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ABSTRACT

In more than four years of observation the Large Area Telescope on board the Fermi satellite has identified pulsed γ-ray emission from
more than 80 young or middle-aged pulsars, in most cases providing light curves with high statistics. Fitting the observed profiles
with geometrical models can provide estimates of the magnetic obliquity α and of the line of sight angle ζ, yielding estimates of the
radiation beaming factor and radiated luminosity.
Using different γ-ray emission geometries (Polar Cap, Slot Gap, Outer Gap, One Pole Caustic) and core plus cone geometries for
the radio emission, we fit γ-ray light curves for 76 young or middle-aged pulsars and we jointly fit their γ-ray plus radio light curves
when possible.
We find that a joint radio plus γ-ray fit strategy is important to obtain (α, ζ) estimates that can explain simultaneously detectable radio
and γ-ray emission: when the radio emission is available, the inclusion of the radio light curve in the fit leads to important changes in
the (α, ζ) solutions. The most pronounced changes are observed for Outer Gap and One Pole Caustic models for which the γ-ray only
fit leads to underestimated α or ζ when the solution is found to the left or to the right of the main α-ζ plane diagonal respectively.
The intermediate-to-high altitude magnetosphere models, Slot Gap, Outer Gap, and One pole Caustic, are favoured in explaining the
observations. We find no apparent evolution of α on a time scale of 106 years. For all emission geometries our derived γ-ray beaming
factors are generally less than one and do not significantly evolve with the spin-down power. A more pronounced beaming factor vs.
spin-down power correlation is observed for Slot Gap model and radio-quiet pulsars and for the Outer Gap model and radio-loud
pulsars. The beaming factor distributions exhibit a large dispersion that is less pronounced for the Slot Gap case and that decreases
from radio-quiet to radio-loud solutions. For all models, the correlation between γ-ray luminosity and spin-down power is consistent
with a square root dependence. The γ-ray luminosities obtained by using the beaming factors estimated in the framework of each
model do not exceed the spin-down power. This suggests that assuming a beaming factor of one for all objects, as done in other
studies, likely overestimates the real values. The data show a relation between the pulsar spectral characteristics and the width of the
accelerator gap. The relation obtained in the case of the Slot Gap model is consistent with the theoretical prediction.

Key words. stars: neutron – pulsars: general – gamma rays: stars – radiation mechanisms: non-thermal – methods: statistical

1. Introduction

The advent of the Large Area Telescope (LAT, Atwood et al.
2009) on the Fermi satellite has significantly increased our un-
derstanding of the high-energy emission from pulsars. After
more than four years of observations the LAT has detected
pulsed emission from more than 80 young or middle-aged

� Appendices are available in electronic form at
http://www.aanda.org
�� Resident at Naval Research Laboratory, Washington, DC 20375,
USA

pulsars, collecting an unprecedented amount of data for these
sources (Abdo et al. 2013). This has allowed the study of the
collective properties of the γ-ray pulsar population (Pierbattista
2010; Watters & Romani 2011; Takata et al. 2011; Pierbattista
et al. 2012) and of the pulse profiles. The light-curve analy-
sis can be approached by studying the number of peaks and
morphology or by modelling the γ-ray profiles to estimate pul-
sar orientations and constrain the model that best describes the
observations. The first type of analysis has been performed by
Watters et al. (2009) and Pierbattista (2010), who studied light-
curve peak separation and multiplicities in light of intermedi-
ate and high-altitude gap magnetosphere models. The second
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type of analysis has been performed for a small set of pulsars
by Romani & Watters (2010) and Pierbattista (2010) for young
and middle-aged pulsars, and Venter et al. (2009) for millisecond
pulsars. They used the simulated emission patterns of proposed
models to fit the observed light curves and estimate the mag-
netic obliquity angle α (the angle between the pulsar rotational
and magnetic axes) and the observer line of sight angle ζ (the
angle between the observer direction and the pulsar rotational
axis), showing that the outer magnetosphere models are favoured
in explaining the pulsar light curves observed by Fermi. What
these first studies suggest is that with the new high-statistics of
the LAT pulsar light curves, fitting the observed profiles with
different emission models has become a powerful tool to give
estimates of the pulsar orientation, beaming factor, and luminos-
ity, and to constrain the geometric emission models.

After discovery of the pulsed high-energy emission from the
Crab pulsar (McBreen et al. 1973), emission gap models were
the preferred physical descriptions of magnetospheric processes
that produce γ-rays. These models predict the existence of re-
gions in the magnetosphere where the Goldreich & Julian force-
free condition (Goldreich & Julian 1969) is locally violated and
particles can be accelerated up to a few TeV. Three gap regions
were identified in the pulsar magnetosphere: the Polar Cap re-
gion (Sturrock 1971), above the pulsar polar cap; the Slot Gap
region (Arons 1983), along the last closed magnetic field line;
the Outer Gap region (Cheng et al. 1986), between the null
charge surface and the light cylinder. Dyks et al. (2004) calcu-
lated the pulsar emission patterns of each model, according to
the pulsar magnetic field, spin period, α, and gap width and po-
sition. The Dyks et al. (2004) model is based on the assumptions
that the magnetic field of a pulsar is a vacuum dipole swept-back
by the pulsar rotation (Deutsch 1955) and that the γ-ray emission
is tangent to the magnetic field lines and radiated in the direction
of the accelerated electron velocity in the co-rotating frame. The
emission pattern of a pulsar is then obtained by computing the
direction of γ-rays from a gap region located at the altitude range
characteristic of that model. Note that the number of radiated
γ-rays depends only on the emission gap width and maximum
emission radius, which are assumed parameters.

The aim of this paper is to compare the light curves of the
young and middle-aged LAT pulsars listed in the second pul-
sar catalogue (Abdo et al. 2013, hereafter PSRCAT2) with the
emission patterns predicted by theoretical models. We use the
Dyks et al. (2004) geometric model to calculate the radio emis-
sion patterns according to radio core plus cone models (Gonthier
et al. 2004; Story et al. 2007; Harding et al. 2007; Pierbattista
et al. 2012), and the γ-ray emission patterns according to the
Polar Cap model (PC, Muslimov & Harding 2003), the Slot Gap
model (SG, Muslimov & Harding 2004), the Outer Gap model
(OG, Cheng et al. 2000), and an alternative formulation of the
OG model that differs just in the emission gap width and lu-
minosity formulations, the One Pole Caustic (OPC, Romani &
Watters 2010; Watters et al. 2009) model. We use them to fit
the observed light curves and obtain estimates of α, ζ, outer
gap width wOG/OPC, and slot gap width wSG, as well as the en-
suing beaming factor and luminosity. Using these estimates, we
study the collective properties of some non-directly observable
characteristics of the LAT pulsars, namely their beaming factors,
γ-ray luminosity, magnetic alignment, and correlation between
the width of the accelerator gap and the observed spectral char-
acteristics.

For each pulsar of the sample and each model, the estimates
of α and ζ we obtain represent the best-fit solution in the frame-
work of that specific model. We define the optimum-solution as

that solution characterised by the highest log-likelihood value
among the four emission models, and we define the optimum-
model as the corresponding model. Hereafter we stick to this
nomenclature in the descriptions of the fit techniques and in the
discussion of the results.

The radio and/or γ-ray nature of the pulsars of our sample
have been classified according to the flux criterion adopted in
PSRCAT2: radio-quiet (RQ) pulsars, with radio flux detected at
1400 MHz S 1400 < 30 μJy and radio-loud (RL) pulsars with
S 1400 > 30 μJy. The 30 μJy flux threshold was introduced in
PSRCAT2 to favour observational characteristics instead of dis-
covery history in order to have more homogeneous pulsar sam-
ples. Yet, radio light curves were available for 2 RQ pulsars,
J0106+4855 and J1907+0602, that show a radio flux S 1400 <
30 μJy (PSRCAT2). We include these two radio-faint (RF) pul-
sars in the RQ sample and the results of their joint γ-ray plus
radio analysis are given in Appendix E.

The outline of this paper is as follows. In Sect. 2 we describe
the data selection criteria adopted to build the γ-ray and radio
light curves. In Sect. 3 we describe the method we use to cal-
culate the pulsed emission patterns and light curves. Sections 4
and 5 describe the fitting techniques used for the RQ and RL pul-
sars, respectively. The results are discussed in Sect. 6.

In Appendix A we describe the method used to give an esti-
mate of the relative goodness of the fit solutions. In Appendix B
we show further results obtained from the pulsar population syn-
thesis study of Pierbattista et al. (2012) that we compare with
results obtained in Sects. 6.3 and 6.7. Appendices C–E show,
for each model, the best-fit γ-ray light curves for RQ LAT pul-
sars, the best-fit γ-ray and radio light curves for RL LAT pulsars,
and the best-fit γ-ray and radio light curves of two RQ-classified
LAT pulsars for which a radio light curve exists.

2. Data selection and LAT pulsar light curves

We have analysed the 35 RQ and 41 RL young or middle-aged
pulsars listed in Tables 1 and 3, respectively. Their γ-ray and ra-
dio light curves have been published in PSRCAT2. For a spin
period P and spin period first time derivative Ṗ , their character-
istic age spans the interval 103.1 < τch = P/2Ṗ < 106.5 years,
assuming a negligible spin period at birth and a spin-down rate
due to magnetic dipole radiation.

We have performed γ-ray only fits for all RQ objects and
joint γ-ray plus radio fits for all RL objects. The γ-ray light curve
of the RL pulsar J1531−5610 has a very low number of counts
(PSRCAT2) so we have not attempted to fit its γ-ray profile and
it is not included in our analysis.

The Crab (J0534+2200) is the only RL pulsar of our sample
that shows aligned γ-ray and radio peaks. As stated by Venter
et al. (2012), this could be explained by assuming a wide radio
beam that originates at higher altitude (Manchester 2005) in the
same magnetospheric region as the γ-rays, and possibly of caus-
tic nature (Ravi et al. 2012). This interpretation is not compatible
with the radio emission site near the magnetic poles assumed in
this paper since it does not predict aligned radio and γ-ray peaks
as observed in the Crab pulsar. The joint radio plus γ-ray fits
and the γ-ray only fit yield the same pulsar orientations that can
explain the γ-ray light curve, but largely fails to reproduce the
radio light curve at 1400 MHz. We decided to show the joint fit
results for the Crab pulsar to show how the radio emission model
used in this paper fails to explains the Crab radio light curve.

For each analysed pulsar, the selected dataset spans 3 years
of LAT observation, from 2008 August 4 to 2011 August 4. In or-
der to have high background rejection only photons with energy
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Table 1. α and ζ best-fit solutions resulting from the γ-ray fit of the 33 RQ plus 2 RF pulsars.

αPC αSG αOG αOPC αothers ζPC ζSG ζOG ζOPC ζothers
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

J0007+7303 46
4 311

1 191
1 121

1 31
1 721

1 871
1 741

1
J0106+4855 881

1 901
4 202

2 43
4 841

1 901
2 901

1 901
1

J0357+3205 101
10 711

1 881
1 701

1 31
1 262

1 811
1 711

1
J0622+3749 91

9 362
5 241

2 92
1 31

1 517
4 901

1 891
1

J0633+0632 251
1 693

3 821
1 731

1 171
1 842

2 561
1 321

1
J0633+1746 101

1 421
1 661

1 42
4 41

1 511
1 901

1 841
1 60.0−90.01

J0734−1559 124
1 351

2 71
1 882

1 31
1 571

4 891
1 181

2
J1023−5746 71

1 692
2 451

1 611
1 81

1 761
1 871

1 801
1

J1044−5737 42
4 641

1 701
1 101

1 91
1 511

1 811
1 761

1
J1135−6055 142

3 312
7 61

6 751
1 31

1 701
2 801

1 121
1

J1413−6205 81
1 611

1 181
1 491

2 91
1 531

1 811
1 751

1
J1418−6058 71

1 622
1 441

1 601
2 81

1 771
1 831

1 841
1

J1429−5911 42
4 663

3 771
1 671

1 71
1 822

2 421
1 211

1
J1459−6053 141

3 361
1 791

1 781
1 31

1 701
1 481

1 121
1

J1620−4927 91
1 742

3 71
1 42

4 71
1 182

3 891
1 811

1
J1732−3131 81

1 461
1 311

1 751
1 71

1 481
1 861

1 751
2

J1746−3239 101
1 762

3 272
1 81

1 41
1 211

4 891
1 891

1
J1803−2149 81

1 601
2 891

1 481
1 91

1 611
1 811

1 771
1 88.0−92.02

J1809−2332 42
4 621

1 701
1 391

1 91
1 541

1 781
1 721

1
J1813−1246 42

4 403
2 81

1 71
1 101

1 872
1 781

1 751
1

J1826−1256 42
4 702

2 451
1 611

1 71
1 821

1 891
1 841

1
J1836+5925 91

1 891
1 811

1 851
1 21

2 221
1 901

1 881
1

J1838−0537 101
1 591

1 25
2 81

1 31
1 461

1 801
1 771

1
J1846+0919 32

3 461
1 272

1 181
5 101

1 451
1 901

1 872
1

J1907+0602 71
1 641

1 291
1 171

1 91
1 531

1 811
1 731

1
J1954+2836 71

1 601
4 401

1 201
1 81

1 791
1 871

1 741
1

J1957+5033 37
3 665

1 891
1 761

1 41
1 244

1 841
1 711

1
J1958+2846 131

1 411
1 641

1 491
2 51

1 531
1 901

1 851
1

J2021+4026 151
4 891

1 24
2 71

1 11
1 191

1 861
1 821

1
J2028+3332 71

1 461
2 481

1 901
1 71

1 511
1 891

1 853
1

J2030+4415 901
1 901

2 221
1 81

1 901
1 901

1 901
1 901

1
J2055+2539 91

9 702
2 891

1 891
1 31

1 281
2 891

1 661
1

J2111+4606 42
4 611

1 61
6 211

2 91
1 511

1 811
1 721

1
J2139+4716 111

1 374
3 711

1 791
1 201

1 525
4 871

1 701
1

J2238+5903 901
1 901

1 861
1 751

1 881
1 901

1 481
1 901

1

Notes. The last column lists independent ζ estimates found in the literature. Superscript and subscript refer to upper and lower errors, respectively.
The errors bigger than 1 correspond to the 3σ statistical error.

References. (1) Caraveo et al. (2003); (2) Ng & Romani (2008).

Eph > 100 MeV and belonging to the source event class, as
defined in the P7_V6 instrument response function, have been
used. To avoid spurious detection due to the γ-rays scattered
from the Earth atmosphere, events with zenith angle ≥100◦ have
been excluded. A detailed description of the criteria adopted in
the data selection can be found in PSRCAT2.

The photon rotational phases have been computed by us-
ing the TEMPO 2 software (Hobbs et al. 2006) with a Fermi
LAT plug-in1 written by Lucas Guillemot (Ray et al. 2011). The
pulsar ephemerides have been generated by the Fermi Pulsar
Search Consortium (PSC, Ray et al. 2012) and by the Fermi
Pulsar Timing Consortium (PTC, Smith et al. 2008). The PTC
is an international collaboration of radio astronomers and Fermi
collaboration members with the purpose of timing radio pulsars
and pulsar candidates discovered by the PSC to provide the most
up to date radio ephemerides and light curves.

1 http://fermi.gsfc.nasa.gov/ssc/data/analysis/user/
Fermi_plug_doc.pdf

The γ-ray light curves used in this paper are those published
in PSRCAT2. They have been obtained by a photon weighting
technique that uses a pulsar spectral model, the instrument point
spread function, and a model for the γ-ray emission from the ob-
served region to evaluate the probability that each photon origi-
nates from the pulsar of interest or from the diffuse background
or nearby sources (Kerr 2011). A binned light curve is then ob-
tained by summing the probabilities of all the photons within
the phase bin edges. This method gives a high background re-
jection and increases the sensitivity to pulsed emission by more
than 50% compared to the standard non-weighted version of the
H-test (Kerr 2011). The higher signal-to-noise ratio in the result-
ing light curves allows tighter fits in our analyses. The complete
description of the LAT pulsar light-curves generation procedure
can be found in Kerr (2011) and PSRCAT2.

According to the probability distribution of the weighted
photons, the pulsar light-curve background is computed as

B =

⎛⎜⎜⎜⎜⎜⎝
nph∑
i=1

wi −
nph∑
i=1

w2
i

⎞⎟⎟⎟⎟⎟⎠ n−1
bin (1)
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where wi is the weight (probability) associated with the ith pho-
ton, nph is the total number of photons in the light curve, and nbin
is the number of light-curve bins. The pulsar light-curve back-
ground represents the DC light-curve emission component that
does not originate from the pulsars. The error associated with
the jth phase bin of the light curve, corresponding to the stan-
dard deviation of the photon weights in that bin, is

σ j =

⎛⎜⎜⎜⎜⎜⎜⎝
N j∑
i=1

w2
i

⎞⎟⎟⎟⎟⎟⎟⎠
0.5

(2)

where Nj is the number of photon weights in the jth bin. More
details can be found in PSRCAT2.

The radio profiles of the RL LAT pulsars have been ob-
tained in collaboration with the PSC and PTC. They have been
built from observations mainly performed at 1400 MHz from
Green Bank Telescope (GBT), Parkes Telescope, Nançay Radio
Telescope (NRT), Arecibo Telescope, the Lovell Telescope at
Jodrell Bank, and the Westerbork Synthesis Radio Telescope
(Smith et al. 2008).

3. Simulation of the LAT pulsars emission patterns
and light curves

3.1. Phase-plots

A pulsar phase-plot as a two-dimensional matrix, containing the
pulsar emission at all rotational phases (light curve), for all the
possible values of ζ, and obtained for the specific set of pulsar
parameters: period P, surface magnetic field BG, gap width w,
and α. For each of the LAT pulsars the pulsar BG and w of the
various models have been computed as described in Pierbattista
et al. (2012).

Let us define the instantaneous co-rotating frame (ICF) as
the inertial reference frame instantaneously co-rotating with the
magnetospheric emission point. The direction of the photon gen-
erated at the emission point in the pulsar magnetosphere as seen
from an observer frame (OF) has been computed according to
Bai & Spitkovsky (2010), as it follows: (i) the magnetic field
in the OF has been computed as given by the retarded vac-
uum dipole formula; (ii) the magnetic field in the ICF has been
computed by Lorentz transformation of the OF magnetic field;
(iii) the direction of the γ-ray photons in the ICF, ηICF, has been
assumed parallel to BICF; (iv) the direction of the γ-ray photons
in the OF, ηOF has been computed by correcting ηICF for the light
aberration effect.

We computed the γ-ray and radio phase-plots of each pulsar
for the PC, SG, OG, and OPC γ-ray models and a radio core plus
cone model. OPC and OG emission geometries are described by
the same phase-plot. Examples of phase-plots are shown, for all
the models, in Fig. 1.

In our computation, each phase-plot has been sampled in
45×90 steps in phase and ζ angle, respectively. Phase-plots were
produced for every degree in α, from 1◦ to 90◦. Given a pulsar
phase-plot evaluated for a specific α, the light curve observed at
a particular ζLTC is obtained by cutting horizontally across the
phase-plot at constant ζLTC.

A detailed description of γ-ray models, radio model, and
of the phase-plot generation strategy used in this paper can be
found in Pierbattista et al. (2012).

PC

 ζ
 [D

E
G

]

0

20

40

60

80

SG

OG

 ζ
 [D

E
G

]

Phase
−0.5 0 0.5
0

20

40

60

80

RAD

Phase
−0.5 0 0.5

Fig. 1. Top left to bottom right panels: phase-plots obtained for the PC,
SG, OG/OPC, and radio (core plus cone) models respectively, with a
magnetic field strength of BG = 108 Tesla and spin period of 30 ms
for the PC and radio cases, and gap widths of 0.04 and 0.01 for the SG
and OG/OPC cases, respectively. All the plots are given for an obliquity
α = 45◦. The emission flux increases from black to red.

3.2. Light-curves binning and normalisation

The simulated pulsar γ-ray light curves, generated as described
in Sect. 3.1, are first computed in Regular Binning (RBin) where
the phase interval 0 to 1 is divided into Nbin equal intervals and
the light curve is built counting the photons in each bin. By fit-
ting between RBin light curves, all the phase regions (peak or
valleys) have the same statistical weight: in the case of signifi-
cant pulsed emission over very few bins, the fit solution will be
strongly dominated by the off-peak level and not by the pulsed
emission. Since most of the observed LAT light curves exhibit
emission concentrated in narrow peaks and a wide off-peak or
bridge region, we increased the statistical weight of the peak
regions by using fixed count binning (FCBin) light curves. In
FCBin the size of each phase bin is re-defined in order to con-
tain the same sum of weights per bin, obtained by dividing the
total sum of weights by the total number of bins.

The simulated γ-ray light curves, obtained as described in
Sect. 3.1, are computed in arbitrary intensity units and do not
include background emission modelling. This means that before
they are used to fit the LAT profiles, they must be scaled to the
observed light curves, and a value for the background emission
must be added.

Using the FCBin light curves helps the fit to converge to a
solution making use of the main morphological information at
its disposal: the level of pulsed to flat DC emission from the
pulsar model and the level of flat background B from Eq. (1).

Let us define C as the normalisation constant of the simu-
lated light curve. Imposing equality between the total photon
count in the observed and modelled light curves yields an av-
erage constant Cbar near which the fit solution should converge:

∑
j

Nobs, j =
∑

j

(
Cbar × Nmod, j + B

′
j

)
(3)

where Nmod, j and Nobs, j are the j-bin values of the simulated and
observed FCBin light curves respectively and B

′
j is the back-

ground emission obtained from the constant background emis-
sion B computed in Eq. (1). Prior to being used in Eq. (3) both
simulated light curve and background emission have been re-
binned by applying the same binning technique as was used to
obtain the observed light curve.
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Fig. 2. α-ζ log-likelihood maps obtained by fitting the γ-ray light curve
of pulsar J1023−5746 with each γ-ray model phase plot. The fit has
been performed with χ2 estimator and FCBin light curves. A white cir-
cle shows the position of the best-fit solutions. The colour-bar is in ef-
fective σ = (| ln L − ln Lmax|)0.5 units, zero corresponds to the best-fit
solution. The diagonal band present in the PC panel is due to the fact
that the emission region is located close to the polar cap and shines
mainly when ζobs � α. Elsewhere, for |ζobs − α| > ρ/2 with ρ the open-
ing angle of the PC emission cone, no PC emission is visible from the
pulsars and the simulated light curves for those angles are fitted as flat
background emission. This generates the observed yellow flat field in
the log-likelihood map.

4. Radio-quiet pulsar (α, ζ) estimates: γ-ray fit only

We have used the PC, SG, and OG/OPC phase-plots and a
χ2 estimator to fit the LAT pulsar γ-ray light curves sampled
with RBin and FCBin in phase. The free parameters of the fits
are: the α and ζ angles, both sampled every degree in the inter-
val 1◦ to 90◦; the final light-curve normalisation factor C sam-
pled every 0.1Cbar in the interval 0.5Cbar to 1.5Cbar with Cbar
from Eq. (3); the light-curve phase shift φ, sampled in 45 steps
between 0 and 1.

For each type of light-curve binning, we have obtained
a log-likelihood matrix of dimension 90α × 90ζ × 45φ ×
11norm. Maximising the matrix over φ and C yields the α-ζ
log-likelihood map. The location and shape of the maximum in
this map give the best-fit estimates on α and ζ and their errors.
An example of α-ζ log-likelihood map is given in Fig. 2 for the
pulsar J1023−5746. The corresponding best-fit γ-ray light curve
is shown in Fig. C.4. The comparison of the set of solutions ob-
tained with the two light-curve binning modes shows that FCBin
best matches the sharp peak structures of the observed profiles
because of the higher density of bins across the peaks. Hereafter
the α and ζ estimates given for RQ pulsars are those obtained
with FCBin light curves. They are listed with their respective
statistical errors in Table 1.

In order to estimate the systematic errors on the derivation
of (α, ζ) due to the choice of fitting method, we have compared
the sets of solutions obtained with the FCBin and RBin light
curves. Their cumulative distributions give the errors at the 1σ
and 2σ confidence levels displayed in Table 2. Because OG and
OPC models predict sharp peaks and no off-pulse emission, we
expect the differences between α and ζ obtained with RBin and
FCBin light curves to be the largest with these models. It ex-
plains their large 2σ values in Table 2. The results in Table 2
most importantly show that the fitting method itself yields an un-
certainty of a few degrees at least on α and ζ. It is generally much
larger than the statistical errors derived from the log-likelihood

Table 2. Estimate of the systematic errors on α and ζ obtained from the
comparison of the FCBin and RBin fits.

PC SG OG OPC

1σ
|Δα|◦ 1 1 1 1
|Δζ |◦ 1 1 1 1

2σ
|Δα|◦ 2 1 9 28
|Δζ |◦ 1 1 2 9

map. For this reason we have set a minimum error of 1◦ in
Table 1.

Figure 3 compares, for each pulsar, the relative goodness of
the fit solutions obtained with the different models. The light
curves from the modelled phase-plots can reproduce the bulk
shape of the observed light curves, but not the fine details.
Furthermore, the observed light curves having a large number
of counts have very small errors. So the reduced χ2 values of
the best fits remain large because the errors on the data are small
compared to the model variance. On the other hand, the figures in
Appendix C show that the optimum-models reasonably describe
the light-curve patterns in most cases. To quantify the relative
merits of the models, we have therefore set the model variance
in order to achieve a reduced χ2

� of 1 for the optimum-model.
This variance has then been used to calculate the χ2

� value of
other model solutions and to derive the Δχ2

� difference between
the optimum-model and any other model. In Appendix A, we
show how to relate the original log-likelihood values obtained
for each fit, given in Table C.1, and the Δχ2

� differences between
models.

The Δχ2
� difference is plotted in Fig. 3 for each pulsar and

each non-optimum-model. The χ2 probability density function
for the 41 degrees of freedom of the fits gives us the confi-
dence levels above which the alternative models are significantly
worse. The levels are labelled on the plot. The results indicate
that one or two models can be rejected for nearly half the pul-
sars, but we see no systematic trend against a particular model.
We also note that the geometrically similar OG and OPC models
give significantly different solutions in several instances. This is
because the gap width evolves differently in the two models.

5. Radio-loud pulsar (α, ζ) estimates: fitting both
the γ-ray and radio emission

The strategy we have adopted to jointly fit radio and γ-ray pro-
files consists of summing the log-likelihood maps obtained by
fitting the radio and γ-ray light curves individually. Because of
the much larger signal-to-noise ratio in the radio than in γ-rays,
and since the γ-ray and radio models are equally uncertain, the
radio log-likelihood map is more constraining and the joint fit
is largely dominated by the radio-only solution. To lower the
weight of the radio fit and make it comparable with the γ-ray fit
we have implemented a two-step strategy: we have first fitted the
radio profiles by using a standard deviation evaluated from the
relative uncertainty in the γ-ray light curve. We have then used
the best-fit light curves of this first fit to evaluate an optimised
standard deviation in the radio and use it to fit again the radio
light curves. A detailed description of the joint fit technique is
given in Sects. 5.1 and 5.2.
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Fig. 3. Comparison of the relative goodness of the fit solutions obtained for the RQ LAT pulsars between the optimum-model and alternative
models. The comparison is expressed as the Δχ2

� difference between the optimum and alternative model. The horizontal dash-dot lines indicate the
confidence levels at which to reject a model solution compared to the optimum-solution. Triangles, circles, squares, and stars refer to the PC, SG,
OG, and OPC models, respectively. Hereafter in all the figures of the paper, filled and empty symbols refer to the solutions of the optimum and
alternative models, respectively.

5.1. Radio fit only

We have implemented a fit of the RBin radio profiles using 5 free
parameters, the same four defined in Sect. 4, α, ζ, phase shift φ,
and normalisation factor, equally stepped in the same intervals,
plus a flat background emission level sampled in 16 steps over
an interval that includes the averaged minimum of the observed
light curve.

The first fit is done with the standard deviation σpeak eval-
uated as the average relative γ-ray uncertainty in the on-peak
region times the maximum radio intensity value (Johnson et al.
2011; Venter et al. 2012). Hereafter we refer to this first fit as the
σpeak radio fit. The second fit is implemented by using a standard
deviation value evaluated from the best-fit results of the first fit,
on the basis of a reduced χ2 = 1 criterion.

Let us define N∗mod the best fit light curve obtained in the first
step which yields a maximum log-likelihood:

ln Lmax = − 1

2σ2
γ−peak

∑
j

[
Nobs, j − N∗mod, j

]2
(4)

with Lmax function of the best-fit α and ζ obtained from the first
fit. By making use of the reduced χ2 = 1 criterion, Eq. (4) gives

1
nfree

∑
j

[
Nobs, j − N∗mod, j

]2

σ2∗
= 1, (5)

where nfree = (nbin − 5) is the number of the free parameters
and σ∗ is the newly optimised value for the standard deviation.
Combining Eqs. (4) and (5) yields

σ2
∗ = −

2 ln Lmax

nfree
σ2

peak. (6)

The new optimised σ∗ is a function of the α and ζ solutions
obtained in the first step. It has been used to implement a new fit
of the radio light curves, hereafter the σ∗ radio fit.

5.2. Joint γ-ray plus radio estimate of the LAT pulsar
orientations

Since the radio and γ-ray emissions occur simultaneously and in-
dependently, and since the γ-ray and radio log-likelihood maps
have been evaluated in a logarithmic scale for the same free pa-
rameters, the joint (α,ζ) log-likelihood map is obtained by sum-
ming the γ-ray and radio maps.

We have summed the γ-ray log-likelihood maps, evalu-
ated by fitting FCBin light curves (Sect. 4), with the radio
log-likelihood maps, evaluated by fitting RBin light curves
(Sect. 5.1) with either σpeak or σ∗. Among the two sets of so-
lutions obtained for each pulsar, we have selected the solution
characterised by the highest final log-likelihood value. An exam-
ple of a joint γ-ray plus radio α-ζ estimate is given in Fig. 4 for
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Fig. 4. For each model the (α,ζ) log-likelihood map for the γ-ray fit,
the radio fit, and the sum of these two maps for pulsar J0205+6449 is
shown. A white circle shows the position of the best fit solution for each
log-likelihood map. The colour-bar is in effectiveσ = (| ln L−ln Lmax|)0.5

units, zero corresponds to the best-fit solution.

the pulsar J0205+6449. The corresponding best-fit light curves
are shown in Fig. D.1. The log-likelihood values L of the final
results are listed in Table D.1.

Because of statistical fluctuations, and/or the difference in
the radio and γ-ray profile accuracy, and/or the inadequacy of the
assumed emission geometries to describe the data, the (α,ζ) solu-
tions obtained from the joint fit did not always supply both radio
and γ-ray emission at those angles. In those cases, the next high-
est log-likelihood (α,ζ) solution with non-zero radio and γ-ray
pulsed emission was chosen. For some light curves with low
statistics and/or signal-to-noise ratio, the joint fit method found
a flat light curve as the best solution for the SG model. This
is the case for pulsars J0729−1448, J1112−6103, J1801−2451,
and J1835−1106. For those, we have selected the non-flat light
curve with the highest log-likelihood value as the SG solution.

Table 3 lists the (α, ζ) estimates obtained for the RL pul-
sars from the optimised σ∗ fit. Since the estimates are obtained
by merging two 1◦ resolution log-likelihood maps, we conserva-
tively assign a minimum statistical error of 2◦. As for RQ pul-
sars in Sect. 4, we compare in Fig. 5 the relative goodness of
the fits obtained between the optimum-solution and alternative
models for the RL pulsars. We have derived the Δχ2

� difference
between two models according to Appendix A, by making use
of the log-likelihood obtained for each fit and listed in Table D.1
and for 81 degrees of freedom. It shows that the tight additional
constraint provided by the radio data forces the fits to converge
to rather comparable light-curve shapes, so that the solutions of-
ten gather within 1σ from the optimum-solution. It also shows
that the PC model is more often significantly rejected than the
other, more widely beamed, models.

In order to estimate the systematic errors on the derivation
of α and ζ, we have studied how the sets of solutions obtained
with the two joint-fit methods (γ-ray fit plus σpeak radio fit and
γ-ray fit plusσ∗ radio fit) depart from each other. Table 4 lists the
1σ and 2σ systematic errors on α and ζ for each model. It shows
how the joint-fit strategy yields uncertainties of few degrees at
least in α and ζ. They largely exceed the statistical errors shown
in Table 3.

6. Results

For the RQ LAT pulsars, the best-fit light curves obtained by
the fits in FCBin mode are shown in Figs. C.1 to C.18. while
Figs. D.1 to D.41 show the radio and γ-ray best-fit light curves
obtained from the joint γ-ray plus radio fits for the RL LAT pul-
sars. In Figs. E.1 and E.2 we give the joint radio plus γ-ray fit
results for the RF pulsars J0106+4855 and J1907+0602. All ra-
dio light curves shown in Appendices have been plotted with the
errors (optimised standard deviations σ∗) evaluated as described
in Sect. 5.1. The α and ζ estimates for RQ and RL pulsars are
indicated in Tables 1 and 3 respectively.

In addition to the χ2 fits to the FCBin and RBin γ-ray
light curves described above, we have also tested maximum
log-likelihood fits with Poisson statistics. We have checked that
while the individual pulsar (α, ζ) estimates can change according
to the method used, the collective properties of the LAT pulsar
population discussed below, such as the correlation between lu-
minosity and beaming factor with Ė, are robust and not strongly
dependent on the fitting strategy.

6.1. Comparison of the γ-ray geometrical models

We can compare the merits of the models in terms of frequency
of achieving the optimum-model in the sample of LAT pulsar
light curves. Table 5 shows, for each model, the number of
optimum-solutions that are better than the other models by at
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Table 3. α and ζ best-fit solutions resulting from the joint radio plus γ-ray fit of the 41 RL pulsars.

αPC αSG αOG αOPC αothers ζPC ζSG ζOG ζOPC ζothers
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

J0205+6449 792
2 752

2 732
2 802

2 892
2 862

2 902
2 892

2 85.7−902

J0248+6021 62
2 602

2 562
2 552

2 32
2 532

2 652
2 562

2
J0534+2200 122

2 532
2 502

2 502
2 142

2 742
2 742

2 732
2 60.1−64.352

J0631+1036 62
2 482

2 872
2 752

2 32
2 672

2 722
2 642

2
J0659+1414 92

2 302
2 782

2 662
2 42

2 322
2 732

2 752
2

J0729−1448 422
2 672

2 792
2 864

2 422
2 782

2 842
2 712

2
J0742−2822 62

2 632
2 762

3 852
2 102

2 772
2 863

2 682
2

J0835−4510 32
3 452

2 712
2 562

2 431 /703 42
2 692

2 832
2 772

2 62.95−64.272

J0908−4913 72
2 702

2 752
2 652

2 62
2 902

2 902
2 882

2
J0940−5428 62

2 554
3 523

2 492
3 123

2 564
6 622

2 552
2

J1016−5857 72
7 572

2 692
2 652

2 92
2 702

2 822
2 562

2
J1019−5749 62

2 142
4 832

2 832
2 42

2 63
3 862

2 862
2

J1028−5819 72
2 732

2 822
2 902

2 72
2 832

2 872
2 892

2
J1048−5832 62

2 622
2 872

2 872
2 82

2 742
2 762

2 732
2

J1057−5226 102
2 462

2 772
2 732

2 72
2 452

2 872
2 732

2
J1105−6107 262

2 712
2 662

2 652
2 392

2 852
2 812

2 822
2

J1112−6103 152
2 452

2 642
2 622

2 52
2 382

3 772
2 772

2
J1119−6127 92

2 552
2 742

2 612
2 72

2 522
2 682

2 532
2

J1124−5916 902
2 842

2 832
2 842

2 892
2 892

2 882
2 892

2 68.0−82.02

J1357−6429 32
3 502

2 552
2 492

2 82
2 542

2 602
2 542

2
J1410−6132 72

7 192
4 872

2 752
2 92

2 62
2 762

2 862
2

J1420−6048 112
2 522

2 552
2 552

2 52
2 532

2 572
2 522

2
J1509−5850 102

2 462
2 852

2 562
2 62

2 662
2 762

2 652
2

J1513−5908 302
2 502

2 602
2 452

2 262
2 542

2 592
2 552

2
J1648−4611 152

2 602
2 692

2 692
2 112

2 562
2 672

2 672
2

J1702−4128 82
2 562

2 632
2 562

2 62
2 592

2 622
2 592

2
J1709−4429 112

2 422
2 732

2 462
2 32

2 632
2 722

2 632
2 49.0−57.82

J1718−3825 164
2 452

2 802
2 492

2 32
2 652

2 552
2 612

2
J1730−3350 162

2 602
2 792

2 602
2 112

2 632
2 682

2 622
2

J1741−2054 32
3 312

2 842
2 722

2 42
2 262

2 902
2 762

2
J1747−2958 82

2 562
2 872

2 562
2 72

2 772
2 792

2 772
2

J1801−2451 162
2 812

2 742
2 742

2 112
2 742

2 852
2 782

2
J1833−1034 862

2 552
2 652

2 892
2 812

2 752
2 872

2 662
2 85.1−85.62

J1835−1106 72
2 672

2 742
6 864

2 62
2 612

2 892
2 723

2
J1952+3252 112

2 512
2 652

2 652
2 92

2 802
2 862

2 832
2

J2021+3651 72
2 732

2 682
2 842

2 72
2 832

2 902
2 882

2 76.0−82.02

J2030+3641 82
2 602

2 872
2 672

2 82
2 652

2 772
2 682

2
J2032+4127 162

2 412
2 592

2 652
2 72

2 542
2 602

2 892
2

J2043+2740 62
6 596

5 762
3 662

2 92
2 794

3 882
2 872

2
J2229+6114 42

4 422
2 752

2 652
2 32

2 622
2 552

2 552
2 38.0−54.02

J2240+5832 133
2 675

5 703
3 712

2 42
2 882

3 892
3 882

4

Notes. The central and last columns list independent α and ζ estimates, found in the literature, respectively. Superscript and subscript refer to
upper and lower errors, respectively. The errors bigger than 2 correspond to the 3σ statistical error.

References. (1) Johnston et al. (2005); (2) Ng & Romani (2008); (3) α = ζ + 6.5 found by Johnston et al. (2005) with ζ ∼ 63.5 from Ng & Romani
(2008).

Table 4. Estimate of the systematic errors on α and ζ obtained from the
comparison of the two joint fit methods γ-ray fit plus σpeak radio fit and
γ-ray fit plus σ∗ radio fit.

PC SG OG OPC

1σ Δα◦ 4 18 3 5
Δζ◦ 12 30 3 1

2σ Δα◦ 49 46 14 18
Δζ◦ 51 50 14 9

least 1σ (left) and the number of non-optimum-solutions that
are rejected at more than 3σ (right). We give those counts for

the RQ, RL, and all pulsars of the sample. Table 5 shows that,
in the majority of cases, there is no statistically best optimum-
solution. In the few cases where there are, most are SG and
PC and only one is OPC. The PC emission geometry, in gen-
eral, most poorly describe the observations; the PC model is re-
jected at more than 3σ confidence level for almost the 60% of
the RL pulsars and for almost half of the total pulsars of the
sample. The SG and PC models are rejected at more than 3σ
nearly equally for RQ pulsars. Thus, the outer magnetosphere
models, SG, OG and OPC, overall seem to best describe the ob-
served LAT pulsar light curves. This geometrical trend concurs
with the absence of a super-exponential cut-off in the recorded
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Fig. 5. Comparison of the relative goodness of the fit solutions obtained for the RL LAT pulsars between the optimum-model and alternative
models. The comparison is expressed as the Δχ2

� difference between the optimum and alternative model. The horizontal dash-dot lines indicate the
confidence levels at which to reject a model solution compared to the optimum-solution. Triangles, circles, squares, and stars refer to the PC, SG,
OG, and OPC models, respectively.

Table 5. Left: for each model, the number (and frequency in the sample) of optimum-solutions that yield a better fit than the other models by at
least 1σ. Right: for each model, the number and frequency of solutions that are rejected by more than 3σ compared to the optimum-model.

Optimum-solutions by at least 1σ
RQ RL RL+RQ

No. % No. % No. %
PC 2 40 1 33.3 3 37.5
SG 3 60 1 33.3 4 50.0
OG 0 0 0 0 0 0
OPC 0 0 1 33.3 1 12.5
Total 5 3 8

Solutions rejected by more than 3σ
RQ RL RL+RQ

No. % No. % No. %
PC 10 30.3 17 58 27 44
SG 11 33.4 4 14 15 24
OG 8 24.2 4 14 12 19
OPC 4 12.1 4 14 8 13
Total 33 29 62

Notes. The values are given for the RQ, RL, and total LAT pulsar samples.

γ-ray spectra (PSRCAT2) to rule out a PC origin of the γ-ray
beam in most of the LAT pulsars, but not all. We note that the
RF and RQ pulsars J0106+4855 and J2238+5903 respectively,
have a PC optimum-solution and that the other models are very
strongly rejected. On the other hand, the PC optimum-solution
obtained for pulsar J2238+5903 has α and ζ angles so close that
it should be observed as RL or RF object and so it is likely to be
incorrect, unless the radio emitting zone actually lies at higher
altitude than in our present model. In any case, γ-ray beams orig-
inating at medium to high altitude in the magnetosphere largely
dominate the LAT sample.

The fit results can point to which model best explains the
emission from each pulsar but they do not single out a model that
is able to explain all the observed light curves. This suggests that
none of the assumed emission geometries can explain the variety
of the LAT sample.

6.2. Impact of the radio emission geometry on the pulsar
orientation estimate

Figure 6 shows how the (α, ζ) solutions obtained for the RL sam-
ple migrate, from the γ-only solutions when we take into account
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Fig. 6. Distribution of the α-ζ best-fit solutions obtained, for the RL pulsars sample and in the framework of each model, by fitting the γ-ray light
curves alone (stars) and by jointly fitting the γ-ray and the radio light curves (squares). Recall that filled and empty symbols refer to the solutions
of the optimum and alternative models, respectively.

the radio emission. We have used the χ2 fit and FCBin light
curves to give an (α, ζ) estimate for RL Fermi pulsars based on
the γ-ray emission only. They are listed in Table 6. We have
plotted those solutions as stars in Fig. 6. To study how they
change by including the radio emission in the fit, we have plot-
ted as squares the solutions obtained with the joint σpeak radio
fit and we have connected with a line the solutions of the two
methods for each pulsar.

In many cases the γ-only solutions for RL pulsars are found
far away from the diagonal (0, 0) to (90, 90) in the α-ζ plane
where radio emission is more likely. Hereafter we refer to this
diagonal as the radio diagonal. For all models except the PC,
the introduction of the radio component in the fit causes the
(α, ζ) solution to migrate from orientations where radio emis-
sion is unlikely toward the radio diagonal. This suggests that a
γ-ray only fit estimate of α and ζ for RL pulsars may give re-
sults far away from the radio diagonal and should be used with
caution.

In the PC model, the inclusion of the radio component in
the fit produces a migration of the solutions along the radio di-
agonal. In the SG model, the extent of the migration is some-
what larger than in the PC case and it does not follow any trend
(Fig. 6). In the OG and OPC models the γ-ray only solutions
migrate the furthest to the joint solutions in Fig. 6. In the outer
magnetosphere models, both the α and ζ angles can be under-
estimated according to the position of the γ-only solution with
respect to the radio diagonal. When the γ-only solution is to
the right of the radio diagonal, ζ migrates toward higher values

while α keeps quite stable and vice versa when the γ-only solu-
tion is to the left of the radio diagonal.

6.3. α-ζ plane

Figure 7 shows the solutions in the α-ζ plane for the
RQ and RL pulsars in the top and bottom panels re-
spectively. A comparison of the α and ζ estimates with
the values obtained from observations at other wavelengths
shows good consistency in all the reported cases (Tables 1
and 3). Our ζ estimates are consistent with the values pre-
dicted by Caraveo et al. (2003) for PSR J0633+1746 OG
and OPC models, and with the values predicted by Ng &
Romani (2008) for pulsars J0205+6449 OG/SG/OPC models,
J1709−4429 OG model, J1833−1034 OG model, J2021+3651
SG model, and J2229+6114 OG model. For PSRs J1803−2149,
Crab, and J1124−5916, none of our ζ estimates is included in the
interval predicted by other authors. For those pulsars, the values
closest to the predictions made by Ng & Romani (2008) are ob-
tained by OG for J1803−2149, SG/OG/OPC for the Crab, and
by all models for J1124−5916. In the case of the Vela pulsar, our
SG model predictionsα = 45◦±2◦ and ζ = 69◦±2◦ are both con-
sistent with α = 43◦ by Johnston et al. (2005) and 63◦ <∼ ζ <∼ 64◦
by Ng & Romani (2008).

Since the radio and PC emissions are generated in the same
region of the magnetosphere in narrow conical beams, coaxial
with the magnetic axis, all the PC solutions are found along the
radio diagonal. The concentration of solutions at low α and ζ for
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Table 6. α and ζ best-fit solution resulting from the γ-ray only fit of the 41 RL pulsars.

αPC αSG αOG αOPC αothers ζPC ζSG ζOG ζOPC ζothers
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

J0205+6449 781
1 852

2 571
1 851

1 891
1 821

1 451
1 891

1 85.7−902

J0248+6021 106
1 411

2 91
1 821

1 71
1 701

1 901
1 151

1

J0534+2200 121
1 511

1 501
1 501

1 141
1 751

1 741
1 731

1 60.10−64.352

J0631+1036 161
1 362

2 71
1 832

1 31
1 552

5 881
1 211

2

J0659+1414 101
1 361

1 281
1 121

1 91
1 571

3 881
1 881

1

J0729−1448 161
16 4915

3 82
1 82

8 25
2 498

20 873
2 791

1

J0742−2822 161
2 412

3 75
7 752

3 131
7 551

3 901
1 261

1

J0835−4510 42
4 161

1 481
1 661

1 431 /703 41
1 741

1 831
1 761

1 62.95−64.272

J0908−4913 71
1 891

3 101
1 131

1 61
1 583

4 861
1 791

1

J0940−5428 191
1 4116

26 801
2 683

5 146
3 6510

11 472
1 258

5

J1016−5857 71
1 587

6 441
3 601

1 91
1 712

2 853
1 791

1

J1019−5749 2021
20 416

3 815
3 5426

11 1524
11 532

6 717
22 5324

29

J1028−5819 71
1 662

1 311
1 901

1 71
1 841

1 851
1 891

1

J1048−5832 42
4 711

1 391
1 601

1 81
1 611

1 811
1 761

1

J1057−5226 101
1 461

1 771
1 151

1 71
1 451

1 871
1 881

1

J1105−6107 91
1 901

2 91
1 154

2 61
1 418

5 821
1 802

1

J1112−6103 81
8 862

2 94
2 101

1 81
1 384

3 803
1 761

1

J1119−6127 46
4 362

3 82
1 781

1 21
2 534

4 832
1 41

1

J1124−5916 901
1 882

3 611
1 651

1 891
1 891

2 861
1 891

1 68.0−82.02

J1357−6429 101
1 303

6 32
3 731

1 81
1 682

2 771
1 112

1

J1410−6132 81
1 864

5 91
2 311

2 91
1 3211

6 791
1 901

5

J1420−6048 141
1 571

1 24
2 771

1 71
1 481

1 771
1 231

1

J1509−5850 32
3 461

1 151
1 821

1 121
1 431

1 901
1 181

1

J1513−5908 101
1 299

10 882
1 682

1 61
1 664

3 215
3 212

3

J1648−4611 161
5 463

1 181
2 843

1 31
1 432

1 871
1 221

1

J1702−4128 105
2 316

22 71
1 43

4 31
3 4815

11 891
1 791

1

J1709−4429 132
2 261

1 131
1 61

1 31
1 701

1 771
1 731

1 49.0−57.82

J1718−3825 164
1 411

1 111
1 721

1 31
1 671

1 791
1 91

1

J1730−3350 71
1 773

4 411
3 562

1 71
1 496

4 873
2 762

1

J1741−2054 32
3 711

1 841
1 291

1 41
1 241

1 901
1 901

1

J1747−2958 91
1 731

1 411
1 901

1 71
1 411

1 901
1 361

1

J1801−2451 81
1 581

6 81
1 311

1 61
1 882

2 821
1 822

2

J1833−1034 272
1 411

1 681
1 571

1 401
1 591

1 321
1 361

1 85.1−85.62

J1835−1106 101
2 519

5 264
10 901

2 54
1 652

7 901
3 216

3

J1952+3252 321
1 811

1 741
1 611

1 511
1 831

1 341
1 331

1

J2021+3651 71
1 631

1 551
1 841

1 71
1 831

1 891
1 881

1 76.0−82.02

J2030+3641 81
1 461

1 841
1 181

1 81
1 451

1 901
1 881

1

J2032+4127 831
1 901

1 591
1 171

1 891
1 901

1 601
1 721

1

J2043+2740 44
4 461

1 631
4 901

2 91
1 481

1 901
2 882

2

J2229+6114 151
1 361

1 841
1 731

1 81
1 631

1 241
1 241

1 38.0−54.02

J2240+5832 394
16 815

8 872
2 534

1 372
11 663

11 409
4 421

1

Notes. The central and last columns list independent α and ζ estimates, found in the literature, respectively. Superscript and subscript refer to
upper and lower errors, respectively. The errors bigger than 1 correspond to the 3σ statistical error. The solutions compatible, within the errors,
with the solutions obtained by fitting jointly radio and γ-ray light curves and listed in Table 3 are highlighted in grey cells.

References. (1) Johnston et al. (2005); (2) Ng & Romani (2008); (3) α = ζ + 6.5 found by Johnston et al. (2005) with ζ ∼ 63.5 from Ng & Romani
(2008).

both RQ and RL pulsars is due to the PC emission geometry, for
which low α and ζ angles predict the highest variety of light-
curve shapes.

The majority of SG solutions, both for RQ and RL objects,
are concentrated in the central-upper part of the radio diagonal.
The paucity of low α and ζ solutions is due to SG geometry: the
SG bright caustics shine generally at high ζ and tend to concen-
trate toward the neutron star spin equator as α decreases.

In agreement with Takata et al. (2011) we show that OG and
OPC solutions for both RQ and RL pulsars are mainly observed
at high α and ζ angles, preferably at high ζ for all obliquities
for the RQ pulsars. Only a handful of OPC pulsars are poten-
tially seen at ζ < 30◦. The comparison of OG and OPC solu-
tions shows that the two different prescriptions for the gap width
evolution do not much affect the estimation of α and ζ. The
fact that RQ SG solutions are closer to the radio diagonal than
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Fig. 7. α-ζ plane distribution of RQ (top panel) and RL (bottom panel) fit solutions for the PC (magenta triangles), SG (red circles), OG (blue
squares), and OPC (black stars) models. Recall that filled and empty symbols refer to best-fit solutions of the optimum and alternative models,
respectively. The optimum-solutions that are better than the other models by more than 1σ are plotted as light-colour-filled symbols.

RQ OG solutions is due to their different emission geometry:
two-pole emission geometry (emission from both poles, e.g. Two
Pole Caustic model, Dyks & Rudak 2003) and one-pole emis-
sion geometry (emission from just one pole, Outer Gap model,
Cheng et al. 2000) respectively. It follows that for lower α an-
gles (<∼45◦), OG emission can be observed with large enough
peak separation only at high ζ angles whereas in the SG geome-
try large peak separations can be observed at lower ζ angles and
from both poles.

We show in Fig. B.1 the α-ζ plane distribution obtained for
the γ-ray visible pulsars from the population synthesis described
in Pierbattista et al. (2012). The comparison with the RQ and
RL pulsars of Fig. 7 shows consistency between the LAT pul-
sars and the prediction from the Galactic population for the SG,
OG, and OPC models. The PC predictions show an abundance
of solutions at intermediate (α, ζ) that are not observed in the
LAT sample.

We now use the (α, ζ) solutions to study various collective
properties of the LAT pulsar sample.

6.4. Beaming factor fΩ

The pulsar beaming factor fΩ is the ratio of the total luminosity
radiated over a 4π sr solid angle to the observed phase-averaged
energy flux,

Lγ = 4π fΩFobsD
2, (7)

where D is the pulsar distance and Fobs is the observed pulsar
flux. The LAT pulsar beaming factors fΩ have been evaluated
from each of the (α, ζ) solutions and the corresponding phase-
plots according to:

fΩ =

∫ π
0

sin ζ
∫ 2π

0
n(φ, αobs, ζ)dφdζ

2
∫ 2π

0
n(φ, αobs, ζobs)dφ

(8)

where the numerator is the integrated luminosity radiated by the
pulsar in all directions for the αobs obliquity and the denomina-
tor integrates the energy flux intercepted for the observer line of
sight ζ = ζobs (Watters et al. 2009).
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Fig. 8. Beaming factor fΩ versus the pulsar spin-down power Ė evaluated for RQ (top panel) and RL (bottom panel) pulsars . The lines represent
the best power-law fits to the data points; the best fit power-law parameters with relative 1σ errors, are listed in Table 8. Hereafter the optimum-
solutions that are better than the other models by more than 1σ will be plotted as light-colour-filled hexagrams.

Figure 8 shows the beaming factor as a function of the pul-
sar spin-down power. The beaming factors have been derived
from the best-fit RQ and RL (α, ζ) solutions for each model. The
LAT pulsar spin-down powers Ė have been evaluated from the
periods and period first time derivatives given in PSRCAT2, as
described in Pierbattista et al. (2012) (with a different choice of
pulsar moment of inertia, mass, and radius than in PSRCAT2).
The dependence of the beaming factors on Ė have been fitted,
using a nonlinear regression algorithm, with power laws, the in-
dices of which are given in Table 8. The goodness of each fit
shown in Table 8 has been estimated by computing the coeffi-
cient of determination R2 that compares the sum of the squares

of residuals and the dataset variability (proportional to the sam-
ple variance). It is computed as

R2 = 1 −
∑n

i (yi − xi)2∑n
i (yi − 〈y〉)2

= 1 −
∑n

i y
2
r,i

σ2
y(n − 1)

(9)

where yi are the data, xi are the fit predictions, yr,i are the fit
residuals, σ2

y is the data sample variance, 〈y〉 is the average value
of the data sample, and n is the number of data points in the fit.
R2 ranges between 0 and 1 and a value close to 1 indicates a
good correlation between data and fit predictions.

In the PC case fΩ is low as expected from the small hol-
low cone beam produced above the polar caps (Fig. 1). The
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Table 7. Beaming factors fΩ evaluated for the RQ (left) and RL (right) pulsars in the framework of each model.

RQ fΩ,PC fΩ,SG fΩ,OG fΩ,OPC

J0007+7303 0.01 0.71 0.12 0.21
J0106+4855 0.2 0.94 0.04 0.08
J0357+3205 0.06 1.29 0.38 0.47
J0622+3749 0.01 1.43 0.03 0.1
J0633+0632 0.66 0.93 1.72 2.75
J0633+1746 0.06 1.47 0.41 0.16
J0734−1559 0.06 1.57 0.13 1.21
J1023−5746 0.02 0.98 0.55 0.81
J1044−5737 0.03 0.97 0.63 0.21
J1135−6055 0.07 0.66 0.19 1.77
J1413−6205 0.03 0.95 0.2 0.58
J1418−6058 0.02 0.95 0.58 0.8
J1429−5911 0.02 0.95 2.4 5.14
J1459−6053 0.06 0.72 0.45 1.47
J1620−4927 0.03 1.26 0.1 0.13
J1732−3131 0.03 1.52 0.19 0.83
J1746−3239 0.05 1.35 0.05 0.13
J1803−2149 0.03 0.98 0.65 0.6
J1809−2332 0.03 0.96 0.66 0.43
J1813−1246 0.05 0.92 0.14 0.18
J1826−1256 0.02 0.97 0.54 0.79
J1836+5925 0.02 1.81 0.3 0.62
J1838−0537 0.03 0.95 0.12 0.22
J1846+0919 0.02 1.29 0.06 0.11
J1907+0602 0.03 1 0.33 0.25
J1954+2836 0.04 0.93 0.46 0.28
J1957+5033 0.01 1.3 0.38 0.45
J1958+2846 1.48 1.6 0.68 0.61
J2021+4026 2.98 1.22 0.28 0.15
J2028+3332 0.03 1.41 0.29 0.83
J2030+4415 0.11 0.96 0.02 0.06
J2055+2539 0.01 1.29 0.35 0.71
J2111+4606 0.03 0.96 0.12 0.25
J2139+4716 1.49 1.4 0.18 0.43
J2238+5903 0.12 0.99 1 0.86

RL fΩ,PC fΩ,SG fΩ,OG fΩ,OPC

J0205+6449 0.37 0.98 0.82 0.93
J0248+6021 0.01 0.94 0.24 0.7
J0534+2200 0.13 0.9 0.64 0.67
J0631+1036 0.01 0.83 0.52 1
J0659+1414 0.04 1.1 0.31 0.6
J0729−1448 0.16 0.94 0.62 0.92
J0742−2822 0.04 0.91 0.66 1.06
J0835−4510 0.02 0.8 0.81 0.75
J0908−4913 0.02 0.94 0.79 0.83
J0940−5428 0.05 0.92 0.48 0.54
J1016−5857 0.03 0.91 0.55 0.99
J1019−5749 0.01 1.05 0.5 0.94
J1028−5819 0.03 0.96 0.86 1.04
J1048−5832 0.02 0.94 0.8 0.95
J1057−5226 0.04 1.29 0.43 0.72
J1105−6107 0.43 0.97 0.73 0.82
J1112−6103 0.11 1.34 0.7 0.82
J1119−6127 0.03 0.84 0.79 0.93
J1124−5916 0.15 0.97 0.87 0.92
J1357−6429 0.03 0.91 0.54 0.65
J1410−6132 0.04 1.19 0.75 0.93
J1420−6048 0.03 0.87 0.63 0.82
J1509−5850 0.03 0.81 0.71 0.86
J1513−5908 0.11 0.88 0.81 0.92
J1648−4611 0.05 0.9 0.49 0.99
J1702−4128 0.03 0.91 0.36 0.73
J1709−4429 0.01 0.78 0.63 0.57
J1718−3825 9.96 0.8 0.86 0.71
J1730−3350 0.04 1.01 0.9 0.97
J1741−2054 0.01 0.89 0.3 0.61
J1747−2958 0.03 0.92 0.79 0.71
J1801−2451 0.04 0.95 0.62 0.84
J1833−1034 0.36 0.91 0.79 1.14
J1835−1106 0.02 0.95 0.61 0.91
J1952+3252 0.08 0.91 0.74 0.84
J2021+3651 0.02 0.98 0.76 0.87
J2030+3641 0.03 0.9 0.35 0.68
J2032+4127 1.07 1.59 0.77 0.8
J2043+2740 0.04 0.87 0.52 0.48
J2229+6114 0.28 0.76 1.02 1
J2240+5832 0.55 0.95 0.67 0.91

fΩ distribution is centred around 0.05 and 0.07 for RQ and
RL objects, respectively. Since the PC beam size scales with the
polar cap size, we expect fΩ to decrease as the period increases,
thus as Ė decreases. Because of the high dispersion in the sam-
ple, no trend is apparent. In the SG case, the beaming factor
of both RL and RQ pulsars remains rather stable and well con-
strained around fΩ ∼ 1. A more pronounced fΩ-Ė correlation,
characterised by a higher index of determination R2 (Table 8),
is observed for the RQ pulsars. The absence of an evident cor-
relation between fΩ and Ė is due to the less strongly beamed
nature of the SG emission, to the high level of off-pulse emis-
sion predicted, and on the fact that, contrary to the OG, the
bright caustics do not quickly shrink toward the pulsar equa-
tor as the pulsar ages, but they span a wider range of ζ val-
ues. In the OG and OPC cases, the fΩ values are much less dis-
persed for the RL pulsars than for the RQ pulsars as indicated
in Pierbattista et al. (2012). Both OG and OPC do not show any
significant fΩ variation for RQ pulsars with Ė and are charac-
terised by distributions centred around ∼0.25 and ∼0.64 for RQ
and RL OG objects respectively, and ∼0.41 and ∼0.85 for RQ
and RL OPC objects respectively. The OG model exhibits a more

pronounced fΩ-Ė correlation, characterised by a higher index of
determination R2 (Table 8), for RL pulsars. The distribution of
the beaming factor values in the framework of each model is
shown in Fig. 9. In all models other than the SG, the beaming
factors calculated for the RQ population are numerically smaller
than those calculated for the RL population. This is consistent
with the fact that the wide SG γ-ray beams of the RL pulsars
have higher probability to overlap the radio beams. The beaming
factors for RQ and RL LAT pulsars computed in the framework
of each model are given in Table 7. The fΩ values are generally
lower than one for all models and this suggests that to assign a
beaming factor of one to all the pulsars (as done in PSRCAT2)
is likely to represent an overestimation of the real values.

6.5. Luminosity

Figure 10 shows the γ-ray luminosity versus Ė for RQ and
RL pulsars in the upper and lower panel respectively. The γ-ray
luminosities of the LAT pulsars have been computed with Eq. (7)
by using the pulsar fluxes detected by the LAT above 100 MeV
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Fig. 9. Beaming factor fΩ distribution for the RQ (top panel) and RL (bottom panel) pulsars and all models.

Table 8. Best power-law fits to the distribution of fΩ and Lγ as functions of Ė for each model and RL or RQ pulsars.

RQ RL
Power-law index Intercept R2 Power-law index Intercept R2

PC fΩ −0.11 ± 0.11 1.73 ± 3.02 0.03 0.2 ± 0.1 −7.0 ± 2.9 0.10
Lγ 0.13 ± 0.46 22.82 ± 13.02 0.01 0.73 ± 0.15 5.24 ± 4.38 0.40

SG
fΩ −0.07 ± 0.01 1.97 ± 0.41 0.41 −0.01 ± 0.01 0.3 ± 0.3 0.03
Lγ 0.29 ± 0.19 19.51 ± 5.38 0.28 0.52 ± 0.11 12.49 ± 3.38 0.37

OG fΩ 0.15 ± 0.08 −4.76 ± 2.26 0.10 0.09 ± 0.02 −2.94 ± 0.54 0.47
Lγ 0.55 ± 0.28 11.44 ± 8.00 0.39 0.63 ± 0.12 9.23 ± 3.48 0.44

OPC
fΩ 0.11 ± 0.08 −3.42 ± 2.19 0.06 0.02 ± 0.01 −0.76 ± 0.41 0.10
Lγ 0.51 ± 0.17 12.8 ± 4.95 0.59 0.56 ± 0.11 11.33 ± 3.37 0.40

Notes. The coefficient of determination R2 relative to each fit is reported.

(PSRCAT2), and the beaming factor fΩ computed from the sim-
ulated phase plot with Eq. (8). The error on the LAT luminosi-
ties include the errors on the LAT fluxes and distances as listed
in PSRCAT2. The correlations between γ-ray luminosities and
Ė have been fitted, using a nonlinear regression algorithm, with

power laws, the indices and coefficient of determination R2 of
which are given in Table 8.

For RQ and RL objects of all models, the trend Lγ ∝∼ Ė0.5,
observed in the first LAT pulsar catalogue (Abdo et al. 2010b)
and confirmed in PSRCAT2, is observed within the errors. The
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Fig. 10. γ-ray luminosity versus Ė for RQ (top panel) and RL (bottom panel) Fermi pulsars. The thick lines represent the best power-law fits to the
data points; their parameters and 1σ errors are listed in Table 8. The thin dot-dashed line indicates 100% conversion of Ė into γ-rays.

luminosity excess (Lγ > Ė) observed in PSRCAT2 for some
pulsars is solved here by computing each pulsar beaming fac-
tor from its best-fit light curve and emission pattern phase-plot
(Eq. (8)). The only exception is noted for the PC luminosity of
PSR J2021+4026 but this results is likely incorrect since this
pulsar appears to have a low |α − ζ | and should be observed as
RL or RF object. Moreover, the γ-ray luminosity distribution
as a function of Ė, evaluated in the framework of each model,
appears much less dispersed than in PSRCAT2. The lack of ob-
jects with Lγ > Ė, using our fΩ estimate, supports the conclu-
sion that to assign a beaming factor of 1 to all the pulsars rep-
resents an overestimate of the real value, particularly for low
Ė pulsars. The distributions observed in Fig. 10 for RL pulsars
are consistent with the model prediction shown in Pierbattista
et al. (2012), with the PC model providing the lowest luminosity
values and SG and OG distributions characterised by the same
dispersion.

Figure 11 shows the geometric γ-ray luminosity of the
LAT pulsars computed with Eqs. (7) and (8), Lgeo, as a function

of the standard gap-model γ-ray luminosity computed as Lrad =
W3Ė. In some cases Lgeo overestimates Lrad by more than 2 or-
ders of magnitude for RQ pulsars and 3 orders of magnitude for
RL pulsars. This is mainly the case for small gap-width pulsars,
W < 0.1, that are expected to shine with Lrad < 0.001Ė but
that show larger γ-ray luminosities Lgeo. This inconsistency re-
flects the difficulties in defining a unique gap width that could
simultaneously explain the light-curve shape and the observed
pulsar flux in the framework of the same radiative-geometrical
model: the observed γ-ray pulsar light-curve shapes are well ex-
plained by thin gaps that yet do not provide enough luminosity
to predict the observed γ-ray flux. The radiative-geometrical lu-
minosity discrepancy appears more pronounced for the SG pul-
sars, where the gap-width computation critically depends on the
assumed shape of the pair formation front (PFF; see descrip-
tion of the λ parameter in Pierbattista et al. 2012, Sect. 5.2).
In the OG model, Lgeo overestimates Lrad just for RQ pulsars
while the Lgeo of RL objects are more distributed around 100%
of Lrad but showing a large dispersion above Lrad. The OPC is
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Fig. 11. Geometric γ-ray luminosity, Lgeo versus the standard gap-model γ-ray luminosity Lrad for RQ (top panel) and RL (bottom panel) Fermi
pulsars and each model. The dot-dashed lines indicates Lgeo = Lrad.

the model that shows the highest agreement between geometrical
and radiative luminosity estimates with both RQ and RL Lgeo ho-
mogeneously distributed around 100% of Lrad. This is expected
since the OPC luminosity law is artificially designed to match
observed luminosities.

Pierbattista et al. (2012) reduced the lack of Lrad discrep-
ancy by choosing the highest possible γ-ray efficiency, 100%,
for the OG model and by choosing an appropriate PFF shape
(see Sect. 5.2 of Pierbattista et al. 2012) and by setting the γ-ray
efficiency to 1200% for the SG model. The high SG efficiency is
possibly justified by the enhanced accelerating electric field ex-
pected in case of offset polar caps (Harding & Muslimov 2011).

The geometrical approach adopted in this paper avoid the
lack of Lrad obtained for SG and OG models (Pierbattista et al.
2012) when one tries to simultaneously explain light-curve
shape and luminosity and does not require ad-hoc γ-ray effi-
ciency assumptions. On the other hand our geometrical approach

highlights an intrinsic inconsistency between geometric and ra-
diative models in describing the pulsar magnetosphere. The geo-
metrical model used in this paper is based on simple assump-
tions that do not account for the complex electrodynamics at
the base of the radiative gap-models. This is true for both OG
and SG models and cause the radiative-geometrical luminos-
ity inconsistencies discussed above. The OG model requires
large gap widths to produce the observed luminosities, and these
gaps do not produce the observed thin light-curve peaks. This
is suggested by the higher consistency between radiative and
geometrical luminosities obtained by the OPC model that dif-
fers from the OG just in the gap-width formulation. In the
SG model, radiative-geometrical luminosity inconsistencies are
due to two factors: thin slot gaps required to explain the light-
curve shapes do not produce enough luminosity to explain the
observed fluxes; the electrodynamics of the low-altitude slot-gap
region is not implemented in the adopted geometrical model.
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Fig. 12. Magnetic obliquity α versus characteristic age for RQ (top
panel) and RL (bottom panel) Fermi pulsars and each model.

The assumptions on the SG high-altitude emission and the in-
consistencies between radiative and geometrical SG emission at
low altitude are discussed in Sect. 6.7.1.

In the current formulation of SG and OG geometrical mod-
els, both SG and OG model acceleration and emission regions
are restricted to inside the light cylinder. In more recent and
realistic global dissipative pulsar magnetosphere models, ac-
celeration and emission also outside the light cylinder may be
able to solve this radiative-geometrical luminosity discrepancy
(Kalapotharakos et al. 2014; Brambilla et al., in prep.).

6.6. Magnetic alignment and pulsar orientation

Figure 12 shows α versus the characteristic age τch for each
model and pulsar type. We have tried to verify if the LAT sam-
ple shows any evidence of an alignment or misalignment of the
magnetic and rotational axes with age. The possibility that mag-
netic and rotational axes of a pulsar could become aligned with
time has been suggested by Young et al. (2010) on the basis of
a pulsar evolution model including two distinct effects: an expo-
nential magnetic alignment as indicated by Jones (1976) and a
progressive narrowing of the emission cone as the pulsar ages.
The alignment of magnetic and rotational axes of a pulsar should
occur on a timescale of ∼106 yr.

Both RQ and RL solutions for all the models are highly dis-
persed and show no evidence of changes in αwith age. In Fig. 13
we show gap width as a function of α for RQ and RL pulsars
for all models. A mild dependence between gap width and α is
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Fig. 13. Gap width as a function of α for RQ (top panel) and RL (bottom
panel) Fermi pulsars and each model.

present just for the OG model and is due to the fact that in the
OG model the gap width wOG is a function of α.

Figure 14 shows the quantity |α − ζ | plotted as a function of
the pulsar period, for RQ and RL pulsars in all models. It is ev-
ident how the solutions change from RQ to RL objects, appear-
ing much less dispersed and showing slight decreasing trends
with the spin period. This trend is due to a selection effect for
which young and rapidly spinning pulsars have a wider radio
beam that can overlap the γ-ray beam up to high |α − ζ | values.
As a pulsar ages, its spin period increases while polar cap size
and radio beam size decrease and the radio beam will overlap
the γ-ray beam only for smaller |α − ζ |. This trend is consis-
tent with changes of |α − ζ | as a function of the spin period,
obtained, for each emission model, in the population synthesis
study described in Pierbattista (2010) and shown in Fig. 6.84 of
that paper.

6.7. High-energy cutoff and spectral index versus gap width

Figures 15 and 16 show the relation between observable spec-
tral characteristics, namely the high-energy cutoff Ecut and spec-
tral index Γ, and the width of the emission gap evaluated in the
framework of each emission model. Γ and Ecut are taken from
PSRCAT2. The SG, OG, and OPC gap widths have been cal-
culated for each pulsar according to its spin characteristics as
described in Pierbattista et al. (2012).

The spectral fits for the RL pulsars J1410−6132,
J1513−5908, and J1835−1106 were noted as unreliable in
PSRCAT2. These pulsars are not included in Figs. 15 and 16.
We find a tendency for Ecut and Γ to decrease when the gaps
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Table 9. Best power-law fits to the distribution of Ecut and Γ as functions of the width of the acceleration gap for each model and RL or RQ pulsars.

RQ RL
Power-law index Intercept R2 Power-law index Intercept R2

SG Ecut −0.59 ± 0.12 −0.14 ± 0.11 0.42 −0.46 ± 0.23 −0.14 ± 0.24 0.11
Γ −0.30 ± 0.07 −0.11 ± 0.06 0.39 −0.13 ± 0.07 0.05 ± 0.07 0.11

OG
Ecut −0.41 ± 0.09 0.07 ± 0.07 0.42 −0.25 ± 0.15 0.11 ± 0.14 0.08
Γ −0.19 ± 0.05 0.01 ± 0.04 0.31 −0.06 ± 0.05 0.13 ± 0.04 0.04

OPC
Ecut −0.29 ± 0.05 −0.01 ± 0.08 0.47 −0.21 ± 0.10 −0.03 ± 0.18 0.11
Γ −0.15 ± 0.03 −0.04 ± 0.04 0.42 −0.09 ± 0.03 0.03 ± 0.06 0.26

Notes. The coefficient of determination R2 relative to each fit is reported.
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Fig. 14. For each model the β = |α− ζ | angles a function of the spin pe-
riod for RQ (top panel) and RL (bottom panel) Fermi pulsars is shown.

widens. This dependence is particularly important because it
relates the spectral characteristics and the intrinsic, non-directly
observable, gap width that controls the acceleration and cascade
electrodynamics.

A power law dependence between Ecut and SG, OG, and
OPC gap widths can be theoretically obtained as it follows (see
Fig. 15 and Table 9 for comparison). From Abdo et al. (2010a),
the Ecut dependence is defined as

Ecut ∝ E3/4
‖ ρ

1/2
c (10)

where E‖ is the electric field parallel to the magnetic field B
lines, and ρc is the radius of curvature of the magnetic field
lines. Since for all the implemented emission models E‖ scales
as E‖ ∝ w2BLC, we have

Ecut ∝
[
w2BLC

]3/4
ρ1/2

c (11)
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Fig. 15. Energy cutoff versus gap width for RQ (top panel) and RL (bot-
tom panel) Fermi pulsars for each model. The best fit power law trends
are given in each figure. PC and SG results are characterised by the
same gap width wSG and have been plotted together.

where w is the width of the emission gap. The light cylinder
magnetic field dependence can be written as

BLC = BG

(
ΩR
c

)3

∝ BGP−3 (12)

with R the pulsar radius. Since, for SG, OG, and OPC the γ-
ray emission occurs mainly at high altitude, close to the light
cylinder, ρc ∝ RLC ∝ P, and the Ecut proportionality can be
expressed as

Ecut ∝ w3/2
[
PB−3/7

G

]−7/4
. (13)
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Fig. 16. Spectral index versus gap width for RQ (top panel) and RL
(bottom panel) Fermi pulsars for each model. The best fit power law
trends are given in each figure. PC and SG results are characterised by
the same gap width wSG and have been plotted together.

Since the slot gap width dependence follows approximately

wSG ∝∼ PB−3/7
G , BG > 0.1 × 1012 G (14)

wSG ∝∼ PB−4/7
G , BG < 0.1 × 1012 G (15)

the final approximate Ecut,SG = f (wSG) dependence is

Ecut,SG ∝∼ w3/2
SGw

−7/4
SG = w−0.25

SG . (16)

More approximated power law dependences between Ecut and
the OG and OPC gap widths can also be obtained from Eq. (13)
and from the wOG and wOPC dependences. From Pierbattista et al.
(2012) we have that wOG can be written as

wOG ∝ B−4/7
G P26/21 =

[
B−3/7

G P13/14
]4/3 ≈

[
B−3/7

G P
]4/3

(17)

wOPC ∝ Ė−0.5 = B−1
G P2 =

[
B−3/7

G P6/7
]7/3 ≈

[
B−3/7

G P
]7/3

(18)

where the right-hand member of Eq. (17) has been obtained
under the assumption P13/14 ≈ P, while the right-hand mem-
ber of Eq. (18) has been obtained by making use of the rela-
tions Ė ∝ ṖP−3 and ṖP ∝ B2

G, and by assuming P6/7 ≈ P.
By solving Eqs. (17) and (18) for [B−3/7

G P] and substituting in
Eq. (13) we obtain the final approximate Ecut,OG = f (wOG) and
Ecut,OPC = f (wOPC) dependences

Ecut,OG ∝∼ w3/2
OGw

−21/16
OG ∼ w0.19

OG (19)

Ecut,OPC ∝∼ w3/2
OPCw

−3/4
OPC = w

0.75
OPC (20)
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Fig. 17. Variation, in a force-free magnetosphere, of the ratio Goldreich-
Julian charge density over the magnetic field, ρGJ/B, with the distance
from the pulsar expressed in unit of the light-cylinder radius, r/RLC.

In Figs. 15 and 16, nonlinear regression power-law fits to all the
data points are given for both pulsar types and all models. The fit
indices and coefficients of determination R2 are given in Table 9.

Figure B.2 shows the behaviour of Ecut and Γ with respect
to the SG, OG, and OPC gap widths for the population synthe-
sis results in Pierbattista et al. (2012). The fact that no trend is
apparent is due to the choice of spectral characteristics that have
been randomly assigned from the double gaussian distribution
that statistically describes the observed values in the LAT cata-
logue. The fact that the results in Figs. 15 and 16 show a trend
that can be predicted theoretically encourages future efforts to
confirm the trend and to improve the implemented fit strategy.
Since in the phase-plot modelling there is no relation between
Ecut and gap width, our results suggest a real physical relation
between the γ-ray spectrum and gap width that can be used to
discriminate between the proposed models. Moreover, the lack
of trend in the simulation data for both Ecut and Γ (Figs. B.2)
demonstrates that the decline observed in the present LAT sam-
ple is not due to an observation bias. A more precise Ecut = f (w)
relation drawn from the analysis of a larger LAT sample should
be tested in the future for both young and millisecond pulsars.

6.7.1. The SG γ-ray emission

The SG width computation implemented in this paper follows
the prescription by Muslimov & Harding (2004). Those au-
thors assumed that the Goldreich-Julian charge density, ρGJ
(Goldreich & Julian 1969), does not grow monotonically up to
the light cylinder, as it would happen in the case of a dipolar
magnetic field, but it levels off at high altitudes. The growing of
ρGJ depends on the field line curvature that in a force free magne-
tosphere decreases toward the light cylinder (the poloidal mag-
netic field lines tend to get straighter) so causing the levelling
off of ρGJ. Recent implementations of force free magnetosphere
pulsar models show that, at high altitudes, the variation of ρGJ
with the distance from the pulsar is consistent with the assump-
tion from Muslimov & Harding (2004). In Fig. 17 the variation
of the quantity ρGJ/B with B the pulsar magnetic field, as a func-
tion of the distance from the pulsar in units of RLC is shown. It
shows how the quantity ρGJ/B levels-off at distances larger than
0.4 RLC.

At low altitudes, typically <0.4RLC, the physical SG model
predicts a reversal of the sign of E‖ on some magnetic field lines
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and for some α values and no straightening of the low-altitude
magnetic field lines is assumed. In the current implementation of
the SG emission geometry no reversal of the sign of E‖ and no
straightening of the magnetic field lines at low altitude are imple-
mented: our modelling of the SG geometry assumes a simplified
low-altitude slot-gap region and emission is assumed from all
field lines in the gap. The impact of our simplified prescription
for the SG structure in the current paper may be an overestima-
tion of the geometric γ-ray luminosity, Lgeo, for those pulsars
with very high α. However the actual impact of our assumption
on the estimate of Lgeo could be quantified just through the fu-
ture implementation of a geometric model that accounts for the
reversal of the sign of E‖ in the low-altitude slot gap.

7. Summary

We have selected a sample of young and middle-aged pul-
sars observed by the LAT during three years and described in
PSRCAT2. We have fitted their γ-ray and radio light curves with
simulated γ-ray and radio emission patterns. We have computed
the radio emission beam according to Story et al. (2007) and
we have used the geometrical model of Dyks et al. (2004) to
simulate the γ-ray emission according to four gap models, PC,
(Muslimov & Harding 2003), SG, (Muslimov & Harding 2004),
OG, (Cheng et al. 2000) and OPC (Romani & Watters 2010;
Watters et al. 2009). Each emission pattern has been described
by a series of phase-plots, evaluated for the pulsar period, mag-
netic field, and gap width, and for the whole α interval sampled
every degree. These phase-plots predict the pulsar light curve as
a function of ζ.

The simulated phase-plots have been used to fit the observed
radio and γ-ray light curves according to two different schemes:
a single fit to the γ-ray profiles of RF and RQ objects and a joint
fit to the γ-ray and radio light curves of RL pulsars.

The individual fit to the γ-ray profiles has been implemented
using a χ2 estimator and light curves binned both in FCBin
and RBin. The comparison of the results obtained with the two
methods shows that the χ2 fit with FCBin light curves yields
the closest match between the observations and modelled pro-
files. We use the latter to give α and ζ estimates for the RQ and
RF LAT pulsars and we use the RBin fit to evaluate the system-
atic uncertainties induced by the fitting method.

The joint γ-ray plus radio fit of RL pulsars uses RBin ra-
dio light curves and FCBin γ-ray light curves with a χ2 esti-
mator. The log-likelihood maps in α and ζ obtained from the
radio-only and γ-ray-only fits were summed to produce the joint
solution. Two options were considered to couple the high signal-
to-noise ratio of the radio data to the much lower signal-to-noise
ratio of the γ-ray profiles and the solution characterised by the
highest log-likelihood value was selected. The systematic errors
on (α, ζ) for the RL pulsars have been obtained by studying the
difference between the solutions obtained with the two joint fit
coupling schemes.

We have obtained new constraints on α and ζ for 33 RQ,
2 RF, and 41 RL γ-ray pulsars. We have studied how the
(α, ζ) solutions of RL pulsars obtained by fitting only the γ-ray
light curves change by including the radio emission in the fit.
We have used the α and ζ solutions to estimate several impor-
tant pulsar parameters: gap width, beaming factor, and luminos-
ity. We have also investigated some relations between observ-
able characteristics and intrinsic pulsar parameters, such as α as
a function of age and the spectral energy cut-off and index in
γ-rays as a function of the gap width. We find no evidence for
an evolution of the magnetic obliquity over the ∼106 yr of age

span in the sample, but we find an interesting apparent change in
the γ-ray spectral index Γ and high-energy cutoff Ecut associated
with changes in the gap widths.

We have found that a multi-wavelength fit of γ-ray and radio
light curves is important in giving a pulsar orientation estimate
that can explain both radio and γ-ray emission. The PC emission
geometry explains only a small fraction of the observed profiles,
in particular for the RL pulsars, while the intermediate to high
SG and OG/OPC models are favoured in explaining the pulsar
emission pattern of both RQ and RL LAT pulsars. The fact that
none of the assumed emission geometries is able to explain all
the observed LAT light curves suggests that the true γ-ray emis-
sion geometry may be a combination of SG and OG and that we
detect the respective light curves for different observer viewing
angles.

Comparison of the α and ζ solutions obtained by fitting only
the γ-ray profiles of RL pulsars and both their γ-ray and radio
profiles suggests that in the OG and OPC models, α or ζ are
underestimated when one does not account for radio emission.
When the γ-only solution is to the right of the radio diagonal
in the α-ζ plane, ζ migrates toward higher values while α keeps
quite stable and vice versa when the γ-only solution is to the left
of the radio diagonal.

The beaming factors found for the RQ and RL objects are
consistent with the distributions obtained in the population study
of Pierbattista et al. (2012). For all the models we observe a
large scatter of the beaming factors with Ė, which is reduced
for RL pulsars compared to RQ pulsars, except for the SG. This
is because RQ pulsars are viewed at lower α and ζ, and OG and
OPC beams shrink towards the spin equator with decreasing Ė
while SG beams do not. The low fΩ values found for the PC re-
flect the narrow geometry of the PC beams. The fΩ values for the
SG appear to be fairly stable around 1 over 4 decades in Ė. We
find also little evolution for the OG and OPC beaming factors
of RQ objects which gather around 0.25 and 0.41, respectively.
Larger averages are obtained for the RL objects (0,64 for OG
and 0,85 for OPC) with no evolution with Ė for the OPC case
and some hint of an increase with Ė in the OG case. The fact that
the majority of the pulsars exhibit an fΩ estimate less than unity
in all models suggests that the isotropic luminosities ( fΩ = 1)
often quoted in other studies are likely to overestimate the real
values.

For all the models a power law relation consistent with
Lγ ∝∼ Ė0.5 is observed for both RQ and RL pulsars. In con-
trast with PSRCAT2 we do not obtain any γ-ray luminosities
significantly higher than Ė. Since the only difference between
the luminosity computation here and that of PSRCAT2 is in the
fΩ value (assumed equal to one in the catalogue), the excessively
high luminosities obtained in the catalogue probably result from
a too high beaming factor. We have studied the consistency of the
geometric γ-ray luminosity, Lgeo, obtained in this paper and the
γ-ray luminosity computed in the framework of radiative gap-
models, Lrad. We found that Lgeo overestimate Lrad of 2−3 order
of magnitude for the RQ and RL SG pulsar and for RQ OG pul-
sars while the Lgeo of RL OG objects are more consistent with
their Lrad values while showing higher dispersion in Lgeo. For
both RQ and RL OPC objects, Lrad is consistent with the Lrad es-
timates. These OG and SG geometric-radiative luminosity dis-
agreements are due to inconsistencies in the formulation of the
geometrical and radiative aspects of the γ-ray pulsar emission,
rise the problem of formulating geometrical models more based
on the actual pulsar electrodynamics in the framework of each
gap model, and points to fundamental shortcomings of these
electrodynamic gap models.
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We find a correlation between Ecut and Γ of the γ-rays and
the accelerator gap width in the magnetosphere. The relation
is consistent with the SG prediction Ecut ∝∼ w−0.25

SG just for the
RL objects while the more approximated predictions formulated
for OG and OPC models are not consistent with the observations.
This Ecut and Γ versus gap width proportionality is important be-
cause it connects the observed spectral information and the non
observable size of the gap region on the basis of the light-curve
morphology alone.
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Appendix A: Estimate of the goodness of the fit
for each model solution

In this Appendix we describe the calculations used to quantify
the relative goodness of the fit solutions obtained between the
optimum-model and another model. The method assumes that
the optimum-model light curve describes reasonably well the
observations and it is based on the evaluation of the standard de-
viation of all the models, σ�, by imposing that the reduced χ2

� of
the optimum-solution is equal to unity. The difference between
the χ2

� values reached for the optimum-model and the other mod-
els then provides a measure of the relative goodness of the two
solutions.

The χ2 of the optimum-model and of another model, χ2
opt and

χ2
mod respectively, are defined as

χ2
opt =

∑
j(Nobs, j − Nopt, j)2

σ2
(A.1)

χ2
mod =

∑
j(Nobs, j − Nmod, j)2

σ2
(A.2)

where Nobs, j and Nmod, j are the observed and modelled light
curves respectively, and σ the standard deviation of the observed
light curve. The difference between these two χ2 can be evalu-
ated from the log-likelihood values given in Tables C.1 and D.1
as Δχ2 = −2[ln(Lopt) − ln(Lmod)].

With the reduced χ2 of the optimum model set to 1, the stan-
dard deviation of the models, σ�, is

σ2
� =

∑
j(Nobs, j − Nopt, j)2

Nd.o.f.
, (A.3)

where Nd.o.f. is the number of degrees of freedom of each type
of fit (41 for RQ pulsars and 81 for RL pulsars). With the model
variance, the χ2

� of the optimum and other models become:

χ2
opt,� = Nd.o.f. (A.4)

χ2
mod,� = Nd.o.f.

∑
j(Nobs, j − Nmod, j)2∑
j(Nobs, j − Nopt, j)2

(A.5)

and their difference Δχ2
� is

Δχ2
� = χ

2
mod,� − χ2

opt,�

=
1

σ2
�

⎡⎢⎢⎢⎢⎢⎢⎣
∑

j

(Nobs, j − Nmod, j)
2 −

∑
j

(Nobs, j − Nopt, j)
2

⎤⎥⎥⎥⎥⎥⎥⎦

= Nd.o.f.

∑
j(Nobs, j − Nmod, j)2 −∑

j(Nobs, j − Nopt, j)2∑
j(Nobs, j − Nopt, j)2

= Nd.o.f.

⎛⎜⎜⎜⎜⎜⎝χ
2
mod − χ2

opt

χ2
opt

⎞⎟⎟⎟⎟⎟⎠ · (A.6)

We have plotted the resulting Δχ2
� values in Figs. 3 and 5. The

1σ, 3σ, and 5σ confidence levels plotted in these figures have
been obtained from the χ2 probability density function for the
appropriate number of degrees of freedom.
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Appendix B: Population synthesis results
from Pierbattista et al. (2012)

By synthesising a pulsar population we compared theoretical
and observed distributions of observable quantities between the
Fermi pulsars and the predictions of different γ-ray models.
We have assumed low/intermediate and high-altitude magneto-
sphere emission models PC and SG, OG and OPC respectively,
and core plus cone radio emission model. Full details on the pop-
ulation synthesis study can be found in Pierbattista et al. (2012).
The plots shown in this Appendix have been obtained as addi-
tional results to the population study in Pierbattista et al. (2012)
by using the original data at our disposal.

B.1. α-ζ plane

The α and ζ distributions of the visible component of the simu-
lated population for PC, SG, OG, and OPC models are shown.

B.2. High-energy cutoff and spectral index as a function
of the gap width

High energy cutoff and spectral index as a function of the width
of the accelerator gap of the visible component of the simu-
lated population for PC, SG, OG, and OPC. In disagreement
with Fig. 15, no Ecut-gap width dependence is predicted from
the simulations.
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Fig. B.1. Number density of the visible γ-ray pulsars obtained for each
model as a function of α and ζ in the population synthesis of Pierbattista
et al. (2012). The linear grey scale saturates at 1.5 star/bin. The pink
contours outline the density obtained for the radio-loud γ-ray sub-
sample (at 5% and 50% of the maximum density). The insert gives the
set of ζ values measured by Ng & Romani (2008) from the orienta-
tion of the wind torus seen in X rays (pink lines) and by Caraveo et al.
(2003) from the orientation of the Geminga X-ray tails (green line). The
separation in α in the insert is meaningless.
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Fig. B.2. Number density of the visible γ-ray pulsars obtained for each model as a function of gap width and high-energy cutoff (left) and of gap
width and spectral index (right). The linear grey scale saturates at 8 star/bin. The pink contours outline the density obtained for the radio-loud
γ-ray sub-sample (at 5% and 50% of the maximum density).
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Appendix C: The LAT pulsar γ-ray fit light-curve results

Table C.1. Best fit log-likelihood values resulting from the γ-ray fit of the 35 RQ pulsars of the analysed sample.

ln LPC ln LSG ln LOG ln LOPC

J0007+7303 −1855 −7780 −592 −905
J0106+4855 −81 −177 −155 −157
J0357+3205 −144 −989 −495 −725
J0622+3749 −63 −102 −51 −43
J0633+0632 −722 −867 −720 −760
J0633+1746 −60831 −18144 −84189 −38960
J0734−1559 −57 −119 −55 −88
J1023−5746 −400 −236 −456 −289
J1044−5737 −293 −327 −388 −301
J1135−6055 −71 −118 −68 −37
J1413−6205 −417 −730 −70 −74
J1418−6058 −503 −785 −403 −331
J1429−5911 −299 −263 −366 −357
J1459−6053 −118 −391 −378 −119
J1620−4927 −134 −180 −121 −150
J1732−3131 −1057 −1075 −212 −177
J1746−3239 −76 −94 −200 −56
J1803−2149 −114 −122 −65 −37
J1809−2332 −2228 −3149 −1472 −1221
J1813−1246 −238 −223 −359 −354
J1826−1256 −1339 −896 −2127 −1306
J1836+5925 −1828 −397 −19937 −17849
J1838−0537 −151 −54 −219 −119
J1846+0919 −62 −267 −80 −49
J1907+0602 −641 −1195 −285 −177
J1954+2836 −240 −228 −262 −170
J1957+5033 −88 −256 −148 −198
J1958+2846 −468 −509 −215 −195
J2021+4026 −2720 −350 −1220 −690
J2028+3332 −303 −204 −260 −132
J2030+4415 −239 −159 −268 −240
J2055+2539 −129 −183 −324 −377
J2111+4606 −162 −198 −77 −52
J2139+4716 −61 −77 −93 −101
J2238+5903 −212 −443 −683 −618
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Fig. C.1. Top: PSR J0007+7303; bottom: PSR J0106+4855. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.2. Top: PSR J0357+3205; bottom: PSR J0622+3749. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.3. Top: PSR J0633+0632; bottom: PSR J0633+1746. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.4. Top: PSR J0734-1559; bottom: PSR J1023-5746. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.5. Top: PSR J1044-5737; bottom: PSR J1135-6055. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.6. Top: PSR J1413-6205; bottom: PSR J1418-6058. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.7. Top: PSR J1429-5911; bottom: PSR J1459-6053. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.8. Top: PSR J1620-4927; bottom: PSR J1732-3131. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.9. Top: PSR J1746-3239; bottom: PSR J1803-2149. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.10. Top: PSR J1809-2332; bottom: PSR J1813-1246. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.11. Top: PSR J1826-1256; bottom: PSR J1836+5925. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. For PSR J1836+5925 the SG is the only
model that predicts enough off-pulse emission while OG and OPC models completely fail in explaining the observation probably because they do
not predict enough off-pulse emission.
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Fig. C.12. Top: PSR J1838-0537; bottom: PSR J1846+0919. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.13. Top: PSR J1907+0602; bottom: PSR J1954+2836. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.14. Top: PSR J1957+5033; bottom: PSR J1958+2846. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.15. Top: PSR J2021+4026; bottom: PSR J2028+3332. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.16. Top: PSR J2030+4415; bottom: PSR J2055+2539. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.17. Top: PSR J2111+4606; bottom: PSR J2139+4716. For each model the best γ-ray light-curve (thick black line) is superimposed on the
LAT pulsar light-curve (shaded histogram). The estimated background is indicated by the dash-dot line.
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Fig. C.18. PSR J2238+5903. For each model the best γ-ray light-curve (thick black line) is superimposed on the LAT pulsar light-curve (shaded
histogram). The estimated background is indicated by the dash-dot line.
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Appendix D: The LAT pulsar Joint fit light-curve results

Table D.1. Best fit log-likelihood values resulting from the γ-ray fit of the 41 RL pulsars of the analysed sample.

ln LPC ln LSG ln LOG ln LOPC

J0205+6449 −237 −301 −280 −206
J0248+6021 −275 −149 −137 −190
J0534+2200 −8171 −12294 −8146 −8367
J0631+1036 −220 −95 −83 −107
J0659+1414 −247 −250 −300 −350
J0729−1448 −104 −25 −37 −27
J0742−2822 −137 −62 −72 −53
J0835−4510 −85102 −115612 −26995 −21028
J0908−4913 −492 −80 −185 −138
J0940−5428 −50 −58 −34 −34
J1016−5857 −232 −86 −83 −93
J1019−5749 −51 −47 −113 −120
J1028−5819 −941 −887 −1240 −669
J1048−5832 −1255 −1058 −876 −355
J1057−5226 −793 −3160 −785 −1571
J1105−6107 −386 −55 −151 −102
J1112−6103 −135 −76 −162 −154
J1119−6127 −642 −146 −174 −179
J1124−5916 −262 −189 −431 −303
J1357−6429 −475 −143 −144 −135
J1410−6132 −70 −43 −438 −444
J1420−6048 −319 −114 −336 −373
J1509−5850 −233 −360 −202 −242
J1513−5908 −287 −154 −173 −166
J1648−4611 −413 −139 −120 −124
J1702−4128 −318 −75 −97 −118
J1709−4429 −6164 −10884 −5132 −6006
J1718−3825 −282 −260 −155 −197
J1730−3350 −447 −60 −138 −117
J1741−2054 −176 −939 −672 −1075
J1747−2958 −432 −265 −280 −241
J1801−2451 −180 −134 −188 −177
J1833−1034 −609 −257 −146 −141
J1835−1106 −129 −38 −24 −26
J1952+3252 −1433 −886 −1113 −871
J2021+3651 −2469 −1809 −2982 −1699
J2030+3641 −239 −227 −143 −167
J2032+4127 −663 −569 −1163 −783
J2043+2740 −112 −83 −68 −54
J2229+6114 −925 −1602 −1062 −1319
J2240+5832 −140 −41 −53 −29
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Fig. D.1. PSR J0205+6449. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.2. PSR J0248+6021. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.3. PSR J0534+2200. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model. See Sect. 2 for a discussion on why we decided to show the joint γ-ray plus Radio fit result for the Crab
pulsar.
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Fig. D.4. PSR J0631+1036. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.5. PSR J0659+1414. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.6. PSR J0729-1448. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.7. PSR J0742-2822. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.8. PSR J0835-4510. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.9. PSR J0908-4913. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.10. PSR J0940-5428. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.11. PSR J1016-5857. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.12. PSR J1019-5749. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model. Because of the low statistics of the γ-ray light curve, the best-fit solution of each model is dominated
by the radio light curve. The optimum-solution is given by the SG model but it represents an unreliable result since the best fit γ-ray light curve
corresponds to a flat profile.
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Fig. D.13. PSR J1028-5819. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.14. PSR J1048-5832. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.15. PSR J1057-5226. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.16. PSR J1105-6107. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.17. PSR J1112-6103. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.18. PSR J1119-6127. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.19. PSR J1124-5916. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.20. PSR J1357-6429. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.21. PSR J1410-6132. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model. For this pulsar the SG model gives the optimum-solution but it represents an unreliable result since the
best fit γ-ray light curve correspond to a flat profile.
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Fig. D.22. PSR J1420-6048. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.23. PSR J1509-5850. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.24. PSR J1513-5908. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.25. PSR J1648-4611. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.

A3, page 69 of 88

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201423815&pdf_id=62


A&A 575, A3 (2015)

7.5e+01

8.0e+01

8.5e+01

9.0e+01

9.5e+01

W
ei

gh
te

d 
C

ou
nt

s 

J1702−4128 PC SG

0 0.2 0.4 0.6 0.8 1

7.5e+01

8.0e+01

8.5e+01

9.0e+01

9.5e+01

Pulsar Phase 

W
ei

gh
te

d 
C

ou
nt

s 

OG

0 0.2 0.4 0.6 0.8 1
Pulsar Phase 

OPC

2.0e−01

4.0e−01

6.0e−01

8.0e−01

1.0e+00

In
te

ns
ity

 

Radio PC Radio SG

0 0.2 0.4 0.6 0.8 1

2.0e−01

4.0e−01

6.0e−01

8.0e−01

1.0e+00

Pulsar Phase 

In
te

ns
ity

 

Radio OG

0 0.2 0.4 0.6 0.8 1
Pulsar Phase 

Radio OPC

Fig. D.26. PSR J1702-4128. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.27. PSR J1709-4429. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.28. PSR J1718-3825. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.29. PSR J1730-3350. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.30. PSR J1741-2054. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.31. PSR J1747-2958. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.32. PSR J1801-2451. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.33. PSR J1833-1034. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.34. PSR J1835-1106. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.35. PSR J1952+3252. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.36. PSR J2021+3651. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.37. PSR J2030+3641. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.38. PSR J2032+4127. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.39. PSR J2043+2740. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.40. PSR J2229+6114. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. D.41. PSR J2240+5832. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Appendix E: Joint fit of radio and γ-ray light curves
of the radio-faint pulsars J0106+4855
and J1907+0602

In this Appendix we give the results of the joint-fit of ra-
dio and γ-ray light curve for the 2 RF pulsars J0106+4855
and J1907+0602.

E.1. J0106+4855

Figure E.1 shows the best-fit radio and γ-ray light curves for
pulsar J0106+4855 while its best joint-fit parameters are given
in Table E.1. The PC joint-fit solution is characterised by lower α
and ζ angles and similar |α − ζ | and fΩ values when compared
with the γ-ray only fit solution, while the SG model joint-fit solu-
tion is overall consistent with the γ-ray-only fit results. For OG
and OPC models, the joint-fit α values are larger than the val-
ues obtained through γ-ray only fit. This implies a lower joint-fit
|α− ζ | value that favours simultaneous γ-ray and radio emission.
Moreover the OG and OPC joint-fit values of fΩ are larger than
the values obtained with the γ-ray only fit and this favours the
overlapping of γ-ray and radio beam to give a RL pulsar.

Concerning the best fit radio and γ-ray light curves, the
largest PC likelihood value shown in Table E.1 is fictitious since
the PC γ-ray fit shown in Fig. E.1 explains just one of the
two γ-ray peaks. In agreement with the γ-ray only fit that pre-
dicts a two peaks γ-ray light curve just for PC and SG models
(Fig. C.1), the SG is the model that best explains simultaneous
γ-ray and radio emission from pulsar J0106+4855.

E.2. J1907+0602

Figure E.2 shows the best-fit radio and γ-ray light curves for
pulsar J1907+0602 while its best joint-fit parameters are given
in Table E.2. Both PC and SG model best joint-fit parame-
ters are consistent with the γ-ray-only fit results. As for pul-
sar J0106+4855, the OG and OPC models best-fit results pre-
dict α values larger than the values obtained through γ-ray only
fit and larger values of fΩ. The lower |α − ζ | joint-fit values and
the larger fΩ joint-fit values favour the overlapping of γ-ray and
radio beam to give a RL pulsar.

Table E.1. Best fit parameters resulting from the joint fit of radio and
γ-ray light curves of pulsar J0106+4855.

J0106+4855 PC SG OG OPC

ln L −115 −157 −235 −209

α [◦] 182
2 882

6 892
2 902

2

ζ [◦] 102
2 902

4 862
2 902

2

fΩ 0.14 0.93 0.38 0.94

Lγ [W] 2.99 × 1026 1.95 × 1027 7.93 × 1026 1.96 × 1027

Notes. From top to bottom are listed, for each model, best fit log-
likelihood value, magnetic obliquity α, observer line of sight ζ, γ-ray
beaming factor fΩ, and γ-ray Luminosity. The errors on α and ζ bigger
than 2 correspond to 3σ statistical error.

Table E.2. Best fit parameters resulting from the joint fit of radio and
γ-ray light curves of pulsar J1907+0602.

J1907+0602 PC SG OG OPC

ln L −368 −957 −353 −580

α [◦] 72
2 612

6 872
2 632

2

ζ [◦] 92
2 542

4 792
2 722

2

fΩ 0.03 0.97 0.78 0.78

Lγ [W] 8.52 × 1026 3.06 × 1028 2.45 × 1028 2.44 × 1028

Notes. From top to bottom are listed, for each model, best fit log-
likelihood value, magnetic obliquity α, observer line of sight ζ, γ-ray
beaming factor fΩ, and γ-ray Luminosity. The errors on α and ζ bigger
than 2 correspond to 3σ statistical error.

In agreement with the γ-ray only fit that predicts a γ-ray
light curves with two peaks connected by a high bridge just
for OG and OPC models (Fig. C.13), the OG is the model that
best explains simultaneous γ-ray and radio emission from pul-
sar J1907+0602.
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Fig. E.1. PSR J0106+4855. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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Fig. E.2. PSR J1907+0602. Top: for each model the best joint fit solution γ-ray light-curve (thick black line) is superimposed on the LAT pulsar
γ-ray light-curve (shaded histogram). The estimated background is indicated by the dash-dot line. Bottom: for each model the best joint fit
solution radio light-curve (black line) is superimposed on the LAT pulsar radio light-curve (grey thick line). The radio model is unique, but the
(α, ζ) solutions vary for each γ-ray model.
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