeomorphisms, those
which preserve the group action on the fibre. Identifying the subgroup H is equivalent to
identifying an O(d) x O(d) sub-bundle P C F. The group H is then the group of bundle
automorphisms of P. Each choice of P C E is equivalent to giving the generalised metric
function G(x) (more precisely this is a section of the corresponding vector bundle), which
is equivalent to specifying the functions g(z), B(z) and ¢(z). Thus G/H is an infinite-
dimensional space of sections.

To define £, we start with E the vector bundle over M defined by the 2d-dimensional
fundamental representation of O(d, d) with zero weight under the R* factor. Then the space
of sections of F forms a representation of G, since any section is mapped to another under

diffeomorphisms and gauge transformations. Thus we define £
E=T(F), space of sections of E. (7.8)

Note that the O(d, d) metric <U ) V> can be thought of as defining an equivariant map between

9Note that one is also keeping an infinite set of spin-two, and spin—% fields in the lower-dimensional theory,

so this framework describes the gauging of a very unconventional lower-dimensional supergravity theory.
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representations of G. Specifically it defines a map &€ ® € — C*°(M) where C*°(M) is the
space of smooth functions on M.

It is important to note that thus far there is no requirement that E or F' have anything
to do with the conventional generalised tangent space TM & T* M, for the moment they are
completely general O(d, d) x RT bundles. However, let us now turn to the embedding tensor.

Remarkably, this is none other than the generalised Lie derivative

with the understanding that by definition X relates E to the generalised tangent space
E ~TM & T*M and F to the corresponding generalised frame bundle. From the explicit
expression (2.5) we see that Ly is indeed the combination of an infinitesimal diffeomor-
phism and an infinitesimal O(d, d) x RT gauge transformation as required. From the Leibniz
property (2.6) we see that the condition (7.5) is identically satisfied.

The representation constraint connects X to modifications to the supersymmetry varia-

tions (7.1). For O(d,d) xR™ generalised geometry the spin-3 fermions x in the “dimensionally
+

-, while the varia-

reduced” theory come from the internal components of the gravitinos )
tion of the non-compact gravitinos ¥, actually gets related to the variation of the internal

dilatinos p*. Thus we can identify the corresponding infinite-dimensional spaces
ST =T(S(Cy)), JE=T(C: ®S(Cy)). (7.10)

If | volg | is the density defined by the generalised metric G, then we have the inner products
on S* and J*
(e,€%) :/ [volg| €5 e*, (v*, ') :/ Ivolg| F - /%, (7.11)
M M
where ¢ /T = YT and 7' = %", From the generalised geometry construction

we can then read off the operators A and B that appear in (7.1). We find

A+ = ’YaDaa B;_ = Dda

] (7.12)
A™ =~°D,, B, = D,.

Thus these four unique operators can be viewed as the decomposition of X = L into H
representations. To see this one replaces Ly = LY, which is possible because D is torsion-
free, and then, because D is compatible with the generalised metric, one can decompose into
H representations. Put another way, given the data of L (to define a notion of torsion) and
G, we know that the operators A* and B* are unique. Finally, in the type II theory we

have the two Bismut relations [9]
D*D,e” — VaD(—ﬁEDge_ = iS‘e_,

ar_ -+ a by + _ 1o+ + (7.13)
D*Dge™ —v*Dyy’Dye™ = 357 €™,
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where ST = S~ is the Lagrangian for the NSNS fields. We see that these are precisely the
supersymmetric Ward identities (7.2), with the appropriate conjugate operators (A*)! and
(B*)T defined using the norms (7.11).

Formally, one can consider the full ten-dimensional theory as a reduction to zero dimen-
sions on a ten-dimensional manifold M. The ungauged theory is completely trivial since
there are no kinetic terms in zero dimensions. The whole theory appears via the gauging,
so that, for example, the “potential on the internal space” actually gives the full NSNS
Lagrangian. But this immediately raises the point that this gives a general formalism for
describing general supersymmetric theories, and in particular the o/ corrections. In fact, the
description of the heterotic theory given in section 5 is exactly of this type. The correc-
tions appeared as extension of the generalised tangent space (and how the coset structure
appeared). One might, of course, also consider modifications of the embedding tensor — that
is, in the this context the generalised Lie derivative. This might be the way one can relate

to the construction from the previous section.

8 Comment on NS5-branes

We would like to conclude with some brief comments about how NS5-brane sources might
be treated within the generalised geometry framework.

The modification of the Bianchi identity due to the fivebranes is another instance where
H is no longer a curvature of a connection on a gerbe.?’ In the presence of fivebranes the
Bianchi identity (5.13) changes to

dH = 1d/ [tr FAF —tr R(Q7) A R(Q7)] + 276, (8.1)

where 0 is a four-form which integrates to one in the directions transverse to the fivebrane
and has delta function support on the fivebrane. This means in particular that in compact
geometries one does not need to balance the gravitational contribution to (8.1) by instantons
only but may use NS5-branes. Topologically we can think of § as representing the cohomology
class [IW] that is Poincaré dual to the collection W = W; + - - - + W, of the individual cycles

W; on which each fivebrane is wrapped. In cohomology the Bianchi identity implies
spi(M) = ez + [W], (8.2)

where ¢; is the second Chern class of the gauge bundle.
A central point of the discussion in this paper is that the standard heterotic Bianchi

identity is precisely captured by the generalised geometry on the extended tangent space

20Indeed, as explained in [48] the global treatment of the branes requires nontrivial transition functions

that are a combination of antisymmetric tensor gauge transformations and diffeomorphisms.
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E. In particular, it is encoded in the transitive Courant algebroid structure defined by the
generalised Lie derivative. It is then very interesting to understand if the same structures
can be used to encode the fivebrane terms as well. One might simply add an additional
auxiliary gauge bundle with second Chern class equal to [W]. This would at least capture
the correct topology, but one then requires local data that there are no corresponding gauge

fields, and a singular delta function source.

There are two different simple situations were aspects of the source contribution to (8.1)
are particularly interesting. The first is when the fivebrane embedding (i.e. the normal
bundle) is nontrivial. The local n-dimensional geometry near the brane can be viewed as a
transverse space given by a ball with a sphere boundary S™~7 fibered over the six-dimensional
world volume W of the fivebrane. The second case is when the manifold is a product M x K
such that K is a compact space transverse to the fivebranes. The source contribution is
cohomologically equivalent to the (non-trivial) volume element on K. In both cases, one
can consider decomposing the SO(n) symmetry to SO(6) x SO(n — 6). This breaking can
introduce some novelties into our previous construction. We shall not try to address the
general case but consider the simplest interesting example where K is a K3 compactification
of heterotic string. The fivebranes are points on K and have a trivial normal bundle. It is
well-known that, while in absence of the branes, the cohomology condition (8.2) for the K3
background requires the instanton number for the internal part of the gauge field to be 24,

in the presence of ()5 fivebranes the required instanton number becomes 24 — Q5.

We can then make a minimal identification of the relevant gauge bundles and obstructions
involved. Over K we have a non-trivial gauge theory with group H C Eg x Eg or SO(32) and
corresponding bundle Py. We also have the frame bundle which reduces to an SU(2)-bundle
Psy(2) since K3 has SU(2) holonomy. Over M, there is a bundle P for the “unbroken” part
of the gauge group (that is the commutant of H in Eg or SO(32)) and the frame bundle F);.
Over M the extension gives a non-trivial Bianchi identity in six dimensions, dependent on
Pg and F)y, the construction of which has already been explained. Over K, in the absence
of fivebranes, one finds a topologically-trivial internal part to the Bianchi identity, which
depends on the Py and Pgsy () bundles, and whose integrated version is the co(Py) = 24
condition. One could have come up with a more elaborate version of the construction, but

in the absence of NS5-branes this minimal version captures the essential ingredients.

If we include fivebranes we have a new ingredient, a four-form V(K) ~ A*T*K, coho-
mologically equivalent to a volume form on K3 and denoting the fivebrane charge. The
construction over M is unchanged, but we now have an obstruction on K3, given by coho-
mology condition (8.2) which integrates to c2(Pg) + Q5 = 24 and the generalised tangent
space and generalised Lie derivative on K is determined by Py, Psyp) and V(K). One
possibility is to represent V(K') by another bundle Ps with co(P5) = [V (K)], but somehow
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restrict this to be non-dynamic and have a localised field strength. Alternatively, one could
relax the third condition (3.1) so that the Courant algebroid is no longer transitive, and the
original Bianchi identity need not hold. However, this relaxation must be in a controlled
way that depends on the class [V (K)]. One might imagine for example further extending
the generalised tangent space by A*T* K, however V(K) plays the role of charge rather than
a gauge parameter and so this is not the most natural approach to take. Geometrically the
quantised fivebrane is captured by a sort of singular 2-gerbe (the charge is a four-form rather
than a three-form) perhaps best described using sheaves.

The discussion here is rather sketchy and speculative, and it would be interesting to have
a more complete description of NS5-branes in generalised geometry, notably away from the
small-instanton limit. It also makes no attempt to capture aspects of the theory on the
fivebrane itself. It may also be of some interest to work out a more complete description of

six-dimensional (0, 1) theories and the higher-derivative o/ couplings in this formalism.
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A Type II theories

In section 5.1 we developed the formalism for a generalised tangent bundle with structure
group O(n); X Gp X Go x O(n)_, and proceeded to show that by identifying G5 with the
O(n), we obtain the supergravity limit of the heterotic string to first order in o/. One might
then wonder what would happen if we also identified G; with O(n)_ (a similar idea has
already been proposed in [32]). The generalised tangent bundle £ = C & Cy, & Cy, ® C_

then becomes
E=C,®NC_pANC,aC_, (A1)

which would bring the local symmetry group down to just O(n); x O(n)_. This is the struc-
ture group of the generalised tangent bundle of (the NSNS sector of) type II supergravity,

so does this correspond to an alternative generalised geometric description of type 117 Note

41



that the Bianchi identity (5.13) becomes
dH = 1d/[tr R(QY) A R(QY) — tr R(QY7) A R(Q7)], (A.2)

but this is simply an unusual way of writing the type II Bianchi dH = 0, since we are just
taking the difference of two different representatives of the same characteristic class.

The gravity multiplet of type II contains twice as many fermions, so now not only does
C_ have an associated spin-bundle S(C_), but we must also introduce an associated spin-
bundle S(Cy) to C4 as well (these spin-bundles would then have to be decomposed into
their different chirality components to distinguish ITA from IIB but that will not affect this
discussion). Therefore equation (4.12) describing the representations of the fermion fields

gets extended to

gravitini: el(Cy®8(CL)), ¥ e IN(C-® S(Cy)),
“caugini”: (., € [(A*C, ® S(C)), ¢t eTD(A*C_®S(Cy)),
Cawr € F(A2C+ ®S(Cy)), Gu € F(A2C— ® S(C)),

dilatini: - rsE), o N(S(C,)),

(A.3)

where, as for the heterotic case, the “gaugini” are to be thought of as composite fields and
must eventually be related to the gravitini.

Now, as in (4.13), we must identify the differential operators which are constructed
from generalised connections and preserve the representations of the fermion fields. These
will depend on certain components of the connection which we will then demand be fixed

unambiguously since we expect them to feature in the supergravity theory. They are

V'DaA", D, D¢, D&, €I(S(C))

DA\, v*Day, [(Cy ® S(CL)),

DawX™,  7"Daéy (A20+ ® S(CL)),

Dm/x 50555— D(A*C-® 5(CL)), (Ad)
VDAY, DU, Dl DUk, eT(S(Cy))

DaA+, Y Dapy, €T(C-®S(Cy)),

DawXt,  7"Du&L, (AZC ® S(Cy)),

Doy AT, Y Dyé, I(A’CL ® S(CL)).

It is now clear that we have a far more constrained system than in the heterotic case. In fact,
if, following (4.13), we try to solve for a generalised connection compatible with the reduced
structure, we find that we no longer have the necessary freedom to consistently make the
identification (A.1).
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To see this explicitly, let us solve the constraints (A.4) but not yet impose compatibility
with the reduced O(n)y x O(n)_ structure, i.e., let us just require that the connection is
O(n)y x G1 X Gg x O(n)_. Then we obtain the solution

Do’ = Vol — $H w§ — 27 (8.°0c¢ — 100" 0) w0 + Qo’cws (A.5a)

Dol = %{JFlb“alwi ?f Z =1 (A.5b)
—5\/51721’&&2101 if1=2

Dawb+ = V-wi 1HG s, (A.5¢)

D, w = Viw’? W (A.5d)

Dazwﬁj = Qu” ,Yjw . (A.5e)

Dawf = Viw? gl (A.5f)

Daw’i =V, + 1H Pl (A.5g)

Db = #YO T a1 (A.5D)
WaF? 00 ifi=2

Do’ = Vau® + %Hagéwé_ — %(%Bﬁaqﬁ — 77@58%) w® + Qai’éwé_, (A.51)

where
Qb =0, Qupg =0, Qigiyg =0,
Q" =0, Qa"%5=0, Qu*p =0.
This should be compared with (5.3). Note that far more components get fixed, and in
particular equations (A.5d) and (A.5f) no longer have any dependence on the unconstrained

@ tensors. So if we were to perform the identification (A.1) so that
ay = [ad'], ag = [ad'], (A.6)

we find that there is no solution for a compatible connection — say we identify one of the

equations (A.5d), corresponding to

Dow®™ = 9,0 + ALpw® + AV b (A.7)
with (A.5g),
Dow® = 9w’ + QP aw®. (A.8)
This would mean taking
Al=Q" =W+ 1H. (A.9)

But then we have a contradiction, since (A.5f) now reads
Dawif)l = @ﬂl@;/ + Aéggwéf_’/ + Aégll;w?f,

W, g b 1 b e (A.10)
:v(jw_ +§Ha Ewc_ +§H@ Ew_C,
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which is inconsistent with (A.51)
DawE_ = V,—le_ + %H@EEU]E_ — %((5@58§¢ — 77@53%5)?1)6_ -+ Qagéwi, (All)

for any ). We are forced to conclude that there is no solution for a generalised connection
which is both compatible with the structure resulting from the identification Go — O(n)4
and Gi — O(n)_ and which satisfies the supergravity constraints (A.4) (unless H = d¢ = 0).
If we nevertheless press on without making the identification, we could then try to use
solution (A.5) to construct an action, using the Bismut-type formula (4.17). However, since
we now have two spin-bundles S(CL) we actually have two equally valid equations defining

a scalar
YDy’ Dge” — D*Dye™ — D Dype” + D Dyae™ = —157¢™,

) ) , (A.12
YDy’ Dye" — D Dye” + D' Dyt — DY Dypet = —15+ et )

where the signs in the “gaugino” terms were chosen so that right-hand side is just a scalar
(a necessary requirement for a supersymmetric action) — in general there would also be four-
form terms, but with this sign choice these turn out to just be the Bianchi for H, which

vanishes identically. We have thus defined two a priori different scalars
ST =5 +4V2 — 4(09)> — SH? F Lty (F')? £ & tro(F2)2 (A.13)

The only way we can consistently choose an action then is if these happen to coincide, which
would imply that try(F?)? = try(F?)2.

This would in fact be the case for type II, since the identity is satisfied if A} = QF
and A% = Q~, but as we saw already we cannot make such a choice to begin with unless
H = d¢ = 0 (for which S* = s would also agree trivially). We conclude that type II theories
(nor any theory involving two spin-bundles and a non-trivial gauge bundle) do not admit
corrections linear in «’.

Note that we have so far ignored the RR fields. One might wonder if they can be described
by extending the conventional generalised tangent space by the Clifford algebra rather than
a Lie algebra, and interpreting the resulting %o/ tr F'? terms as kinetic terms for the RR
fields. However, at least the most naive such extension gives a different RR gauge algebra

from that appearing in the supergravity.
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