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Root systems, spectral curves, and analysis of a Chern-Simons
matrix model for Seifert fibered spaces

Gaétan Borot'??, Bertrand Eynard *°

with a section by Alexander Weisse®

Abstract

We study a class of scalar, linear, non-local Riemann-Hilbert problems (RHP) involving finite sub-
groups of PSLy(C). We associate to such problems a (maybe infinite) root system and describe the
relevance of the orbits of the Weyl group in the construction of its solutions. As an application, we
study in detail the large N expansion of SU(N) and SO(N)/Sp(2N) Chern-Simons partition function
ZN(M) of 3-manifolds M that are either rational homology spheres or more generally Seifert fibered
spaces. It has a matrix model-like representation, whose spectral curve can be characterized in terms
of a RHP as above. When 71 (M) is finite (i.e. for manifolds M that are quotients of Sz by a finite
isometry group of type ADE), the Weyl group associated to the RHP is finite and the spectral curve
is algebraic and can be in principle computed. We then show that the large N expansion of Zy (M)
is computed by the topological recursion. This has consequences for the analyticity properties of

SU/SO/Sp perturbative invariants of knots along fibers in M.
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1 Introduction

Unless mentioned otherwise, the orbit space of Seifert fibered spaces in this article is assumed to be

a sphere.
1.1 Scope
g denotes a semi-simple Lie algebra, and b its Cartan subalgebra, identified with RY. We shall study
the probability measure over t = (t1,...,ty) € b:
1 a-t, - al t2
du(t) = 7500 O1;[0sinh2_7"(7) lel smh H “NV®) V(t) = %0 (1.1)

where the product ranges over positive roots of g, u is a positive parameter, and the partition function
Z9%(M) is such that fh du(t) = 1. We are interested in the Ayn, By, Cn, Dy series of Lie algebras, in
the regime where the rank N goes to co.

The model (1.1) arises in Chern-Simons theory with gauge group exp(g) on a simple class of 3-
manifolds M called Seifert fibered spaces [38]: roughly speaking, these are S;-fibrations over a surface
orbifold, here assumed to be topologically a sphere. (1.1) captures the contribution of the trivial flat
connection in perturbative Chern-Simons theory, or equivalent, the evaluation of the LMO invariants
of M in the weight system defined by g [37, 1, 2, 2, 3]. Moreover, the correlation functions in (1.1)



compute the colored HOMFLY (in any representation of fixed size) of the knots going along the fibers
of M, see § 4.4. The regime N — o0 has aroused interest since it allows a rigorous definition of
perturbative invariants ensuing from Z3% (M) and the colored HOMFLY of links in M, which should
be related via geometric transitions to topological strings invariants in T* M according to the physics
literature [47], see § 1.4.

General arguments [14] show that the large N asymptotic expansion of models of the type (1.1)
— omnce it is proven to exist using the tools of [15] — can be computed by the topological recursion of
[22]. It then remains to compute the initial data (wo,1,wp 2) of the recursion : wq; is related to the
equilibrium measure of (2.1), also called spectral curve, and wy 2 is related to the large N limit of the
2-point correlation function. Both are characterized by a saddle point equation which takes the form
of a linear but non-local Riemann-Hilbert problem (RHP) on a cut locus to determine. Addressing
its solution is an important part of our present work. We shall devise in Section 3 a general method
to construct the solution of a large class of RHP where the jumps are obtained by action of a finite
subgroup of Mobius transformations. We actually build the — maybe infinite — monodromy group of
the solution, and relate it to the Weyl group of a root system. The solution can be studied in more
details by algebro-geometric means when this Weyl group is finite. This construction applies to the
computation of (wp1,wp,2) relevant for (2.1), but has also its own interest and can be used as a tool

in other problems.
Our work has two noteworthy consequences for knot theory.

Firstly, we obtain analyticity results on perturbative invariants of knots in manifolds different from
the 3-sphere. The colored HOMFLY of links in S3 are polynomials (after a suitable normalization)
in ¢ and ¢~. This is clear from skein theory, and can also be explained from quantum field theory
perspective [48]. This implies that the coefficients in the i — 0 expansion while keeping ¢~ =
fixed, produce polynomials in e“°. These properties are not expected to be true for invariants of
links in other 3-manifolds. We show how to compute invariants of fiber knots in Seifert fibered
spaces. Remarkably, the position of the singularities in the u = Nh-complex plane only depend on the
ambient 3-manifold. They occur at the singularities of the family of spectral curves (parametrized by
u) associated to (1.1). We conjecture more generally that for any link in a rational homology sphere
M, the singularities of the perturbative invariants only depend on the ambient manifold M. More
precise statements of the conjecture described in § 4.2.2.

Secondly, we find that the spectral curves and the perturbative invariants for the colored Kauffman
perturbative invariants (associated to the By,Cy, Dy Lie algebra) are closely related to the more
conventional SU(N) invariants (Ax_1 series), and we show they can all be computed by the topological
recursion. The only difference is that the topological grading is not respected for the BC'D cases. We

think this has an interest, since very few was known so far on perturbative Kauffman invariants.

1.2 Outline and main results: matrix model

We establish in Section 2 the large N — oo behavior and asymptotic expansion of the partition
function and moments of (1.1) for g = Ay = su(N + 1) (Section 2). Some of the technical proofs
are postponed to Appendix A. Section 3 is independent of the main body of the text: we introduce
in (3.1) a class of linear non-local RHP, to which we associate a (maybe infinite) root system. Many
information on the solution — and sometimes its full and explicit form — can be extracted from the
analysis of this root system.

We review the geometry of Seifert spaces and Chern-Simons theory at large N in Section 4. An



important geometric invariant of Seifert spaces is the orbifold Euler characteristic of their orbit space,
here always assumed to be topologically a sphere :

1

=2 — 1.2
X r+ 0y, - (1.2)
m=1
where aq,...,a,, are integers prescribing the orders of extraordinary fibers. We also introduce:
a=lem(ay,...,am) (1.3)

Section 5-7 are devoted to the Ay Chern-Simons matrix model for Seifert fibered spaces, and their
extension to the Sp or SO Lie algebra is the matter of Section 8. Chern-Simons theory around the

trivial flat connection depends on the single parameter:
u= Nh/o (1.4)

where o € Q is another geometric parameter of the Seifert spaces. ug = Nh is sometimes called the
string coupling constant. In Section 5, we apply the techniques of Section 3 to the construction of
the spectral curves for Seifert spaces. We find in Theorem 6.1 that the finite quotients M = Z,\S3/9
corresponding to x > 0 can be described in terms of an algebraic spectral curve § «— C* x C*,
whereas the spectral curve — if it exists — is never algebraic when x < 0. We will not insist on the
cases x = 0, which are resonant.

Proposition 1.1 The Chern-Simons matriz model for Seifert fibered spaces with x > 0 admits a
spectral curve S of the form P(x,y) = 0 for a u-dependent polynomial P whose Newton polygon is
known. The coefficients on the boundary of the Newton polygon are known monomials in e X%/2
Besides, the spectral curve comes with the action of a finite Weyl group on the sheets of x : S — ((A:,

as tabulated below.

Geometry (a1,...,a,) | deg, P deg, P genus Weyl group
L(al, ag) (al,az) a1am a1 + as (a1 - 1)(@2 - 1) Aa1+a2—1
Ss/Dpt2 (p odd) (2,2,p) 4  2(p+1) 2p+1 Dy
S3/Dp+2 (p even) (2a 27])) 2p p+1 0 AP
Ss/FEs (2,3,3) 8 8 5 Dy
Ss/E7 (2,3,4) 36 27 46 Es
S3/Es (2,3,5) 540 240 1471 Fs

This table assumes ged(aq,as) =1 for the lens spaces.
We were able in Section 6:

o to determine completely the curves in the cases S3/D) 2 — corresponding to (2,2,p—2), in § 6.2
and 6.3.

e to determine the curves in the cases S3/FEg (resp. S3/E7) up to 2 (resp. 4) parameters fixed by
complicated algebraic constraints.

Our spectral curve computations are supported by Monte-Carlo simulations of Alexander Weisse
presented in Section 9. Bases on numerics, we also give conjectures about the spectral curve in the
cases x < 0 (Conjecture 2.5).

Although the genus of the spectral curve can be quite large, it does not prevent them to cover
in a simple way curves of a lower genus. The completely solved cases mentioned above and our
computations leads us to:



Conjecture 1.2 Assume x > 0. In the spectral curves describing the contribution of the trivial flat
connection to the Chern-Simons partition function, if one eliminates x from the equations X = x* and
P(z,y) = 0, we obtain an equation R(X,y) = 0 describing a (in general : singular and with several

components) curve of genus 0.

This is true for the S3/D, cases. Some formulas and definitions met during those computations are

collected in Appendices E-C.

1.3 Outline and main results: knot theory

In Section 7, we explain a practical consequence for knot theory: we can provide some informations
on the analyticity properties of the coefficients (seen as functions of e*) of the large N expansion of
the colored HOMFLY polynomials of fiber knots in M, and of the Chern-Simons free energy. So far,

they were only known to be analytic in a vicinity of u = 0 [26]. We prove in Section 7:

Proposition 1.3 The perturbative colored HOMFLY invariants of fiber knots in a Seifert fibered space
with geometry S3/ D12 for p even, defined initially as elements of Q[[A]][[uo]], are actually the ug — 0
Taylor expansion of an element Q[[R]](k?)[\/B(k)], where:

2x1+1/p

_ efuo/(4op2)’ ﬁ(ﬂ) _ (52 + 1)((]7 + 1) — (p - 1)52)

Tim e (15)

ug > 0 corresponds to k(ug) €]0,1[, and o € Q introduced in (4.3) is a geometric parameter of the

Seifert spaces. The singularities in the k-complex plane occur when k* € {1, (k*)*} where:
o (1.6)

A result similar to Proposition 1.3, with u replaced by 2u, can be deduced from Section 7-8 for the
perturbative colored Kauffman invariant of fiber knots in S3/D, 12 with p even.

The situation is different from links in lens spaces, where the perturbative invariants are polyno-
mials in e* [17], and thus had no singularities in the u-complex plane. Our work suggests the general

conjectures:

Conjecture 1.4 If M is a Seifert fibered space, the F\9) and the perturbative invariants of any link

in M ezist as a function of ug > 0, and are real-analytic on the positive real line.

Conjecture 1.5 Moreover, if x > 0, there exists a finite degree extension L of Q(e=X"0/?7) depending
only on the ambient manifold and the series X € {A, BCD} of Lie algebra, such that, at least for fiber
knots, the perturbative invariants colored in any representation are the Laurent expansion at ug — 0
of elements of L.

From this perspective, for the Seifert space M = S3/D,, with p even, one may ask for the geometric
interpretation of the function x(up) in (1.5), and of the location of the dominant singularity uf =
uo(K*) determined by (1.6).

1.4 Motivation from topological strings

The present work generalizes the analysis of the model r = 2 [29, 17] relevant to study lens spaces,
and the invariant of fiber knots in lens spaces are equal to invariants of torus knots in S3. Chern-

Simons theory on M at large N is dual to type A open topological strings on T*M [47], and through



geometric transitions, this can sometimes be related to closed topological strings on another target
space X . This program has been completed for M = Sz [28] and the lens spaces Z,,\S3/Z,, [29, 17]
and X, is obtained by fractional framing transformations from the resolved conifold in both cases.
So far, it has remained elusive for general Seifert fibered spaces. Since we establish the existence of
an algebraic spectral curve for all Seifert spaces with x > 0, this gives hope for the construction of
their mirror geometries X ;. This direction, and the connection with 5d gauge theories and quantum
spectral curves, is under investigation [12].

A natural strategy to establish a duality to a closed string geometry would then be to prove that
Gromov-Witten invariants of X, are also computed by the topological recursion, with same curve S.
So far, the topological recursion is indeed known to compute Gromov-Witten invariants when X is a
toric 3-fold Calabi-Yau [16, 23], but this might be generalized in the future to a more general class of
manifolds.

2 The matrix model

2.1 Equilibrium measures

We study the statistical mechanics of N particles, of position ¢1,...,t, € RY, with joint probability

distribution:
1 ti—t\ o 2
dp(t) = 7[ I sinhQ_’“(%) []si nh ] [Je MV at, vy = o @D
N 1<i<j<N m=1 j=1 [
At this stage, a1, ..., a, are arbitrary positive parameters. The dominant contribution to the partition

function when N — oo should come from configurations t maximizing the probability density. It is
reasonable to think that the empirical distribution:

1 N
- — Y4, (2.2)
p)

of such configurations will be close to a minimizer of the energy functional:
_ 1 d)\(t)d)\(t’)[(Q—r) ln}sinh(t;t,ﬂ + Z ln|sinh(t;tl)|] + [ dAO) Vo) (2.3)
2 2 — 2a,, 0 '
among probability measures A. & is actually defined in R U {400} because of the singularity of the
logarithm. It is a lower semi-continuous functional, so has compact level sets for the weak-* topology,
therefore it achieves its minimum. We call equilibrium measure and denote Aoq any minimizer of £.
It must satisfy the saddle point equation: there exist a constant C*ea such that
A $ t—t
V() == V(1) f/d)\eq(t’)[( —r ln|smh( )| + ) ln’sinh(T)H > (e (2.4)
a
m=1 m
with equality Acq-everywhere. Vg}f(t) is the effective potential felt by a particle at position ¢t = t;,
taking into account the collective effect of all other ¢;’s distributed according to A. Equilibrium
measures are characterized by the property that the effective potential achieves its minimum on the
locus of R where the particles accumulate. Classical techniques® of potential theory [43] show that

the random measure Ly’s limit points are equilibrium measures, and that:

Zn =exp (— N?min€ + o(N?)) (2.5)

6The arguments of [43] were developed for the pairwise interaction [[;_ ]( — t;)? which has a zero at coinciding
points, but it is easy to generalize to any interaction which has the same smgularlty and is smooth elsewhere.



Some qualitative properties of the equilibrium measures can be derived from their characterization: V'
grows sufficiently fast at infinity to ensure that equilibrium measures have compact support ; since V/
and the pairwise interactions are analytic (away from the singularity at = y), it can be shown (see
[15], generalizing [18] where —In |t — ¢/| was considered) that equilibrium measures are supported on
a finite number of segments, have a density which is analytic away from the edges, and is 1/2-Hélder
at the edges. When the density vanishes exactly like a squareroot at the edges, it is said off-critical.
The question of uniqueness of pioq has no easy answer. But, since the functional is quadratic, if

the quadratic form over the space M of differences of probability measures:

t— $ t—t
— [] av()aw@)|[(2 = ) In [sinh In fsinh ()| | 2.
// v(t)dv(#)[[(2 -7 n|sm( )|+Z n}sm (2am)| (2.6)
m=1
is positive definite, then £ is strictly concave and this guarantees uniqueness of its minimizer. Notice
again that, a priori, Q takes values in R u {+00}. Indeed, the singular part of Q is:

—2//d1/ Hdv(t)In|t —t'| = / w =0 (2.7)

and the right-hand side can be infinite if the measure v is not regular enough. Here F[v] = [ dv(x elk®
is the Fourier transform of the finite mesure v. As a matter of fact, it is enough to conblder E and Q
as functionals over measures with compact support, because V grows fast at infinity compared to the
pairwise interactions.

Lemma 2.1 For any ve M°:

o8] T Qdk

Qlv] = [(2 —r)v(k) + ~v(a ] [v](k)| ~v(k) = cotanh(wk). (2.8)
0 m=1

Q is definite positive whenever the function (2 —7)y(k) + >, _, v(a;k) is almost everywhere positive.

In particular, it must be positive at k — oo, which gives the necessary condition:
o1
X=2-r+ ) —>0 (2.9)

In the model for Seifert fibered spaces, the a,, are assigned integer values. We recognize in (2.9) the
orbifold Euler characteristics of the orbit space, and the list of uples leading to x > 0 is finite. For
r =1and r = 2, Q is obviously positive definite, and for the remaining r = 3 cases having x > 0,

positivity can be checked by a direct computation.

Corollary 2.2 If a,...,a, are integers, Q is definite positive iff 2 —r + > = 0. In those

mlm

cases, there exists a unique equilibrium measure.

The proof of Lemma 2.1 and Corollary 2.2 are presented in Appendix A.1 and A.2. We can also

establish — see Appendix A.3 — some qualitative properties of equilibrium measures:

Theorem 2.3 For any ay,...,a, > 1, and any u > 0, any equilibrium measure Xeq is supported on

a single segment, and vanishes exactly as a squareroot at the edges (generic edge).

Corollary 2.4 If x = 0, since the equilibrium measure is unique, it must be invariant under t — —t.
In particular, its support is a segment centered at the origin.



In Section 9, Weisse proposes a Monte-Carlo simulation to obtain the dominant configurations
of probability densities like (2.1). It is observed that, for any value of a,, integers and u > 0,
independently of the sign of y, the empirical measure seem to have a unique limit point. It supports
the

Conjecture 2.5 For anyay,...,a, > 1 and u > 0, the equilibrium measure is unique, and its density

away from the edges of the support is a real-analytic function of u > 0.

2.2 Change of variable and saddle point equation

We introduce the exponential variables:

s; = e/, a =lem(aq,...,ap), a; = a/a; (2.10)
The measure g (2.1) on t € RY transforms into a measure i on (R})V:
. 1 —NV(s
dM(s):Z— n (si — 84)? H R(s;, ;) 1/21_[e NV(si)q (2.11)
N 1<i<j<N 1<i,j<N

where:
V(s) = 7a2(1n5)2 + X 1ns R(s,s') = ﬁ CZ n2-r ﬁ aﬁ bm ') (2.12)
2u 2 , 7 =1 m=14¢,, a’" .

th

and (, denotes a primitive a""*-root of unity.

Aeq denote an equilibrium measure for ji. It is the image via (2.10) of an equilibrium measure \eq
for p. It is characterized by the saddle point equation:

Ve () := V() — /dj\eq(s) [2In|z — s| + nR(z,s)] > C (2.13)

for some constant C, with equality on the support I' € R of Aeq. We shall rewrite the characterization

of an equilibrium measure in term of its Stieltjes transform:
2 deq(8) 1 x .
_ [ Theals) oy [ Tfi], - 14
W (x) / = i T —— S = diag(s1,...,5N) (2.14)

W is a bounded, holomorphic function on C\I', such that:

(W (z —i0) — W(z +10))dz = 2irz dAeq (), lim W(z) =1, lim W (z) = 0. (2.15)

£—00 z—0
The saddle point equation (2.13) implies a functional equation:

Ws)ds _ g (2.16)

Vo el, Wz +i0) + W(xz —i0) + 515 20, In R(z, s)
r

2ims
with:
a’lnx  ay
u 2
The contour of integration in (2.16) can be moved to pick up residues at rotations of x of order a:

V' (z) =

(2.17)

— r Gm—1
Vrel, W(x +10) + W(z —i0) Z Z Z W(¢Emz) =2V (z).| (2.18)

am
m=1{,,




Since p is invariant under (¢1,...,tx) — (—t1,..., —tx), in the case where the equilibrium measure

is unique, it must have the same symmetry. This translates into the palindrome symmetry:
W(z)+W(1/x) =1 (2.19)

When Q is definite positive and T is fixed, (2.18) characterizes W among the holomorphic functions
in C\I" satisfying (2.15) and whose discontinuity on I' defines an integrable measure (see e.g. the
argument of [14, Lemma 3.10]). When @ is not definite positive, we do not know how to address the

question of uniqueness.

2.3 Asymptotic analysis

We rely on the results of [15] to study the asymptotic expansion when N — oo of the model (2.11).
We would like to compute the partition function Zy and the n-point correlators:

Wi(@1, ... [ & S]Cm (2.20)

where conn stands for ”connected expectation value”.

Definition 2.6 We say that S\eq is off-critical if its density is nowhere vanishing on its support T,

and it vanishes exactly like a squareroot at the edges of T.

Theorem 2.7 [15] Assume £ is strictly concave and Xeq is off-critical. Then, we have an asymptotic

expansion of the form:

Zn = Nexp ( 3 N2 F<9>)
g=0
Wi(zy, ... xn) = D N9 WO (2, ) (2.21)
g=0
The coefficients of expansion are real analytic functions of u = 0, and Wy (9) (x1,...,2n) are holomor-

phic functions in (C\I')™.

In particular, this confirms for Seifert spaces, by a different method, the analyticity of Chern-
Simons free energies proved in general for rational homology spheres in [26] (see § 4.2). From (2.11),

we have the basic relation:

2 1 2
w20, F9 = §£F %” @ w9 () (2.22)

2.4 Two point function

Definition 2.8 We call 2-point function:

WQ(O) (x1,22) = hm ,u[Tr P S Tr l‘x—2S]conn

- g (st ] vt ) e

It can be obtained formally from W (x) = W(O)( ) by an infinitesimal variation of the potential V:

L Ven@ = V@ -

a v
Wi (1, 20) = PR [ > (2.24)

’Ll:l

r1 — S“]



It also satisfies also a saddle point equation, which can be obtained by formally applying the variation
of the potential to the saddle point equation (2.18) satisfied by W (x). The result is that Wéo)(ml, 2)
is holomorphic in (C\I')?, and has a discontinuity when z; € C\I' and x5 € I satisfying:

a—1 r Am—1
Wi (w1 +10,22) + W3 (21 — 10, 22) + (2 — 1) D) Wi (Clan,wa) + D) DT Wi (¢hrma, x0)

=1 m=1 L, =1

12

= - 2.25
(-771 — .1‘2)2 ( )
The data of (x,W(x)) is called the spectral curve. Together with the two-point function
WQ(O) (z1,x3), it provides the initial data for the the recursive computation of F9) and W9, We
give in Section 3 general principles to solve the homogeneous linear equation, that will be put in

practice to compute these data in the Seifert models (Section 4-5).

3 Algebraic theory of sheet transitions
3.1 The problem

The form taken by the saddle point equation (2.16) motivates a general study of homogeneous func-

tional relations of the type:

VreTl, d(x +10) + ¢p(x —i0) + Z a(g) ¢(g(z)) =0, (3.1)

ges

where:

e G is a finite subgroup of PSLy(C), acting on the Riemann sphere by Mobius transformations
(their classification is reminded in Appendix B).

e S is a generating subset of GG, not containing id, and stable by inverse. (a(s))ses is a sequence

of numbers in a number field K (for instance K = R), and we assume:

Vse S, a(s™h) = a(s). (3.2)

e [ is a collection of arcs on the Riemann sphere such that g(F) NI = & whenever g # 1. r
denotes the set of interior points of T'.

e U is an open subset of C containing I'" and stable under the action of G, and ¢ is a holomorphic
function on U\I', that admits boundary values at any interior point of T'. For simplicity, U will
be C or C* here.

This problem is usually supplemented with some growth prescription for ¢(x) at the edges of T' and
at the boundary of U. For instance, if U = C*, one can ask for prescribed singular behavior at 0 and
00. This problem can also be studied with few modifications for ¢ = a section of a vector bundle over
U, in particular for ¢ = a holomorphic 1-form.

This problem for ¢ = 1-form” actually appears in the study of equilibrium measures for models of
the form (2.11) with arbitrary (analytic) pairwise interaction R. The dependence in the potential V'

only affects the right-hand side of such an equation, which can be set to 0 by subtracting a particular

"For Seifert spaces, G consists of linear maps (rotations), and the extra factor of  put in the definition of the Stieltjes
transform (2.14) is the trick allowing the formulation of the linear equation with constant coefficients a(g)’s in terms of
a function instead of a 1-form.



solution, thus affecting the growth prescriptions for the solution ¢ we are looking for. In general,
G is the Galois group of the equation R(z,y) = 0, and may be complicated even for simple R. It
may not be finite, and the description of the orbit of I has to deal with the rich question of iterating
functions in the complex plane. Here, we restrict to a subclass of model where the iteration problem
is trivial, in the sense that G is a finite group of (globally defined) automorphisms of the Riemann
sphere. The assumption that S is stable under inversion comes from the fact that pairwise interactions
are symmetric R(z,y) = R(y,z). One can go beyond this assumption and actually consider coupled
linear systems of the form, see [14, 11] for examples.

A complete, satisfactory solution of (3.1) would be a description, for any fixed I" and a’s, of an
elementary basis of solutions which generate any solution of (3.1) with prescribed meromorphic or
logarithmic singularities. So far, the non-trivial case for which this program has been achieved is
G = Zs, i.e. G consists of the identity and an homographic involution ¢, and only if I" is a segment.
This occurs in the O(n) matrix model, and n = —a(¢) here. The solution was essentially found for all
values of n by the second author [20, 21] in terms of Jacobi theta functions. Apart from a few cases
which reduce technically to the latter, it seems hopeless, even when G is finite or even cyclic, to find
a complete solution in the above sense. It would be very interesting to solve any problem in which
G ~ 7Z is a group of translation in the complex plane, and S consists of a generator and its inverse.

We now undertake the general study of (3.1). The outcome will be a method to decide if the
solution of (3.1) can be expressed in terms of algebraic functions, and in this case, the answer can be
in principle computed. It does not happen for generic a’s, but it can actually lead actually to some
explicit results for interesting models. The techniques leading to an algebraic solution of the O(n)
model equation when n = —2 cos(wb) for a rational number b [19] can be regarded as a special case of
our construction. Obviously, the methods we describe also allows the multiplicative monodromies.

The theory will be applied to the Seifert models in Section 4, for which the Galois group is G = Z,.

Remark. If U = C and ¢(x) is a function solution to (3.1) with meromorphic singularities at
prescribed points in U, and if for instance I" consists of finite numbers of arcs in U, it follows from the
finiteness of the group G that ¢(x) has endless analytic continuation. This observation might provide
another useful point of view for the computation of ¢(z): if ¢(x) can be complicated, its Laplace

transform on certain contours might have a simpler form.

3.2 Action of the group G algebra

Let K be a number field (here Q is enough) and let £ = K[G] be the group algebra of G. It is a vector

space” with a basis (é,)gec indexed by elements of G, and endowed with a bilinear multiplication law:
€g - €n = Egn. (3.3)

E can also be identified with the algebra of K-valued functions on GG, with multiplication given by the
left convolution:
(0-w)(g) = > D(gh™)i(h). (3.4)
heG
We denote (£,),ec the dual basis, i.e. £,(3) = #(g) for any v € K[G] and g € G. If & € E, we call
supp® = {ge G, wv(g) # 0} its support. We denote g-I' = g~ 1(I'), and if ¢ is a function on @\F, we

associate to any © € F the following function on U\ (| J gesupps 9 L)

(0-¢)(x) = . 0(g) dlg(x)). (3.5)

geG

8We put a small hat on vectors in E to distinguish them from another vector space E defined later.
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¢(x) can be retrieved modulo holomorphic functions in U as the ”part of (9 - ¢)(x) which has a

discontinuity on I' only”. Indeed, for any g in the support of v,

1 ds (0 6)(g"(s))
7? (3.6)

o) = 0(g) 2im (x — 8)

is holomorphic for x € U. This piece of information stresses that it has no discontinuity on G - I' nor

on its preimages.

3.3 Analytic continuation and algebraic rewriting

Let us denote:

& =26q+ Y, alg)ég € E. (3.7)
geS

If ¢ satisfies the functional relation (3.1), we can rewrite:
Veel, ¢z +i0) = (éq — &) - ¢p(z — i0). (3.8)

Therefore, we can define the analytic continuation — denoted ¢ — of ¢ on two copies of U equipped
with a coordinate x, and identified along the cut T'. In the first copy, ¢(x) = ¢(x), and in the second
copy, ¢(z) = ((éia — &) - ¢)(x). Now, in the second copy, ¢(z) has cuts on Uges 9 I Actually, since
¢(x) itself is continuous across | J,cq g - o, we deduce from (3.8) the functional relation’ for ¢ - ¢(z)

for any vector v € E:
Veeg-T,  (0-¢)(x+10) = (b — £y(d)a - &,) - p(x — i0). (3.9)

Therefore, gluing copies of U along the cuts encountered, we obtain a maximal (and maybe with
infinitely many sheets) Riemann surface ¥ on which ¢ is an analytic function. We may have chosen
an initial vector 9y € E and started the same process with the function (4 - ¢)(z). We would obtain
another analytic function s, .

We therefore need to study the dynamics of the linear maps in E:

Ty(0) =0 —Ly(D) & - ¢ (3.10)
(3.10) was defined such that:
Veeg-T,  (0-¢)(x+i0) = (Ty(d) - ¢)(x — i0). (3.11)

Thanks to fiq(&) = 2, we have Kg(Tg(@)) = —{4(0), and Tg are involutive. More precisely, they are

pseudoreflections, i.e. Ker(T, + id) is generated by a single vector, namely é,.

Definition 3.1 We call group of sheet transitions & the discrete subgroup of GL(E) generated by

(Tg)geG'

& is non-commutative since
[Tga Th] = é4(9]1_1)‘34(€g ®ég— Ly ® €n)- (3.12)

However, if g, h € G such that gh™! ¢ S, we observe that [Tg, Th] =0. Gisin general infinite.

9This equation is initially derived for g in the support of ¥, turns out to be trivially valid for any g € G. It just
expresses the continuity of 9 - ¢ across g - I' whenever 9(g) = 0.
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Question 1 Does there exists a non-zero vector 9y € E with finite &-orbit ? If yes, can one classify

the finite orbits, and find the orbits of minimal order ?

Indeed, for such vectors the function (%g - ¢)(x) has a finite monodromy group around I'. For instance,
if we were looking for solutions ¢(z) with meromorphic singularities in the Riemann sphere away from
T, this implies that 0g - ¢(x) is an algebraic function, i.e. ¢4, is a meromorphic function defined on a
compact Riemann surface. The order of the orbit is related to the degree of the algebraic function, and
it is appealing to choose 7y so that the degree is minimal. The nice thing about algebraic functions is
that they can be efficiently identified by their divergent parts at a finite number of poles. And in our
problem, there are by construction lots of symmetries between the sheets due to the existence of G,

which can help to compute the solution.

3.4 Orbits and skeleton graphs

& acts transitively on the orbit of any vy € E, but not freely. Let 8;, denote the stabilizer of 0g. It
is a subgroup of &, with the property:

Byoo = 9 By (3.13)

We may construct the sketelon graph Gg,, whose vertices are elements of the orbits of 0y, and edges
are {0, 9'} decorated by an element g € G whenever o' = T,(%). The labels of the edges incident to a
vertex 0 are actually the elements of the support of 9. The graph G, is isomorphic to the quotient of

the Cayley graph of & with generating set (Tg)geg, by the relation:

Vi i e®, P~ e e Gyl (3.14)

Following the procedure of § 3.3, we can analytically continue ¥y - ¢(z) as a function ¢z, on a

maximal Riemann surface ¥g,. It is obtained from Gy, by:
e blowing a copy of U (denoted Uj) equipped with a coordinate z, at every vertex ¢ of Gy, .

e for any edge {0, 9’} decorated by g € G, opening a cut along x € g -T" in U; and Uy, and gluing

them along the cut with opposite orientation.

The question 1 is then reduced to the description of the quotient & / (’3@0, where in general & is infinite.
In this perspective, question 1 seems far from obvious. We will see in the next paragraph that we
can use the action of a smaller (and in some cases, finite) group &, which is a reflection group and

actually the Weyl group of a root system, in order to understand the ®-orbits.

3.5 Construction of a root system

We endow E = K[G] with the scalar product (¢,]én) = d,.. The left multiplication by & defines an

endomorphism:

A(G) =a-o (3.15)

Since &(g) = @(g~ 1), we have:
Vo,we E,  A(0)|w = o|Aw), (3.16)
e Ais symmetric. Therefore, we have a decomposition in orthogonal sum:
E=E®E,, E =ImA, Ey = Ker A. (3.17)

Let us denote:
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e 7, the orthogonal projection on F, and e, = mg(é,) for g € G. None of them can be zero.
Since (é4)g4ec is a basis of E, their projections (eg)gec span E.

e A e GL(E), the invertible endomorphism induced by A on E.
o T, = A" 'T,A e GL(E).

It can be computed as follows:

Tya-v) = a-v—(a-v)(g)a-e
= a-(v=(a-v)9)é)
- d-(vf(d-v)(g)eg).
Therefore:
VgeG, WYoeE,  Tyu)=v—(G-v)(g)e, (3.18)

When studying the dynamics of (Tj) e, we use unhatted notations for vectors in E. This is to remind

that, if we want to come back to the dynamics of (T})gec, we have:

Ty(0) = A(Ty(v)), 0=0a-v. (3.19)
We now introduce a symmetric bilinear form on E:
A ~ ~
5, = AN (3.20)

By construction, its restriction to E is non-degenerate. The projections e, have the properties:

J 1, ... 1 . 1., _
Coiny = 5@ &glén) = 5 lala- ) = 5 algh™)
L.
= (@ eglen) = egoen) (3.21)
Since &(1) = 2, we have:
Vg e G, (Eg,84) = {eg,eq9) = 1. (3.22)
This bilinear form allows the rewriting:
Vge G, YvekE, Ty(v) =v—2,eq4)eq, ‘ (3.23)

which shows that T, are reflections in the quadratic space (E, -, >)

Definition 3.2 We call reduced group of sheet transitions the reflection group & € GL(FE) generated
by (Ty)gec-

The vectors +e, are {orthogonal) to reflection hyperplanes, and their orbit by & then form of a
root system . & coincides with the Weyl group of . If we choose a subset I < G so that (eg)ger
spans E, A = (A(eg)|en)q,ner plays the role of a ”Cartan matrix”. We add quotes since it is not a
priori a generalized Cartan matrix in the usual sense: off-diagonal elements might not be nonpositive.
We also stress that the bilinear form (-, -) might not be definite — compared to standard definitions,
we waive this condition when we speak of root systems. We have three more observations:

Remark 3.3 Since the reflections are (isometriesy and {eq,e,) =1, R is simply-laced.
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Remark 3.4 If furthermore all &(g) are integers, R is crystallographic.
Remark 3.5 R s irreducible.

Proof. Indeed, assume that R can be decomposed in a disjoint union of two mutually {orthogonal)
root systems: 91’ containing ejq, and a second one R”. Consider G' = {ge G, e, R'}. We claim
that G’ is a subgroup of G generated by S ; since we assumed initially that G is generated by S, this
entails G’ = G, thus R = &.

To justify the claim, notice that 1 € G’. Then, SUS™! € G’ since {eiq, ec) = {€iq, -1y = @(s) # 0
when ¢ € S, which means that e; (and e_-1) cannot be {orthogonal) to %', so cannot belong to R”,
hence must belong to 9R’. Eventually, if g € G’ and ¢ € S, we have {(eg,ecq) = &(s) # 0, so g € R’
for the same reason. Since we assumed that S generates G, we conclude that /" contains no e, for

g € G, so is empty. ]

We can now come back to the action of & on E = K[G]. In the block decomposition E=E®Ey, it

takes the form: N . -1
P 0 Ty egly - 0
Tg(o id)(o id )( 0 id)' (3.24)

Therefore, & is isomorphic to a subgroup of the semi-direct product Homg (Fy, E) x &, where the

group structure of the latter is:
Vf, f € Hom(Ey, E), V¥, ¥ €®, (f,0)-(f,0)y= (Wo f + f, T o). (3.25)

We will encounter examples where & is a finite Weyl group and & is the corresponding affine Weyl
group. In general, it seems fairly complicated to describe completely & , and we shall restrict ourselves

to compute &.

3.6 Bonus: intertwining by the Galois group G

Because we are acting in a group algebra E= K[G], we have more ”symmetries” than just the Weyl
group &.
We first start with the observation — independent of the group structure of G — that we have a

group homomorphism:

6(G) — GL(E)

T — (dec 0(g) €9 = 2gec 0(m(9)) ég) (3.26)

i.e. an linear action of the group of permutations of G on E. Therefore, any action of a group G on
G (i.e. a group homomorphism G — &(@)) induces a linear action on E by composition with (3.26).
Since they just permute the elements of the canonical basis, these actions are isometries with respect
to the canonical scalar product.

Now, let us take advantage of the group structure on G. G acts by right multiplication on E, and
this leaves E and E, stable. We denote ej, the endomorphism of £ given by right multiplication by
ht:

en(0) =h~1 -0 (3.27)

so as to have a left action of G on E. For any h € G, the &, are isometries of E as we have seen, but

one can check with (3.20) that they are (isometries) as well. To summarize:
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Remark 3.6 E carries a representation of G by {isometriesy, and a computation shows that this

representation intertwines the generators of &:
T, = enTyne;, " (3.28)

As a matter of fact, we see from the form (3.20) of (-, -) that for generic o’s, this is the only possible

action on F by (isometries).

Remark 3.7 IfE contains at least one element é,,, by right multiplication it must contain all (é4) ge,
thus E = E, i.e. A is invertible. Similarly, no element ég4, belongs to Ey: if it was the case, Ey would

contain all (é4)gec, which is not possible since & # 0.

This explains that, when Ker A # 0, ¢(x) will never have a finite monodromy group, but it does not
prevent linear combinations (¢ - ¢)(x) to have a finite monodromy group for well-chosen .

If G is non-commutative, G also act by left multiplication on E, but it is less interesting. This
action is an isometry (for the canonical scalar product). Ey remains stable under h- iff h is a central

element, and in this case, F is also stable.

3.7 Orbits: description and finiteness
We can now reap the rewards of our algebraic discussion:

Corollary 3.8 There exist a non-zero vector © € E with finite &-orbit iff R is finite. Then, ¥ has a
finite orbit iff v € E. O

Since fR is crystallographic — for integer a’s —, simply-laced and irreducible, if we assume that it is
finite, it must be of ADFE type. In this paragraph, we assume it is the case.
If F[I] € E is a subspace generated by a subset I of the roots, we denote H Fr] its (orthogonal)

subspace, and:

H%[I]:HF\( U HF[I,T])- (3.29)
reR\F[I]

It is made of the elements of E {orthogonal) to the roots in the set I and only to them. For instance,
F[R] =0, and Hy = E, whereas H{, is the complement of the union of the reflection hyperplanes: its
connected components are the Weyl chambers. In general, the connected components of H ;,[ 1 define
cones of dimension dim E — dim F[I], and provide a partition of E indexed by subsets of simple roots.
Actually, (Hy)p for F/ < F provides a partition of Hp. We can give a complete description of the
®-orbits of an element v € E:

Lemma 3.9 The stabilizer of v e Hp is the subgroup of & generated by the reflections associated to
the roots T which belong to F. The connected components of Hy. are in bijection with points in &/®,,,

and there is exactly one point of the ®-orbit of v in each of them. The &-orbit of v spans E. O

The type of orbits are therefore classified by the parabolic subgroups of &, themselves classified up to
conjugacy by subsets of a set of simple roots for R (see e.g. [27, Chapter 2]). Three types of orbits
are remarkable:

e If v belongs to H), (i.e. belongs to one of the Weyl chambers), the skeleton graph G, is isomorphic
to the Cayley graph of & with set of generators (T})geq-

e If v is colinear to a root, the set of vertices of the skeleton graph is isomorphic to the set of roots
R.
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e Orbits of small order are obtained when v is a non-zero element of Hp;; where I is the set of
simple roots minus one of them. Hp) is then one-dimensional. In order to obtain orbits of
minimal orders, we have to choose the simple root to delete such that R[I] with a Weyl group of
maximal order. Then, we call R[I] a maximal sub-root system, and any generator v* of H F[I]

a mazimal element.

We insist that, once an element vy € E giving rise to a -orbit is chosen, we are actually interested in
the &-orbit of 99 = & - vg = A(vp) in order to describe the analytic continuation ¢z, of a solution to

the functional equation (3.1). We introduce:

M={veE, ©=AW*), v* maximal element}, (3.30)

the set of non-zero vectors in £ whose orbit has minimal order. It is obviously stable under the action
of (;5, but more interestingly, as a consequence of § 3.6, it is also stable by right multiplication by

elements of G.

3.8 Enmlarging the root system

If we waive the restriction that the quadratic form be non-degenerate, we may define ”root systems”
larger than R, which will contain more information on the full group of sheet transitions ®. Given
(3.24), if E}, is any subspace of Eq (the orthogonal of E for the usual scalar product in E), B/ = E}®FE
is stable under action of (Ty)4e. So, the orthogonal projection of (é4)4ec onto E’, and its images
under (Ty)gec still belong to E’, and define a ”root system” 9’ (depending on the choice of EY).
We can also take E' = E, and define a "root system” R. For practical purposes, the guideline is to
include as much vectors as possible in E’, keeping in mind that we eventually would like to describe
their G-orbit.

3.9 More information on the Riemann surface

In this paragraph, we assume that 0y € E is chosen to have a finite orbit, and we want to gain some
information on the Riemann surface ¥ = ¥, on which 99 - ¢(z) can be analytically continued to a
function g, .

For simplicity, we assume that U is the Riemann sphere except a finite number of points away
from I where ¢ can have meromorphic singularities. So, in the construction of ¥ from the skeleton
graph G;,, we can blow a Riemann sphere C; (instead of just U) at each vertex ¢ of G;,. The outcome

is a compact Riemann surface ¥, equipped with a branched covering z : ¥ — C. Its degree d is the

number of vertices in G, i.e. the order of the orbit of 7g.
Lemma 3.10 Let |T'| be the number of connected components of T'. The genus of ¥y, is:
gyl ;
g=1—-d+ Z |supp 9| (3.31)
2 veG

Proof. By construction, the branched covering z : ¥ — C has simple ramification points at the
edges of the cuts. Each cut has two extremities, and g - I" is a cut in C; iff g is in the support of .
Remember also that this cut is identified with g-T in 7} (¢). Hence a total of |I'| x 2oeg |supp 0| The

announced result is then deduced from Riemann-Hurwitz formula:

2 29 =2d—|I| ( 3 Jsupp 7}|> (3.32)
veEG

16



©i, 1s a meromorphic on X. So, there exists a polynomial equation of degree d in y = ¢:
P(z,p5,) =0 (3.33)
Here are some general principles to grasp more information, and hopefully compute P.

(1) We usually want to solve the problem for ¢(x) with prescribed singularities when  — 0 or 0.
In other words, we know in each sheet ¢ € G the leading term in the Puiseux expansion of s, ()
are related at leading order when x — 0 or oo in C4. This fixes the Newton polygon of P, and
the coefficients on its boundary.

(2) To go further, one may give names (say c;’s) to the first few subleading coefficients in the Puiseux
expansion of ¢(z) when ¢ or x go to 0o. Then, one can identify all coefficients in P in terms of
¢;’s, just by writing:

Ply.2) = Ca) [] (v—(-0)a)) (3.34)
LIS

and finding what is the Puiseux expansion of the product in the right-hand side at x — 0 or co.

(3) If the orbit of ¥ has some extra symmetries, i.e. if there exists ) € Aut(E) leaving the orbit
stable, this imposes some symmetries for the polynomial P. Notice that, since the vectors of a
given orbit must span E, and since T, are {isometries), such a ) must also be an {isometry). For
instance, it could happen (but it is not automatic) that the right multiplication by an element
h € G leaves the orbit stable.

(4) If the solution itself has a priori some symmetries (like (2.19)), they should also reflect on P.

(5) We know what is the ramification data of x on X: the solutions of P(y,z) = d,P(y, ) = 0 must
all be of the form (y;, g(xp)) for some g € G and x}, an edge of ', and they must also satisfy to
Ox P (yp, wp) # 0.

We have derived the properties that must satisfy the analytical continuation g, of (0g-¢) when ¢ is
a solution of (3.1). A priori, these are not sufficient conditions, and one has to check that ¢4, satisfying
the above constraints indeed provide a solution of the initial problem via (3.6). In particular, if we
are given a collection of functions (;) with the correct branching structure and asymptotic behavior,

it is not at all automatic that:

wﬁ;g(x) =

L fdsvolg™'(s),
yg Yi(z) (3.35)

0(g) 2im(x — s)
does not depend on 9. This is nevertheless a property of the solution we are looking for. So, we only
hope that imposing enough necessary constraints will lead to a finite number of possible polynomial
equations, that can be browsed to meet more subtle constraints like positivity of the spectral density,
or behavior at u — 0, and hopefully find a unique P(z,y). In a practical problem — like Seifert —
existence and unicity a priori is guaranteed, so we may conclude to the identification of the solution

if the necessary conditions described above single out of unique P(z,y) = 0.

4 Seifert fibered spaces and Chern-Simons theory

4.1 Geometry of Seifert fibered spaces

We review a number of facts about the geometry of Seifert fibered spaces [44].
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4.1.1 Definition

One first defines the standard fibered torus with slope b/a: It is a cylinder [0, 1] x Dy, so that (0, z)
gets identified with (1,e%7/?2), and the whole space is seen as a S; fibration over the disk Dy, for
some order a > 1. A closed 3-manifold is a Seifert fibered space if it admits a foliation by S;, so that
each leaf (also called fiber) has a tubular neighborhood isomorphic to a standard fibered torus. Two

famous examples of Seifert fibered spaces are:

e the lens space L(a,b) = S3/Z,. It can be realized by considering S3 = {(21, 22) € C?, |1]* +
|z2|? = 1} and the identifications (21, z2) ~ (Ca21,(%22). We need to assume a and b coprime for

the space to be smooth.

e the Poincaré sphere, which can be described in several ways. It is the space of configurations
of a icoashedron in R3. It is also obtained by identifying opposite faces of a dodecahedron (the
icosahedron’s dual). It is the only non-trivial integer homology sphere with finite fundamental
group (= the binary icosahedral group).

4.1.2 Classification

Let M be a Seifert fibered space. All but a finite number number of fibers are ordinary, i.e. they have
order a = 1. We denote ay,...,a, = 2 the orders of exceptional fibers. Identifying in M all points of
the same leaf, one obtains the orbit space O. Ordinary fiber project to a smooth point in O, whereas
an exceptional fiber of order a; projects to a Z,,-orbifold point in O. O is a 2-dimensional orbifold.
The classification depends on the topology of O and the orientability of M. In this article, we always
assume that O is topologically a sphere and M is orientable. The classes of oriented Seifert fibered
spaces (modulo orientation and fiber preserving maps) are in one-to-one correspondence with uples of
integers

(b;a1,b1;...5ar,by), 1<b;<a; —1, ged(ag, b;) =1, beZ (4.1)

a;, b; characterize the neighborhood of exceptional fibers, and the integer b tells how exceptional fibers
sit together in the global geometry. Changing orientation has the effect:

(b;a1,b1;. .50, b.) — (b—r;a1,a1 — by;.. 50, ap — by). (4.2)

Therefore, the integer:
b,
o=b+ mzzl - (4.3)
is an invariant of orientable Seifert fibered spaces. If there are r > 3 exceptional fibers, a1,...,a,
themselves are topological invariants of M. This is not true anymore in presence of one or two
exceptional fibers, i.e. for r < 2 there exist homeomorphism which do not preserve fibers and change
(a1,a2). r = 1,2 give lens spaces, and since they are well-understood from the point of view of

Chern-Simons theory [29, 17], we shall assume r > 3 in the following.

4.1.3 Orbifold Euler characteristic

Another important invariant, as we have seen in the matrix model, is the orbifold Euler characteristic
of the orbit space:

U
X:2—r+2a— (4.4)
m=1 """
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M has a finite fundamental group iff x > 0. As we have already seen, for r > 3 the only possible
exceptional fiber data in this case are (2,2,p), (2,3,4) and (2,3,5). The corresponding Seifert fibered
are precisely the quotients of S3 by the free action of a group of isometries. The outcome is that,
up to isomorphism, M = Z,\S3/$), with § is a finite subgroup of SU(2,C), namely a cyclic group of
order n’ (leading to lens spaces), or a binary polyhedral group:

e dihedral group of order 4p, giving exceptional fibers (2,2, p) — labeled by D,;2 as regards the
ADE classification of subgroups of SO(3,R).

e symmetry group of the tetrahedron, order 24, giving (2, 3,3) — case Fg.
e symmetry group of the octahedron, order 48, giving (2, 3,4) — case Er.
e symmetry group of the icosahedron, order 120, giving (2, 3,5) — case Fj.

There are only 4 classes of Seifert fibered spaces with x = 0, namely (2,2,2,2), (3,3,3), (2,4,4) and
(2,4,6). If o # 0, they have Nil geometry.
4.1.4 Fundamental group and homology

The fundamental group of an orientable Seifert fibered spaces whose orbit space is a sphere is generated

by ¢; going around the i-th exceptional fiber (1 < i <), and a central element ¢q with relations:
c1--cpr =Y, ichi=1 (1<i<r) (4.5)

For r > 3, one can show that 7y (M) is finite iff x > 0 (a fortiori it requires exactly r = 3).
Another natural question is to ask for Seifert fibered spaces which are integer (resp. rational)

homology spheres, i.e have trivial (resp. trivial up to torsion) Hy (M) but are not S3. The answer is

that aq, ..., a, must be pairwise coprime. If this constraint is satisfied, then M is a rational homology
sphere, with:
-
[H(M) =alol,  a=]] am (4.6)
m=1
and there exists a unique b, b1, ...,b, such that ac = +1, i.e. such that M is an integer homology

sphere. The Poincaré sphere is the unique case with finite fundamental group, its data is:

1

(b;a1,b1;a2,bo;a3,b3) = (—1;2,1;3,1;5,1), X=0=735

(4.7)

and for this reason it is the most interesting geometry treated in this article, but also the most
cumbersome among the x > 0 cases ... For other values of (b;a1,by;az,bs;as,bs), one obtains the

Brieskorn spheres.

4.2 Avatars of Chern-Simons theory

As a matter of fact, (2.1) first appeared in [4] for the Lé-Murakami-Ohtsuki invariant [37] on Seifert
spaces.

If M is a closed, framed 3-manifold obtained by surgery on a link in S3, the LMO invariant
Zimo(M) is a graph-valued formal power series in i [37]. Its relation to the Kontsevich integral —
which is a universal formal series of finite type invariant — and Aarhus integral for rationally framed

links was exposed in [1, 2, 3], see also [4]. For any choice of compact Lie algebra g, it can be evaluated
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to a g-dependent, formal power series in A. In particular, the evaluation with the Lie algebras of the
series Ay, By, C or Dy yields up to normalization In Z}'3,, as an element of i~2Q[[A?]][[uo]] with:

(19

This is no more than a repackaging of LMO invariants, which is a weaker invariant than LMO [45],
and gives the geometric foundation of the quantities we shall compute in this article.
LMO can be considered as a mathematical definition of the perturbative expansion of the Chern-
Simons partition function:
Z8(M) = /DAeiScs[AJ, Scs[A] = i/ (AndA+ ZanAn A) (4.9)
2 Ju 3
where the path integral runs over g-connections A modulo small gauge transformations. The saddle
points of the action are the flat connections, and in principle, Z2g should be given by the sum over
all flat connections of its perturbative expansions. When M is a rational homology sphere, the LMO
invariant is tailored to capture the contribution of the trivial flat connection. In particular, we have
for the Ay series:
Zi0 = exp ( Z h29—2 E;‘) (4.10)
g=0

and for any of the X € {By,Cy, Dy} series:

280 = exp( 3 h29’2FgX> (4.11)
geN/2

where F¥ € Q[[ug]] are the Chern-Simons free energies. It is known [26] hat F,* has a finite radius of
convergence independent of g, i.e. can be seen as the power series expansion at ug — 0 of an analytic
function.

Problem 1 Describe the singularities of FgX considered as a function of ug.

Chern-Simons theory is a cornerstone in quantum topology, because of Witten’s discovery [46]
that the expectation value <Tr R €XD (gSK A)> with respect to the Chern-Simons measure (in principle
computed by a path integral), is an invariant of framed knots in M, called ”Wilson loops”. Depending
on the 3-manifold, there are several ways to define rigorously those invariants, as functions of ¢, as
elements of the Habiro ring, or as formal series, see e.g. the review [7].

4.2.1 Link invariants in the 3-sphere

When K is a knot in M = S3, Wilson loops turn out to be Laurent polynomials in:
g=eh" (4.12)

and they coincide with R-colored HOMFLY polynomials. When R is the fundamental representation
of g = su(N + 1), this retrieves the HOMFLY-PT polynomial [24], and for g = su(2), this is the Jones
polynomial [30]. When R is the fundamental representation of a Lie algebra in the BC'D series, the
Wilson line is related to the Kauffman polynomial [34]. Reshetikhin and Turaev [41] later provided
the foundation for the rigorous TQFT construction of those invariants.

The HOMFLY-PT of a link in S3 satisfies skein relation, which allows to reduce the computation
of HOMFLY-PT of any link to the computation of HOMFLY-PT by resolution of crossings. Besides,
the R-colored HOMFLY of a link can be realized as the HOMFLY-PT of a link obtained by taking
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parallels in a R-dependent way [40]. The Kauffman polynomial also satisfy a more general skein
relation, but in general the colored HOMFLY polynomial of a link is not known to reduce to the
HOMFLY of a related link. It is well-known that F/ ;‘ and the coefficients of a given power of A in the
colored HOMFLY are entire functions of e* (see e.g. [17]).

4.2.2 Link invariants in rational homology spheres

When K is a knot in M # S3, Wilson loops can always be defined as a power series in 7 in perturbative
Chern-Simons around a chosen flat connection, but cannot in general be upgraded to a function of ¢
and ¢V (see [46, 25]). When M is a rational homology sphere, one can formulate a skein theory for the
HOMFLY-PT invariant of a link K in M considered as a formal series in & and ug = N#A. Skein theory
then determines the colored HOMFLY for any link L, if one knows the value of the HOMFLY-PT for
a set of basic knots representing the conjugacy classes of w1 (M) [31].

Two interesting and open questions are:

Problem 2 What is the value of HOMFLY-PT for basic knots in a given rational homology sphere ?

Problem 3 Consider the coefficient of a given power of h. Is it the power series expansion of an
analytic function of ¢ = €% when ug — 0 ? What are the singularities in the complex plane of this

function ?

In this article, we study the Wilson loops (in any representation R of fixed size) for the knots going
along the extraordinary fibers of Seifert spaces. Our method gives in principle a way to compute the
coeflicients of the power series in & as functions of e*° for Seifert spaces with xy > 0, and provide some
partial answers to Problem 1 and 3 : the perturbative invariants are algebraic functions of e“°, but
in general not entire functions. For instance, in the case of S3/Dj 2 with p even, we could push the
computation to the end and describe precisely the algebraic function field in which the perturbative
invariants sit (see Theorem 7.4). For all S3/D,, we can also show that the perturbative invariants
have no singularity for ug on the positive (resp. negative) real axis if ¢ > 0 (resp. o < 0), and
Conjecture 2.5 would imply this is also true for all Seifert fibered spaces.

The fiber knots only form a subset of the basic knots: we are missing the knots going along a
meridian of the exceptional fibers. At present, it is not known how to rewrite their Wilson lines as
observables in the model (2.1). We nevertheless propose the following:

Conjecture 4.1 For any Seifert space M with x > 0, there exists a finite degree extension L of
Q(e™xu0/2%) " such that all perturbative colored HOMFLY invariants of links in M belong to L. And,
all perturbative colored Kauffman invariants of links in M belong to Lo < L, obtained from L by

substitution ug — 2ug.

In this case, L would be an invariant of the ambient 3-manifold. In Theorem 7.4, we show for S3/Dp2
that L contains Q(u, x2, 3)/Z, where T is generated by:

22t e o (F+D((p+1r*=(p—1)
v = P = (113)

4.3 Exact evaluations

Exact evaluations of the Chern-Simons path integrals are rare. By ”exact evaluation”, we mean the
reduction to a finite-dimensional sum (over dominant weights of g) or integral (over the real Cartan

subalgebra b of g). Seifert fibered spaces [44] are one of the few classes of non-trivial 3-manifolds for
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which it has been performed so far, and the contribution of the trivial flat connection takes the form
(2.1):

N

Z3s =C*® / H smh2 (= ) IL[ smh ] 1_[ ot/ (4.14)
m=1 j

b a>0

where C? is a known prefactor given in [38]. Actually, (2.1) can be derived in various ways, either
in the realm of LMO or of TQFT. Seifert spaces turn out to be tractable either because they can be
obtained by rational surgery on a very simple link in S3 (see Figure 1), and TQFT behaves well under
surgery ; or because they carry a U(1) action and localization of the path integral occurs. Here is a

schematic account of the history of those exact formulae:

e For g = su(2) or s0(3) and M a Seifert integer homology sphere, Lawrence and Rozansky [36]
have used the Reshetikhin-Turaev construction to rewrite Z&g as a 1-dimensional integral (2.1),

including contributions of all flat connections.

e Marino generalized their derivation to any simply laced-Lie algebra g and Seifert rational ho-
mology spheres M [38].

e Bar-Natan [4] has computed the LMO invariant of Seifert rational homology spheres, via the

Kontsevich integral.

e Beasley and Witten [6] have developed a non-abelian localization method, allowing the com-
putation of the contribution of isolated flat connections' Then, correlation functions of Schur
polynomials for the measure (2.1) can be interpreted in terms of Wilson loops along exceptional
fibers [5].

e Killen [32] derives the same results, building on earlier work of [33] on a supersymmetric version

of Chern-Simons theory.

e Blau and Thompson developed a diagonalization technique, first for U(1) bundles over smooth
surfaces [9], then for U(1) bundles over orbifolds [10], allowing the computation of the full
Chern-Simons partition function. As a particular case, they retrieve the earlier results on Seifert

rational homology spheres.

4.4 Correlators and Wilson loops

We review the interpretation of the correlators of the model (2.1) in terms of Wilson loops. [5] tells us
that the holonomy operator U,, along the exceptional fiber of order a,, — on the Chern-Simons side
— gets identified with diag(etl/“m, ey etN/“m) — S%am — on the matrix model side, with the notations

of (2.1). Therefore, the Wilson loop in representation R is equal to:
Hra,, = u[chr(SY*™)], S =diag(e"/",... e/, (4.15)

where chp is the character of R, i.e. the Schur polynomial indexed by R. We prefer to work in the
power-sum basis of the representation ring, and with connected observables:

k kn,
W”( di’ e d” ) = <TI‘ Mtliil - Tr u§:>conn = 'UJ[TI‘ Skla/dl - Tr Skna/dn]conn’

10The trivial flat connection in a Seifert fibered spaces is isolated iff the a; are pairwise coprime. If x > 0, the only
cases concerned are the lens spaces L(p, q), and the (2, 3,5) cases including the Poincaré sphere.
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Figure 1: Seifert spaces which are rational homology spheres can be realized by rational surgery on
this link with (r + 1) components (here r = 3). The surgery data is 1/b on the horizontal component
and a,, /by, on the m-th vertical components (1 < m < r). Snappy courtesy of S. Garoufalidis.

where:
djE {(1417...,04T}7 kj EZ+. (416)

The H’s and the W’s are related by a change of basis: to extract Hpg for a representation R corre-
sponding to a Young diagram with less n rows, we need to compute W,,» with n’ < n.
Recalling a = lem(ay, . . ., a,), we define the n-point correlators of the matrix model as:

p[Tr Sh - Tr Sl

l ln
xll.'.xn

T In
Wo(x1,...,x,) = [T o Tr ] —
1) = T

conn (4.17)
x1 =8 Tn =S li,olp=0

so that the W, ’s can be read from the coefficients of the expansion of W,, (1, ..., z,) in Laurent series
when x1,...,x, — o. If a1,...,a, are not coprime, the expansion of W,, also records expectation
values of fractional powers of the holonomy along fibers, which do not have a clear interpretation in
knot theory.

In a perturbative expansion, we have a decomposition of formal power series in u of the form:

Wi(@1, ... 2n) = D, N9 WD (2, w), W eQlay',. ..z, ul] (4.18)

g=0

Later, we shall consider only certain linear combinations of rotations of W,&-" ), namely:

(éﬁz) 'Wv(zg)(xla""xn) = Z @(Jl){)(jn) Wég)(gélxh'"vcgnxn) (419)

i=1 Jis--:Jn€la

for ¥; in a certain set V of vectors in Z*. If we denote the discrete Fourier transform:

Fulo] = ), ¢k o)) (4.20)
J€ZLa
we have the expansions when x; — 0:
. o]
(@ 11) W (1) = > [ (T ub T )9 (4.21)
i=1 Fyookins0i=1  Ti'

and when x — 0:

(@v) W (@r,a) = (D" Y]] F’“,j%i[f’i]@r Uk T U (4.22)
i

i=1 ki, kn>0i=1 i
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In the latter, we have used that S is distributed like S™!. Therefore, knowing (4.19) for 9; € V will
only give access to the coefficients of expansion of W in x; ™ with (m mod a) such that there exists
© € V with non-zero F,,[?].

4.5 Remark on formal series versus asymptotic series

Our point of view is to consider the Chern-Simons matrix model (2.1) for u = ug/oc = Nhi/o > 0. We
thus have to assume that 0 < ¢ = e < 1if ¢ > 0, or ¢ > 1 if & < 0. The correlators W, (x1, ..., z,)
of the matrix model are then defined as functions of u, IV and g. Our point of view is to analyze the
asymptotic expansion of the correlators when N — oo for a fixed value of u > 0 and 1, ..., x, € C\R.
When the equilibrium measure of the matrix model has one cut I' € R¥ (a property guaranteed by
Lemma 2.3 when x > 0) and is off-critical, the results of [15] ensure that we have an asymptotic

expansion when N — oo of the form:

W2y, an) = D N2 WD (2, ) (4.23)
g=>0
where now W% (1,...,2,) is a holomorphic function of x1,...,z, € C\I' and of u > 0. Its Laurent

expansion when x; — o0 and power series expansion when uy = uoc — 0 retrieves the formal series of
(4.18). This approach has the extra benefit to provide W,Sg ) as function of ug, hence to allow analytic
continuation in ug, and thus to address Problem 3 concerning the singularities in uyg.

Given the results of Section 2 for xy > 0, off-criticality boils down to checking that the density
of the equilibrium measure remains positive in the interior of its support. We already know this is
true for any y = 0 provided u is small enough. We did this check for all values of v > 0 in the cases
(2,2, p) since we have an explicit expression for Wl( )( ). For the remaining cases with y = 0, such an

expression is not available because of algebraic complexity, so we were not able to check:

Conjecture 4.2 For x = 0 (except (2,2,p) and r < 2 already known), off-criticality (and thus (41.23))
holds for all values of u > 0.

We checked numerically this conjecture (see Section 9), but we could not find an a priori, potential-
theoretic argument ruling out zeroes of the density in all cases x = 0. We will assume (4.2) to continue
with our reasoning. Nevertheless, all propositions and theorems stated in the text are independent of

this assumption.

4.6 Origin of the measure

The key feature of the model (2.1) is the interaction:

t T
1_[sinh2 " aT smh 26lm (4.24)

a>0 m=1

where the product runs over o = positive roots of the Lie algebra. This is a pairwise interaction
between t; for the ABCD series of Lie algebras. From a geometric perspective [46, 10], (4.24) is
essentially the Ray-Singer torsion of Seifert fibered spaces. From the LMO perspective [4], (4.24)

arises from the evaluation of the wheels in the weight system g:

sinh(hadt/Z))l/2 _ 1—[ sinh(A o - t/2)

Vet O() = det( hadt/2 ha b2

a>0
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and the decomposition of the Lebesgue measure dX over the real Lie algebra gg in terms of the Haar
measure dU on exp(g) and the Lebesgue measure dt on t:
dX = CydU dt[det(ad t)| = CydU dt [ [(e - t)?
a>0

for some constant Cj.

4.7 Generalizations

We describe generalizations of (2.1), whose study is out of scope of this article.

4.7.1 Non-trivial flat connections

In exact evaluations, the partition function is in general obtained as a sum of terms identified with
contributions of the different flat connections. The contribution of the trivial flat connection respect
the full Weyl symmetry of t and correspond to (2.1) up to a known prefactor. The contribution of other
reducible flat connections is the analogue of (2.1) with a potential V' breaking the Weyl symmetry

[38], in a maximum of a.S pieces. More precisely, the t; in this case are partitioned:

- aS—1
[LNT =, , T el =Ne (4.25)
and the term V' (¢;) is replaced by:
, 1/t3 2irtid

And, there may exist residual terms corresponding to irreducible flat connections [36, 38]. Since the
measure in (2.1) is now complex, we cannot apply stricto sensu the arguments of asymptotic analysis
raised in Section 2 and [15]. Nevertheless, we can take the saddle point equation (2.18) with complex
valued right-hand side as a starting point, and compute the corresponding spectral curve with the
methods of Section 3. The only difference in the result is a rescaling of the Newton polygon, and
now the coefficients inside the Newton polygon depend on the collection filling fractions ¢, = Nyh.
This dependence is in general transcendental, since the €; are periods of the 1-form In ydInz on the

spectral curve. For lens spaces, this analysis has been explicitly performed in [29].

4.7.2 Orbit space of any topology

For Seifert fibered spaces whose orbit space O is a Riemann surface of genus h, (4.24) appears to a
power 1 — h (half the usual Euler characteristics of O) [10]. For h > 2 the corresponding partition
function would be ill-defined for ¢; integrated over R. But, in [36, 38], the formula as an integral over
t is actually derived from a sum over dominant weights of g, by an Euler-MacLaurin type formula
and analytical continuation in A. In other words, the original expression is a sum over discrete t’s
where, among other details, hyperbolic functions are replaced by their trigonometric analogue, and
the walls of the Weyl chamber are excluded. When h = 0, we can add the wall contribution since
it is 0, and arrive to an integral over t. When h > 2, the correct formula is the discrete sum, with
pairwise interactions between the t;’s behaving like |t; — tj|2*2h when t; — t;. We remark that the
same kind of sums appear in the partition function counting simple coverings of surfaces of genus
h (simple Hurwitz numbers) [13]. Since t;’s now attract each other — but belong to a lattice — the
large-N asymptotic analysis could be very different from the repulsive case treated so far, and it is
not clear how to adapt our techniques to this case. For instance, it is already not obvious that the

asymptotic expansion (4.23) holds, even for a small value of w.
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5 Spectral curve and 2-point function : inhomogeneous part

5.1 The spectral curve

Let aq,...,a, be integers. We have established in § 2.2 that the spectral curve satisfies — on top of

growth constraints — the functional relation:

— o e a’lnz  ay
W(zx +i0) + W(zx —1i0) + (2 — 1) Z +Z Z L Tt (5.1)

Here T is a subset of R to determine with the solution. The first step is to get rid of the right-hand
side, and the way to achieve this depends whether x = 0 or not. Then, we arrive to the problem
presented in Section 3, with Galois group G = Z,. We denote it additively, and (é,...,Eq—1) is the
canonical basis of £ = Z[G]. The sheet transitions are ruled by the vector:

r am—1

a—1
=) D+ > D Catys  Gm = aan (5.2)
=1

m=1[,,=1

jofs
Il

51.1 Y #0

It is easy find a particular solution of (5.1) which has no discontinuity on I', and subtracting it to
W (x) we find that:

o(z) = f%(W(z) —1/2) —ir + Inz (5.3)
satisfies to the homogeneous equation bringing us back to Section 3:
— r am—1
é(x +i0) + ¢(x — i0) 2 )+ Y D g(¢na) =0. (5.4)
=1 m=1 [=1

The price to pay with (5.3) is that ¢(xz) now has a logarithmic singularity, but we can turn into a

meromorphic singularity by setting:

Y (z) = @, (5.5)

The functional equation for Y is now multiplicative, but it does not make much difference from the

point of view of Section 3. If o € E, we write:

e
|
—

(0-Y)(x) = @D = TT (v ()" (5.6)

l

I
=

We keep the same notation but the context should make clear if the action of E should be additive
(on ¢) or multiplicative (on Y'). (5.2) for ¢(z) translates into:

VieG,  (p-Y)(x—10) = (Ti(d) - Y)(x + i0) (5.7)

o= o] (5.9

) on ¢(x) imply:

Let us introduce the parameter:

I3

The growth conditions (2.15

0 Y(@) ~ (—we)mld it z—0 (5.9)
0-Y(x) ~ (—ax/c)moldl ¢l T — ® (5.10)
where no[0] = 370 9(1) and n,[8] = S L.
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51.2 x=0

If x = 0, we can find a particular solution of (5.1) containing In® z. Since we prefer to avoid this type

of singularities, we take another route. The function

0 0 ¥ da’ @ o, dz”
b1(z) = x%< %W(x)), W(z) =1+ /OO 7(/@ ba(a”) = ) (5.11)
satisfies the homogeneous equation:
a—1 T am—1
pa(x +10) + ¢o(x —i0) + (2 — 1) Z bo(Cla) + Z Z am =0 (5.12)
=1 m=1 [=1

The analytic properties of W (x) imply that:
e ¢o(x) is holomorphic in C\TI.
e ¢o(x) € O(1/x) when  — o0, and ¢o(x) € O(x) when = — 0.

o ¢o(x) diverges like (z — 4 )~%/?

when x — v4.
e The palindrome symmetry implies ¢o(x) + ¢2(1/x) = 0.

Since W (z) and ¢;(x) are continuous in C\I', the integration in (5.11) do not depend on the paths.

And the period of W (x)/x is 1 since the equilibrium measure has total mass 1. So we have the extra

conditions:
o fdi(x) 4 =0forj=12
Eﬁr‘ W 2171'1 -

5.2 The two-point function

Let us introduce:

r2 dzb\ dz
Harian) = ([ W rag) T2)
2

(5.13)
x1

which is a holomorphic function of x5 € @\F, and a holomorphic 1-form in z, € @\F The functional
equation (2.25) for WQ(O) (z1, ) implies, for 21 € ' and 25 € @\I‘:

A —1
T d
H(xy 4 i0;20) + H(z1 — i0;29) + (2 — 1) Z (Chasme) + Y D) H(CL, wi52) = - flxl (5.14)
m=1 [=1

The strategy is to get rid of the right-hand side. We first look, for any integer k& > 1, for a
particular solution hy(z) of the linear equation with right-hand side 2~ *dxz;. Then, D1 T " hy(z1)
solves the linear equation with right-hand side:

-1

d
oy v ey (5.15)
To — I k>1 1‘2

One can first try to find a solution of the form hy(z) = c,r*~'dz. When the Fourier coefficient
Fi[é&] vanishes, such rational solutions do not exist, but one can always find a solution of the form
hp(z) = ez (In?* ) for a minimal value of j;,. Since in discrete Fourier space, the convolution by
& becomes a multiplication by F[@], there are precisely dim(Ker A) = a — dim E values of (k mod a)
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for which a logarithm is needed (we use the notations of § 3). All in all, we can construct a particular
solution for H (z;x¢) for the primitive of the two-point function of the form:

Inxi\J , ~s dx

. _ D e0) -
Hyari (213 72) ;) (5) (Vo) P (5.16)
Here CV) = 3., CU)(i) ¢; represents a vector in £, and with our notations:
A0) @ eg) - —IH ) (jy AGz)
(CY ®é) - = > cu)( (5.17)

— JZ* %
T2 1 €20 0 C

i.e. CU) acts on the first variable and éy on the second variable (its action is the identity). Then, we

introduce
Hhom(xl;x2) = H(:Ela xQ) - Hpart(wl;xQ)
dz, dx
w5 o (w1, 72) = W3" (w1, 02) —+ =2 — i Hpuoe (22:22), (5.18)
1 T2

which solve the homogeneous linear equation. The price to pay is that ws )\hom isa (1,1) form having

the singularities of —dg, Hpart (z1; 2). Therefore, for any 01,02 € E the singular part of:

(01 @) - W o (21, 22) = Y. 01(j1)02(j2) w8 hom (I w1, (F22) (5.19)

J1,§2€Zq

is:

ST Y B iy, i) SLCarr)dr: (ln.wl)j (5.20)

J>0 i, (w2 — Ciwy)? \ 2im

where we have:

BO(i -3 3 (7) C9 ()b (Yoo (€ + €' — i) (5.21)
J=04,0€Z,
and higher B (i) can be obtained by similar formulae.
Then, if we are given some initial vector ¥y, we deduce that (9y ® 0g) -wéo) |hom can be analytically
continued as a bidifferential (wéo))f,o continued on the Riemann surface ¥;, x £j,, and it has — on top
of the log singularities'! — double poles without residues at points so that % = 2% for x, x5 in the

sheet Cy, x C4, labeled by two vectors 01,02 of the orbit of 0.

Definition 5.1 The coefficients of the double poles are recorded in the matrix of singularities:

Bgi):[E BO ) (7 ’1}1,'[}2)6]

1€ q

(5.22)

'U1,’U2

whose rows and columns are labeled by elements v1 and Vs in the orbit of Uy, and whose entries are
vectors in E.

5.3 Remark on the matrix of singularities

The easiest way to produce a meromorphic form with double poles at ® = z§ is to consider:

~ dxlde _ 2 B(Z) d(C;xl)dxz (523)

(B®é) - (@2 — 1) Z (@2 — Cizy)?

11'We do not insist on the log singularities of ﬁ0®2 ~w§0> |hom : in the Seifert cases, it turns out that B (4;01,02) =0
whenever j > 1 and 91, 02 have finite orbits, so they are absent.
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Then,

N drdx
A bp1,22) = " o (1,2) = (B® o) - (25,

is also meromorphic on 21270 with double poles, but admits as matrix of singularities:
(0) _ RO _ A
BY) =B’ — BJ (5.24)

where J is the matrix full of 1’s. If it is possible to choose B so that Bsp becomes sparse, the

computation of wéo) lsp (21, x2) is facilitated. To summarize the relation with the two-point function:

. 1 I as . dx,d
@%mm@=@%@mwﬁ+ﬁBZ(nm)“ﬂ®%>':“”2 (529

S\ 2 (29 — x1)?

As a matter of fact, the structure of a suitable B carries information on how to lift the action of Z,
by rotations on @, to the total space X;, of the covering z : X3, — C. This will be exemplified in
the case by case study, in particular for the geometry S3/D,.

In general, 1 and x5 may not play a symmetric role in wéo) |sp (71, x2) (Whereas they do in wéo) by
construction). This is nevertheless the case when the entries of ng) are invariant under the inversion

endomorphism é; — é_; in E.

6 Spectral curve and 2-point function: case study

6.1 General results

We study in detail the sheet dynamics of a solution of the homogeneous equation in the Seifert models,

characterized by:

a—1 r o am—1
G=Za a=26+2-7)Y 0+ > > o,  Gm=alay (6.1)
=1 m=1,,=1

Following § 3.5, we construct a simply-laced, irreducible root system 9R on E:
E=ImA, A=a (6.2)

Since the coordinates of & are integers, R is crystallographic. We remind (Corollary 3.8) that the

group & = (T}, 1€ Z,) has non-zero finite orbits iff R is finite. We also remind the definition of the

r 1
m=1 ap,"

orbifold Euler characteristics of Seifert spaces x =2 —1r + >,

Theorem 6.1 If x <0, R is infinite.

Proof. Let ng[9] = Z?;(]l 9(1) be the sum of coordinates. According to (3.10)-(6.1), we have:

a—1

nol T3 (8)] = nol#] — () (2 = r)a+ Y} - ) = no[6] — ax 9()). (6.3)

=1 4m

Assume there exist & # 0 such that the set ng[® - 0] < Z is finite. If y # 0, it cannot be contained
in {0}, and up to considering —% instead of ¥, we may assume it contains a positive integer. Then,
let @ € & - & such that ng[w] is maximal. Then, no[®] > 0, so there exists j € [0,a — 1] such that
w(j) > 0. By maximality and the relation:

no[ T ()] = no[w] — ax () (6.4)
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we deduce that x = 0. As a corollary, if x < 0, the set ng[® - 0] is never finite for ¢ # 0, so the orbits
themselves cannot be finite. O

In the remaining of the text, we assume x = 0. So, the spectral curve is uniquely defined (Corol-
lary 2.2), has the palindrome symmetry (Corollary 2.4), and the cut I' consists of one segment (The-
orem 2.3). We will see that 2 is finite in all cases x = 0. The resulting root systems are presented
in Figure 2. We have written a short MAPLE program computing the orbits under (Tl)l of an initial
vector Uy, which was very useful to guess vectors with small finite orbits — before we were able to
construct them without involving a guess, as presented below. The left action of G on E discussed in

§ 3.6 is generated by the shift operator:

er(d) = Y. bl +1)é, g =e]. (6.5)
1€Zq

which intertwines the generators as:
Vk,] € Za, Ty = Eka+j€_j. (66)

The shift (or its powers) will be useful to decompose further the &-orbits.

Seifert manifold | (aq,...,a,) a R |R| |8| d
L(ay,a2) (a1,a2) lem(ay, az) || Aay -1 | (@12 —1)ai aq,2! a2
S3/Dpia (p odd) (2,2,p) 2p Dpiq 2p(p + 1) 22(p+1)! | 2(p+1)
S/Dp+a (p even) | (2,2,p) P Ap p(p+1) p+1)! | p+1
S3/Eg (2,3,3) 6 Dy 24 192 8
S?/E; (2,3,4) 12 jo 72 51840 27
S?/ By (2,3,5) 30 joN 240 696729600 | 240

Figure 2: For Seifert manifolds with x > 0, we tabulate: (1) the manifold S3/$) where ) is a finite
subgroup of SU(2,C) acting on S3 denoted by its ADE classification described in § 4.1.3 ; (2) the
order of exceptional fibers ; (3) a = lem(aq,...,a,), which is the dimension of the group algebra
E= Z[G] ; (4) the simply-laced, crystallographic root system we have found according to Section 3,
denoted according to its ADE classification ; (5) the number of roots ; (6) the order of the Weyl group
& ; (7) the minimal order of a ®-orbit. We included for completness the case of lens spaces treated
in [17, 29], and set a1 2 = a1 + as.

We may wonder how the geometry of Z,/\S3/$) is reflected in the (reduced) group of sheet transi-

tions and in the equilibrium measure. Here are three curious observations:

e a = dim E = |G| coincides with the Coxeter number of 92. We do not know how to interprete
this coincidence.

e the ADE Dynkin diagram associated to $) always contains as a subdiagram the ADE Dynkin
diagram associated to fR. In particular, they are both Eg for the Poincaré sphere, and this
is the only case of equality. In the other cases, it looks like a symmetry breaking of a bigger
Weyl symmetry associated to the ADE label of $) occuring by restriction to the contribution of

the trivial flat connection. This probably can be made concrete by physics dualities between
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(a1,...,a7) [a || R | R |d| R

(2,2,2,2) | 2| A | 2 | 2] 4
(3a 3) 3) 3 A2 6 3 A2
(2,4,4) 4 As | 12 | 4| As

(2,3,6) 61| As | 30 | 6| As

Figure 3: For Seifert manifolds with xy = 0, the group of sheet transitions is an affine Weyl group.

Chern-Simons theory on S3/$) and another gauge theory with gauge group associated to the
ADE Dynkin diagram of $).

e (2,2,p) with p even is the only case where G is finite. It is also the only case where a is also
the order of an exceptional fiber, and it is tempting to speculate that this is responsible for the

finiteness of &, for a reason yet unknown to us.

Definition 6.2 IfV is a éj—orbz't, we say that it is complete if for any k € Z,, there exists 0 € V such
that .Fk[’f}] #0 or fk+1[1fJ] # 0.

If V is a complete orbit generated by some vector 7, all moments u[Tr S*] can be retrieved from
the Puiseux expansion of the analytical continuation ¢4, (z) of 09 - ¢(z) at a point © — 0 or oo in some

sheet of ¥;,. From the case by case analysis, we find that:

Lemma 6.3 In all x = 0 cases, the orbits of finite minimal order are complete.

6.2 (2,2,p), p even

o ZI.)/_QO_I Sjslp/2_1_j R 1
AN )= — s _ _
R(s,s") = R a =dimF = p, X = o (6.7)
The dynamics are generated by:
p—1
& =260+ . (—1)¢;. (6.8)
j=1
The matrix of the left multiplication by & in the canonical basis is:
2 -1 1 -1 -1
-1 2 -1 1 1
L -1 (6.9)
-1 ... ... 1 =1 2
This matrix has full rank, i.e. £ = E and & ~ &. Let us define a new basis:
Bi=(Dejo1+e), A<j<p—1), fp=ém1. (6.10)
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In this new basis, the matrix (6.9) becomes:

2 -1 0 0 0
1 2 -1 0 0
0 B 01, (6.11)
0 ... ... 0 -1 2

and we recognize the Cartan matrix of the root system A,, with 8’s playing the role of simple roots.

Therefore & = & is the symmetric group in p + 1 — in particular & is finite.

6.2.1 Spectral curve

This implies that ¢(z) = & - ¢(x) is already an algebraic function, and it is actually the only case
in our list where this happens. The orbit of &y consists of ¢y = Zf;ol(—l)“'lél and 0 = (—1)7¢; for
J € Zy, its order is p + 1. Since it contains ég, this orbit is complete. This is actually a minimal orbit,

since the maximal sub-root system of A4, is A,_;, and:

|Wey1(Ap)| _ |6p+1 |

= = 1. 12
Wesl(A, )]~ 1&,] PV (6.12)

The skeleton graph is a star with p branches connecting to the central vertex vy (Figure 4). Therefore,
the Riemann surface X5, has genus 0. We denote y the function which is equal to ¢ - Y (x) when z
belongs to the sheet labeled by © € & - §p. We find that:

(2) 2P — K2
z(z) = z——
k2zP — 1
() = — (2% — K)(k2P/? 4+ 1) (6.13)
Y (kP2 = 1)(2P/2 4 k)
where
9 ltl/p
1H+ 7 = e~u/AP” = 2 (6.14)
K

is the only possibility meeting the growth requirements (5.9)-(5.10), so it is the correct solution. The

equilibrium measure is extracted as:

p?dz (Y(x +iO))

dAeq =
Acq Y (x —i0)

6.15
2imux ( )

for the branches of Y which meet on the positive real axis. The support of the equilibrium measure
Heq 18 [1/v,v] with v = z(z4) > 1 such that dz(z4) = 0. We find:

(6.16)

L ((p + D2 —(p-DRZP£/(v2 - r2)((p+ 1)k 2 - (p— 1)%2))1/?
+ = 5 .

By consistency, we must choose x(u) as the unique solution of (6.14) such that 0 < k(u) < 1 when

u = 0.

32



Figure 4: Case (2,2,p), p even. The skeleton graph generated by éo.

6.2.2 Two-point function

Particular solutions of the linear equation with right-hand side z*~'dz are all rational Hy(z) =
ek o 1da with:
1 .
— if (k mod p) =p/2
_ p+1 6.17
ck { 1 otherwise ( )
This results in the residue vector:

1)€+1

C(O) = ¢ép + Z 7(_
p

€y (6.18)
Lely, +1

£+1g, as initial vector. We found

Then, we compute the matrix of singularities taking o = >, (—1)
above the other vectors in the orbit are o} = (—=1)7¢; for j € Z,. We find the following decomposition

of the matrix of singularity:

BO = BI+ ) (-1)‘eM(0) (6.19)
Lely
We have defined: )
B=—— —1)f+1e 6.20
p+1<gzlp( ) ef) (6.20)

so that the subtraction of BJ leaves us with a sparse matrix ng). We find that the II(¢) are
permutations matrices of the sheets:

TI(¢) = Eop 00 + ), Borar, (6.21)

i€Z,

where Ey, 4, are the elementary matrices whose only non-zero entry is a 1 at the intersection of the
row labeled w; and column labeled ws.

We found previously that the curve X;, is rational, with uniformization variable z. Therefore,
wéo)|sp(zl,zz) must be a rational form in z; and z, and the only possibility compatible with its
matrix of singularity is:

> (=1 4Gz (6.22)

(20 — 2)?
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But we learn more from the structure of ng): indeed, if we denote z(*)(x) the values of z in the sheet

w above the point z, we must have
Vibe & iy, VleZ,  2D(r)=¢ MO (g) (6.23)

Therefore, the matrices II(¢) permuting the sheets tell us how the action of Cg € Z, in the z-plane lifts
to an action of Z, in the z-plane. We thus have gained, through the computation of the two-point
function, a precise description of the monodromy of the function z(x) that is useful in our problem.

Putting all results together, since we observe that B = €O there is no contribution from the
fundamental 2-form of the 2" kind of the z-plane, and we have:

(0)y o (D)fd(Ga)de
(wz )vo (Zla ZQ) = e;p m

1 1
+
2 2 2 2

= d(z"?) d(zg/Q)(( ) (6.24)

6.3 (2,2,p), p odd

. (s + 5’)(2?23 sP=1=9g'7) . 1
R(s,s') = ST , a=dimFE = 2p, X = pe (6.25)
The dynamics are generated by:
2p—1
& =26+ ), (—1)¢;. (6.26)
j=1
J#p

The subspace E has rank p+1, and is generated by the orthogonal projections e; on E of the canonical

basis é;:
1 2p—1 ‘
o= 5 P+ Déo+=1ep+ 3, (~1V45),  ej = j(eo) (6.27)
2p o]
J#p
Out of them, we can construct of basis of E:
Bi= (1" ej+ej1), (1<i<p—1), Bp=co, Bp1=c¢p (6.28)

The Cartan matrix of the root system R in this basis reads:

A= © . (6.29)

.0 =1 2 0
o -~ 0 -1 0 2

We recognize the Cartan matrix of the root system D1, where the §’s play the role of the simple

roots, labeled as in Figure 5.

6.3.1 Minimal orbits

A maximal sub-root system is obtained by deleting £, from fA: it is of type D,. The minimal order

of an orbit is therefore:
[ Weyl(Dy.0)]

Wyl D) 2p+1) (6.30)
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ﬂu;;-‘r]

B{l;;—l [))(13—2 ﬁl

Bas

Figure 5: Dynkin diagram of the root system D ;.

Vectors having such an orbit can be found of the form ©* = & - v* with v* € E orthogonal to the

chosen maximal sub-root system:
Viel2,p+1], (% B8)=0 (6.31)

By decomposing v* on the basis of 3’s, we get a linear system which can be solved, and we find:

—1

* K Bp + 6p+1 _

v* € span Z B+ — )= span(eg + 2e1 — ey). (6.32)
=1

We compute the image of the 8’s under right multiplication by &, and deduce the image of ©*, giving

a generator for a line of vectors in E with minimal &-orbit:
0% = &1 + épq1 (6.33)
Since any shift of the latter is also a vector with minimal orbit, and we may choose
Ug = e1(0%) = ép + €, (6.34)

as initial vector.

The orbit of @y is depicted in Figure 6. It consists of (—e_1)(ds) for j € Zg, and +0p =
+ 37971 (—1)!41¢,. The discrete Fourier transform Fy[d] vanishes iff & mod 2p = p, hence the
orbit is complete. We observe that all vectors in this orbit are fixed points of 7, i.e. that (¢ - ¢)(z)
is a actually a function of 22. So, instead of X;,, we consider its quotient inducing the covering
xz? 55, — C. Its skeleton Gy, is the quotient of Figure 6 by ¢, i.e. a star with p edges connecting to
the same central vertex 7. Genus counting by Riemann-Hurwitz indicates that 3 is rational : we
must have a parametrization z — (22(z),y(2)), such that the possible values of y for a fixed z2(z) are
(- ¢)(x*(2)) for i € G}, . These functions can have poles and zeroes only when 2> — 0,0, and their
leading behavior is prescribed by (5.9)-(5.10). This fixes completely the coefficients of a polynomial
equation P(z2(z),y(z)) = 0. By uniqueness, it is enough to exhibit a solution with the correct leading
behavior at z — 0 and co. Here is one:

22(z) = 272 722:'%2 _21
o (zpz—pé(l}izp +1) (6.35)
yz) = (zPk — 1)(2P + k)

where £ is the function of u already encountered in (6.14):

2&1"'1/1]

1+ K2 R (6.36)
K
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The equilibrium measure can be retrieved by:
2 .
Dhog P dx In (y(z(x + 10)))
y(z(z —i0))

Timuz
Since all components of @ in the orbit considered are +1, (6.37) gives the density of the equilibrium

(6.37)

measure independently of the choice of branch z(z), provided the sign in prefactor is arranged to have a
positive measure. The support of the equilibrium measure is of the form [1/v,~], where v = z(z4) > 1
depends on u:

-1 o S R 1/(2p)
z+:<<p+1>ﬁ f<p—1>nw<n2 A+ 12— (p w)) C 63®)

which turns out to be the squareroot of (6.16). By consistency, x = x(u) should be chosen so that
0 < k <1 when u > 0, hence it is the same function occuring in the D,, p even cases. See Figure 7.

We can directly check that the equilibrium measure is off-critical for any u > 0.

Figure 6: The skeleton graph G (see § 3.4) generated by 0. An edge label j indicate that the two
sheets are connected via Cg_pj -T'. Tts quotient G’ = G/eg coincide with the subgraph only made of vy
and (—¢1)’vg for j € [0,p — 1].

6.3.2 Two-point function

A rational solution to the linear equation with right-hand side z*~!dx exist whenever (kmod 2p) is

even or equal to p, and that a single logarithm is needed in the other cases. After some algebra, we
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0.4

0.2

K LY

Figure 7: Case (2,2,p), p odd = 5 (plain line), 11 (dashed line) and 21 (dotted line). On the left:

-1

c = e~%/4” a5 a function of k. On the right: the support [y~!, v] parametrized by k. At u = 0, we

have ¢ = 1,k = 1 and the support is concentrated at v = 1.

arrive to the residue vectors:

N 1 1

CO = —(e+e,+—5 D (—D'e (6.39)
4( p? o, )
p—1

c 2 (0sp — €0) (6.40)
=1

{+1p

Taking as initial vector vy = ZeeZQP(_l) é¢, the other vectors in the orbit are —vy and i@; =

(=1)7(é; 4 €;4p) for j € Zs,, and we find that the matrix of singularity B is already sparse, namely

B = 0. It can be decomposed as:

BO = 3 (-1)!(IL.(0) -~ TI_(0)) (6.41)

ZGZQGS

with the following permutation matrices:

H_,_(f) = E{)mﬁo +E_@07_{10 + Z Eﬁ;ﬁ;H (6.42)
1€Z2p

I () = FEagoo+Bosa+ Y, Boar,, (6.43)
€2y

Notice that the curve %4, is not rational, but it covers a rational curve with uniformization variable
z by a degree 2 covering. In a given sheet of the basis, the two choices of the squareroot correspond
to a lift to a sheet of 3;, labeled by +9. Since p is odd, the matrix of singularities is anti-invariant
with respect to the involution ¥ — —% on one line. Therefore, wéo) lsp(#1,22) cannot be expressed as

a rational form in z; and zs.
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6.4 (2,3,3)

-, s+ .- 1
R(S,S): m, a:dlmEZG, XZE (644)
The generator of the dynamics is:
a =26y —é1 + é3 — és. (645)
The subspace E has dimension 4. The orthogonal projection of éy on F is:
.. s
eg = 6(460 — €1+ 69+ 263 + €4 — 65) (646)

and using the shift operator, the projections of the other vectors of the canonical basis are e; = e_;(é).
We observe that:
pr=ep, Pa=e1, fPz=¢e2, Pa=—e4 (6.47)

is a basis of . Equivalently, E can be characterized:
3
E = { Z Yi€j+ (Yo + 71 —v3)éa + (=0 + 72 + 73)és, Vi€ R}~ (6.48)
j=0

The Cartan matrix of the root system R read in the basis of §’s is:
(6.49)

We recognize the Cartan matrix of the root system Dy (see Figure 5), where /3’s play the role of the

simple roots. They can be represented in the more standard form:
fr=101—102, P2=202—103, [3=03+0d4, Ba=2033—04, (6.50)

where the 0’s now form an {orthonormal) basis of E:

1
O = (20 + 1+ Ex+ 205+ ea+ 85),
1
0y = ﬁ(—2é0+5é1+é2+2é3+é4+5é5)7
1
03 = i(_é1+é2_é4+é5)7
1 o . . A .
04 = E(—260—61—5€2+2€3_564_65)'

This basis is convenient for computations.

6.4.1 Minimal orbits

The As root system generated by I = {01, 82, 84} forms a maximal sub-root system of Dy. Since the
d’s from a (orthonormal) basis, it is easy to see that Hpp;) (the subspace of E orthogonal to I) is
spanned by:

1
v¥ = (51 + 0o + 03 + 64) = E(éo + 261 + é9 + bég — 264 + 5é5) (651)

NN
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Multiplying on the left by &, we find an element 0* € E with a minimal orbit:

* =a ot = €3 — €4 + €5, (652)
and the order of its orbit is: Weyl(Dy)|
_ VRl g (6.53)
|Weyl(A3)|
We choose as initial data a shift of (6.52), namely 91 = —ép+¢é1 +é5. Its orbit is shown in Figure 8,
it consists of the vectors:
Vg = éo + é3, ﬁ1,€3(@1), f}o =¢€1 — €y + €4 — é5 (654)

and their opposite, and one can check that the orbit is complete.

Figure 8: Case (2,3,3) — The skeleton graph of a minimal orbit.

6.4.2 Spectral curve
There exists a polynomial P(z,y) of degree:

deg,P =8 (6.55)
such that y = @ - ¢(x) for w € & - 9y are the solutions of P(z,y) = 0. Let us describe its symmetries:

e The orbit is stable under the {isometry) e5. Hence: P(z,y) = 0 iff P(—z,y) = 0. But contrarily
to § 6.3, the orbit is not pointwise invariant under e3, so it will not be simpler to study the

quotient by the involution z — —x.

e The orbit is stable under ¢ — —9, so P(z,y) = 0 iff P(z,1/y) = 0.
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e The palindrome symmetry adds that P(z,y) = 0 iff P(1/z,1/y) = 0.

Since I is a single segment, we count (Lemma 3.10) a genus g = 5 for the Riemann surface obtained
from the skeleton graph. Since a rational parametrization does not exist, there is no shortcut and we
have to determine the coefficients of P(z,y) = 0. It must have the Puiseux expansions at z — 0 and

o in a sheet w € G - ¥y

=

- p(z) ~ ol@l ml] gnol (- ¢)(z) ~ ¢ mol@lmalol gnolw] (6.56)

x—0 x—00

where:
C = efxu/2a _ 67u/72.

They give rise to the slopes (ng[w], —1) and (ng[w],1) in the Newton polygon of P — overall sign
chosen so that they leave the polygon on their left —, and the leading coefficients in (6.56) give the
roots of the slope polynomials. We observe that all leading coefficients are roots of unity, up to a
homogeneity factor of ¢™l®! (vesp. ¢=m0[®l) on the facets with z — 0 (with z — o). Absorbing this

homogeneity factor in the definition, the slope polynomials are thus cyclotomic:

sheets slope polynomial

Do (2 —1) 5 +1
oo | 0D [€rEr1=(E-GE-GY '
—UAl, —63(’171) ( 1, 1) 52 -1
—0g | (=2,—-1) | £+1
We deduce that:
deg,P = > mnol] =8 (6.58)
WEB -y
no[w]>0

and the slopes must be arranged in a sequence such that they form the boundary of a convex polygon.
Starting with South-East steps — belonging to facets with , y — 0 —and following the counterclockwise

order, this sequence reads:

- L-1)-00-1)-(2-1)—(21) - 11— (1) —(0,1) - (0,1) (6.59)
(71, 1) - (717 1) - (727 1) - (727 *1) - (*13 71) - (*17 71) - (07 71) - (07 *1) -

Let us put the lexicographic order on the monomials 2°Y7: first compare the degree in z, then the

degree in . We infer from (6.59) that the minimal monomial appearing in P is x*,

and we can
normalize P so that it appears with coefficient 1. Then, following the slope polynomials along (6.59)
determines completely the coefficients of P on the boundary of the Newton polygon, see Figure 9.
With this normalization, the e3 symmetry of the orbit and the palindrome symmetry of our solution
imply:
Pla,y) = P(—z,y) = y*2*P(1/z,1/y). (6.60)

If we set # = 22 and P(&,y) = P(z,y), it remains to find 7 coefficients inside the Newton polygon of

PE,y) = = P+ + 0 + )32+ Cri® + Ai°) + (1° + 1°)(CoF + Csi + Co7)
+(y? + ) (—c* + CuF + C532 + Cui® — c*a?)
y (=t + C6 + C73? + Csi® — *3?) (6.61)
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Figure 9: Case (2,3,3) — Newton polygon of P(x,Y’). Once the coefficient 1 at the bottom is fixed,
all the coefficients in blue are determined by the slope polynomials. A rule of thumb to find the
homogeneity factors of ¢: on the left (resp. right) of the picture — the facets x — 0 (resp. © — ) —
we take a c (resp. ¢7!) at each step left (resp. right).

If the C’s were generic, the curve of equation P(z,y) = 0 would have genus 17. But according to
(3.31), our solution must achieve genus 5, and the C’s should be determined as functions of c.
First, we try to reduce the number of parameters. Let us give names to the first few moments of

the equilibrium measure:
Y(z) = (—x/c) exp(— 3 M, xkﬂ), My, = ﬁ/smeq(s) (6.62)
x—0 k=0 a
The M’s are function of ¢ and their definition implies My — 0 when ¢ — 1. By construction we have:
Pty =a* [[ (y—i-Y(2)) (6.63)
WEB Do
Expanding this polynomial when x — 0, we can identify the C’s in terms of the M’s, and the form

(6.61) also imposes constraints on the M’s. We find that all M’s and C’s can be eliminated except
M1 and MQ.

Cl =1+ 2M102

Cy=0 C3=2+ 12M102 — 603M3

04 = 2M164 05 = C4 —2— 6C2M1 — 4M1264 (664)
Cg = —2¢* — 4M, c* C7 =4c* —4 —16Myc® + 8M32c* + 12Moc?

If My and M3 were generic, the curve of equation 75(:i, y) = 0 would have genus 13, but the solution

we look for has genus 5. It means that the curve has 8 singular points, and they will come in two
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orbits under the symmetries (%,y) — (Z7%,y) and (Z,y~ ). Let us exploit the symmetries by setting:
E=x+1/z, n=y+1/y (6.65)
and eliminate Z and y to get a polynomial equation Q(&,n) = 0:
Q(&,m) = N4 (PE+ 14 2M A0 + (=2 + 12M¢% — 6Mac®)n?

+( ="+ (=3¢ + 2Mi e+ 3¢t — 5 — 12M¢* — AMPct)n +
(— '€ + (=26 — 4Mic)E + 6¢* — 6 — 40M1c? + 8M7c* + 24Msc®)  (6.66)

This curve should have two singular points, i.e. there exists (£1,71) and (£2,72) such that:
i=1,2, P(&isni) = 0cP(&irmi) = 0y P2(&iymi) =0 (6.67)

Solving explicitly these algebraic constraints is complicated, but we do expect that they select a finite
number of solutions for M; and My. Eventually, the (hopefully unique) appropriate branch should be

chosen by requiring that the coefficients of © — 0 expansion are rational numbers.

6.4.3 Two-point function

A rational solution of the linear equation with right-hand side 2*~!dx exists for k¥ mod 6 € {0, 2, 3,4},
otherwise we have a log. The outcome of the computation of the residue vectors of the particular

solution for the primitive of the two-point function is:

A 1
cO = =5 (2260 + 561 + 1365 + 1465 + 1364 + 5¢5) (6.68)
A 1

cw = 5(*é1*é2+é4+é5)

We order the vectors of the orbit described in (6.54) as follows:

in order to write down the matrix of singularities B©), Substracting a matrix filled with:
€1+ éa + €4 + é5
2 b

we find the sparse part given in Appendix C. It has only 0, 1 entries, and there are atmost 4 non-zero

B=— (6.69)

entries in the same row.

6.5 (2,3,4)
3 2 2 13 2 / 2
<, (87 + 825" + 85 + %) (s + 88’ + §%) . oa 1
R(s,s') = P ) a=dmFE =12, X= 13- (6.70)
The dynamics are generated by:
G =26)—6é1+€é4— €5+ ég—é7+ € — €11. (671)

and the multiplication by & is an operator of rank 6. The orthogonal projections of the canonical
basis on its image F is:

1

@()IE(

6é0 - él - ég + 2é3 + 3é4 — é5 + 2é6 — é7 + 3é8 + 2é9 - élO - éll), €; = €_j(60) (672)
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If we define a new basis of E:

81 = —e €3 = ¢35 Bs = —eg+eg
B2 = e3 es = ey B = —ex—eyg (6.73)

the root system R has a Cartan matrix:

(6.74)

O O OO

We recognize'? the Cartan matrix of the root system Eg, where 3’s play the role of the simple roots

labeled according to Figure 10.

Figure 10: Dynkin diagram of the root system Fjg

6.5.1 Minimal orbits

Deleting the root B generates a maximal sub-root system, of type Ds. Therefore, the order of the

minimal orbit is:

|Weyl(Fg)| 51840
= = =27 6.75
|Weyl(Ds)| 1920 (6.75)

A vector with minimal orbit can be obtained as 9* = & - v* where v* is {orthogonal) to all 5’s except

B¢. Using the matrix (6.74) containing the {3;, 8;), we can write down those equations and solve

them. We find a generator:

1
v¥ = 3 (2a1 + 3aq + 4as + 6a4 + Has + 4a6)

1
= %(10éo + 5é1 + €9 + 263 + é4 + Hés + 10ég — Té7 + ég + 14ég + €19 — 7é11). (676)

and thus:
o* = €g + €g — €7 + €9 — €11 (677)

12Let us give some explanation about the introduction of the 8’s. The matrix of scalar products (&;j,éx) can be
directly read off &, and it is easy to check that it is definite positive. This implies that R is a finite root system, so
must be of the form ADE. We already know the rank dim E = 4 here, so it does not leave much choice for R. Then,
there is a part of guess to define a basis (5;); which puts the Cartan matrix in standard form.
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The orbit of 9* consists of the following vectors and their images under the shift e2(0) = 3,7, 9(j +
2)é;, which make in total 27 vectors. We indicate in the second column the size of the ep-orbit.

ng | €2 | vector
3|2 | éx+ég+ e
2| 3 |é—éy+é3+é7r—ég+ ég
1|6 |o*
0| 2| —€ég+eé3—¢é4+¢é7—ég+ é11
= (6.78)
’ 0 ‘ 1 ‘ Zjezlz (71)Jej
0] 2 | —e1(vp)
-1 6 —61(’(}1)
-2 3 —51(@2)
-3 2 —61(’03)

One can check that the orbit is complete.
There is a polynomial equation P(x,y) = 0 of degree 27 in y, whose solutions are precisely the
w - Y (x) for w the orbit of 0*. Let us describe its symmetries:

e The orbit is stable under —eq, hence P(z,y) = 0 iff P({122,1/y) = 0.
e The palindrome symmetry gives P(z,y) = 0 iff P(1/z,1/y) = 0.

Since T is a segment, we find a Riemann surface of genus 46.

6.5.2 Spectral curve

The formulae applied to the orbit (6.78) determine the list of slopes of the Newton polygon of P, and
the list of slope polynomials:

slope | polynomial

3,-1) [ &€ -1

2,-1) &€ +1

L-1)[&+1

0,—1) [ (E+D(E+1)2 =+ +28 +282 + 6 +1
1,-1)

2,-1)

3,-1)

(6.79)

€1
&1
£+1

We can then read off the coefficients on the boundary of the Newton polygon (see Figure 11). The
degree in x is given by:
deg,P = Y mngl] = 36. (6.80)

wed-o¥
no [1,?)]>0

But the e3-symmetry of the orbit implies:

61, (6.81)

51
Il
8

Pz,y) = P(&,y),

and we know:

deg;P =6,  deg,P = 2T. (6.82)

The residual —e; symmetry and the palindrome symmetry give:

P(E,y) = —y*"P(-%,1/y) = y*"iP(1/,1/y) (6.83)
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The proportionality coefficients have been found by checking the coefficients on the boundary of the
Newton polygon. This gives us a polynomial involving 32 unknown coefficients inside the Newton
polygon:

~

P(z,y) (6.84)
= =33y 1+ 0172970 + (0 4 Cui® — )y + (Ot 4 Cui® — Ca3d?)y*

+(Cs53* + Csi® — C532)y® + (c7128° + Crzt + C3® — Cri? + ¢ 127)y*?

+(CoZ® + CroFt + C11#3 — Crod? + CoZ)y?* + (C123° + Crad? + Crad® — C138% + C107)y*°

+(C153° + O3t + C1783 — C167° + C158)y™? + (C182° + Crod* + Co0i® — Crod? + C13)y*®

+ ¢ 1856 + 024595 + Cg5f4 + 0265%3 — Cg5i’2 + CouT — 0718)y16

c 1876 + 02755 + 028564 + 029533 — CQgi‘Q + Corx — Cilg)y15

(
(
+(Cz1f5 + 022.%4 + 023i'3 — 022.%2 + Cglgf)y”
(
+(
(

+ 21856 + 030575 + 031574 + ngjg - Cgli‘Q + C30% — 20_18)y14 + -

where the --- are completed by symmetry (6.83). For generic C’s, the equation 75(55, y) = 0 defines a

curve of genus 102, but the solution we look for achieves genus 46. By construction, we have:

PEy) =2 [[y—wb Y(2) (6.85)

weO

If we write the expansion at x — 0 of our solution:

Y(z) = (—x/c)exp ( Z M, mk), c= e*“/%g, M, =

x—0
k=1

I
| ® dAeq(s). (6.86)

then plug it in P(Z,y) = 0, we can identify the C’s in terms of the M’s. The constraints on the shape
of the Newton polygon and the symmetry of its coefficients allows a linear elimination of all M’s
except 4 of them: M3, My and Mg and Mg ; the expression of the C’s is then given in Appendix D.

To determine the remaining Mj’s in terms of ¢, one has in principle to impose the existence of
enough singular points — modulo the symmetries (Z,y) — (—%,1/y) and (1/Z,1/y) — to lower the
genus down to 46. This yields algebraic equations, that we were not able to write down given the
length of the expressions. We expect — although we cannot prove before writing them down — that
these equations have a finite number of solutions, and among those, one can hope — again without
proof — that there is a unique one such that M} € O(u) when v — 0 and such that the coefficients of
Taylor expansion in u are rational numbers. The solution we seek for has all this property, and since
we proceeded by necessary conditions, we know that at least one such solution exists.

6.5.3 Two-point function
We can find a rational solution of the linear equation with right-hand side 2™~ !dx for
m mod 12 € {0,3,4,6,8,9}

, and a solution with a log otherwise. We find residue vectors:

A 1

c© D) (82é0 + 34é6 + 23¢% + T}y + 50¢} + 55¢) + 23¢))

. 1 & , . R R R .

o 3 2 (=1)7*1 (261465 + 26246 + 3€346; + €65 + 546;)

Jj=0
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Figure 11: Case (2,3,4) — Newton polygon of P(z,y). Actually, only the coefficients of 2%7y* = F7y*

are non-zero, and they satisfy the symmetries (6.83).

where é;- = €6—; + €64+;. On the orbit described above, we find that the plain part of the matrix of

singularities is:
S| ..
B=3 (=D (6.87)
KGle
and the sparse part is a 27 x 27 E-valued matrix stored in a MAPLE file available on request. Its entries
are 0, +1 and in the matrix B(®) in front of each é; there are exactly 11 of them per row (or column)
are non zero. Some 1 and —1 could cancel to make a 0, so we guess that the curve is a 12-fold cover

of a rational curve, which should actually be the quotient curve by the symmetries (z,y) — ({62, y)
and (z,y) — (1/z,1/y).

6.6 (2,3,5): Poincaré spheres

(D) (S ) A :
N NLij= j= — i _ _
R(s,s") = ERT; , a = dim F = 30, X = (6.88)

The generator of the dynamics is:

G = 26)— €1 +ég—é7+e19— €11+ €12 —E13+ €15

—€17 + €18 — €19 + €90 — €23 + €24 — €29. (6.89)

The subspace E has dimension 8, and it is spanned by the orthogonal projections on E of canonical

basis:

1
e = % (Séo — 261 + é3 + 3€5 + 3ég — 267 + €9 + Hé1g — 2611 + 3€12 — 2€13 + 6€15

—2€17 + 318 — 2€19 + Héag + €91 — 2€93 + 34 + 3é25 + €97 — 2é29), (6.90)

46



and e; = €;(eg) for j € Zzo. The family below defines a basis of E:

Bi = e Bs = es
B2 = es3 Be = e
6.91
B3 = ey—e3—eq4—e5—es+eg Br = —en —ein2 (6.91)
Bs = —eis Bs = ea—eia.
in which the Cartan matrix of R reads:
2 0O -1 O 0 0 0 0
0 2 0O -1 0 0 0 0
-1 0 2 -1 0 0 0 0
o -1 -1 2 -1 O 0 0
A= 0 0 o -1 2 -1 0 0 (6'92)
0 0 0 o -1 2 -1 0
0 0 0 0 o -1 2 -1
0 0 0 0 0 0o -1 2

We recognize the Cartan matrix of the root system Eg, and the ’s play the role of the simple roots
labeled as in Figure 12. The 240 roots generated by the 8’s under action of the Weyl group & are the
elements v € E of the form:

8
veZ[(B);1 v (Z+1/2)[(B);],  (wwy=1, D Lg(v) =0 (6.93)

i=1

The simple roots can be represented in the standard form:
8
1 .
Br=—520, fPa=ds+dr  Bi=0oj— 0w (3<j<8) (6.94)
j=1

where the § now form an {orthonormal) basis, expressed in terms of the canonical basis (éx); in
Appendix E.1.

Figure 12: Dynkin diagram of the root system Fg

6.6.1 Minimal orbit

I ={B 1<i< T} generates a maximal'? sub-root system, which is of type E;. We can find a
vector of minimal orbit as 0* = &-v* where v € F is {orthogonal) to all 8’s except Bs. It is easy using

(6.94) to get the decomposition of a generator on the {orthonormal) basis of §’s:

v* = —01 + 03 (695)

13The order of the Weyl group of E7 is 2903040. If we delete B2 instead of g, we obtain a root system of type Az,
whose Weyl group has order 5040 ; if we rather delete 81, we obtain a root system of type D7, whose Weyl group has
order 322560. All other choice of roots to delete disconnect the Dynkin diagram and lead to smaller Weyl group. So,
the maximal sub-root lattice of Fg has type E7.
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and the formulae in Appendix E.1 allows its rewriting in terms of the canonical basis:

vt = é( PRI TR (6.96)

J€Z30 Jj€ZLg

Then, the vector:

0= Y 55 (6.97)

J€ZLs

has an orbit O of minimal order, equal to:

_ [Weyl(Es)|

=_—"— 2 =240 6.98
Weyl(B7)] (6.98)

We find that the orbit is stable by the shift £; and the involution ¢ — —o. This allows the decompo-
sition of O into €, orbits generated by the following vectors, and their opposites. The size of the &1
orbits are displayed in the second column.

no | €1 | vector
6 | 5 |0*
516 | e €65 — €oj+1 + Eoj12
4 | 15| é5 — €7+ ég + €11 — €12 + €14
3 10 | —€9 + €3 + é5 — ég + €9 — €12 + €13 + €15 — €16 + €19 — €92 + €93 + €o5 — €96 + €99
3 10 | é5 — ég + é7 — ég + €9 + €15 — €16 + €17 — €18 + €19 + €5 — €9g + €97 — €ag + €99
2 | 15| —é3+ €4+ €5 — €6+ €10 — €12 + €14 — €18 + €19 + €29 — €21 + €95 — €7 + €99
2 15 | é5 — ég + ég — €9 + €19 — €12 + €13 + €99 — €91 + €93 — €94 + €95 — €27 + €98
1 30|28y —eé1+& — €7+ e10— €11 + €12 — €13 + €15 — €17 + €18 — €19 + €20 — €23 + €24 — €29
0 | 5 | Xjez, €55 — €55-1
0 | 5 | Djen, €55 — €sj—2
0 ez, €37 — €342
[0 ]2+ [ B0 =Yg, (1) 778
The 2* in the last line means that €1(299) = —?9, so we do not need to include the ; orbit of —vg

when describing the other part of the orbit via © — —0. One can check that the orbit is complete.

6.6.2 Spectral curve

There exists a polynomial equation P(z,y) = 0 of degree 240 in y, whose solutions are the w - Y (z)
for w € & - 9*. The symmetries e; and © — —0 or the orbit, as well as the palindrome symmetry of

our solution, imply:
Plx,y) =0 <= P(Goz,y) =0 <= P/z,y)=0 <= P1/z,1/y)=0  (6.99)

We obtain according to Lemma 3.10 a Riemann surface of genus 1471. The computation of n;[@] for

all elements W of the orbit described above gives the list of slopes and slope polynomials:

slope | polynomial

)€ +1

) [&° -1

e =1

) (§10 _ 1)2 — 520 _ 2510 +1
)

)

)

(6.100)

(515 + 1)2 — 530 + 2515 4 1
630 —1
E+DE+E+)E+E+E+E+1)P
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Since all slopes are of the form (n, +1), the degree of the slope polynomials give the multiplicity of the
corresponding slope belonging to the facet + — 0. Those of the facets © — o0 form an identical set of
slopes and slope polynomials thanks to the palindrome symmetry. We learn that P must have degree
540 in 2 and its minimal monomial is 227, Choosing its coefficient to be 1 and following the slope
polynomials then determine the coefficients on the boundary of the Newton polygon of P (Figure 13).

Enforcing the symmetries yields:

Px,y) = P(E,y), #=2",  deg;P =18 (6.101)

and:
P(F,y) = #°P(1/2,y) = y**"P(&,1/y) (6.102)

We count that P depends on 801 independent coefficients in the interior of the Newton polygon. If
they were generic, the plane curve of equation 75(57,1/) = 0 would have genus 2949 (this is the total
number of points in the interior of the Newton polygon), but our solution must achieve genus 1471.

By construction, we have:

Py =2 [[o—w-Y(@), &=a% (6.103)
weO
If we write the expansion at x — 0 of our solution:
Y(x) JJio(—x/c) exp ( 2 My, xk), ¢ = e u/1800, My = —% s dNeq(5). (6.104)

k=1

then plug it in P(,y) = 0 and use the information — shape and symmetries (6.102) — on its Newton
polygon, we find that 75(92,y) can entirely be expressed in terms of the 3 moments Mg, Mg, M;s,

which are however not specified.

6.6.3 Two-point function

We can find a rational solution of the linear equation with right-hand side 2™~ !dx for
m mod 30 € {0,6,10,12, 15,18, 20, 24}

, and a solution with a log otherwise. We find residue vectors:

. 1
cO = @(58% + Bdés + 208, + 24¢] 5 + 298], + 247, + 45é10 + 33ey + 2065 + 24¢% + 29¢é5
+49¢5 + 20€), + 335 + 2085 + 24¢é)) (6.105)

where é; = é15—j+€154;, while CM is a vector having huge rational coefficients with huge denominator
2274168727208063179297410229829 that we do not reproduce here. Nevertheless, the 240 x 240 matrix

of singularity for the orbit described above is not so complicated. We identify its plain part as:

B= > & (6.106)
LeZ30

and its sparse part has entries € {—3,—2,—1,0,1}. And in each row of ng) (j), there are exactly 184
non-zero entries. This is larger than the covering of degree 30 x 4 = 120 that we get by dividing out

by the symmetries.
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6.7 (2,2,2,2)
1

R(s,8') = GraE

a=2 x=0 (6.107)

The dynamics are generated by & = 2(ég — é1). The matrix model is actually the O(2) model [35]
with a log-square potential, its saddle-point equation is:

a?lnz

W(z +10) + W(z — i0) — 2W (—2) = (6.108)

u

& is found to be the affine Weyl group /Tl, while & ~ Z, is the Weyl group A;, and up to rescaling
the finite orbit is +9y = +(é; — é2) and has order 2.
Since (6.108) is very simple, we present a direct solution. The simplest particular solution of

(6.108) involves a log-cube, so we prefer to introduce as explained in § 5.1.2:

0

@) = e W), 6ala) =2 361(2) (6109

which solves, for any x €]1/v,~[:
b1 +0) + b1 (z — 10) — 261 (—2) — % Gz +10) + do(z —10) — 260(—2) =0 (6.110)

Thus, (¢2(x) — ¢2(—2))? has no discontinuity, and given the growth and symmetries of phio(z), it
must be of the form:

2 Ba(z? +272)2 + B1(2? + 272) + Bo
= (22 + 22— 72— 4 2)3

(¢2(x) = pa(—1)) (6.111)

Since ¢o(z) has a discontinuity on [1/7,7] only, the numerator must be a perfect square, hence an

answer of the form
z(f(x* + 1) + Ba?)

(@ =)(@> =)

for some constants 8 and #’. Notice that this function is odd/odd with respect to the symmetries

$2(2) — ¢2(—2) = (6.112)

372

r — —x/x — 27!, because the determination'*. The result can be integrated once:

¢1(x) = /;c @ dz’ (6.113)

and the answer is of the form:

va(z? = (V2 +~72)/2)
&= =)

¢1(z) — ¢1(—2) = Cp (E[$/7;72] - ) + CpFlz/v; 7?] (6.114)

where Cp and Cr are constants to determine, and we introduce the elliptic integrals

z 1 — k2¢2
0

E[k] = E[1; k] = /O dtw%kjf E'[k] = E[v/1 — k2] (6.115)

11f we were choosing signs so that the squareroot is odd/odd, we find that the right-hand side of (6.110) must be 0,
which is a contradiction.
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and:

# dt
FV“_ﬂg¢u—wu—ww
1 1 —
KM—FEH—Axm_ﬁm_Ww K'[k] = K[V1 - k2] (6.116)

Since lim,_ o W(z) = 1, we must have lim,_,. ¢79¢ = 0. Since we have the asymptotic behavior

when x — o0:

E[z/v;7*] = 72 +i(’E'[v ] -K'[¥*]) + O(1/x)
Flz/v;9°] = —iK'[¥’]+0(1/z)

we must impose a relation between Cg and Cp:

VE[?] - K]

Cp=0C 6.117
U Y (o417
Next, we have to match the first equation of (6.110). Using the functional relations:
E[(z +10)/7,7°] + E[(x —i0)/7,7%] = 2E[K]
Fl(a +10)/7.7%] + Fl( —i0)/7.7%] = 2K[K] (6.118)
we deduce the value:
2 K’
Cg = (6.119)

u EK +42E — K’
where all complete elliptic integrals are evaluated at k = 72, except for E evaluated at /1 — y—4.
Eventually, the position of the cut v > 1 is determined implicitly by the normalization of the spectral

density:
v ' —1i0) — "+1i0
1@’ Z10) ~ (@' +10) (6.120)
1y AV
6.7.1 2-point function
We find residue vectors:
~ 1 N ~
CO=Z(eg—¢1), CW=0, CP=¢5+¢ (6.121)

Taking © = éy — €1 as initial vector, the matrix of singularity can be decomposed:

- 1
B — _i(éo +é1) + 1260 + ( (; (1) ) €1 (6.122)

and we find B®) = B(®) = (. Therefore, if we introduce a uniformization variable for the curve:

2 2

2, - 2 -
20y _ 1t = 1
2z = T+ T (=+ Z) (6.123)

the two-point function reads:

dzidz 1 da?(z1) dz?(22)

21 — 22)2 2 (22(21) — 22(22)) (6.124)

@%mﬂh&ﬁ=(
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6.8 P =(3,3,3)

. 1
R(s,8') = —F+—. 6.125
(s,5) s2 + 58’ + s ( )
The dynamics are generated by:
& =26y — €1 — éa. (6.126)
E has dimension 2, and it is spanned by the orthogonal projections of (ég, é1,¢é2) on E:
1
€0 = g (Qéo - él — éz), (6127)
1
e = 3(—eo+26—e), (6.128)
1
ez = 3(—eo—é1+20). (6.129)

So, v € E iff v(0) + v(1) + v(2) = 0. The Cartan matrix of the root system R = {teq, te1, Tea} in

the basis (a1,as) = (eg, e1) is:
2 -1
A- ( S ) (6.130)

We recognize the Cartan matrix of the root system As, where (ag,a1) plays the role of the simple
roots, and its Weyl group & is the symmetric group in 3 elements. Deleting ag (or a1) gives a maximal
sub-root system, of type A;. A generator of Hy,; is:

(é0 — ). (6.131)

Wl =

v¥ = %(Zal + ag) =
Its image is:
0* = A(v*) = &g — éa, (6.132)
The orbit of o* is a cycle of order d = 3, the two other vectors begin —ég + é; and —é; + és.
We may also consider the "root system” R. Its ”Cartan matrix” in the canonical basis (€0, €1,€2)
is:
. 2 -1 -1
A= -1 2 -1
-1 -1 2

, (6.133)

hence %R is the affine root system of type fAlg. By construction, its Weyl group is &: it is therefore the
symmetry group of the tiling of the plane by equilateral triangles.

6.8.1 Spectral curve

We set:

¢1(z) = I%W(I), pa2(7) = x%qfn(x) (6.134)
which solves, for any = €]1/~,~[, the linear equation:
b2(x +10) + d2(x —10) — ¢2((3w) — B2(¢3 ') = 0 (6.135)

The discussion of § 6.8 tells us that ¢a(2) — ¢o(¢3 '2) can be analytically continued to an analytic
function y a Riemann surface with 3 sheets. The value of y in the 2 other sheets is ¢o((32) — ¢2(x)
and ¢2((5'2) — d2(C32), and its singularities follow from those of ¢o(2) listed in § 5.1.2. We therefore
have a polynomial equation P(z,y) = 0, but the symmetry tells us that, if (z,y) is a solution, then
(3x,y) is a solution, and (1/z, —y) is a solution. This information, and the order of singularities of
y, prescribe the following form:

Px,y) = (@® + 272 =% =33 ® + Py(a® + 273y + Po(a® + 273)(2® — 273) (6.136)

where P; and Py are degree 2 polynomials.
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6.8.2 2-point function

We find the residue vectors:
A 1

A A 3
cO = 5 (200 —é1— &), cW =0, OV = 10+ e+ é0) (6.137)

The matrix of singularities for the orbit of ¥* can be decomposed as:

. 1 0 0 1 0 1 0
B = —g(eo+ér+é)I+lséo+| 1 0 0 Ja+{ 0 0 1 f& (6.138)
0 1 0 1 00
and we find BO) = B®? = 0.
6.9 P =(2,4,4)
o 1
R(S,Sl) = m (6139)
The dynamics are generated by:
& = 26y — é1 — €é3. (6.140)
E has dimension 3, and it is spanned by the orthogonal projections of (é;)o<i<3 on E:
1, N R . .
€y = 1(360 — €1 — €2 — 63), €; = 51(60). (6.141)

So, ve E iff Z:;:o v(i) = 0. A basis of E is given by (a1, az,a3) = (ep, €1, e2), and the Cartan matrix

of the root system in this basis is:
A= -1 2 -1 ]. (6.142)

hence fR is the root system of type Az. Its Weyl group & is isomorphic to the symmetric group in 4
elements. Deleting a; (or ag) gives a maximal sub-root system, of type Az. A generator of Hy,, ..}
is:

v¥ =

(360 + &1 — é2 — 3é3). (6.143)

co| —

(3(11 + as + 03) =

|

Its image is:
o* = A(U*) = éo — ég € M, (6144)

The orbit of ©* is a cycle of order d = 4, containing the vectors —éy + €1, —€1 + é2 and —és + €3.

)

We may also consider the "root system” fR. Its ”Cartan matrix” in the canonical basis of E is:

A= (6.145)

hence R is the affine root system of type 121\3, and & is the corresponding affine Weyl group.
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6.9.1 Spectral curve

The linear equation for ¢o(x) is:
Vel alw+10) + éal — i0) — aliz) — da(—iz) = 0 (6.146)

According to § 6.9, we can analytically continue ¢o(z) — ¢2(—iz) to a meromorphic function y on
a 4-sheeted Riemann surface. Repeating the arguments of § 6.8.1, we find the polynomial equation

meeting all the singularity and symmetry requirements:

(gt 27t =t =yt Pat ) P+ @ Y Pt o)y + Po(at + 27 = 0 (6.147)

where:
deg P, =1, deg P, =1, deg Py =2 (6.148)
6.9.2 2-point function
We find the residue vectors:
R 1 N A 2
cO = 1—6(5é0 —& —36—¢3), CW=0, C? = g(éo +é1 +éa + é3) (6.149)

The matrix of singularities for the orbit of ©* can be decomposed in a plain matrix and a sum of

permutation matrices:

. 1
BO — (Y] eI+ Laéo (6.150)
LELy
0010 000 1 0100
frooo fooro|, oo
000 1 |4 0100 | 100 0 |
0100 100 0 0010

and again higher B’s vanish.

6.10 P =(2,3,6)

R(s,s") = 6.151
(5,5) 2 — 55’ + 52 ( )
The dynamics are generated by:
G = 2¢y — é1 — €. (6.152)
E has dimension 5, and is generated by the orthogonal projections of (&;)o<i<5 on E:
1, R . . R . .
ey = 6(560 — &) —éy— 63— €4 —é5), e; = S*(ep). (6.153)

So, v e E iff Zf=0 v(i) = 0. a; = e;_1 for 1 <4 < 5 defines a basis of E, and the Cartan matrix of the
root system R reads in this basis:

(6.154)
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We recognize the Cartan matrix of the A5 root system. Deleting a; (or as) gives a maximal sub-root

system, of type Ay. A generator of Hy(s, a5,04,a5)} 15

13
* _ — DNas 1
v 36 Z-:E 1(6 1)a; (6.155)
Its image is:
0% = A(v*) = éy — é5 (6.156)

The orbit of o* is a cycle of order d = 6, containing the vectors (—¢é; + é;11) for i € Zg.
We may also consider the "root system” R. Its ”Cartan matrix” in the canonical basis of E is:
2 -1 0 0 0 -1
-1 2 -1 0 0 0
A o -1 2 -1 0 O
A= 0 -1 2 -1 o | (6.157)
o o o0 -1 2 -1
-1 0 0 0 -1 2

hence R is the affine root system of type ﬁs, and & is the corresponding affine Weyl group.

6.10.1 Spectral curve

The linear equation for ¢ (x) is:

Vo ell/y,al,  da(w +10) + go(w —i0) — 2((em) — ¢2((g 'x) = 0 (6.158)

According to § 6.10, we can analytically continue ¢o(x) — ¢o(Cs ') to a meromorphic function y on
a 6-sheeted Riemann surface. Repeating the arguments of § 6.8.1, we find the polynomial equation

meeting all the singularity and symmetry requirements:

1 2
(28 + 270 — 48 — 476340 4 (2% — 279) ( Z Pyjiq(2® + x6)> + Z Pyj(2®+27% =0 (6.159)

j=0 7=0
where:
deg P2j+1 = 2, deg ng =3 (6160)
6.10.2 2-point function
We find residue vectors:
~ 1 A
cO = —(85€0 + 561 — 1365 — 1985 — 136, + 5¢5), CW =0 (6.161)
A 3
2 - 2 5
o@ = 5( 3 eg) (6.162)
ZEZG
We label as follows the vectors of the orbit of —9* = —ég + é5:
U1 =€ — €1, UVy=—€ té5 U3=2¢E —é
Uy = €4 — €5, U5 =6€g—E€3, UVg=~€3—¢&4 (6.163)
(6.164)

and we find a matrix of singularity:

BO — —é( 3 ég)J + 3 BO(i)e, (6.165)
Lelg i€Zg
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with:

010000 000100
000100 00000 1
5(0) () _ Sy _ | 1 00000 ) 010000
BY(0) =15, BT(1) 000001’B(2) 001000
001000 100 000
00 0O0T10 001000
00 0O0T10 001000
00 1000 100 000
A2 T By | 000001 S0 | 00 00 10
B7V(3) =1, BY(4) 1 0000 0 B () 010000
000100 000001
010000 000100

where 1¢ is the matrix with 1’s on the antidiagonal. The higher B’s vanish.

7 Topological recursion

7.1 General result

It was shown in [14] that the 1/N asymptotic expansion of multidimensional integrals of the form
(2.1) is governed by the topological recursion introduced in [22].

We denote S the spectral curve : it is the Riemann surface on which - W (x) (for a certain set of
©) has been analytically continued on C. We denote ¢ the analytic continuation. S is equipped with
two points z4 € ¥, and a covering z : ¥ — @, such that z(z4) = 4+ (the endpoints of the support of

the equilibrium measure) are simple branchpoints. We introduce the 1-form on ¥ defined by:
w§0)(z) = pdr (7.1)
It has simple zeroes at z4.

Definition 7.1 Let ¢ be the deck transformation, defined in the neighborhood of z4 : it is the holo-
morphic map such that (.(2)) = x(2) and 1(z) # z for z # z4.

The spectral curve is also equipped with a bidifferential wéo) having (among possible other sin-
gularities) a double pole at coinciding points with coefficient 1 and no residues. (S, wgo),wéo)) is the

initial data needed to compute the large N expansion of all correlators.

Definition 7.2 We define the recursion kernel:

_ } f;z) wg))('vZO)
2 00 (z) —w\?u(2))

K (z0,2) (7.2)

The recursion kernel has a simple pole at z = z4.

Theorem 7.3 For 2g — 2+ n > 0, the differential forms wSLg) are computed recursively on 2g —2 +n

by the formula:

*
W (20,21) = Res K(z0,2) (w7 (5u2) 20+ Y) w200 502, 200))  (73)

Z—Z
* Jci
0<h<g

o7



The proof of this result follows directly from [14, Section 1 and 3].

Once wf’) and wgo) are known, this formula provides an algorithm to compute the Chern-Simons
free energies, and the perturbative expansion of the colored HOMFLY of fiber knots in Seifert spaces.
For lens spaces, the equation of the spectral curve was a polynomial in e*, and that implied that the
perturbative invariants were polynomials in e*. In particular, they did not have any singularity for u
in the complex plane.

The situation is different for the other Seifert spaces x > 0, since the interior coefficients of the
equation of the spectral curves are in general algebraic function of e*. We have seen for instance in the
Ss/D, case that the spectral curve was polynomial in k(c) given by (6.14). It would be interesting to
give an interpretation of this ”algebraic change of variable” as a non-trivial mirror map in the context
of topological strings (u should be in correspondence with some Kéhler parameter).

We will now derive a few formulas and consequences of our results for S3/D,. In particular, in
§ 7.2-7.3 we obtain hypergeometric formulas for the planar limit of the HOMFLY-PT of fiber knots
generalizing those given in [17] for torus knots. We also establish in § 7.2.2 arithmetic properties of

the all-genus perturbative invariants when p is even.

7.2 S3/D,, p even

7.2.1 Disk invariants

The spectral curve is given in (6.13) The expansion when z — oo (i.e. 2 — 00 in the sheet Zj(—l)j+1éj)

is of the form:
ln(fy(x)) _ 7& Z <TI‘ uag(m+1/2)>(0) zfag(erl/Z) (74)

as m=0

We compute by Lagrange inversion:

—2/p p(m+1/2) (r—2/p

p(m+1/2)\(0) _ _P —p/2) p(m+1)p 1y, ( _ - dy(C") )
(Tru ) 0 o kg3 AT 2 In (= y(@)) = Res = oo ——

(7.5)

where we have defined a new coordinate ¢ = z?/2, which is such that z?/2 € O(¢™1) in the regime we

are interested.

(Tx yrm+ 1/2)>(0) =

2p/€p/2 dC (1 _ HPCQ)%(2m+1) (1 _ Hp§2)g(2m+1)71
u(2m + 1) (_?8 ¢2m+l [(Hp _ C2)§(2m+1)+1 o (kP — C2)§(2m+1) ]

(7.6)

Each term can be explicitly computed and gives a Laurent polynomial in x that can be put in

hypergeometric form:

<Tr up(m+1/2)>(0)

p 2xP(m—p(m+1/2))
- 22 0 (q1)ym ,
u 2m +1 (=1) (1)

x l(é’(Zm ;1) B 1> KPP 9Py (= mup(m+1/2) 5 p(m + 1/2) —m; k7°P)

b
<2(27:1+ 1)> KPR (= myp(m+1/2) + 15 p(m + 1/2) + 1 —m; & 2F)

For instance:

2 .
(Tr YP/%Y® = Planar HOMFLY — PT(K2P)) = 22 o="/2(p/2 _ =p/2) (7.8)
u
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for the knot KCy going along an exceptional fiber of order 2. Similar formulas involving sum of two
polynomial hypergeometric can be found for (Tr U*?/2) for any k € N. Those formulae can be seen

as generalizations of the large N limit of Rosso-Jones formula for torus knots [42].

7.2.2 All-genus invariants

Theorem 7.4 For any ki, ..., ky,, and genus g, we have:

(v + D((p+ Dr* = (p— 1))

<TI' L{kl - Tr Uk"><(;g2m € Q(KZ)[ ﬂ(’{)]v 5("{) = K2

(7.9)
Poles may occur at k2 € {0, £1, £(k*)?}.

Theorem 7.5 The endpoints of the singularity locus of u?0,F9) — seen as a function of k — occur

at k2 = {0, 1, £(k*)%}. A more precise description arise follows from (7.31).

Proof. Applying Theorem 7.3 requires the compute the coefficients of expansion around the ramifi-
cation points of several quantities. We only focus on the arithmetic properties of those coefficients. It
is convenient to introduce the coordinate z = zP:

2

?(z) - Z(;ﬂ;fl)pzf(i) (7.10)
21/27,€ 21/21{/
yo) = —ET=REEED (7.11)

(G2 + r)(32k — 1)

Then, the two ramification points Z1 so that z(Z4) € R, are:

0+ Dr2 = (0= D + (2 = k) ((p+ DR = (p— Vi)

Zy = 3 (7.12)
Since z;Z_ = 1, we may write:
Zy = e*¢ (7.13)
Deck transformations. The equation:
T(Zy+t) =224 —t+74(1)) (7.14)

defines a unique formal power series 74 (t) = 3, -, 7+ k t*. The coefficients 7 j are polynomials in
(™) (24))3<m<k and 1/(3"(24). Since 29(2) € Q(k?, e*¢), we deduce that 745 € Q(k?)[e*¢]. The

singularities of 74 ;, come from zeroes of £”(24 ). The latter only occur at k = +1 and k = +ix* with:

K =7 |—— (7.15)

T(t) = ! = > Ytk (7.16)

k=—1

to expand in formal powers series when ¢ — 1. A priori, we have T, ; € Q(r,e*¢/?), but we also

observe that:
gn(z)g—ﬁ(g) =1 (717)
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Thus, T (t) is odd in &, i.e. T4y € £ Q(k2,eT%/?). In particular, we have:

1 27 (- B)(Er® — 1)

T T MGk G DD

and the other YT, ; have singularities at singularities of T+ _;. These singularities occur at x = +1,

(7.18)

or Z; = —1 or Z_ which amounts to k € {*i, +ix*, £x*}.

Two-point function. The two point function was given in (6.24):

(0) L a1/2 4a1)2 1 1
wy (G, G2) = dz,/7d% <(21/2 — ) + (27§ 51/2)2>
1 2 1 2

We need its expansion:

(7.19)

— . - - . . . ~1/2
e when 7 is a free variable, and Zy = Z; +t. The coefficients of expansion are in Q(x?, et</2) zl/ ).

The singularities in #; involve denominators which are powers of (31/2 — 7Y/ Y2y and (212 + 5};/ %).
o when z; = Z; +t and %3 = 74 — t + 74 (t). The coefficients of expansion are in Q(x?, e¢/?).
No new singularity occur in the x-plane.

Topological recursion. With the formula of Thm. 7.3, the above series allows, after a sequence of

2g — 2 4+ n > 0 nested residues at Z — Z, and Z_, the computation of:

<9>(z1,...,~)

d dzn EQ( 1,...,Zn)

+¢

(7.20)

Since we sum the residues at the two ramification points zZ; = e*¢ at each step, the result must be
even of (. Hence, it will be a rational function in the variables (ch(Ck/2))k=0, which can be themselves

rewritten as polynomials in:

2h(C/2) = B T E 72 = /B Al) = D@ *;j —=DF) g
Subsequently:
WG n) Q(r2,\/B(K), 512, 512) (7.22)
dz -+ d3, R
Lagrange inversion. All perturbative invariants can be extracted from the expansion of w? when

% — 1/k'/? as a power series involving z (see § 4.4), as done in § 7.2.1 for the disk invariants. The
wﬁbg)(él, ..., Zn) can be decomposed with coefficients in Q(1/8(k), k) in the basis of:
az? dzl/?
Qe (51) = i - (7.23)
: G2 ez )ymGEP 422 (5 + 1237 eh(¢/2))m
for m e Zy and € € {—1,1}. The latter can be expanded:
d§7r Z k
SmeCi) _ $ e (o G) (729
¢ k=0
with:
dl’(z) 1/
Sm,e,k = zESE/P W de,s(Z p)
. daz (22/-@2 - 1)’6(2 22 22K ) 1
25k 22k \ 22 — k2 Z 22—k 2R 17 (32 +1-25/B(r))™
Q") B(%)]. (7.25)
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A singularity in ¢, ., occurs when & is such that one of the term in (7.25) which is not explicitly a
(22 — k2) has a pole at Z = k, that is when k = 1/k, or K = 0, or k? + 1 = 2k+/S(k). Therefore, the
singularities of ¢, ¢ 1 in the x-plane occur when x € {1, +i}.

Combining all results, we find that (Tr ¢/*1 - .- Tr U*») belongs to Q(x?)[/B(k)]. Moreover, the
denominators can only contain powers of (k*—1) and (k* —x%). We remind the relation (6.36) between
x and the Chern-Simons variable u = Nh:

2,{1+1/p

1+ K2

= v/’ (7.26)

Therefore, the list of singularities of the perturbative colored HOMFLY in the u-complex plane occur

when (u mod 8irp?Z) is equal to:

0, —dimp(p+1)
—-2p°S(p),  —2p°S(p) — dimp(p + 1)
—2p?(S(p) — 2Inp) — 2imp(p + 1),  —2p*(S(p) — 2Inp) — Gimp(p + 1)
where:
Sp)=@+hp+1)+(p-1)h(p-1) (7.27)

This list is complete, except that u = 0 must be removed since by construction, we know that invariants

are O(1) when u — 0.

Free energies. The F9) can be obtained from VV1 by (2.22). For g > 1, the topological recur-
sion computes Wl( in terms of the two-point function. We therefore need to study the arithmetic

properties of the quantities:

dz p*In’z 1 1
I+ =§1§ . — + — (7.28)
mET e \Go T G )
where we integrate x = (%) around the cut and 2 = #!/2. We have:
J m + 2 ?§ 1 N 1
m,+ = m4e ~ o~ m
2 G- G
m+2 dm+2 dm+2 3 - 1n2
- 5 (d%\m‘*‘Q o 7dzm+2 R [ln Z(z )] (7.29)
The derivatives can be explicitly computed, and we find:
T € Q% 2% 2 3 (24) + Q% 2Y%) - i (2y) + Q(k2, 217 (7.30)
1/2

Besides, the three rational functions of Z/” appearing in this expression are odd if m is odd (resp. even
if m is even). It is clear from (7.29) that the singularities of J,,, + as a function of k only occur when
the singularities of In#(2) as a function of Z approach the cut Z € [2_,%,]. The quantities u?d, F9)

are linear combinations of .J,, + with coefficients in Q[H €+C], and the result should be even in { —

since 7, = e¢ and Z_ = e~¢ play a symmetric role. And, we remind that #(Z,)%(2_) = 1. Therefore:
u?0,F9 € Q(r?)[v/B(r)] - % #(24) + Q) [V/B(K)]VB2(k) - mE(Zy) + QD [/B(K)]  (7.31)
where:
] Drf—(p—1
5307 = s = YO D@ T DR =5 =1) _—
K
The location of singularities of the free energies can easily be deduced. O
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7.3 S3/D,, p odd

7.3.1 Disk invariants

The spectral curve is given in (6.35). Checking the behavior (5.9)-(5.10) shows that z — kT1/as
corresponds to x¥1 — o0 in the sheet labeled by —(ég + é,,). Therefore, the expansion at those points
of In ¢ in terms of the variable z, reads:

In[—pa2c?] = Z 4Lpz<rﬁu2m+1>(0)x2m+2

xr—00

z—0

— u m\(0) _2m
In[—pa?c?] = —(TrU*™ )y x
PN
By Lagrange inversion, we find:
a’ do(z) 27" (2)

<Tru2m+1>(0) = Res, " In[—pz2c?] =MD 4z = Res. o) 2m
Z—KTHP z—r—1/P

After a change of variable ( = zP, this residue can be explicitly computed:

_ 2 (1-#?)
710) um K2m(1+1/p)

m 1\ 3 m 4 m 1 1 m 4
m_ - F[f——,l— 21— ] (— f)F[f——,l— 21— ]
Xl(Zp 2)’”12 o " AN UYLkl R "

Since k is a function of u independent of the parity of p, we observe the relation:

<TrZ/[2m+1> 2,2

m+1\ (0) m\ (0)
<TI‘U2 +1> 2,2,p odd) <T U > 2,2,p even) (733)

In particular, the planar limit of the HOMFLY-PT of K5 is obtained by taking 2m + 1 = p in (7.33).

The computation of even powers is very similar, and we get:

<Tru2m>(0) _ a’ (Hfz B 1)K2m(1+1/a3) (7.34)
u(m/2) '
1 1 1
X (E — *)2F1|:* + T,l —m;2;1—f~<f4] + (ﬂ + *>H722F1|:§ + @,1 —m;2;1—fs:74]
a 2 2 a a 2 2 a

In particular, the planar limit of the HOMFLY of the knot following the fiber of order p is obtained
by taking m = 1:

— I<62 u
p(L-Rw)

Planar HOMFLY — PT(K,) = 2ur2/p( )
uk2/P(u

2(u)(2+p) +2—p) (7.35)

8 Generalization to SO and Sp Chern-Simons

8.1 The model

For more general gauge groups, Chern-Simons theory on Seifert spaces is described by the following

measure on the Cartan subalgebra — identified with RV:

dp(ty, ..., ty) = % H [ZSinh%T( : ) n 251nh( 5 )] ﬁe N?/Q“dti (8.1)
a>0 m

=1
where the product ranges over positive roots. For the A series, we had:

H2s1nh( ) I1 QSinh<ti;tj) (8.2)

a>0 1<i<j<s<N
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Now, we would like to address the BC'D series:

H 2s1nh< ) 1_[ 4sinh(tl 5 s )sinh(tl —;t]> EH(tZ)

a>0 I<i<j<N

with
Ip(t) = 2sinh(¢/2), Mo (t) = 2sinh(?), Mp(t) = 1.

They correspond to the Lie algebras:

By =s0(2N + 1), Cn = sp(2N), Dy = s0(2N)

(8.3)

(8.4)

(8.5)

We will explain the main points of the analysis of those models, and skip the details which are very

similar to the already studied A series.

8.1.1 First rewriting

Let us perform the change of variable s; = e*/* with a = lem(ay, . ..,a,), and put the measure (8.3)
in the form:
N
H (s; — sj)z( 5i5; — ) H RY2 (s, s He_NVG(S'““)dSi (8.6)
I<i<j<N VSIS Gien i=1
where the potential is:
. 2 1 2
Va(z;u) = a’(Inz)” + X g
2u 2
. 1 (8.7)
o) — ) zm)
Va(x;u) = 2V (x;2u) — oN ((2 —r)Ug(z ZJ )
The terms Ug are absent for the A series, and are equal to:
Up(z) = —In(@*? + 27Y2),  Ug(z)=0, Up(z)= —In(z—azb). (8.8)
And, the pairwise interaction is:
B a—1 r am—1
Ra(a,y) = H Gy 1T T @—crw) (8.9)
m=1 ,,=1
for the A series, and:
- 1
R(z,y R chRA( x,—) 8.10
(z,9) (@,y)Ra v/ N (8.10)
for the BCD series.
8.1.2 Second rewriting
The BCD matrix model can also be rewritten:
N
di(s1,...,8N8) = H |R1/2(si, sj)| n s[l M (si) e~ Na*(nsi)*/2u ds; (8.11)
1<i#j<N i=1
with:
o\ a/2 o\ —a/2
R(si,s5) = [(i> - (ﬁ) ][(Sisj)a/Q - (Sisj)_a/Q]
Sj Sj
r a7n/2 : _6/7?1/2
TTI(E)™ = (2) 7|y = (sisi) =2 (8.12)
m=1" "% Sj



The potential for this model is obtained by including the part of the diagonal terms ¢ = 5 which

are regular:

. . lnm -
Viot.a(x) = NV (z) + 6Vg(z) = Z Ug(z%),  Ug(z) = Up(z) — Ug(z)  (8.13)
with: )
Up(z) = 3 In(z —z71) (8.14)
and Ug were defined in (8.8). In other words:

. 1 /2 — g=1/2 - 1 1 g 1 —1
The expressions (8.11)-(8.12) are prepared in order to write down Schwinger-Dyson equation (see

§ 8.5), while the more compact expression (8.6) is appropriate to study equilibrium measures.

8.1.3 Observables and symmetries

We observe in (8.3) that ¢; individually is distributed like —t;. Therefore, the joint probability density
vanishes at t; = +t;, and to find the dominant configuration of (8.3) when N — o of (8.3) via
potential theory, it is enough to restrict to even configurations. One can then show uniqueness and
off-criticality of the equilibrium measure at least when x = 0 (see Appendix A.4). We assume x = 0
in all what follows.

The naive definition of the n-point correlators is:

W@, 2a) = u[HTfL]

o €T — eT/a
Wapn (@1, @ [H T eT/a]Conn (8.16)
with T = diag(t1,...,t,). In order to emphasize later the relation between the A series and G €

{B, C,D} series, it is convenient to introduce the symmetrized correlators:

Wam(@n,..omn) = ) []‘[sl] W (@', 25)

€1,..,en=11

n
Wom@n o) = % |[Tes] Wepait o) (8.17)
1=1

€1,..€n==1

By symmetry, we have:
WG\I(x) +WG|1(1/'I) = Na WG|n(1/x1771/xn) = (_l)n Wc;|n(1'1,...,$n) (818)

and thus for the leading order limy_,o N1 Wapn (z) = Wa(x):

Wa(z) + We(1/z) = 1, Wa(z) = Wa(z) — Wa(l/x) = 2Wa(z) — 1. (8.19)
Stricto sensu, the existence of an all-order asymptotic expansion of the form:
Za = NN+ exp ( 3 N2k Fé’“])
k=0
Wapn (1, .. 2n) = > N>k WG|n(:v1, ) (8.20)
k=0
ng(a:l, ce ) = Z N2k W([;ITL(UH, cey )
k=0
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does not follow from the results of [15] since the potential has a log singularity at ¢; = 0. It is
nevertheless likely that the argument can be generalized for this model. In the remaining, we will take
the asymptotic expansions (8.20) as starting point'®, with W([;ﬁm(xl’ ..., Zy) being analytic functions
of n variables z1, ..., z, away from a cut [1/7,v]. Compared to the expansion (4.18) for the A series,
since the log term of the potential contains a 1/N corrections (the log terms coming from i = j), Wg‘n
is not expected to have an expansion of parity (—1)" in N.

Our goal is to compute the coefficients of (8.20). We will first Write linear functional equations
W([;O‘]1 = Wg, as well as WC[}|2 and I/V([}l|1
be derived as a saddle point equation for the Stieltjes transform of the equilibrium measure. For

If x = 0, the equation for W ‘1 given in § 8.2 below can

VV([;O‘2 and W, G|]1’ the equations are given in § 8.3 and § 8.4 below can be derived from the Schwinger-
Dyson equations presented later in § 8.5.1-8.5.3, after pluging the expansion (8.20) and equating the
discontinuities of the two sides of the Schwinger-Dyson equations. For this purpose, we will show
that the symmetrized correlators satisfy a set of loop equations, which are solved by a version of the
topological recursion adapted to the grading in (8.20). This is performed by adapting the tools of [14]
to take into account the presence of a symmetry.

8.2 Spectral curves

We first have a look at the equilbrium measure in the model (8.3). We denote I'g(u) the support
[1/7,7] of the equilibrium measure, emphasizing its dependence in the parameter . We find, for any
z € I'pep(u). The saddle point equation for W () is obtained as (2.16) was obtained from (2.11).
Since it concerns only the leading order when N — o0, the only term relevant in the potential is that
involving Va. Notice that here, the joint probability density is singular when z; — x; and x;z; — 1.
The second singularity is also relevant since configurations with z;2; = 1 can occur with z;, z; € I'(u).
We find, for any x € T'g(u):

Wa (x+iO)+Wg(x—iO)—Wg( 1 1i0) — Wa(a! —i0) (8.21)

(2-r) 2 (Wa(Chr) — Wa(¢la™) Z Z (Wa(Gma) = Wa(Gma™)) = 20,Va(x;2u)

m=14,,=1

In terms of the symmetrized correlator, we therefore find, for any z € I'g (u):

a—1 T Am—1
Wa(z +10) + Walz —i0) + (2 — 1) Y. Wa(Cla) + Y. D) Wallira) = o Va(zi2u)  (8.22)
= m=14,,=1

For x > 0, this equation characterizes the equilibrium measures together with the condition:

lim o We(z) = 1 (8.23)

T—00

This is shown by repeating the proof of Corollary 2.2 using the strict concavity proved in Appendix A .4.
for the BCD series. Therefore, we deduce, if x = 0

We(z;u) = Wa(z;20), Fa(u) =Tx(2u) (8.24)

In other words, the spectral curve are the same in the B, C, or D series. They are obtained from
the spectral curve of the A series upon replacement of u by 2u, for which we can use the results of
Section 5-6.

15From the theory of the LMO invariants, it holds at least as equality of formal series in the variables /i and ug = N
(see § 4.2).
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8.3 Two-point function

Following the strategy of § 2.4, we can derive the saddle point equation for the leading order of the
2-point correlator. We find, for any = € I'g(u) and xzg € C\I'g(u):

Lol

Gl (x_l —10,x2)

(z +10,z2) + WC[}I]2( —i0,2z2) — é (z71 +10), 25) — W([;O|]2
a—1

+(2—1) Z G|2 sz Za) — W([;%(Cﬁx_l,xg))

+ i “"Z G|2 '”x Zo) — Wc[;ol]2((amz71,x2)) = Boy(z,x2)
m=14,,
where By(z,x2) = —xx2/(x—x2)2. This implies the saddle point equation for the symmetrized 2-point
function:
WN/([;Ol]Q(x +10,29) + MN/([;Ol]Q(I' —1i0,22) + 2 G|2 (Cha,x9) ZT: “mil G|2 C ey
=1 m=1 £, =1
= Bo(x, 1) — Bo(z,z7") (8.25)

Since By(z1,x2) = Bo(xfl,xgl), the right-hand side is a symmetric function of z and z;, which is
transformed into its opposite when (z,z1) — (1/z, x1).

Let us compare (8.25) with the saddle point equation of the two-point function for the A series:
for any € I'a(2u) and z9 € C\I'A (2u),

A —1
WAL (@ +10,29) + Wi (z —i0,25) + (2 — 7 Z WAL (L, 22) Z > WA (G, 22)
m=1£,,=1
= Bo(z, z1) (8.26)

Since 'g(u) = T'a(2u) and this equation characterizes the two-point function with appropriate growth

condition at co in the cases x = 0, we deduce:

~

[0]
Wape

(z1,22) = W}ﬁ%(wl,xg; 2u) — WET]Q(xl , T2 2u) (8.27)

Remark. The two-point function wll (21, x2; 2u) plays the role of a fundamental solution in the fol-

Al2

d 0
lowing sense: the function x — ¢ 522 f(x2 )W1£|]2

near the contour of integration which avoids the cut, is the solution of the functional equation on the
cut g (u):

(21, 2) for any choice of function f(x3) holomorphic

— r o Am—1
Sz +10) + ¢z — i0) Z £ 3N e(chna) - 55@ F(22)Bo(a, ws) dzs  (8.28)

m=1 £, =1

for a function ¢ holomorphic on C\I'g(u) satisfying appropriate growth conditions at co. It is conve-

nient to introduce:
2 d!El

o (o) = [ LWL (ww) (5.29)

8.4 First correction to the spectral curve

In the A series, the first correction to the spectral curve was of order 1/N2. In the BCD series,

because the potential Vi¢ contains an extra term of order 1/N, the first correction is Wgi(z) =
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NWg(x) + WC[;|]1( ) + o(1), and is obtained by formally writing down the N-dependent saddle point

equation for Viet, and collecting the term of order 1/N. We find, for any x € I'g(u):

A —1

(@ +i0) + Wil (z —i0) + (2= 7) ZW([;“ + D) WhL(Cma) = 6,(0V6)(x)  (8.:30)
m=1£,,=1

Al
Wan

Given the expression of the right-hand side (8.30), it can be decomposed in partial fraction expansion:

a—1

0. (Ve (z) = Y. e %CZ + 7 (8.31)

£=0

Using the remark of § 8.3 and (8.29), we deduce that, if y =0

Wi (@ Z Y Gala1,¢ (8.32)

8.5 Schwinger-Dyson equations

8.5.1 First equation ...

The invariance of the partition function under the infinitesimal change of variable s; — s;
yields relations between correlators. Those equations can be derived rigorously by integration by

parts. Here, we obtain:

1 1 6Si InR SiySj 8Sj lnR(Si,Sj)
M[Z(ac—s)2+2§,( (x—)il )+ T —8; )
7 (8.33)

2Ins; 1 1
72< TS L~ InTlg(s) ) | =0
S xr — S§;
We first add the diagonal term i = j to obtain Z and substract it, which has for effect to cancel the
D u[(x 5 ] this is a consequence of vanishing of order 8 = 2 of the joint probability density (8.11)

when s; — sj Adding the terms ¢ = j also gives extra contributions which can be put in the form of

a perturbation of the potential. Then, by symmetry between the two terms in the Zi7 ; in (8.33), we
find: _ _
0s;(In R) (84,55 NV'(s;) + 0Vi(s;
[ el Ps) 2 V() 0V (s 550

(2]
The first term is the expectation value of an analytic function in a neighborhood of the cut, so can be
rewritten in terms of a contour integral of Ws.

“[Z GSi(lnR)(si,Sj)] _?é dédn 0y(In R)(€,n) 3

T —8; (2im)? x—n

Wa(&,m) (8.35)

With the goal to compute the integral over £, we compute the partial fraction expansion of
On(In R)(&,n) as a function of &:

a—1 ¢ ) T Am—1 _(fm -2
ananR)(g,n)—(z—r)(E5f‘2%+§_¢g?n_l> 2 2( gfa’z" =) (836)

=0 m=1£,,—0 Cam77 Cam
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If we rewrite u| Y, -+ | in terms of W7, we should keep in mind that SV'(€) has poles at & = 1 which
is on the cut. All in all, we find the equation:

@ azlyg Weap(n, ¢in) — Wep(n, ¢in™h)
2imn? z—n

am—1 L, 0 —1
d77 WG\2(77> Ca::iﬂ) - WG|2(777 Cd:;n )
S35

m=1¢,,=0 2imn? r=n
d¢ Viee,a(©) 3

The first double integral could be perform by picking up residues at = x and n = 0, but this
expression is enough for our purposes. For comparison, the first Schwinger-Dyson equation of the

model of the A series in terms of its correlators

n T
Wapn (@1, ... 2n) = MA[HTY m] (8.38)
i) i conn

can be written:

WA|2 UE C 1) Toam—l dn WAW("%C;;:ZU) ds V'(€) -
2—r ;}%21777 T —n +;1620¢2iﬂn2 r—n _¢217T£I7€WA|1(§)_0
(8.39)

(8.37) only differs from (8.39) by addition of terms involving n~1, due to the structure of (8.12), and

a potential Vot ¢ instead of V.

8.5.2 ...and its symmetrized form
Our next goal is to derive Schwinger-Dyson equation involving the symmetrized correlators only:

WGH(J?) = Wep(z) = Wen(z™)

~ L L L L (8.40)
Wapa(a1,22) = Wapa(21,22) — Wap(a1 ', 22) — Wap(21,25") + Wap(ar 23 ")
We denote A;(z) and Az (x) the terms involving Wg); and Wp in (8.37). We observe that:
Viot.c(2) = Vier.a(z™1) + cte (8.41)
Therefore, we have:
_4 1 dn Vt/ot,G(n) a~4nt Wepn(n) dn Vt/ot,G(n) UWG|1(7771)
xT ./41(1‘ ): - N — = - . _ _
2im z=1—np 2im x=t —n~1
_ _y§ dn Viee.a(m) n* =~ Wau(n™")
2im 3 x—n
Ve, 1 1 1 dn Viee.a(m) —n~" Wapn(n™)
_ P tot,GAS - i W -1y ot,
yg 2im (:173 * nw? * 172:17) nWan(n) yg 2im /)
(8.42)
Therefore:
A Viea) 1 1 dn Vi 6 (n) Wapn ()
_4 1 tot,G tot,G G[1\n
_ 7 W, 8.43
Auz) + 27 A % 2im (nx3 T2 z2 * ) an(n) = 75 2im x—mn (843)
Similarly, let us define Gp = a and consider a summation index o = (m, £,,) with m € {0,...,r} and
leZsg,,, and

e 2= m =0
Co = Cama do = { 1 otherwise
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We compute:

d _2W y ba _W ) La -1
x_4v42(x_1) = Zda¢i$_4n G\Z(n ¢ 77) G\2<77 Call )

1 _ n
_ Zd _s Wap"can™) + Waja(n™", can)
217‘(‘ =l —np1
_ Z yg dn n Wap ' ean™) = Wap(n™, can) (8.44)
2im a3 T—n

2 952177 )er sealt ™) = Wapn™, can)]

+Z §£ Wejz(n 7can‘1)—WG|2(77‘ ,Cal)
2imn? r—n

Since the sum over « contains both ¢, and c;!, we find:

— — : : f [[ (}2 bged

+ Z yg 2ir \n .7;3 771,2 ) rG|2 m, Ca’f] ng(n, Ca’flil)]

We observe that in (8.43) (resp. (8.45)) the second term — call it Sy(x), resp. Sa(x) — is the negative
part of the Laurent expansion of 2744 (x) (resp. 2 *As(x™*)) at z = 0, whereas the first term is
regular at x = 0. Since we have the equation:

Ai(z) + As(z) = 0 (8.46)

this implies that Sy (x) + S2(z) = 0. Then, summing (8.43) and (8.45) gives:

WG|2 n,¢in) o et dn %Gp(??»gg::ﬂﬂ) dn Vier.c(m) ~
S B, §°5 e Fatuin bt

x—n = 2imn? x—n 2t x—n

(8.47)
In this form, we recognize the Schwinger-Dyson equation of the correlators of the model in the A
series, in the potential Vio given by (8.13).

8.5.3 Higher equations

Let &, be the insertion operator: it computes dx_o under the perturbation V(¢) — V(&) — % %75 We
have the properties:
- 1
S Wan (@1, 2n) = Wapnsr (2,21, ., ), 5. (NV'(y)) = NCEE (8.48)

Higher Schwinger-Dyson equations involving Wg|n11, Wgjn, - - -, Wg)1 can be derived by applying the
operator d,, -+ - 05, to (8.37). One can also define an insertion operator adapted S adapted to sym-
metrized observables: it computed dy—o under the perturbation V(£) — V(£) — & (= £+ =1 E) It
has the property:

x —z~!

C(r—y)? (@92
WG\7L+1(9507951,~~,£U71) (849)

S(NV)(y) =

gzoﬁ//(}m(xlv o ,.’En)
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A word of caution: the symmetries (8.18)-(8.19) are only valid when the potential (and its perturba-

1

tion) are invariant under  — x~*. Therefore, if we make any use of this relation to transform the

Schwinger-Dyson equation, only the application of symmetrized insertion operators gm is allowed.

8.6 Loop equation and recursive formula

The Schwinger-Dyson equation (8.47) and their analogue is now similar to those treated in [14, Section
3.

If one insert the expansion (8.21) in the Schwinger-Dyson equations and study the discontinuity
of both sides, one can prove by recursion on (n, k) that W[k‘] (21,...,xp) defined for z; € C\I'g(u),

satisfies the linear functional equation:

a—1 T am—
Wc[f‘]n(x +i0,27) + W (z —10,27) + Z (2- T)Wc‘n (Cax, 2r) Z Z WGk\Jz G, wr) =0 (8.50)
{=1 m=1{,,

if (n,k) # (1,0),(2,0),(1,1), and (8.22)-(8.25)-(8.30) in the first three cases. One can then establish
for (n,k) # (1,0),(2,0), (1,1) that Wl ‘] diverges polynomially when x; approaches the edges of the
cut T (u), but is regular at other points, including x; = 1. This contrasts with the singularity at
2 = 1 occuring for (n, k) = (1,1), which was due to the log singularity in the potential.

From (8.50) by Schwarz principle, we deduce that WG|n
as a meromorphic function on the spectral curve 3. The spectral curve is equipped with a covering

(z1,...,2y) can be analytically continued

T X - (@, and with a local involution ¢ which exchanges the two sheets at the vicinity of the
ramification points. The initial C\I'g(u) is identified with the physical sheet in this covering. We still
denote y¥! the preimages ot the two endpoints of the cut in the physical sheet. We introduce the
differential n-forms on the spectral curve:

k]

W (21, 20) = (Wé’%x(zl),...,x(zn)) v W) []a (851)

(z(z1) — z(22))

They are meromorphic with poles at all preimages of the endpoints of the cut I'(u) in X. We also
introduce the Cauchy kernel:

+ cte (8.52)

Ha(z,20) = / W (2, 20) = Ga (w(2), a(z0) + m

where Gg is given by (8.29).
Then, following [14, Section 3.7], the Schwinger-Dyson equation — and its higher versions — can be
written for any n, k, with the convention that W[| =0 for k <O0:

[k—2] k1 [k 5[k S[k—1
— WG|n (z Wz 2 Wi ‘1]+|J‘ (2 ZJ)W([;|2‘E|]|+1(L(Z),ZI\J) = P([;‘L(z;zl) + 5P([;‘n ](z;zl)
JcI
ki1+ko=k
(8.53)

where P ‘] (z; z1) is a holomorphic quadratic differential in z in a neighborhood of the image of ' (u)
in 3, and we have written apart the term which has a simple pole at z(z) = 1:

There are two differences with the setting of the topological recursion presented in [14]. Firstly, we

have an extra term 5133‘11(2, zr) which contains a pole a z(z) = 1. This pole thus occurs away from
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the branchpoints. Secondly, since the potential was perturbed by a term of order 1/N, we have all
possible powers of N27* for k > 0 in the expansion of W), — instead of just N27297" for g > 0.

We can nevertheless proceed as usual to solve the abstract loop equations. We use the notations:

Af(z) = f(z) = f((z),  Sf(2) = f(2) + f(u(2)) (8.55)
so that we can write:
f(2)g(e(2)) + f(e(2))g(2) = %(Sf(Z)Sg(Z) — Af(2)Ag(2)) (8.56)
Then, we may recast (3.53) as:
S AT (2) AWEL (2) = 03 (= 0(2); 1) + QB (5520) (8.57)
with:
EL (2 s 2r) = W 2 (2,2 20) + Z*l Wit (& 2)WERL (2 200) (8.58)
o Lt
and:
QW) (z:21) = PU (2121) + 6PY) (2:21) — wag)gl( JAWE], (23 21) (8.59)

We know that: A
W&L(ZO,ZI)_ Res —2-C20:%) 6(z0,2)

7yl
z—Fix(1) 4 A WG\n(Z’ 1) (8.60)

is holomorphic in a neighborhood of 4+ € ¥, and satisfy the linear equation (8.50). Here, the poles at
those on the image in ¥ of the cut. By unicity, (8.60) must vanish. Notice that A)/\)é‘1 has a double
zero at y¥ since the equilibrium measure behaves exactly like a squareroot at the edges of the cut
(this is the off-critical property). So, we find that Qgcl]n has the same property, and we deduce that

the right-hand side of (8.57) does not contribute to the residue at Fix(:) in (8.60), which yields:

~ A
W (20, 21) = Res Sricleo.2)

gkl (z,0(2); 21) (8.61)
A2 2w ) o

This is a recursion on n + k > 2. We observe that this recursion is universal : the only way the B,C
or D series matters is through the value of Wékl]n for (n,k) € {(1,0),(2,0),(1,1)} which are used at
every step. These values are given in equations (8.24)-(8.27)-(8.32).

This formula is a recursion on (n, k), and is the generalization for the SO/Sp Chern-Simons theory

of the topological recursion found in Theorem 7.3 for the SU Chern-Simons theory.

9 Numerical estimates of equilibrium distributions

by Alexander Weisse
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9.1 Markov chain Monte Carlo

The probability measure

N
1 v
d,uN<t17...,tN) = = n R(ti,tj)He_Nv(tt)dti (91)

N oi<ci<j<n i=1

describes a statistical system of N classical particles with coordinates t; € I € R, and Zy = fIN dun
is its partition function. We are interested in the equilibrium distribution of the particle coordinates,

leq, Which can be estimated from the large-V limit of the empirical measure

N

1 —
Ly =5 N6 T g (9.2)
i=1

The phase space of such a many-particle system is far too large to be summed up completely or to
be explored by naively selecting random configurations. Instead, the standard simulation technique is
a Monte Carlo algorithm with importance sampling [8]. It is based on a suitable Markov chain process
which converges to the measure duy(t1,...,tn) = Deq(ti,...,tn)dt1---dty. A Markov chain is a
stochastic process in which a set of random variables {¢;} is updated to a new configuration {¢;}’ with
a probability W that depends only on {¢;} and {t;}’, but not on the earlier history of the process,

R e e (9.3)

The process converges to the distribution dpuy, if the transition probability W fulfills the condition of

detailed balance,
Pea({t: )W ({t:} — {t:}') = pea({t:} )W ({1} — {t:}) (9.4)
A good choice for such a transition probability is the classic Metropolis algorithm [39],
R
W ({t;} — {t;}') = min <1, pq(({{”))> . (9.5)
eq %

For large N the probability ratio in the above expression is a ratio of two very small numbers. Since

this is difficult to handle numerically, we rewrite duy in terms of an energy function E(tq,...,tN),
1 N
dun(tiy. .. ty) = o—e Pt TTqg, :
IU’N( 1, ) N) ZNe g 3 (96)
N
1<i<j<N i=1

and use the energy difference of two configurations, AFE = E({t;})— E({t;}), to evaluate the transition
probability W ({t;} — {t;}') = min(1,exp(—AE)). In our simulations we use local updates, i.e., we
propose a random change of one coordinate x;. If this change lowers the energy, AE < 0, we always
accept the update. If the change increases the energy, we accept the update only with probability
exp(—AFE). We loop over all coordinates and repeatedly try updates for each of them.

[43

After a certain “warm-up” period the Markov process usually reaches equilibrium with a stable
coordinate distribution L, which we can measure in a histogram. We call the successful Metropolis
update of N coordinates a Monte Carlo step. For the results presented below we typically performed

10* warm-up steps and 10% measurement steps.
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Figure 14: Equilibrium density peq of the statistical model for torus knots with (p,q) = (2,3) and
interaction strength u = 0.5. The data is given in terms of the variables &; = exp(¢;).

9.2 Torus knots

The reliability of the Monte Carlo approach can be tested by first considering the special case r = 2

of the general model (2.1), which has been studied earlier in the context of torus knots,

t1 —1 t1 —1
R(ty,t2) = sinh< 12p 2) sinh <12q2) )

t2
V() = g

(9.8)

Here, p and ¢ are two coprime integers labeling the knot, and u is a free parameter. The equilibrium

distribution fieq of this model is determined by the equations [17]

- 1/p
1 _ u
F= 6(1/p+1/q)u/2z—1/q( . f - z) 7 (9.9)
- P z(z +140)\ do
e = 1 = ) 9.10
fea () 2miu Og<z(a: - zO)) x (9.10)

where the boundaries of the domain of & = exp(t) (the branch points) are given by the two zeros
of dZ/z. In Figure 14 we compare this exact result to the numerical data obtained by simulating
N = 200 particles. The agreement is almost perfect: only the edges of the distribution are slightly
softened due to the finite number of particles.

9.3 Seifert fibered spaces

9.3.1 Role of strict convexity

In § 4.1.3 it was pointed out that an important geometric invariant of the Seifert space is the orbifold

Euler characteristic

X=2-1+ Y lan, (9.11)
m=1
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Figure 15: Numerical results for the equilibrium density jiq of the statistical model for Seifert fibered
spaces. The simulations were performed with N = 200 particles, u = 3, and the parameters (a1, as, asz)
given in the legend.

and x is also expected to have an influence on the properties of the statistical model (2.1). The long

distance behavior of the pairwise interaction R(t1,t2) = R(t1 — t2) is determined by Yy,
log(R(d)) ~ x|d|/2 for d— . (9.12)

For x > 0, R(t1,t2) is always repulsive and strictly convex, and a unique equilibrium measure peq
exists and can be calculated. For y < 0, unfortunately, the analytic methods cannot be applied, and
it was unclear whether a unique pieq exists and how it looks like.

We therefore performed numerical simulations for both situations, xy = 0 and x < 0, in the case

r = 3. The statistical model (2.1) then specializes to

sinh[(¢; — t2)/(2a1)] sinh[(¢t; — t2)/(2a2)] sinh[(t; — t2)/(2a3)]

R(t1,t2) = sinh[(t; — t2)/2] 7

12 (9.13)

V(t) = 20’
where a; are three integer parameters and wu is real and positive.

The Monte Carlo simulations with N = 200 particles suggest that a unique equilibrium measure fieq
exists independently of the sign of x. In Figure 15 we show data for the parameter sets (a1, az,as) =
(2,3,5), (2,3,97) and (11,11,11). The first set fulfills the condition x > 0 and leads to a unique
equilibrium distribution p.q. However, the simulations converge equally well for the other parameter
sets with x < 0. The shape of the resulting equilibrium distributions differs only marginally from the
first case. The small oscillations near the edges of the distributions and the softening of the edges
are caused by the finite particle number. For N — o0 we expect smooth distributions which at the
boundaries of the domain vanish like a half-integer power of x.

We also studied the scaling of ucq with increasing u, i.e., with decreasing strength of the potential
V(t). For x > 0 the interaction — log(R(t1,t2)) is always repulsive and the expansion of the particle

distribution is limited by the potential (and thus depends on u). For x < 0 the interaction is repulsive
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Figure 16: Scaling of peq with u for (a1, as,a3) = (2,3,5) on the upper left, (11,11,11) on the upper
right, and (2, 3,6) on the lower central panel. For all simulations we used N = 200 particles and u as
given in the legend.
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at short distance but attractive at long distance. Therefore, for large enough wu, it is plausible that
the support of the particle distribution reaches a limit which is independent of u. In Figure 16 we
illustrate the scaling of fieq(t) for the three cases (2,3,5), (2,3,6) and (11,11, 11), which correspond
to positive, vanishing and negative y, respectively. For x > 0 and large enough u the width of the
distribution scales like u, whereas it seems to approach a constant for y < 0. For xy = 0 the scaling

seems to be weaker than the first guess 4/u. This could be due to logarithmic corrections.

9.3.2 The case (2,2,even)

In this and the remaining sections we compare analytic results for the model (9.13) with numerical

data. For the case (2,2,p) with even p the characteristic x > 0 and the equilibrium density feq is

given by
2 ~ ~ .
p*dz y(Z + 10)
dpteqg = —— 1 — , 9.14
Hea = Siruz 8 (y(x —10) (9.14)
where & and y are solutions to the equations (see § 6.2):
P _ 4P
P(2) = 22—
KPzP — 1
(2P/2 — KPI2)(KkPI22P12 1 1) (9.15)
y(z) = - (P22 — 1)(2P2 + 1P)2)
with (1))
2k\P —w/(4p? ~
W =€ /(4p7) s Xr = exp(t/p) . (916)

In Figure 17 we compare this result to simulation data for NV = 200 particles and u = 1. The agreement

is excellent. Note that we plot the densities as a function of ¢ rather than Z.
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Figure 17: Simulation data obtained with NV = 200 particles compared to exact equilibrium density
for w =1 and (a1, as,a3) = (2,2,p even).

9.3.3 The case (2,2,0dd)

For the case (2,2, p) with odd p the equilibrium density,

2 .
p*dz y(x +10)
dpteq = £ 1 , 9.17
Hea imur o <y(x —40) (9-17)
can be obtained analytically from
2p2p _ ]
2,y _ 22Tk
TE) = (9.18)
(2) = — (2P — KP)(KP2P + 1) '
YE = (2PKP — 1) (2P + KP)’
where i1
2K _ 2 ~
o m e Y, E = enlt/ (). (9.19)

In Figure 18 we compare the analytical result to simulation data for N = 200 particles and v = 1.
Again, the agreement is excellent.
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Figure 18: Simulation data obtained with NV = 200 particles compared to exact equilibrium density
for w =1 and (ay,as2,a3) = (2,2,p odd).

9.3.4 The case (2,3,3)

The case (2,3, 3) admits only a partial analytical solution. The equilibrium density again corresponds

to a branch cut,

a?dx y(x +10)
dpteq = + 1 =, 2
fea muz 8 <y(m - zO)) (9:20)

but the equations defining the Riemann surface contain two parameters ms and mg whose dependence
on the interaction ¢ := exp[—u/(2a?)] as yet could not be determined (see § 6.4). In terms of the
variables z = y + 1/y and w = & + 1/& with & = 22, the branch points fulfill:

A=c*2t 4122 — 2422 — 5tz — 6t + 202mzz3 + 1202m222 — 1262m22
—40c?ms + Pwz® — 3ctwz — 22w — 66m322 + 24cmsg — 4m§z (9.21)

2

+8m§+2m2wz—4m2w—w 2'—11)2+32+6:O7

dA/dz =0.
Taking w and mo as adjustable parameters, we can easily solve these equations for z and mg and fit
the solution of A(z,w) = 0 to the numerical data. For all values of u we can perfectly match the

simulation results, see Figure 19 below. The corresponding parameters msy and mg are given in the
legend.
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Figure 19: For (a1, a9,a3) = (2,3,3) the parameters mo and ms in Eq. (9.21) can be adjusted such
that the analytical results (lines) fit the numerical data (crosses) very well. We simulated N = 200
particles with interaction u as given in the legend.

9.3.5 The gauge groups SO and Sp

In Section 8 the generalization of the statistical model (2.1) to gauge groups SO and Sp was studied,
and it was shown in § 8.24 that in the limit N — o0 the corresponding equilibrium distributions pieq
for parameter u are given by the SU data with parameter 2u. One noticeable difference between the
SO and Sp densities (BCD series) and the SU density (A series) is a finite-size correction taking the
form of a Dirac peak of order O(1/N) at t = 0 (see (8.32)).

To verify these predictions, which were derived for the convex interaction x > 0, and to analyze
whether they hold for y < 0, we performed numerical simulations for various parameter sets (a1, ag, as)
and increasing particle numbers N = 50, . ..,400. In Figure 20 we show equilibrium densities for three
parameter sets (a1, as,as) with positive, zero and negative y. The densities for the B, C, and D cases
at u = 0.5 agree very well with the data for the A case at w = 1. Only in the vicinity of t = 0 we
observe the predicted finite-size correction. The total mass of the Dirac peak is negative for the cases
B and C, and positive for the case D, but its absolute amplitude is the same for all BCD cases. In
Figure 21 we analyze the scaling with increasing particle number N. Clearly, doubling N reduces the
d-peak by a factor 1/2. These observations are in agreement with (8.15)-(8.32), which predicts for
x > 0 the following masses m for the Dirac peak:

S gy = X (9.22)

mp=mc = 4 4
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(2,3,5) > x >0 (11,11,11) > y < 0
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Figure 20: Equilibrium density for the BCD series at u = 0.5 compared to data for the A series at
u = 1.0. The curves agree very well, except for a finite-size correction ~ 6(¢)/N, which is negative for
cases B and C, and positive for case D. We simulated N = 200 particles with interaction parameters
(a1,a2,a3) as given in the titles.
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(2,2,2), case B
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Figure 21: Finite-size scaling of the equilibrium density for case B with parameters (a1, as,as) =
(2,2,2) and u = 0.5. As expected, the d-singularity at ¢ = 0 vanishes like 1/N.
9.4 Conclusion

The matrix models considered in this work can reliably be simulated with Monte Carlo methods. The
numerical data has been used to verify analytic results and to gain further insight into cases that

elude an analytic solution.
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A Proofs of Section 2

A.1 Proof of Lemma 2.1

Let v € M? with compact support. We compute:

— //dy(t)dy(t/) In |sinh(t — t/)| //du t — t/| +In(1 — e_‘t_t/‘) —In 2)
/ dv(B)dv(t) f(t — t') (A1)

with f(t) = —O(¢)[¢t + 2In(1 — e~ *)] and © is the Heaviside step function. We compute the Fourier

representation of f, in the distributional sense:

' v dk o, [P o ,
fity = f/ dt'(/ dt"5(t")) —2/ —eﬂkt/ dt’ ekt In(1 —e™*)
0 0 R 27 0
_ _/t dt/(/t’ dt/// %e—ikt"> +/ dk efikt (/oo dt’ eikt')
0 0 R 27 r iTk o et —1
dk /e ikt — 1 t dk e—ikt o q¢! ikt’
= _/7<€.72+.7>+/ .6 (/ t,e ) (A.2)
r 2w\ (ik) ik r ik o et —1
The Fourier transform of the measure v is denoted:
= /dl/(t) e ikt (A.3)

It is a C* function of k because v is the difference of two probability measures with compact support,
and since ¥(R) = 0, we have 0(k) € O(k) when k — 0. v being real, we also have (.F[V](k:))* =
Flv](—k). Using the representation (A.2) in (A.1), we find:

—//dy(t)du(t')f(t—t') /deIF[V](k)\Q[ﬁ + mlk/ooc dt! ete’iktll]

| EwrEam (A1)

where:

/ 4 25111 kt’ _ 1 7k cotan(wk) — 1

= — = cotanh(wk). (A.5)

v(k

The same computation with f (t/am) will result in replacing v(k) by ~v(amk), hence the result of
Lemma 2.1:

A= [T IFwmEE. Q= @-nm+ X k) (A.6)

A.2 Proof of Corollary 2.2

The cotanh function has the kK — 0 expansion:

It follows that:
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Therefore, a necessary condition for the positivity of Q) is x = 0. We immediately observe that @ is
always definite positive when when r = 1 or 2. When r > 3, it is only positive for a certain region of
parameters ay, . . ., a,,. Its description is not easy, but since + is decreasing, we know that (a1,...,am)
gives a positive @, then (a}, ..., a,) with @; < a; gives a positive Q. For the models related to Selfert
spaces, we are only interested in a,, taking integer values. We can immediately exclude the uples with
x < 0. Then, the list of uples satisfying to x = 0 with r > 3 is finite, and positivity can be checked

directly case by case:

e For the cases (2,2, as), we find:

Q(k) = —cotanh(7k) + 2 cotanh(27k) + cotan(mask) = tanh(nk) + cotanh(wagk) >0 (A.9)

For (2,3, a3) with az = 3,4,5,6, it is enough to check positivity in the case a3 = 6 and use the
monotonicity property stated above. We have for (2,3,6):

Q(k) = —cotanh(wk) + cotanh(27k) + cotanh(37k) + cotanh(6mk)
4 .
— Stanh?(rk) 16.sm;1 (rk) + 20 Sl.nh 2(7716) +5 (A.10)
(4sinh?(7wk) + 1)(4 sinh*(7k) + 3)
e For (2,4,4), we have:
Q(k) = —cotanh(nk) + cotanh(27k) + 2 cotanh(47k)
4sinh?
= tanh(wk) w (A.11)
2sinh”(7k) + 1
e For (3,3,3), we have:
4 sinh(27k)
Q(k) = —cotanh(wk) + 3cotanh(3wk) = m (A.12)
e For (2,2,2,2), we find:
Q(k) = —2 cotanh(mk) + 4 cotanh(27k) = 2tanh(wk) > 0 (A.13)
This concludes the proof of Corollary 2.2.
A.3 Proof of Theorem 2.3
Proof. The effective potential is:
t2
Vha(n) = o - / W(t — 1) ddeg (t') (A.14)
where: .
U(t) = (2—r)In|sinh(t/2)| + Z In [sinh(t/2a.,)| (A.15)
m=1
We compute:
u 1
—407(t) = + -
®) smh2 (t/2) 7712:1 <a2 sinh?( t/2am) sinhQ(t/2)>
2 - sinh(t/2a,,) + sinh(t/2 t
. — I Z amﬁln (/ (;m) Mn.( /2 ))fam( ) (A16)
sinh*(t/2) =, 2a2,sinh”(t/2a,, )sinh”(t/2)
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We have introduced f,,, (t) = 2sinh(¢/2) — 2a,,sinh(t/2a,,). If a,, = 1, we have f(¢) > 0 ensuing from
£(0) = 0 and:
f'(t) = cosh(t/2) — cosh(t/2a.,) =0 (A.17)

Therefore, ¥ is a concave function, hence V*ea is a convex function for any fixed v > 0. This implies
that it must achieve its minimum C?¢a in a connected set, i.e. the support must be a segment.

We claim that the density of Aoy vanishes exactly like a squareroot at the edges. By analyticity
arguments, we know that it behaves ~ c|t — a|(2k“)/2 at any edge a of the support, for some integer
k and irrelevant constant ¢ > 0, but we claim & = 0. Indeed, the effective potential V*« behaves
like (¢t — a)(2k+3)/2 when ¢t — « from the exterior of the support. However, from the expression, the
effective potential is C2 in the variable ¢ not belonging to the support, and:

P2V Aea(t) = = — / U (t — ') deq(t) (A.18)

SN

Since we have shown that ¥ is concave:

2V Aea(t) > (A.19)

SR

which is only compatible with k = 0.

In case the equilibrium measure is unique, Aeq is even, so its support is of the form [—6,d], and
after the change of variable, we find that the support of ch isT" = [1/7,7]. In case the equilibrium
measure is not unique, and denote [d_,d.] the support of a given equilibrium measure Aeq. Denote
Agq the image of Aeq under ¢t — —¢. The characterization of equilbrium measures shows that any

convex combination SAeq + (1 — S)A, is an equilibrium measure. By the previous argument its

eq
support [d_, 4] u[—d4, —_] is connected, therefore d_ < 0 < d;, i.e. the support of any equilibrium

measure contains 0. O
A.4 For SO and Sp gauge groups

We have to repeat the analysis of § A.1 for the quadratic form:

t+t

Qpcplr] = —//dz/(t)dl/(t/) [(2—7‘) ln‘sinh(t—gitl)’ + In |sinh 5 )|+

S b=t Lt
+ 7112:1 In |smh(m)‘ +1In |Slnh(m)’] (A.20)

over measures ¥ which are the difference of two even probability measures. We compute as in (A.1):

tt! dv(t)dv(—t') + dv(—t)dv(t!)
| ;

_//dy(t)dy(t’) In [sinh (——))|

1)
[ Re(FAm) 209 5 (A21)

0

Therefore:
2

Qnenlv] - | " a[Re FIA )P OK) (A.22)

Since v is even, its Fourier transform is real and therefore, Qpcp is definite positive iff (A.6) is strictly
convex. In that case, one can prove repeating § A.3 that the equilibrium measure for the BCD series
is supported on 1 segment and behaves exactly as a squareroot at the edges.
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B Finite subgroups of PSLy(C)

We are studying functional relations with the values of ¢(x +10) and ¢(z —i0) on both sides of a cut
o are related to values of ¢ at g(x), where g is a Mobius transformation, and the ¢’s involved generate
a finite subgroup of AutC = PSLy(C). The list of possibilities, and has an ADE classification: up to

conjugation, G must be either cyclic, dihedral, or one or the three polyhedral groups.
e Z,, cyclic group of order n. Generated by r,(z) = e?™/"z — A, case.
e Dy, dihedral group of order 2n. Generated by r, and ¢(z) = 1/z — D,, case.

e A4, tetrahedral group, order 12. It is also the alternate subgroup of &,4. It is generated by 7o

sz—1
and 7(z) = 125

(order 3) — Eg case.

e S,, octahedral group, order 24. It is generated by r4 and 5 — E; case.

e Aj, icosahedral group, order 120. It is generated by rs, 7, and u(z) = 2_1;;_’8;, with 3 =
(1 —+/5) +i(1 ++/5) and B* is its complex conjugate (order 5) — Eg case.
C Case (2,3,3): matrices of singularities
We have ng) = Z;r.:':l Bég)(i) é; with:
00001111 000 ol
001 01 011
01 011010
01 001101
001 10011
1 001 01 10 0 1 00 1101
BO((1) = - , BOY@2)y=—]l 01110001
S 01 1 01001 P
1 00 01 1 10
110 01 1 00
10110010
101 01010
11110000 Lo 10100
11101000
1 0 0 0 0 0 0 -1
0 0 1 0 0 -1 0 0
0 1 0 0 0 0 -1 0
0 0 0 1 -1 0 0 0
BY)(3) = o 0 0 -1 1 0 0 0 |,
0 0 0 -1 1 0 0 0
0 -1 O 0 0 0 1 0
0 0 -1 0 0 1 0 0
-1 0 0 0 0 0 0 1
00001111 0001 01 11
001 10011 01 001 1 01
01 010101 001 01 011
1001 01 10 01 1 10001
(0) - _ 0)(5) = —
BSP(4) 0110100 1F¢ BSp(5) 100 0 1 1 10
101 01010 100 01 110
110 01 1 00 1101 0100
11110000 11101000
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D (2,3,4) case: polynomial equations

The 32 coefficients in the polynomial P(Z,y) (see (6.84)) for the spectral curve for (2,3,4) can be

expressed solely in terms of the four coefficients my = ¢=% M, for k € {3,4,6,8}.

Ci = —-1-—06mg

Cy = —2(1+3mg+ 6my — 3mg)

C; = 0

Cy = 2(—1—12m3 — 12my + 18mg — 6mg + 18m3 — 72mazmy + 12m3)

Cs = ¢ %1 —6ms+12my)

Coe = —6(4msz —2my —mg + 12m3 + 24mamy — 18mame — 24m3 + 12myms)

C; = 120_6(m3 + my —mg)

Cs = —2¢'2—6(5mg + 2my — 8mg + 4mg + 96mzmy — 84mame + 24mzms — 32mj + 36mame

—6mg + 96m3mi)

Cg — c—12
Cio = 20_6(1 + 6m3)(—1 + 3mg — 6m4)
Cii = —2¢7"2—6(1—10m3 + 28my — 12mg — dms + 4(3m3 — 72mgmy + 93mzme — 36mzms

+82m3 — 90myme + 36mams — 3mg) + 72(4mj — 6mima — 3m3mg + 2mzmame + 4ms))
Cips = 2¢712
Cis = 6¢ 5(ms3 + 6my — 8mg + 4mg — 12m32 + 24magmy + 16m3)
Cia = —4¢ " +3(1 + 4(m3 + 6my — 5meg) + 12(2m3 — 10mzmy + Tmame — 6mams + 24mj
—38mamg + 8mymsg + 14m2 — dmgmg) + 24(3m3 — 18m3my — 6mamsg
—18mgm} + 12mgmame + 16m3 — 8mime) + 144m3(3m3 — 12mamy + 2m3))
Cis = ¢ '3(3+4 18ma)
Cie = =3¢ °(1+4(5my — 3me + ms) + 4(3m3 + 10m3) + 72m3)
Cir = —6¢ (1 +6ms3) + 3(1 + 4m3z + 20myg — 38mg + 20mg — 4(9Im3 — 12mams — 26mj
+42mymeg — 24mymsg — 9m§ + 6mgmsg) — 24(12m§ - 27m§m6 + 12m§mg
+16m3mi — 2dmsmgyme + 9m3m§ — 12msmymsg — 16m2 + 1Omim6)
+144m3(3m3 — 18m2my — 3mime + 28mam?3 — 4m3)
121+ 18m3 — 24my)
%1+ 6m3)( —1—12mg3 — 24my + 26mg + 72mg(ms + m4))

Cis
Cro
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Cao

C'2 2

Cos

Coy
Cas

Cos

Cor
Cas

Cog

C3o

¢ '?(—2 4 36m3 + 48my) + 3(1 + 2(13m3 + 6my — 15mg + 6ms) — 12(m3 — 36mamy
+27msmg — 12mgmg — 2m3 + 20myme — 4mgmg — 33m2 + 24mgmg — 4m2)
—24(6m3 + 6m3my — 96mame + 36mims — 60mam? + 114mamyms
—48mazmymg + 15mam?2 — 20m3 + 24m3me + 8mimg — 12mam?2) + 96(18mj
—36mimy — 2Tm3me + 54mim3 + Imimyme — 24mami + 2m3) + 2592mg)

¢ '2(2 + 30m3 — 12my)

6c%(3msz — d4my + 12me — 8mg + 24m3 + 24mamy — T2mzme + 12mzmsg + 16m3
—24mgmg + 36m3 — 72mimy — 24mam?)

—2¢7 (2 4 30mg — 12my) + 2( — 39mg3 + T2my — 24mg + 6ms + 6(3m3 — 108mgmy
+117mame — 26mamg + 190m3 — 240mymeg + 60myms + 90mz — 36mems)
+36(6m3 — 18m2my + 18mimes — 12mimg — 12mam? + 36msmyme

79m3m§ — 6mamemg + 52m3 — 36m3amg + 6m4m§) — 216m3(6m§

—3mime — 28mam; + 30mamame — 2mime) + 3888m§(m3 - 2m4))

6¢12(5ms — my + meg)

=3¢ — (1 + 12(2mg + 5my — 4mg + ms) — 12(3m3 — 36mamy + 12mgmg
—12mgmg — 34m3 + 36mame — 3mg) + 72mz(9m3 + 12mgmy — 4m3))
12¢712(—5mg + 6my — me) + 6(1dmg — 26my + 19mg — 4ms + 288mamy
—264msmg + 96msgmsg — 400mi + 540mymeg — 144dmymsg — 96m§ + 36mgmsg
—72m3 + 864m3my — 1188m32me + 720m3mg — 48mam3

+144mzmy(9Ime — 5mg) — 36mame(9Imeg — 4mg) — 576m? + 350m3Ime + T2mam?
—36mg — 1296m3 + 216m3(24my + 3me + 2msg) — 3168m3im3 — 864mimyme
+288mam3 (5ma — me) + 1296m3 + 2592m3my — 864mim3)

¢ (= 1+ 6(2ms — 6my + 3mg) + 36m3)

=3¢ +3¢70(1 + 4(2m3 + 6my — 3mg) + 12(2m3 + dmgma + 3(—2my + me)?)
—144m3(ms — 2ma))

2¢12 (1 —6(2ms — 6my + 3mg) — 36m§) — 1+ 6(14mg — 30my + 33mg — 16myg)
+12(24m3 + 6m3(19my — 20mg + 3ms) — 200m} + 372mame — 144myms
—231mg + 180mems — 36m3) + 216(3m3 + 2m3(Tma — 23mg + Ims)
—2mg(mi8mameg + 12mams — 17mg + 6mems)) — 432(39m3 — 6m3(11my

+8mg — mg) + 3m3(22m} + 20mame + mg) — 12mam3 (2ma + me) + 4mj)
21+ 12(m3 + my — mg) + 36m3)

—6¢7 "% +2¢7%(1 — 3(mg — 8my + 16mg — 8mg) — 6(15m3 — 12mgmy

—6mgmg — 6mams + 8mj — 12mame + 6mg) + 36(9m3 — 2mzm3))
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Csp = 2¢ (1 412(m3 + my + mg) + 36m3) — 1 — 12(8my — 5me + ms)
+12(3m3 — 3ms(8my — 5me + 8ms) — 118m3 + 12ma(9me — ms) + 3me(Tme — 4ms))
+72(12m3 — 3m3(18my — 3me + 4ms) + mz(—40mj + 84mymg — 48myms
+6mgms) — 68m3 + 100mime — 42mamg + 6m) — 432ms(15m3
+3m3(4my + 9me — 4ms) + ms(44m3 + 24myme — ImgG) + 2m3(—8my + me))
+5184m3 (3m3 — 9mamy + 2m3) (D.1)

E (2,3,5) case: additional formulas

E.1 The basis of §’s

In § 6.6, we have found a {orthonormal) basis d,...,ds of E < E. Tts expression in terms of the
canonical basis of F is:
5 = %(éo—ﬁé1 + 6y —é3 — 96y — &5 — 4ég — é7 + ég — 11ég
+€10 — 6€11 + €12 — €13 — 9€14 — €15 — 4€16 — €17 + €18 — 11é1g
+E29 — 6621 + €22 — €93 — 9€2q — €25 — 426 — €27 + €28 — 11é29)
§y = %(éofGél — 96y — 3 + 64 — 65 — dég — 1167 + ég — &9
+eé10 — 6€11 — 912 — €13 + €14 — €15 — 4€16 — 11é17 + €15 — €19
+é90 — 6891 — 9629 — 93 + €24 — €95 — 4égs — 11E07 + €5 — Ea9)

1
03 = @(3&)-}—3@2+é3—3é4+é5+8é6—5é7+3é8+é9

—3é10 + 6611 + 3612 — bé13 + €14 + €15 + 2616 + €17 + 3€18 — Héqg

+3é50 + 6621 — 392 + €93 + 3624 — Déas + 8a¢ + €27 — 3éag + égg)

04 = —e_10(d3)

o = l(f)

d6¢ = —e10(d3)

o7 = L2(f1)

b = %(11@0 + 461 + 1165 + 9é3 + 11é4 + 9é5 + 666 + 9é7 + 11ég + 9é

+11é1g + 411 + 11é19 + 9€13 + 11€14 + 9é15 + 6€16 + 9é17 + 11é18 + 9é19
+11éog + 4éo1 + 11é99 + 9€93 + 11€94 + 9éo5 + 626 + 9é97 + 11€9g + gégg), (El)

where ¢, is a linear operator reverting the order of the canonical basis, and ¢j, is the shift:

Vj€Zso,  12(&5) =é2—j,  ex(é)) =€k (E.2)
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E.2 Two-point function

w

/

_ 1
T 2274168727208063179297410229829 ZkeZso

2005578886156579626234908709016
—181850671509615045845883695564
—398832024581226871603715770986
494023035051327637314292878686
—72481828443769717690937743838
—478705354064380740163879665333
—272221635191729696024320996996
531983641045281729652509079403
80216473933964133567145532937
—883637678946883204685258803332
41855358216453085931546308030
488985776484254042177463041119
—189525571049715363422540854413
—698861535159392744131953611950
416719334036478522315020112595
—63665858634089577006092269410
—331136157745715176730745158182
—130237342982970710128084520404
265307029451540743194145338690
808107200558064801506713158162
—1296344276492615387004191464157
—172825427679090502479437872628
540357624573790525657246218981
288569873075710680412572798533
—829286452152780352970281977032
—208718755181947007992291618146
469048115641896378902924682251
—353746327005159310155414152581
—429254876353150450356202936896
560579424948889951524745253445
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wy, €, with the following coefficients:



References

[1]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. Bar-Natan, S. Garoufalidis, L. Rozansky, and D.P. Thurston. The Aarhus integral of rational
homology 3-spheres I: a highly non trivial flat connection on S3. Selecta Mathematica, 8(3):315—
339, 2002. g-alg/9706004.

D. Bar-Natan, S. Garoufalidis, L. Rozansky, and D.P. Thurston. The Aarhus integral of ratio-
nal homology 3-spheres II: invariance and universality. Selecta Mathematica, 8:341-371, 2002.
math.QA /9801049.

D. Bar-Natan, S. Garoufalidis, L. Rozansky, and D.P. Thurston. The Aarhus integral of rational
homology 3-spheres III: the relation with the Le-Murakami-Ohtsuki invariant. Selecta Mathemat-
ica, 10:305-324, 2004. math.QA /9808013.

D. Bar-Natan and R. Lawrence. A rational surgery formula for the LMO invariant. Israel J.
Math., 140:29-60, 2004. math.GT /0007045.

C. Beasley. Localization for Wilson loops in Chern-Simons theory. 2009. hep-th/0911.2687.

C. Beasley and E. Witten. Non-abelian localization for Chern-Simons theory. J. Diff. Geom.,
70:183-323, 2005. hep-th/0503126.

A. Beliakova and T.T.Q. Lé. On the unification of quantum 3-manifold invariants, volume 46,
pages 1-21. World Scientific, New Jersey-London-Singapore-Beijing-Shanghai-Kong Kong-Taipei-
Chennai, 2012. math.GT/1106.6298.

K. Binder and D.W. Heermann. Monte Carlo Simulation in Statistical Physics — An Introduction.
Graduate Texts in Physics. Springer, Berlin, 5 edition, 2010.

M. Blau and G. Thompson. Chern-Simons theory on S!'-bundles: abelianisation and g-deformed
Yang-Mills theory. JHEP, 0605(003), 2006. hep-th/0601068.

M. Blau and G. Thompson. Chern-Simons theory on Seifert manifolds. JHEP, 33, 2013. hep-
th/1306.3381.

G. Borot, J. Bouttier, and E. Guitter. Loop models on random maps via nested loops: case of
domain symmetry breaking and application to the Potts model. J. Phys. A, special issue in honor
of F. Wu, 2012.

G. Borot, A. Brini, and A. Klemm. Large rank dualities for Chern-Simons theory on quotients

of 3-sphere.

G. Borot, B. Eynard, M. Mulase, and B. Safnuk. A matrix model for simple Hurwitz numbers,
and topological recursion. J. Geom. Phys., 61(26):522-540, 2010. math-ph/0906.1206.

G. Borot, B. Eynard, and N. Orantin. Abstract loop equations, topological recursion, and appli-
cations. 2013. math-ph/1303.5808.

G. Borot, A. Guionnet, and K. Kozlowski. Large-N asymptotic expansion for mean field models
with Coulomb gas interaction. 2013. math-ph/1312.6664.

V. Bouchard, A. Klemm, M. Marino, and S. Pasquetti. Remodeling the B-model. Commun.
Math. Phys., 287:117-178, 2009. hep-th/0709.1453.

90


http://arxiv.org/abs/q-alg/9706004
http://arxiv.org/abs/math/9801049
http://arxiv.org/abs/math/9808013
http://arxiv.org/abs/math/0007045
http://arxiv.org/abs/0911.2687
http://arxiv.org/abs/hep-th/0503126
http://arxiv.org/abs/1106.6298
http://arxiv.org/abs/hep-th/0601068
http://arxiv.org/abs/1306.3381
http://arxiv.org/abs/1306.3381
http://arxiv.org/abs/0906.1206
http://arxiv.org/abs/1303.5808
http://arxiv.org/abs/1312.6664
http://arxiv.org/abs/0709.1453

[17]

[18]

[19]

[20]

[21]

[22]

[25]

[26]

[27]

[28]

[33]

[34]

A. Brini, B. Eynard, and M. Marino. Torus knots and mirror symmetry. Annales Henri Poincaré,
2012. hep-th/1105.2012.

P. Deift. Orthogonal polynomials and random matrices : a Riemann-Hilbert approach. AMS,
New York, 1998. Courant Institute of Mathematical Sciences.

B. Eynard. Gravitation quantique bidimensionnelle et matrices aléatoires. 1995. These de
doctorat, Université Paris VI (1995).

B. Eynard and C. Kristjansen. Exact solution of the O(n) model on a random lattice. Nucl.
Phys. B, 455:577-618, 1995. hep-th/9506193.

B. Eynard and C. Kristjansen. More on the exact solution of the O(n) model on a random lattice
and an investigation of the case |n| > 2. Nucl. Phys. B, 466:463-487, 1996. hep-th/9512052.

B. Eynard and N. Orantin. Invariants of algebraic curves and topological expansion. Commun.
Number Theory and Physics, 1(2), 2007. math-ph/0702045.

B. Eynard and N. Orantin. Computation of open Gromov-Witten invariants for toric Calabi-Yau
3-folds by topological recursion, a proof of the BKMP conjecture. 2012. math-ph/1205.1103.

P. Freyd, D. Yetter, J. Hoste, W.B.R. Lickorish, K. Millett, and A. Ocneanu. A new polynomial
invariant of knots and links. Bull. Amer. Math. Soc., 12:239-246, 1985.

S. Garoufalidis and T.T.Q. Lé. Is the Jones polynomial of a knot really a polynomial ? J. Knot
Theory Ramifications, 15:983, 2006. math.GT/0601139.

S. Garoufalidis, T.T.Q. Lé, and M. Marifo. Analyticity of the free energy of a closed 3-manifold.
SIGMA, 4(080), 2008. math.GT/0809.2572.

M. Geck and G. Pfeiffer. Characters of finite Cozeter groups and Iwahori-Hecke algebras. Num-
ber 21 in London Mathematical Society Monographs. Oxford Science Publications, 2000.

R. Gopakumar and C. Vafa. On the gauge theory/geometry correspondence. Adv. Theor. Math.
Phys., 3:1415-1443, 1999. hep-th/9811131.

N. Halmagyi and V. Yasnov. The spectral curve of the lens space matrix model. 2003. hep-
th/0311117.

V.F.R. Jones. Polynomial invariants of knots via von Neumann algebras. Bull. Amer. Math.
Soc., 12:103-111, 1985.

E. Kalfagianni and X.S. Lin. The HOMFLY polynomial for links in rational homology 3-spheres.
Topology, 38(1):95-115, 1999. math.QA /9509010.

J. Kéllén. Cohomological localization of Chern-Simons theory. JHEP, (8):1-32, 2011. hep-
th/1104.5353v2.

A. Kapustin, B. Willett, and I. Yaakov. Exact results for Wilson loops in superconformal Chern-
Simons theories with matter. JHEP, (1003:089), 2010. hep-th/0909.4559.

L.H. Kauffman. An invariant of regular isotopy. Trans. Amer. Math. Soc., 318(2):417-471, 1990.

91


http://arxiv.org/abs/1105.2012
http://arxiv.org/abs/hep-th/9506193
http://arxiv.org/abs/hep-th/9512052
http://arxiv.org/abs/math-ph/0702045
http://arxiv.org/abs/1205.1103
http://arxiv.org/abs/math/0601139
http://arxiv.org/abs/hep-th/9811131
http://arxiv.org/abs/hep-th/0311117
http://arxiv.org/abs/hep-th/0311117
http://arxiv.org/abs/q-alg/9509010
http://arxiv.org/abs/1104.5353
http://arxiv.org/abs/1104.5353
http://arxiv.org/abs/0909.4559

[35]

[36]

[38]

[39]

[41]

[42]

[48]

LK. Kostov. O(n) vector model on a planar random lattice: spectrum of anomalous dimensions.
Mod. Phys. Lett. A, 4:217, 19809.

R. Lawrence and L. Rozansky. Witten-Reshetikhin-Turaev invariants of Seifert manifolds. Comm.
Math. Phys., 205:287-314, 1999.

T.Q.T. Lé, J. Murakami, and T. Ohtsuki. On a universal perturbative invariant of 3-manifolds.
Topology, 37(3):539-574, 1998. ¢-alg.9512002.

M. Marino. Chern-Simons theory, matrix integrals, and perturbative three-manifold invariants.
Commun. Math. Phys., 253:25-49, 2004. hep-th/0207096.

N. Metropolis, A.W. Rosenbluth, M.N. Rosenbluth, A.H. Teller, and E. Teller. Equation of state
calculations by fast computing machines. The Journal of Chemical Physics, 21(6):1087-1092,
1953.

H.R. Morton and P.M.G. Manchén. Geometrical relations and plethysms in the Homfly skein of
the annulus. 78(2):305-328, 2008. math.GT/0707.2851.

N.Yu. Reshetikhin and V.G. Turaev. Ribbon graphs and their invariant derived from quantum
groups. Comm. Math. Phys., 127:1-26, 1990.

M. Rosso and V.F.R. Jones. On the invariants of torus knots derived from quantum groups. J.
Knot Theory Ramifications, 2:97-112, 1993.

E.B. Saff and V. Totik. Logarithmic potentials with external fields. Comprehensive Studies in
Mathematics. Springer, 1997.

H. Seifert. Topology of 3-dimensional fibered spaces. Academic Press, 1980.

P. Vogel. Algebraic structures on modules of diagrams. Journal of Pure and Applied Algebra,
215(6):1292-1339, 2011.

E. Witten. Quantum field theory and the Jones polynomial. Commun. Math. Phys., 121:351,
1989.

E. Witten. Chern-Simons gauge theory as a string theory. Prog. Math., 133:637-678, 1995. hep-
th/9207094.

E. Witten. Two lectures on the Jones polynomial and Khovanov homology. 2014. math.GT-
/1401.6996.

92


http://arxiv.org/abs/q-alg/9512002
http://arxiv.org/abs/hep-th/0207096
http://arxiv.org/abs/0707.2851
http://arxiv.org/abs/hep-th/9207094
http://arxiv.org/abs/hep-th/9207094
http://arxiv.org/abs/1401.6996
http://arxiv.org/abs/1401.6996

	1 Introduction
	2 The matrix model
	3 Algebraic theory of sheet transitions
	4 Seifert fibered spaces and Chern-Simons theory
	5 Spectral curve and 2-point function : inhomogeneous part
	6 Spectral curve and 2-point function: case study
	7 Topological recursion
	8 Generalization to SO and Sp Chern-Simons
	9 Numerical estimates of equilibrium distributions
	A Proofs of Section 2
	B Finite subgroups of PSL2(C)
	C Case (2,3,3): matrices of singularities
	D (2,3,4) case: polynomial equations
	E (2,3,5) case: additional formulas

