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DIFFERENCE EQUATIONS FOR GRADED CHARACTERS FROM
QUANTUM CLUSTER ALGEBRA

PHILIPPE DI FRANCESCO AND RINAT KEDEM

ABSTRACT. In this paper, we construct graded tensor product characters in terms of
generalized difference Macdonald raising operators which form a representation of the
quantum Q-system. Characters for the graded tensor product of Kirillov-Reshetikhin
modules were expressed as the constant term of a non-commutative generating function
[DFK14]. This function is written in terms of the generators of a quantum cluster algebra,
subject to recursion relations known as the quantum Q-system. The latter form a discrete
non-commutative integrable system, with a set of commuting conserved quantities. In
type A such conserved quantities can be treated as analogues of the Casimir elements
of U,(sl,4+1). We show that the graded tensor product character is the analogue of a
class I Whittaker function (to which it reduces in the Demazure case), and that the
difference equations which follow from the action of the conserved quantities on characters
generalize the difference quantum Toda equations of Etingof [Eti99]. Finally, we construct
the graded characters as solutions of these equations, by introducing a representation of
the quantum Q-system via difference operators which generalize the Macdonald raising
difference operators of Kirillov-Noumi [KN99] in the dual Whittaker limit.
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1. INTRODUCTION

Let g = sl,; and consider the recursion relation known as the @-system [KNS94] asso-
ciated with g:

(1.1) Qaji1Qak-1 = Qo — Qa-14Qar1 s Qo = Qrirg =1,

with a € [1,7] and k € Z. Here, Q,  are commuting, invertible variables.
Considered as a discrete evolution in the variable k, any @, (L)) is determined once
an appropriate set of 2r initial data is specified. For example, given the initial data set

SO = {Qa,0>Qa,l YOS [17T]}7
any Q. can be expressed as a function of the elements of Sy: In fact, it is Laurent
polynomial in this data [Ked0§].
In the context of the representation theory of g, the most commonly used initial data set
is
(12) Qa,O = 1, le = chV(wa), o€ []_,’f’],

where w, are the fundamental weights of g, and V(w,) are the fundamental irreducible
modules. In this case, for any k& > 0, Qur = chV(kw,) for k& > 0. Here, V(A) is the
irreducible highest weight module of g with highest weight A with A € P* a dominant
highest weight of g.

By a slight abuse of terminology, we refer to irreducible g-modules with highest weights of
the form kw, as Kirillov-Reshetikhin (KR )-modules in this section. These are the restriction
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of the usual KR-modules of g[t] to g, in the special case of g = sl,;. For any A in the
weight lattice of g we define £, by A =" lwa.

The @ system is integrable, in the sense that there exist r linearly independent quantities
C1, ..., Cy, which are Laurent polynomials in {Qux, Qar+1 : @ € [1,7]}, independent of k.
That is, they are preserved under the discrete evolution (ILT), and are also called conserved
quantities.

Since the @-system (L)) is a mutation in a cluster algebra [FZ02] of geometric type
[Ked08], it has a natural Poisson structure [GSV10], with respect to which the conserved
quantities are in involution. The associated quantization [BZ05] is called the quantum Q-
system [DFK1I], see Equation ([L3]). The quantum @-system is also an integrable discrete
evolution of noncommuting variables. It has r conserved quantities in involution with each
other, which are ¢-deformations of those of the Q)-system.

The first purpose of this paper is to derive quantum difference equations satisfied by
characters of graded tensor products of KR-modules. The integrals of motion of the non-
commutative ()-system play the key role in the construction of these difference equations. In
the simplest case, one can show that characters of Demazure or Weyl modules [CLO6L [FLOT],
i.e. the graded tensor products of fundamental KR-modules, satisfy difference equations
known as the (quantum) difference Toda equations of [Eti99], corresponding to U,(sl,+1).

Our next goal is to solve the difference equations satisfied by the graded characters by
introducing a representation of the quantum -system via difference operators that act
on (symmetric) polynomials of a variable z = (z1, 29, ..., 2,11). In terms of the associated
quantum cluster algebra, the initial seed is made of the degenerate Macdonald difference
operators for s/, corresponding to the limit ¢ — oo (dual to the Whittaker limit ¢ — 0)
[Mac95], as well as the corresponding degenerate Kirillov-Noumi raising difference operators
[KN99).

1.1. Background. Let us recall some relevant definitions.

1.1.1. Graded tensor products of KR-modules. Let {V; : i € [1, N]} be a finite set of g-
modules, which are restrictions to g of KR-modules of g[t|]. Thus, each V; is parameterized
by two integers, o € [1,7] and j € N, such that the highest weight of V; is jw,. The set
{V; :i € [1, N]} is thus specified by a multi-index

n=(n": aclr],jeN)

where ng»a) is the number of modules with highest weight jw, in the set. As we only
consider tensor products of finitely many such modules, we define the level of any given

tensor product to be the integer

(1.3) k = Max{j| 3o such that nga) >0}
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Define the tensor product multiplicity
M,y = dim (Homy (Vi ® - - @ Vi, V(X)) ,

where V() is a finite-dimensional, irreducible g-module with highest weight \.

The combinatorial Kirillov-Reshetikhin formula [KR87, HKO™99] is an explicit, fermionic
formula for this integer. It has its origin in the Bethe anstaz solution of the generalized,
inhomogeneous Heisenberg spin chain, where it counts the number of Bethe vectors, con-
jecturally the dimension of the Hilbert space, in a fixed sector of the Hamiltonian.

The Bethe ansatz solution of the Heisenberg spin chain is also the origin of the graded
version of the multiplicities, My x(¢), as well as the original physical interpretation of the
grading [KKMMO93]. The Bethe ansatz quite generally leads to such fermionic formulas for
the linearized spectrum for any model which can be solved using this method. In condensed
matter physics, this is called Haldane statistics.

In its ungraded version, the KR-conjecture was proven in a series of steps, originating
in the work of [HKO™99|, then using a function space realization in the spirit of [SE94] in
[AKO07], and finally proving [DFKOS| the identity of the different fermionic sums found in
[HKOT99] and J[AKOQT7]. See [Kedll] for a full explanation of this sequence of steps.

1.1.2. Constant term identities. A key feature of the proof in [DFKO0§| is the re-expression
of My as an evaluation of the constant term in a monomial expression in solutions of the
Q-system (LT)). Define for any level k tensor product:

r k (@)
(1.4) MY = <H Qu (H QY ) (Qa,mQ;&nH)‘“*l> L om >k,
a=1 7j=1

where (-) means the following:

Definition 1.1. Given a Laurent series f(So) in the initial data of the Q-system, the
expression (f(Sy)) is obtained by the following two step procedure:

(1) Evaluate f at Quo =1 for all o;

(2) Extract the constant term in Qa1 for all a.

The expression ([4)) is thus obtained by expressing all (), ; as Laurent polynomials in
the variables of Sy, and then following these two steps.

For any fixed finite n, there exists p > k such that Mt(lp ;Z) = Mt(lp ) for any ¢ > 0. In that
sense we have the following: 7 7

Theorem 1.2. [DFKO0§| With Mr(l”f\) defined by equation (IL4)), the tensor product multi-
plicities are given by:

lim MY = M.

m—o0
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In [DEK14] we generalized this identity to the case of the quantum @-system, thus ob-
taining a constant term identity for the graded multiplicities of [KR87, [FL99], see Equation
(LII). This provides yet another interpretation for the grading. We note that in especially
simple cases, the graded tensor products are the characters of Demazure modules [FLO7]
or Weyl modules [CLOG].

1.1.3. The quantum Q-system. A constant term identity for M, (¢~') was derived in
[DFK14] in terms of solutions of the quantum @-system, defined as the natural g-deformation
of the @Q-system (L)) in terms of its cluster algebra structure.

Thus, let A be the algebra generated by the non-commuting variables {Qﬂf D a €
[1,7],k € Z} over Z[t,t™'] modulo the ideal generated by the relations (LH) and (L8]
below. The first is called the quantum @-system:

(1.5) 20 Q11 Qup1 = Q2 1 — Qa-16Qas14s Qok = Qrp1x = 1.
The variables Q, ; are subject to the following commutation relations:

(1.6) Qi Qpp = thet® =R .0 v (k=F| < |a—Bl+1).

The matrix A is proportional to the inverse of the Cartan matrix of g:

(1.7) Ao = Min(a, f) (r +1 — Max(«, ), (o, B € [1,7]).

Here, t is an invertible central element of the algebra, which is related to ¢ via:
(1.8) q=t"""

Note that all the variables Q,  for different o and fixed £ commute among each other. In
Section 2.1, we provide a brief review of the discrete integrable structure of the quantum
Q-system. Explicit solutions were worked out in detail in Ref. [DET11].

As a consequence of the Laurent property of quantum cluster algebras, we have

Lemma 1.3. Given a set of initial data 8g = {Qq0, Qa1 : @@ € [1,7]}, any element Q, i can
be expressed as a Laurent polynomial of the elements of 8o, with coefficients in Z[t, t'].

Definition 1.4. The normal ordered expression of a Laurent series in the variables of 8
is the expression obtained, using the commutation relations (LG), when all the Q.o are
written to the left of all the Qg 1, for all o, B.

To define the non-commutative analogue of step (1) in Definition [Tl of the “evaluation
of Quo at 17 of an expression in the quantum cluster variables, we need the following
definitions.

Definition 1.5. The map ev : Z[t,t='][Qx0, Q2] — Z[t, t71][Q1}] is given by (1) normal
ordering a Laurent polynomial in the variables in 8y, and then (2) setting Quno = 1 for all

a in the normal-ordered expression.
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Definition 1.6. The map evo : Z[t, t7'][Qx 5, Qx1] — Z[t, t71][Qx 1] is given by (1) normal
ordering a Laurent polynomial in the variables in 8y, and then (2) setting Qa0 =1t~ 2phas
for all a in the normal-ordered expression.

These two definitions are related in the following manner.

Lemma 1.7. For any Laurent polynomial f € Z[t,t'][Qq 5, Qx}], we have:

ev (H Qs.1 f) = (H QB,l) evo(f)
B=1 p=1

Proof. We simply note that the commutation relations (L6]) imply: (H;Zl ngl> Qo =
t 2 AQ’BQ(%Q ngl Q@l. [

The above definitions extend to Laurent series as well, and will allow us to define the
quantum analogue of step (2) in Definition [Tl

Note that there is a stronger version of Lemma [[.3] which is a polynomiality property
due to the specific form of the quantum @-system (see Corollary 5.13 of [DFK14]):

Lemma 1.8. Let f be a polynomial of the variables {Qqn 5, € [1,7],k > 1}, obeying the
quantum Q-system. Then evy(f) € Z[t,t7 [{Qp1, 8 € [1,7]}], namely it is a polynomial
of the variables {Qg 1} gen . with coefficients which are Laurent polynomials in t. Equiva-
lently, ev(I 15, Q.1 f) € (H;Zl Qg,1> Z[t, t7[{Qp.1, 8 € [1,7]}] is also a polynomial of the
variables {Qp 1} gepr, which is a multiple of [[5_; Q1.

Note that the second statement is an immediate consequence of Lemma [[.7]

Definition 1.9. Given a Laurent series f in {Q., « € [1, 7]} with coefficients in Z[t, 1],
the map CT(f) is the constant term in Q1 for all a.

Finally we define the non-commutative analogue of the map (-):

Definition 1.10. Given a Laurent series f in {Q_, o € [1,7]} with coefficients in Z[t,t'][Qx g],
we define the map ¢ = C'T o ev that sends such a series to a polynomial in Z[t, t~] by first
evaluating the normal ordered expression of f at all Qoo = 1, and then extracting the
constant term in all Qg 1.

1.1.4. Constant term identity. Let A = low, € PT. In [DFK14] we proved the following
theorem:
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Theorem 1.11. [DFK14] The Graded multiplicities of the irreducible components in the
level k M-sum formula of [KR87| can be expressed as

Man(q) = tZesani?host3(Ca bohaect 00 m ™ Min(i) o i)
r k r r
n{® : _
(1.9) ¢ ((H Qa,l%,%> (H [T ) 11 ,}LrgJQa,kQa;H)@a“) ,
a=1 i=1 a=1 a=1

where Q.. , are the solution of the quantum Q-system (L5]).

Note that in Equation (I.9), the monomial involving the Q, ; becomes a polynomial of the
initial data variables Q, ; after the evaluation step of Definition[I.5] as a consequence of the
polynomiality Lemma [[.8] and the obvious property that ev(fg) = ev(ev(f)g). However
the “tails” limg_ o0 Qo Q;jg 41 are Laurent series in Q;,ll, for @ € [1,r]. Therefore, the
constant terms pick only finitely many contributions.

1.2. Main results. In this paper, we use the integrable structure of the quantum @)-system
to derive difference equations for the graded characters xn(q; 2) = >, Mnx(q)sr(z), where
sy are the Schur functions. The derivation uses the explicit expressions for the conserved
quantities of the quantum @-system and their action on the constant term type matrix
elements.

For the case of level 1, when Vi,...,Vy are chosen to be fundamental g-modules and
the fusion product is a Weyl module, these difference equations reduce to the g-deformed
(relativistic) Toda equations. This allows in particular to identify the graded characters as
Macdonald polynomials in the so-called Whittaker limit ¢ — 0.

The higher level equations are new. Their general structure suggests to view the graded
characters as multi-partition generalization of the Macdonald polynomials in the Whittaker
limit.

Subsequently, we present the general solution of these equations, by expressing them
as the iterated action of a new set of raising difference operators in the variable z =
(21, ..., zr+1) on the constant function 1. These form a generalization of the Macdonald
difference operators in the limit ¢ — oo, dual to the Whittaker limit, and include in
particular the limit of the Macdonald polynomial raising operators introduced by Kirillov
and Noumi [KN99).

Our first result is that these difference operators provide a representation of the dual
quantum )-system. In particular, they obey the quantum commutation relations inherited
from the quantum cluster algebra structure.

1.2.1. Difference equations. We consider the graded characters xn (¢!, z), defined as

(1.10) Xa(@72) = Y Maa(q ")sa(z1, s 21)

AeP+
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where z := (21, ..., z,41) and 2125...2,41 = 1. The Schur function s, is the sl..; character
corresponding to the Young diagram corresponding to the weight A = . fw;, i.e. the
Young diagram \; = {; — &-HE

In Section 2.4 we derive a set of difference equations for the characters (ILI0), by using
the conserved quantities of the quantum )-system. The main result is the following:

Theorem [2.15l The graded characters xn = Xu(q',2), n = (nga))ae[lm];ie[lvk} at level k
satisfy the following difference equation for k > 1:

r+1
E Xn‘l'eafl,kfl_ea,kfl‘i'ea,k_ﬁafl,k

a=1

T
Z k—1-32F  in{® _

- q = Xn+5a71,k71_E(x,k71+5a+1,k_5a,k =€ (Z) Xn
a=1

(B

where the vector €, defined so that (ea,i)j ) — 98.00i4, and e1(z) = z1 + 20 + -+ - + Zp41.

We study the particular case of level £ = 1 in Section 3] where characters are identified
as special Whittaker functions, which are eigenfunctions for the U,(sl,) difference Toda
equation [Eti99].

1.2.2. Raising operators. Section @ introduces a solution of the difference equations of The-
orem in the form of iterated action of raising operators on the constant function 1.
We define difference operators which generalize the difference Macdonald raising operators
[KN99], in the limit ¢ — oo.

Remark 1.12. Note that our t in eq.(L8) is not to be confused with the t variable in the
theory of Macdonald polynomials and difference operators, for which the limit t — oo may
be thought of as a “dual Whittaker limit”. Indeed, as pointed out below, the duality of
Macdonald polynomials Pffl’tfl = PP allows to relate our limit t — oo to the so-called

Whittaker limit t — 0.

Define the maps Tj(z1, ..., 2r41) = (21, .., @24, ., 2r41) (recall that g = 7771, A(21, ..., 2p41) =
(tz1,...,tz41) and D; = T;0 A, extended by linearity to act on the space of functions in the
variables z with coefficients in Z[t,t71]. Let I be any subset of [1,7+1], and T = [1,7+1]\ I
its complement. Let

Z[:HZZ', DI:HDi, and al(z):HZ.iiz’.
i TR

el el iel
jer

INote that the restriction that the product of z;’s is equal to 1 means that we can use A to index the
Schur function rather than A.
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Then we define D, ,, to be operators acting on the space of functions in z with coefficients
in Z[t,t7'] as follows:

Ao,a

(1.11) Do =1t~ 7

nXheifes N (z)ap(z) Dy a€[0,r+1], neZ.

IC[1,7+1]
[ T|=a

Thus, Dy, =1 and D, 1, = 1 since z125...2,41 = 1.
The crucial property satisfied by the operators D, is the following:

Theorem The operators D, , satisfy the dual quantum Q-system for A, :

DanDpp = t7H20W Dy, Dy, (p—n| <[B—al+1)
t_Aa’a ®a,n+1 ®a,n—1 = (pa,n)2 - t_r_lpa—l—l,n ®a—1,n

The dual quantum @-system is obtained from the equations (IL5]) and (I.€) by application
of an involutive antihomorphism that simply reverses the order of products and preserves
t. The main result of Section Ml is the following expression for the graded characters:

Theorem 4.6l The graded characters for sl,.1 at level k are given by:
Zi,j,a,ﬁ nga)Mln(%])Aavﬂn;ﬁ)+Z'L,a,ﬁ nz('a)Aa,B—i_% Za Aa,a+za<5 AQ,B

X H(@a,k)n;ia> ﬁ(ﬂa,k_l)”’(f)l e ﬁ(Da,1>n;a) 1

a=1 a=1 a=1

1
Xnlg hz) = t2

This may be reformulated as follows. Expressing the graded characters as x,(q¢™ ', z) =

V([ L. QZ(Z)) in terms of some linear form ¥ defined on polynomials p € Z[t, ¢ '][{Qa.}]
(see Definition .14]), we have a natural action of Q, by right multiplication: Q, o W¥(p) =
U(pQqx). We will show that this action is represented by the left action of the difference
operator D, 5, namely

Qa,k o \Il(p) = pa,k \I](p>
Theorem [A.6] will follow by noting the normalization condition that W(1) = 1.

Finally we focus on the case of sy in Section Bl where we also give alternative proofs of
the theorems above, and find some explicit compact formulas for the graded characters.

Acknowledgments. We thank O.Babelon, M.Bergvelt, A.Borodin, I. Cherednik, I.Corwin,
V. Pasquier, and S.Shakirov for discussions at various stages of this work. R.K.’s research
is supported by NSF grant DMS-1404988. P.D.F. is supported by the NSF grant DMS-
1301636 and the Morris and Gertrude Fine endowment. R.K. would like to thank the
Institut de Physique Théorique (IPhT) of Saclay, France, for hospitality during various
stages of this work.
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2. FROM CONSERVED QUANTITIES TO DIFFERENCE EQUATIONS

In this section, we derive difference equations for the graded characters, by using the
explicit conserved quantities of the quantum @-system (LH). The quantum Q-system may
indeed be viewed as an evolution equation in a discrete time for non-commuting variables,
which is integrable, namely possesses sufficiently many conservation laws.

The section is organized as follows. We first describe in detail the conserved quantities of
the quantum Q-system (Sect. 2.1]), as described in [DEKII]. After introducing the suitable
generating functions (Sect. 2.2]), we first show how conserved quantities act at infinite time
by multiplication by a scalar (Sect. 2.3)). Finally the action at finite time is shown to lead
to difference equations (Sect. 2.4)).

2.1. Conserved quantities of the quantum @-system. The quantum @-system (L0
is a discrete, non-commutative integrable system [DFKI11]. In particular, we have r dis-
crete independent conserved quantities, C,,, which are the coefficients of a linear recursion
relation satisfied by {Q; } with r + 2 terms, and which commute with each other.

We will need explicit expressions for these conserved quantities. This is can be done
combinatorially by first defining the hard particle model with non-commutative weights.
Let § be an unoriented graph with N vertices Gy labelled by i € [1, N], and unoriented
edges G; connecting the vertices. To each vertex ¢ we associate a weight y;, where the set
{y1,v2, ..., yn } are non-commuting variables.

Definition 2.1. A hard particle configuration H on G is a subset of Go such that the pair
1,7 € H only if there is no edge in G, connecting i and j.

We may think of such a subset of Gy as being “occupied” by particles, with the hard core
condition that edges of G can be adjacent to at most one such particle. Denote the set of
all hard particle configurations on G by Ggp.

Definition 2.2. The weight of a hard particle configuration H on G is the product of the
weights of the vertices in H, written in descending order. That is, the weight of the set
{’il, ,’Lk} with ’il < 7:2 < -0 K Zk 18 YirYip_1 " Yiq -

Definition 2.3. The hard-particle partition function Zg(y1,...,yn) on G is the sum over
all hard particle configurations on G of the weights of the configuration.

(2.1) Zg(yn,un) =1+ D Uil Ui

k=1 sceelP:joc|=k
1<y <ig-+<i,

The k-particle partition function is given by the term with fixed k in (211, and is denoted
k
by Z8 (g1, oy yn).
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Now let {Q,, : o € [1,7],n € Z} be a set of solutions of the quantum ()-system. Define
the weights y;(n) as the following ordered monomials:

(2.2) Y2a—1(n) = Qa,n—i—lQ;il,nHQ;,ana—l,n
(2'3) y2a(n) = _Qa-i-l,n-‘rlQ;,1n+1Q;,1nQa—l,n
Moreover, define the graph G, with 2r + 1 vertices as follows:
1 2 4 6 2r-2 2r 2r+l
@ Ce @
5 = W \/
3 5 2r-1

Theorem 2.4. [DEKTII] The following Laurent polynomials are independent of n:
(24) Cm = é:ﬂ) (yl(n)a yQ(n)> RS y2r+1(n))> (m € [07 T+ 1])7

The m'™ quantity is the hard-particle partition function on G, with m particles. Then
C1, ...,C. are algebraically independent, commuting elements of A, which are called the
conserved quantities of the quantum Q-system. In particular, we have Cy =1, and C,11 =

r(r+1) |
2 1s a central element.

Example 2.5. Forr =1 (case of sly), where Qq,, = Qo,, = 1, we have Cy = 1,Cy =t and

C1 = y1(n) + y2(n) + ys(n),
where yi(n) = Ql,n-l-lQl_,}w ya2(n) = —Ql_’,llJrlQ_1

1n

and ys(n) = 7}, Q1.0

Example 2.6. For r = 2 (case of sl3), where Qq,, = Q3, = 1, we have Cy = 1,C3 = 3
and

Ci = yi(n) +y2(n) +ys(n) + ya(n) + ys(n),
Cy = (ys(n) +wa(n) +y5(n)) y1(n) + ys(n) (y2(n) + ys(n)),
where
y1(n) = Qi1 Qins %2(n) = =019, 1900 ¥s(n) = Q2019701955 1,
ya(n) = _92_,;+1Q2_,71191,n, ys(n) = Qz_}zﬂgm-

Let us denote by G the 2r +1 x 2r + 1 adjacency matrix of the graph §,. The variables
Yo(n) have particularly simple commutation relations, as a consequence of (L@l). We have
forany 1 < o < < 2r+ 1 [DF1I]:

Ya(n) ys(n) = ¢~ ys(n) ya(n).

For later use, let us introduce the quantities

A
1 e

(2.5) Ha,k = Qakaa,k-i-l’ fa,k =12 Ha,k.



12 PHILIPPE DI FRANCESCO AND RINAT KEDEM

As shown in reference [DFK14], &, is expressible as a formal power series of the variables
Q;,ll with coefficients which are Laurent polynomials of the Qg’s, and the limit £ — oo
exists. We denote it by

(26) ga = khm ga,k-

The conserved quantities C; are independent of n, and they are easy to evaluate in the
limit n — oo:

(2-7) Y20 := lim yza(n) =0 and ysu-1:= nll_{Tolo y2a—1(n) =15 §a—1§;1

n—oo

Thus, all conserved quantities may be written in terms of the functions &,. Since the
odd vertices 1,3,5,...,2r + 1 of G, are not connected by edges, the odd-numbered weights
{y2i41(n) : i € [0,7r]} commute among themselves. The hard particle partition functions
are simply the elementary symmetric functions in the odd variables of Equation (2.7):

Cm = g Y2i—1Y2i_1—1 " " Y26, -1

1< <ig <+ <im <r+1

(2.8) = 7 > || [Tt

1<dy <ip <o <i <r+1 £=1

The formula is also valid for Cy = 1 and C\y1 = yo,i1¥Yor—1-- Y1 = tr(? o Moreover, it is

immediate from (2.8) that all the conserved quantities C,,, commute among themselves, as
the yoq_1 do. Thus, the quantum A, @)-system is a discrete integrable equation.

On the other hand, using Equation (24]) for the conserved quantities, each C,, may be
expressed as a Laurent polynomial in {Q, ,, Qunt1 1 @ € [1,7]} for any fixed n € Z. In
particular,

Lemma 2.7. The conserved quantity Cy for fized r is
r+1
(2-9) Ci = Z Q;anoz—lm (tTQam-i-lQ;El,nH - t_1Qa+l,n+1Q;,1n+1) )

a=1

where Q42 , = 0.
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Proof. Fix n and use the expression for the weights (2.2]) as well as the commutation

relations (LL6)):

r+1 r
Cro= > ppaci(n) + Y y2a(n)
a=1 a=1
r+1
B Z Aaa—2Ma,a-1+tAa1,0a-1()~1 -
_ thea 1 1 1Qa7nQa_17nQa7n+lQa—l,n+l
a=1

T
E A 1—A -1, 1—A R +A -1, —1 —1

_ t a,a+ «@ a+ a,a « aQa7nQa—1,nQa+l,n+IQa7n+1'
a=1

(2.10)
The Lemma follows from the identities:
Noo — 20001+ Noioo1 =1,
Aoar1 —No—1a41 — Moo+ Ao10 = —1.
O

2.2. Generating functions. We now turn to generating functions of graded characters.
Our aim is to rexpress eq. (LI0) by use of the quantum constant term identity (3.
Define the function 7(z), dependent on the variables z = {21, ..., 2,41} with 2y -+ 2,41 =1
as

r(2) = Aot Eaciton 3 T](€) oy (2)

AePt a=1

(2.11) = 0D ST [ sa(2)

AepPt a=1

with &, as in ([2.6). We use the usual convention for sl 1, where P7 is the set of dominant
integral weights or partitions of length r or less, and ¢; = \; — \;1.
Fix k > 1 and define the generating series of characters as a series in the indeterminates

Y = {Yai:a€[l,r],i€[1,k]}:

(2.12) G®(y) = o ((H Qa’l) <H (H Hﬁ)) T(Z)) :

Here, each rational function is defined to be a series in the variables y, ;, and the product
over i is ordered from left to right.
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(@)

The coefficient of Hw. yZZ in the formal series expansion of G*)(y) is defined to be

Gslk), with 0 = {na; acpnpicp i

(2.13) a® — ¢ ((H QaJ) (f[ (H QZ()>> T(Z))

The normalization of 7(z) in (2.11]) is chosen so that G(()l) =GW(0) = 1.
Comparing with Equation (I.9) and using the commutation relations between Q,( and
Qs.1, we see that these coefficients are the renormalized characters of Equation (LI0):

(2.14) Xa(q™L, 2) = =08 Ragtin (@80 Gk)

2.3. The action of the conserved quantities on 7. The following theorem will be
instrumental in the derivation of the graded characters. Let
(2.15) em(z) = s1m(z), me[l,r]

denote the characters of the fundamental representations of SL, ;. They are the elementary
symmetric functions in {z1, ..., 2,41}

Theorem 2.8. The conserved quantities of the A, quantum Q-system act on the function
7(z) as:

(2.16) Con7(z) =% e,(2) 7(z) + Rp(2)

where R,,(z) is a sum of power series of the &, with each of the summands independent of
at least one of the {&a}aep -

Proof. Recall the expression (2.I1]) for 7(z). Using (2.8]) and (2.8), we write explicitly:

r+2

T
_mr _r+1
Ot ("3 )T(Z) = Z Hfﬁaﬂ Z Sel,..zil,z,eil,l—l,eil+1,...,eim,1—1,eim+1,...er(Z)

l1,..0,>0 =1 1<t <ta < <im
r
_ Lo+1
= § H 5 E Shtei, +tei, () + um(2)
0ol a1 1<i1 <ig<--<im

= > TTten(@) s5(@) + un(z) = en(2) =5 5 7(2) + i (2)
1,0 =1

where u,,(z) has the same property as R,,(z) (it adds counterterms for all cases where some

of the ¢;;’s vanish in the first term of the first line, and each such term is independent of the

corresponding &J.). We have used the fact that €; = w; —w;_1 correspond to £, = 04, —0a,i—1

and transcribed the result using the Pieri rule for SL, ;. The theorem follows. O

We deduce the following:
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Corollary 2.9. When evaluated inside the generating function (2.12)), each conserved quan-
tity C, acts on 7(z) as the scalar t%em(z), namely:

(2.17) ¢ ((H Qa,1> <H 11— ) omf(z)> — 1% e, (2) GV (y)

i=1 a=1 yaz ot

Proof. Each summand of w,,(z) has at least one missing ,, hence the corresponding con-
stant term in Q, ; must vanish, as the rest of the power series only generates positive powers
of Q, 1, once left evaluated at Q, ¢ = 1. O

2.4. Difference equations from conserved quantities. We now use a standard ar-
gument to reformulate the conserved quantities of the quantum Q-system into difference

equations for the quantities G& of 2I13).

Theorem 2.10. For k > 2, the coefficients GP ,n = {n }Ze [L,k];ae(1,r] 0bey the following
difference equation:

r+1

t%el(z) G](ﬂk) — ZtT’-‘rZB( a,f~Na—1,8)n (ﬂ) G(k

N+eé€q—1,k—1"€a,k—1F€a,k—€a—1,k
a=1

(218) Zt—1+25(/\a/3 —Aa_1,8)ny, (B) G( )

Nn+eén—1k—1"€a,k—11T€a+1,k€a,k
a=1

where we use the notation €g,, for the vector with entries (eﬁ,m)ﬁ.“) = 00,80im- Fork =1,
the coefficients GV, n= {n'} oei14, obey the difference equation:

t%el(z) Gg) — s M 41) ()

n-+eq
r+1
(2.19) +3 (tr+25(AQ,B—AWLMM@H) _ t—1+zﬁ<Aa+1,5—Aa,a>(n(ﬂ>+1>) ¢,
a=2

with the notation ez for the vector with entries (e3)(®) = 0,.5.

Proof. We compute in two ways the quantity

(1) o)

First, we find B = tZe,(z) G by direct application of (2I7)). Second, we use the expression
(29) with n = k — 1 for (. Using the notation:

(M)a =6 ((H Q) (H H(Qm“”) MT<z>)
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for any Laurent monomial M of the ()’s, we have:

(B)
<Qai 19a—1,k— IrokQa 1k> = tzﬁ(Aa'ﬂ_Aafl’B)nkB (1)

n+eén—1k—1"€a,k—11t€a,k—€a—1,k

~1 o TR D (WL W D
<Qa’k_1Qa—l,k—IQa+l,kQa7k>n - t pilenp “ Pk <]'>n+€a71,k¢71_ea,k71+5a+1,k_5a,k

The case k = 1 must be treated separately, as the insertion of Q, amounts to a factor

¢t~ 2688 coming from commutation of Q;i_lQa_l,k_l through Hﬁ(Q@k)n;f) The Theorem

follows. O
Example 2.11. Whenr =1 (case of sly), we have for n; = n , and Ay ; = 1:

tnk+1Gn1, SMg—1— 1n;c-|-1_'_t1 nkG tnk_le,...,nkﬂ—l,nk—l :ﬁ(z—l—z )G(k

SNg—1+1ng—1 N1y Mg —1,Mk

with z = 21 = 2, *, whereas for k=1, n=ny:
(2.20) 2G04+ =G =t (4 2 GW

More generally, repeating this with the other conserved quantities C,,, m > 2 leads

to higher difference equations of the form PmGH = 5 emGslk), where the difference
operators D™ form a commuting family for m = 1,2, ...,r, and DM acts on the function

GY) of n via the Lhus. of eq.(2.18]).

Example 2.12. When r = 2 and k = 2 (case of sls, level 2), we have the following

recursion relations in the variables n&a) =N, and néa) = pa, @ = 1,2, obtained respectively

by inserting the conserved quantities Cy and Co of Example [2.0:

3na—3p2 G(2

—3ns _
Gm 1,p1;n2+1,p2 +1 Gm-i-l ,p1—1Ln2—1,pa+1 +1 ni,p1+1;n2,pa—1

-3 _ 4—3—3n2 _ 4—1-2n9—po2 (2)
Gm 1,p1ma—1,pa+1 t Gm+17p1 Ling,pa—1 — ¢ e1(z) Gmmuﬂzm
(2) 3p2 —3n2—3p2
Gm ,p1—1n2,pa+1 +i Gnl 1,p1+1ne+1,p2—1 +1 Gn1+171017n2 1,p2
-3 _ —3— 3p2 g1 ng— 2p2 (2
Gn1,p1 Lina+1,p2—1 t Gm Lpi+lne—1,p2 — t ( ) Gnl,pl,nzmz

with e1(z) = 21 + 22 + 23 and ex(z) = 2129 + 2023 + 2123, 212023 = 1.

For later use, let us focus on the level 1 higher difference equations obtained by inserting
Cyny, m € [1, 7] into the bracket (- - - ), defined above. As apparent from eq.(2.19) of Theorem
2.10] the difference equatlon for G allows to express Gn Ge

shifted functions Gn+6 e @=1,2, .7, as well as Gy, Similarly, due to the form of the
conserved quantltles as functions of the Q, ,’s, the level 1 (), difference equation allows to

as a linear combination of the

express Gn 1., as a linear combination of shifted functions of the form: a B i 1€
1<i<m oy g

withl <oy <--- <ay, <r,as well as Go. Combining all the equations form =1,2,...;r
provides therefore a recursive method for computing all Gl Indeed, defining o(n) =
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>, n'@ we see that each equation is a three term recursion in the variable o(n), as the
term n + ¢, has a value of o 1 or 2 larger than all other terms. If we know all the values

of GY for o(n) < N, we therefore deduce G4’ for all values o(n) = N + 1. We have the
following;:

Theorem 2.13. The difference equations obtained by inserting C,,, m = 1,2, ...,r at level
1 determine the functions Gy uniquely.

Proof. We must examine the initial conditions for GY. We note that for any n with some
n(® = —1, the function G must vanish. Indeed, by definition it is the constant term in
Q.1 of an expression with no non-negative power of Q,; (as the insertion of Q;ll cancels
the prefactor Q, 1, and the contributions from 7(z) only provide strictly negative powers of
Qn.1)- We conclude that all values of G =0 for o(n) = —1,0 except G(()lg o =1 by the
normalization of ¢. With these initial data, the r difference equations determine a unique

solution G for all n = (n(o‘))ae[lvr] and n(® > 0 for all a. O
Example 2.14. When r = 2 and k = 1 (case of sls, level 1), we have Ay; = Aoy = 2

and Ay o = Ayy = 1. Denoting by n = ngl) and p = n&z), we have the following recursion

relation for Gy, = Gg;,
(221)  BGuip+ " = 1)Ghi1ps +ITEP = 1)Gp = P ey(2) Gy

This equation does not determine G, , entirely. We also have to consider the “conjugate
equation”, obtained by insertion of the second conserved quantity Cs:

(222)  PGupii+ EP = 1DGry1pa +7PE — DGy, =t ey(2) Gy

These two equations are readily seen to be three-term linear recursion relations in the vari-
able j = o(n,p) = n+ p, namely allow to express a single function with o = j + 1 in
terms of functions with o = j,j — 1. Together with the initial data G_1, = G, 1 = 0
for alln,p > 0 and Goo = 1 which determine all functions with o = —1,0, the two above
equations therefore determine G, completely. For instance, using the equations for all
values of o = n + p indicated, we get:

c=0: Gl,O = t_461 G071 = t_462
oc=1: Gg,o = t_7(t_3€% + (1 — t_s)eg) Gl,l = t_ﬁ(t_36162 +1-— t_3)
G072 = t_7(t_36§ + (1 — t‘g)el)
with the shorthand ey = 21+ 2o+ 23 and e = 2129+ 2923+ 2123. Note that the two equations

determining G1 1 are compatible, as a consequence of the commutation of Cy and Cy which
implies €2G170 = 61G071.

Theorem 210 may be immediately translated in terms of graded characters x,(¢™ !, z)
by use of the formula (2I4)), which results straightforwardly into the following:
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Theorem 2.15. The graded characters xn = xn(q',2), n = (n§“>)ae[1,r};ie[1,k] at “level” k
satisfy the following difference equation for k > 1:

r+1
Z Xn+5a71,k71_5a,k71+6a,k_Eafl,k
a=1
- 1Yk in(-a)
(2'23) - qu IR Xn+eq_1,k-1—€akb—1F€att h—€ak el(z) Xn
a=1
with the convention that (em)gﬁ) = 08,00, for B € [1,7] and j € [1,k], €0; = €741, = 0 for

all i, and e1(z) = 21 + 20 + ... + 2041
The higher conserved quantities give rise to higher difference equations for yy.
Example 2.16. In the case r =1 (sly), we have:

E—1-5F_ in;

_ —1
Xni,oong1—Lng+1 T Xng,ong_1+1n,—1 = 4 Xni,enp_1—1np—1 = (Z +z )X”17~~~7nk—17”k

For k =1, this reduces to:

(2.24) Xot1 + (1= ¢ Xn1=(2+27") X

3. DIFFERENCE EQUATIONS FOR CHARACTERS OF LEVEL-1 (DEMAZURE) MODULES

3.1. Level-1 difference equations and the ¢-deformed open Toda chain. When
specialized to level kK = 1, the difference equation of Theorem takes a particularly
simple form. In this section, we show that this difference equation is the eigenvalue equa-
tion for the g-deformed Toda operator for U,(sl,;1) of [Eti99], after applying a suitable
automorphism, and performing a number of specializations.

We start with a few definitions.

Definition 3.1. We introduce the following difference operators acting on functions of the
variable x = (1, ..., x,):

(3.1) Sa(f)(x) = f(xl,...,xa_l,a:a—%,xaﬂ,...,xr) (a=1,2,..,1)
(3.2) So(f)(x) = flz1+ %, Ty ey Ty)
33 Sl = S nm )

(3.4) T, = SanS;'  (a=0,1,..,7)
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Definition 3.2. The §-deformed difference (open) Toda Hamiltonian [Eti99] for Us(sl 1)
18 the following operator acting on functions of x, for fixed parameters ¢, v, € C*:

(3.5) Hy =Y T2+ (GG ")) vaG > TaciTy
a=0 a=1

In [Eti99], this Hamiltonian is related to the so-called relativistic Toda operator by use
of an automorphism.

Definition 3.3. We introduce the following automorphism 7 of the algebra T generated by
Ty, a=0,1,...,r and Uy = ¢ %, a =1,2,....7:

(3.6) (T =T, 7(U,) =UsT.T;}
In particular, the automorphism T respects the commutation relations T, Ug = ¢°¢e+17%.2Us T,.

The image of H, under 7 is the following Hamiltonian:

(3.7) Hy=7(Hy) =T5+> (14 (G—q ") vag )12
i=1
On the other hand, it is easy to rewrite the level-1 difference equation (223)) of Theorem
218 for xn = Xa(qg72), n = {n@},en. as:

~, e e
(3.8) (Z T2 =Y a ", 2) Xn = €1(2)Xn
a=0 a=1
where the operator T2 acts on functions of n by (T2f)(n) = f(n+ €41 — €4).
We see that if we pick

(3.9) x=-n, ¢@=q" (-7 va=-1

then the difference equation turns into an eigenvector equation for the ¢-Toda Hamilton-
ian (B.7), with eigenvalue e;(z). The level-1 graded character is therefore a ¢-Whittaker
function.

3.2. Whittaker functions and fusion products. In [DFKT14], we have obtained the
so-called fundamental q-Whittaker functions W) (x) for U,(sl,+1) by explicitly construct-
ing Whittaker vectors in a Verma module V) with generic highest weight A, using a path
model. These form a basis of the eigenspace of the g-Toda Hamiltonian (8.5]) for eigenvalue
E, = Z::o ?OtPlwit1=wi) where w; are the fundamental weights of A,. The dimension of this
eigenspace is the order of the Weyl group, here (r + 1)!, as we may generate other indepen-
dent solutions W4 p)—,(x) by Weyl group reflections s, while preserving Fyy,)—, = E.

Identifying z, = A Plwi—wi-1) for ¢ = 1,2,....,r + 1, we deduce that the graded level-1
character yy is a linear combination of the image of the fundamental ¢g-Whittaker functions
under the automorphism 7, with the additional specialization (B.9]).
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Let us illustrate this in the case of U,(sly). The ¢-Toda eigenvector equation is:

C l1\2 -2 _ A1
Wiz =)+ A+ @@= ¢ ) v Wiz +1) = (p+p " )W(z), p=q :
Applying the automorphism 7 and using the specialization (3.9]), we obtain a transformed
fundamental g-Whittaker function Wj(n), with the following series expansion (valid for
gl > 1):
a(n+1)

WA =) =2 3 e i

Analogously, we have the Weyl-reflected fundamental g-Whittaker function:

—a(n—l—l)

w! .
el ag [ (1=g¢ (1 —p2qg™)
The functions Wy (n), W', ,(n) form a basis of the eigenspace of the transformed ¢-Toda
Hamiltonian with same eigenvalue, namely

(3.10) T(HH)W' () =W+ 1)+ 1 -q¢" W (n-1) = (p+p HYW'(n)

This coincides with the level-1 difference equation (2Z.24) with p = z. Looking for a linear
combination x, = cx(p,q) Wi(n) + c_a—a(p,q) W' ,_5(n) for say n = 0,1, we find the
coefficients:

p% b

Nl

-1
(p, Q) (1 _ )Hil(l _p_Qq_i>7 C—)\—2(p7 q) CA(p 7q> (1 _pg) Hzl(l _pgq_i)
Remarkably, we have realized the graded character, which is polynomial in ¢~*, p,p~*

a linear combination of two infinite series of ¢~! (the fundamental q-Whittaker functions).
The cancellations occurring are the g-deformed version of the so-called class 1 regular-
ity condition on Whittaker functions. So we may view the graded character as a class
one specialized q-Whittaker function. We expect this to generalize to U,(sl,;1) (see also
[GLO10, [GLOTI] for analogous considerations).

4. THE SOLUTION FOR sl

In this section, we introduce a generalization of the specialized Macdonald difference op-
erators (corresponding to their “dual Whittaker limit” ¢ — oo), and use them to construct
a solution of the difference equations for the sl,.,; graded characters, by iterated action
on the constant function 1. We shall proceed in several steps. After introducing the new
difference operators, we show that they satisfy the dual quantum @-system. This allows to
consider them as raising operators for graded characters, Theorems and [£.6] which are
proved in two separate steps, first only for level £k = 1 and then for general level k > 2.
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4.1. A realization of the dual quantum (-system via generalized Macdonald
operators.

Definition 4.1. We introduce the following generalizations of the specialized Macdonald
difference operators, acting on functions f(z), where z = (z1, ..., z,41). We first define the
shift operators A, 1Ty, D;:

(4.1) A(f)(z) = [(tz)
(4.2) Ci(f)(215 s 2r01) = f(21, 0oy Zin1, Q205 Zit1s oovy Zra1)
(4.3) Di = T,0A

For any set I C [1,7 + 1], with complement I = [1,r + 1]\ I, we define

(4.4) zr = Hzi

el
(4.5) D; = H D,
el
Z.
(4.6) ar(z) = ’
el i — %j
JeI

We have the following sequence of operators Do ,, a« =0,1,...,7 +1 and n € Z:

Aa,o r
(47) Da,n =t > ”—2/3:1 Ao Z (Z1>nal(z) DI
e

In particular we have
Dopn=1 and D,j1, = (2122 2p41)"D1Do--- Dy = (2122 2041)" =1
Recall the standard definition of the difference Macdonald operators for si,,; [Mac95|:

(4.3 wpt = Y [
i j

IC[,r+1] i€l
[Il=a J¢1

where I'; = Hie ; I's. This expression allows to identify our operators D, ,, for n = 0 as:

Dao = t 2b=1Bas M, A
(4.9) My = lim =M = > a(z)T;
o] IC‘p‘erl]

The operators M%' as well as their limits M,, « = 0,1,...,7 + 1 are known to form a
commuting family.
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Let A* be the algebra generated by {Q7,, : @ € [1,7],k € Z} over Z[t,t7'] modulo the
ideal generated by the relations

(4.10) Qon Dy = 005,00, (lp=n[<|B—al+1)
theeQr 00 = (90,7 = Qain Qs

Equivalently, the second relation may be rewritten, using (EI0) as:

1 9, (Qz,n>2 - t_r_lg:;-l—l,n o

an—1 a—1,n

(4.11) e QF

o,n+

We refer to this as the dual quantum @-system. The algebra A* is isomorphic t o the
algebra A°P, with the opposite multiplication to A.
We have the following main result.

Theorem 4.2. We have a polynomial representation 7 of A*, with 7(Q},,) = Do, of
[A1). That is, acting by left multiplication on the space Clz|, the operators D, obey the
dual quantum Q-system relations for A,:

(4.12) DanDpp = t74# WDy, Doy (Ip—nl < |B—al+1)
(413) t_Aa’a pa,n-i-l pa,n—l = (pa,n)2 - t_r_lpa—l—l,n ®a—1,n

Note that when n = p = 0 the relation (£I2) boils down to the commutation of the
specialized Macdonald operators at ¢t — oo, as M, A = A M,.

The remainder of this section is devoted to the proof of this theorem.

Let us define for any disjoint sets I, J of indices the quantities:

(4.14) arsz) = [[—

e %4
jeJ

(4.15) bra(z) = [[—

ier <1 4%

jeJ
qzi
(4.16) crs(z) = ][
el qzi - Zj
jeJ

Note that in this notation a;(z) of eq.(d.8)) is simply a 7(z).
We have the following two lemmas.

Lemma 4.3. Fix integers 0 < a <b and z = (21, 29, ..., Zasb). Then we have:

(4.17) > (20)" (ar,5(2)bs1(2) = ¢"*as(2)brs(2) =0 ([p| <b—a+1)

IUJ=[1,a+b], INJ=0
[I|=a, |J]=b
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Lemma 4.4. Fiz an integer a > 1 and z = (z1, 29, ..., 224). Then we have:

(4.18) S @bz (1—qaﬂ): S ans(2)bi(e)
TuJ=[

z
IuJ=[1,2a], INJ=0 J 1,2a], INJ=0
[I|=|J|=a [I|=a+1, |J|=a—1

The above Lemmas and [4.4] are proved in Appendix A below. Let us now turn to

the proof of Theorem Let us first compute the quantity D, , Dg,. Substituting the
definition (A7), we get:

DonDpyp = Z (21)" ar(z) Dy (27)" a;(z) D,

I,JC[1,r+1]
=a, [J]|=8

_ n P _ afBp _
= E E (2r,2K)" (2502 ) AL, LUy b DKDIoaKuJO,LuIODJ

KCLC[1,r+1] IguJg=L\K,IngNJg=0
|L|<a+8, |K|<a, (I=KUIy, J=KUJy)

__ 4afp n p—n _ _ _ _
=t E (2L2K) E (250)P " ag L1y, 10K, 1010, 0o Cre, LK 100 o, L0, 10 D1 D g

KCLC[1,r+1] IgUJo=L\K,IgNJg=0
|[L|<atB, |K|<a,B [pl=a—|K]|, [Jo|=B—|K]

(07 n —n

= E (212K)" @k [CK,LOK D\KAL\K,T E (200)" " ary,50000,10 | D Dr
KCLC[1,r+1] IgUJg=L\K,IgNJg=0
|LI<atB, [K|<a,8 | Tol=a— K], |Jo|=p—IK|

where we have replaced the sum over I,.J by one over K = I NJ and L = I U J first, and
then written the disjoint unions I = K Uly, J = KU Jy, I = LU Jy, and J = L U I,.
Note that we have isolated a factor ug r(n) = (2r2K)"ak [Ck,LaK,L\KO\ K[ Which does
not depend on Iy, Jy. We may now write:

nAa,a“FPABVB _ _
Tl Aan s, {DanDpp—t Aaplp=m) Dy Dy}

—n{,c afn—A -n
= E ug,(n) E (25)" <t P agy g3bge 1y — 0T Nes P )aJo,Ioblo,Jo>DKDL
KCLC[1,r+1] IgUJo=L\K,IgNJg=0
|[L|I<a+8, |K|<a,B [Igl=a—|K|, |Jg|=8—|K]
(07 —nN (07 —nN
= (o E ug,(n) E (25)" <@10,JobJo,Io — ¢ )@Jo,loblo,Jo>DKDL =0
KCLC[1,r+1] IguJg=L\K,IgNJy=0
|LI<ath, IK|<a,8 | Tol=a|K], [Jol=6—|K|

where we have first used Ay, g +af = a(r + 1) for a < 3, ¢ = t~0*V and then applied

Lemma for every fixed pair K, L to the second summation, with a = a — |K| < b =
B—|K|and [p—n|<b—a+1=8—a+ 1. The relation (£I2) follows.
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Analogously, we compute:

tnAa,a+2 Z,B Aap {(ga,n)2 - t_Aa’a ®o¢,n+1 307"_1}

z
= Z uK’L(n) Z a[o,JobJOJO (tnaz _ t(n—l)az—/\a,a i) DKDL

KCLC[1,r+1] IgUJg=L\K,IoNJg=0 ZJo
LI<2a, |K|<a |Iol=1Jp|=a—|K|
419) = bioso (1—q* 22 ) DD
(4.19) = urk,L(n) to,00b50.10 ( 1= 4" - kDL
KCLC[1,r+1] IgUJg=L\K,IgNJg=0 Jo
IL|<2a, |K|<o [To|=|Jol=a—|K]|
and finally
PP 1
tnAa’a+2 25 Aaspr 1®a+17n pa—l,n = tntz(Aa+1’a+1+Aa71’a71)n+Z’8 Aa+1’ﬁ+Aa71”8®a+1,n Qa—l,n
TLQQ
(4.20) =t > ukp(n) > ag,50b10,10 D D
KCLC[1,r+1] IgUJg=L\K,IgNJg=0
ILI<20, [K|<a |Ipl=at1—| K | Jo|=a—1—| K|

where we have used the relations

2+ Aa—l—l,a—l—l + Aa—l,a—l - 2Aa,a =0
Aoe-i—l,ﬁ + Aa—l,ﬁ — 2/\&75 = —(’l“ + 1)5a,6
The relation ([4.13) follows by identifying equations (£I9) and (4.20) by applying Lemma

44 for a = o — | K| to the second summation for K, L fixed. This completes the proof of
Theorem [4.2]

4.2. Graded characters and difference raising operators.

4.2.1. The main results. In this section, we show that, in a way analogous to how the
Kirillov-Noumi difference operators are raising operators for Macdonald polynomials [KN99],
our generalized degenerate Macdonald operators are raising operators for the graded char-
acters.

Theorem 4.5. Forn = {nga)}ae[l,r};iezw, the coefficients GP @I3) for A, at level k are
given by the iterated action of the generalized Macdonald operators (L) on the constant
function 1:

T

(4:21) G = [ Dai)™” TL(Daser) - [[ (a1

a=1 a=1 a=1

Using the relation (2.14)), we immediately deduce the following:
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Theorem 4.6. The graded characters for sl at level k are given by:

Xn(q_la Z) = t% 2igons™ z Mm(l 3o /J’n(ﬂ)'i'zl a8 Ea)AQ 5+% Yahaatdiacshas
r r r
() () ()
(422) % H(ﬂa,k)nk H(ﬂa,k)—l)nk71 e H(ﬂa,l)nl 1
a=1 a=1 a=1

Relaxing the condition 2125 - - - 2,41 = 1, we may restate this result in terms of the family
of difference operators M, ,, defined as:

(4.23) M, = Z (z1)"a;(z) T = PEEN g Aa s DonA™
S

These satisfy a renormalized version of the dual quantum @-system:

(4.24) Moy Mg, = MO0 Mg Moy, (lp—n| <8 —af +1)
(425) qa Ma,n-‘,—l Ma,n—l = (Ma,n)2 - Ma-‘,—l,n Ma—l,n (Oé € [1a T]; n e Z)

with My, = 1 and M,y1, = (2122 2041)"A7""1. Note also that M, is equal to the
degenerate Macdonald operator M, of eq.([d.9). We have:

Corollary 4.7. The graded characters for sl,1 at level k are given by:

_ O Min (i Min(a.8)n'® n(®
Xa(q7'2) = g7 e MinG)Min(e ST 3 e
: (@) (@) : @
(4.26) < [T (M i)™ H(Mavk_l) e [ (Me)™ 1
a=1 a=1 a=1
Proof. We use the relation (£.23) to rewrite the result of Theorem [1.6l We make use of the
commutation relation AM, ,, = t"*M, A, and of A, s+ of = Min(a, 3). O

Remark 4.8. The iterated action of the raising operators M, ,, on the function 1 results
clearly in a symmetric polynomial of the z’s with coefficients that are polynomial in q. On
the other hand, the prefactor is a negative integer power of q, as

= Z n,; Mln(z J)Min(e, B - —Zzom

i,3,0,8

a)

= Zza + Z Mln (2, 7)Min(« B)n@ €Zy
i<jora<p

We deduce that Xn(q_l,z) is a polynomial of q,q~'. Moreover the graded characters have

the limit lim,_, xn(q™ ", ) = sx(z) which sends the graded tensor product to its top com-

1

ponent, with A\, = Zk 1 zn , hence xu(q™',2) is a polynomial of ¢7*, as expected from its

definition.
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4.2.2. Proof in the case of level 1. Let us now turn to the proof of Theorem [£.5. We will
proceed in two steps. First, we will show the theorem in the case £k = 1 only. The idea is

to show that the expression (A.2]]) satisfies all the difference equations that determine Gy
To this end we use the conserved quantities of the dual quantum ()-system, easily obtained
by applying the anti-homorphism

x 0 A — A" Qak = Qo
such that (AB)* = B*A* for all A, B € A and t* = t, and then evaluating in the polynomial
representation where 7(QY, ;) = Da . The quantities Yo (n) = 7(ya(n)*) of (Z2H23) are
expressed in terms of ®a7n> Dont1 as:
y2a—1(n) = ®a—1 n® ®a11 n+1®a,n+1
13201(71) = _901—1 n® ®a1n+1®oc+l,n+1

Here, we use the formal (left and right) inverse @;}C of the difference operator D, j defined
as follows. If |t| > 1, setting I, = {1,2,...,a}, we write the convergent series:

-1

-1 _ k 1 Zlfal( )
pa,k = Zlaa[a(Z)D[a Z D 7ka (Z)Dl
IC[lr+1], |I|=a I Ao

n

_ 1 z}“a[( ) -1 1
=y > D e (z)DI D' —— @

a
n20 \Ic[rti|l=a  Ta%l

If |t| < 1, we must use I,_q11 = {r+ 1,7, ...,7 — a+ 2} instead of I,.
Noting that * is an anti-homorphism which inverts the order of weights, we get the
following;:

Lemma 4.9. The conserved quantities C,, = w(C*), m = 0,1,...,7+1 of the dual quantum
Q-system are expressed in terms of the operators Do, Dy pi1 as:

(4.27) Cn = > i, (n)¥iy (1) - - ¥, (n)
Hard Particle configurations

i1 <ig<-<im on Gp

For instance, we have the first non-trivial conserved quantity, obtained from (2.9):

r+1

(4'28) Ztr a— 1n+1 Ocn-l-l@a—ln Zt 1®a1n+1 a+1,n+1®a—l,n®;,1n

All quantities C,, ([A2T) are conserved i.e. they are independent of n, and we may in
particular express them in the limit n — oo as we did before.
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Theorem 4.10. For all m = 0,1,...,r + 1, the conserved quantity C,, [L21) of the dual
quantum Q-system acts on functions of z by multiplication by t™= times the m-th elementary
symmetric function e,,(z), namely

mr mr
C =12 g Zi Ziy 2, =12 en(2)

1<t <2< <im <r+1

Proof. We will compute the action of €, expressed as (£.27) in the limit when n — co. We
must estimate the operator D, , when n becomes large. To this end, and without loss of
generality, let us assume the modules of the z;’s are strictly ordered, say |z1| > |22 > -+ >
|2;41] > 0. Then for large n the expression for D, ,, is dominated by the contribution of
the subset I, = {1,2,...,a}, and we have

Aa,o _ . _ _AO"O‘ _
2= Xp s (z Vay (2)Dg, hence T}LIEODa,lnH@a,n:t 2 zlal

Do ~t~

This gives
Jlrgoyga_l(n) = {3z, (a=1,2,...,7r+1)

nli_)rrololdm(n) =0 (a=1,2,..,r)

as the latter is proportional to (z4+1/24)" — 0 when n — oco. As before, the hard particle
model reduces to that on the odd vertices of G, which are not connected by edges, hence
the partition functions are simply the elementary symmetric functions of the variables ¢2 z,,
a=1,2....r + 1 and the theorem follows. O

We are now ready to prove Theorem in the case of level £ = 1. We will show that
the function (2] for k = 1 satisfies the same difference equation (ZI9) as in Theorem
and its higher m versions.

First, we may identify the action of the conserved quantity C,, on the function 7(z)
within the constant term evaluation of Corollary with that of the conserved quantity
C,, on functions of z of Theorem [4.10] above: in both cases, the action is by multiplication
by t“2 e,,(z). This involves writing the conserved quantity at n — oo in both cases.

Second, if we use the expression of the conserved quantity C,, (resp. C,,) as a function
of 940, Qa1 (resp. Do, Dy1), we obtain the exact same combinations of shift operators.

This shows that the difference equations obeyed by (ZI3]) and ([@21]) at level k = 1 are
identical. To complete the analysis, we should in principle examine the initial conditions.
We have seen that GY = 0 as soon as any of the n{® are equal to —1. Let us now show
that these conditions are not necessary to fix the solution, as each such term comes with a
vanishing prefactor, and therefore drops out of the difference equation.

This fact relies on an important result of Ref. [DFKI14], which was instrumental in
proving the polynomiality property for the associated quantum cluster algebra. It relies
on the Laurent polynomiality property which asserts that any cluster variable may be
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expressed as a Laurent polynomial of any seed variables. The following Lemma was derived
by combining the Laurent property of the quantum cluster algebra for initial data Sy =
{900,241} as well as for initial data 8_; = {Q4 -1, Qu0}-

Lemma 4.11. ([DFK14], Lemma 5.9 and its proof.) For any polynomial p of the {Qq;}
with coefficients in Z[t,t7], there exists a unique expression of the form:

(429) p= Z (H Qma (A,B) ) AB {QWO} <H QmB(AB )

AUB=[1,7];ANB=0;ma(A,B)>0 \acA BeB

A,B

where the coefficients c;” are Laurent polynomials of the variables {Q+}.

In other words, any occurrence of Q;,ll in the Laurent polynomial expression of p may
be replaced by a term Q, _;, for which coefficients remain Laurent polynomials of the
variables {Q,0}. This powerful property can be applied to the conserved quantities as
well. Indeed, each quantity C,, of (24 is a Laurent polynomial of the initial data 8y as
well as of §_; depending on whether it is expressed at n = 0 or n = —1. Repeating the
argument leading to Lemma [L.11] we also find that each C,, may be expressed in a unique
way in the form (£.29]). Let us examine the expression of C,, as a Laurent polynomial of

the initial data 8y more closely. From the hard particle condition and the explicit form of
y;:(0) (Z2HZ3), we see that the terms containing negative powers of Q, ; in C,, must be of

the form c4 5({Q40}) ( [Toca 9 ) (HﬁeB Qg 1), for some disjoint subsets A, B C [1,7], as
each particle is exclusive of its nelghbors on the graph. Such terms may be rewritten as
(HaeA Qa,_1>c£473({9%0}) ( [sen s, 1) according to the above. Now consider the level 1

quantity G = ¢ (( 15 Qg’1> (H Q"(Q)> (z)) and insert C,, as before. We get:

FE en(m)G = 6 ((H QBJ) (H Qn(a)) )>
B=1

Suppose some n'® = 0. The insertion of C,,, expressed in terms of 8, variables, will
introduce terms of the form G4’ with n(® = —1, whenever Q;}l occurs in C,,. These are
precisely the unwanted terms, for which we showed that GE}) = 0. However, we need not
impose this condition. Indeed, by the above argument we may replace the terms with Q;,ll
in Cy, with Q, 1, up to a change of coefficient c4 p — ¢/, g. This gives a contribution of
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the form:
o ((To) (TT 255 )2ert0)
B yFo
T ((H 0, )0 (11 Q:f;>>m<z>) Ly
B YF#o
by the evaluation. Hence the terms which would have created GV with n@ = —1 drop

from the equation.

This phenomenon is examplified in the expressions of Examples and 2.14] showing
the difference equations for respectively sly (2Z20)) (where the coefficient of the unwanted
term vanishes for n = 0), and for sl3 (Z2IH2Z22) (where the coefficients of the unwanted
terms vanish when n =0 or p = 0).

The same holds for the difference equations satisfied by (A21]) at £ = 1. To prove it, we
repeat the above argument, and note that unwanted terms from C,, take the form

m(p*) <H mff)) Dy,-11=0
bl
for some polynomials p* of the {Q,;}. This is due to the fact that D, _; 1=0. This latter

property is a consequence of the following lemma, proved in Appendix B below, and of its
immediate corollary.

Lemma 4.12. For any « € [1,r], we have the following identity:

(130 > G -{; itp =0

0 forp=-1,-2,...,a—r—1.
IC[1,r+1]

[I=«
This implies immediately the following:

Corollary 4.13. We have D, _,1 =0 forallp=1,2,....,7r+1—a, and Dyol =1t~ 2phap,

The only initial data needed to feed the level 1 difference equations is therefore G(()l) =1,
and the solution is uniquely determined by the equations. The corresponding function
(@21)) for n = 0 is also trivially equal to 1, and Theorem FF] follows in the level 1 case.

4.2.3. Proof for general level k > 2. Let V = Z[t, t71][z]°+', the space of symmetric poly-
nomials in z with coefficients in Z[t,t+7!]. Using the map ¢ of Definition [L.I0, we construct
the map ¥ from A, , the space of polynomials in Q,; with coefficients in Z[t,t7!], to V as
follows.
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Definition 4.14. For all p € Z[t,t ' |[{Qaxla € [1,7],k > 1}], we define:

(431) U(p) = ¢ (H nglmz))
B=1
In particular, this allows to rewrite (2.13) as:

(4.32) Glg™,2) = U <H ng))

and we have the normalization condition ¥(1) = 1.
Let Vy denote the image of A, under W. Vi is a right module over A% where the
superscript op denotes the opposite multiplication, under the action:

Qa,k o \Il(p) = \Il(one,k)

Theorem 4.15. The operators D, ;. act on Vi by left-multiplication, and form a represen-
tation of the action of AT on Vy, such that: Qu 0 ¥(p) = Dax ¥(p).

Proof. We use the anti-homomorphism * that maps Q) — Q , and reverses the order
of multiplication, while preserving ¢, and compose it with the representation 7. To any
polynomial p of the {Q,;} with coefficients in Z[t, '] we associate the polynomial p* of the
Qi by p*({Q4.}) = P({Qa.i})*, and finally m(p*) by the substitution Q} ; — D, ;, namely
7(p*) = p*({Dai}). We wish to prove that U(p) = n(p*) 1. By Lemma .11 we may write:

ey () e ()

AUB=[1,r];ANB=0;mq(A,B)>0 \a€cA BeB

where the coefficients cih? are Laurent polynomials of the {Q. ¢}, for any polynomial p of

the {Q,.} obeying the quantum @-system relations. As moreover ¥(Q, _1f) = 0 for any
polynomial f, we see that

where

ey = > {90} HQm“(@[”

ma(@7[1,7”})>0
The map ¢ is simply the truncation to the polynomlal part of p in the variables Q, ;. Let
¢* the corresponding truncation of any Laurent polynomial of {Q, o, Q% ;} to it polynomial

part in {Q ;}. We have
m(p") 1 =" (m(p)) 1

where we have used ¢(p)* = ¢*(p*), and 7(f*)D,_11 = 0 (by Corollary [£.13) for all
polynomials f* of the Q7 ;. By definition of ¥ and ¢ and the evaluation evy, we may

now evaluate o(p) at Qu o = t~ 25 =4 without altering W(p) = ¥(evy(p(p))). Note that

a,0’
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evg(f)* = evg(f*) where evy is the right evaluation at Qf , = ¢~ 2shas (after the dual
normal ordering that puts all Q7 , to the right). Finally, from Corollary K13 we have:
m(p*) 1 = evi(e(m(p*))) 1. The two polynomials evy(p(p)) and evi(¢(m(p*))) are the same
polynomial of respectively {Qa.1} and {D,.1} with coefficients in Z[t,t~']. Therefore, the
statement ¥(p) = 7(p*) 1 needs only be proved for a polynomial p € Z[t,t|[{Qu1,a €
[1,7]}], and in fact for any monomial of the form [], Qi'¢ with m, > 0. This is exactly the
level 1 case of Theorem [4.5, which was proved in Sect. above. The Theorem follows
by using the anti-homomorphism property 7((pQa.x)*) = Do rm(p*). O

Finally, noting that W(1) = 1, and applying Theorem .15l iteratively, leads straightfor-
wardly to Theorem for arbitrary level k.

4.3. Level one case and degenerate Macdonald polynomials. When restricted to
level 1, the formula of Corollary [4.7] for graded characters reduces to the following, for
n= {n(a) }ae[l,r}:

T

(4.33) Xn(q™!,2) = 3 Tasn MmO+ o an® TT (0, )7 1

a=1

with M, as in (£23). We have the following:

Theorem 4.16. The level one sl graded characters ([E33) are eigenfunctions of the
degenerate Macdonald difference operators M, o= M, of ([A9), namely:

a - in(a.8)n(®
Ma,0 Xn(q 17 z) = Eon Xn(q 17 z), FEan= qZ’BM (e8)

Proof. Starting from formula (£.33]), we compute:

_ _1 n@Min(a.8)n@® 115 anla) n(8)
Moo xalg™,2) = g 3 %anm@Mn@dn® s e yp o TT(Mg,)"" 1
B=1

Xu(q™", 2)
by use of the commutation relations (£.24)), and the fact that M, 01 = 1 by Lemma@I2l O
Recall that the symmetric A, (q,t)-Macdonald polynomiald] P{'(z) of the variables z =

(21, .+, Zr41), indexed by partitions A = (Ay > Ay > -+ > A41 > 0), are defined as
the unique family of common eigenvectors to the difference operators M%* o = 1,2, ...,r,

and whose leading term is the symmetric monomial my, = Z.z? " + permutations. The
Macdonald polynomials Py (z) satisfy the following duality property [Mac93]:
(4.34) Pi'(z) = P (2)

2Again, the superscript ¢, t refers to the original notations of [Mac95]. The parameter ¢ is different from
that used in our notations.
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Comparing this with the result of Theorem .T6, we conclude:

Corollary 4.17. The level one A, graded characters xo(q~',2) are the following degenerate
limits of the Macdonald polynomials:

(4.35) Xnlg ™", 2) = lim P{*(z) = P "(z)
where the correspondance between n and X\ is via:
M=nW+n@ .0 N=n@ 0@ A =0 A =0

Note that we have picked A,,; = 0, as the variables z satisfy z129---2,,7 = 1, so that
q,t

Py oo (2) = (2122 -zr+1))‘r+1Pfﬁ__7MO(z) is independent of A, .
Remark 4.18. From eq.([d35]), we may identify the graded level one character xn(q,z)
with the Whittaker limit t — 0 of the Macdonald polynomial lim, o P"(z). This shows in

particular that xy(q,2) is a polynomial of q.

Remark 4.19. The raising operators My, coincide with the raising operators KX for
Macdonald polynomials introduced by Kirillov and Noumi [KN99], in the limit t — oo, as
well as with the dual raising operators K, in the Whittaker limit t — 0.

5. THE SOLUTION FOR sl

Here, we work out the consequences of our results in the case of sl,. We also give an an
alternative derivation of Theorem .10, which allows us to derive Cauchy conditions obeyed
by the graded characters, thus determining the solution entirely.

We also show how one can use the expression for the solution in terms of the raising
operators of Theorem This gives a new proof of the expression in terms of raising
operators, by showing that both forms of the characters satisfy the same difference equations
and Cauchy conditions.

This gives an explicit expressions for the graded characters, which recovers the formulas
of Feigin and Feigin [FF02] for the case of sly. In particularly simple cases, one may use
an inductive limit of the graded tensor product to find the fermionic expressions level-k
characters [LP84] [SF94].

5.1. Quantum Q-system, conserved quantity and linear recursion relations. The
quantum Q-system for sl is simply

(51) th—l-l Q,_1= Qi — 1, Q, Qn+1 = th+1 Q, (n € Z)
and the only non-trivial conserved quantity is
(5.2) Cr=9,19,"-9,1,9"'+919,=9,,9,'+9,'9,,

We note also the linear recursion relation
(53) tQr — Q,_1C1 — Q=0 (/{5 € Z)
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5.2. Uniqueness of the solution to the difference equations. Recall the definition
of the generating function G¥(y), with y = (y1, ..., yx):

(54) Wy = Y [luead

N1,y Np €Ly 1=1

k
lnAntls n; _
(55) = Z q4 A +2 Zz:l ZHyZ Xn(q I’Z)

N1y, N EL4 =1

k
1
where the series 7(z) is given by:

(5.7) T(2) = t2 Z £154(2)
>0
where s,(z) = %, and £ = #3 1im,, ap QnQ;}rl, expanded as a power series of Q;*

with coefficients in Z[Qq, Q5.
The action on the tail 7(z) on the conserved quantity C; = ¢2(¢ + £71) is simply:

(5.8) Cir(z)=t2e7(z) +1, where e =z+2""

Definition 5.1. We introduce the shift operator d; acting on functions of y = (y1, -, Yx)
as:

(59) dlf(y) = f(ylu"'vyi—lvtyivyi—l—lv’”7y/€>

Definition 5.2. We introduce the divided difference operator d; at 0 acting on power series
of y as:

(5.10) 5:f(y) = fly) = f(y)

Yi
where we use the notation f(y)|y=o0 == f(Y1,- -, Yi=1,0, Yit1, -, Yi)-

y;=0

1
1-9:9;

1 Q,
5.11 0 = :
( ) 1 — 9 1 — 9
Note finally the following commutation relations between ¢; and d;, when acting on
functions of y:

(5.12) §; d; =179 d; 6,

Note that §; acts very simply on the fraction by insertion of Q;:
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The following theorem gives an alternative derivation of the difference equation of Theo-
rem 2.10in the case of A;, plus some initial Cauchy conditions that determine the solution
G®(y) completely.

Theorem 5.3. The generating series G*(y) for graded characters satisfies the following
“second order” difference equation for all k > 1:

(5.13) H,G®(y)=0
where
(5.14) Hy = 1262 — 1 — tzeyd; 6510y + (Gp_rdi")?

with the convention that 5o = t=*. Moreover, we have the following initial Cauchy data for
G®) as a function of yx for all k > 1, that determine the solution G®)(y) completely by
induction on k:

(5.15) Gy = V)
oG (y) i _ o
(5.16) T o t 1<t261 O—1 _5k—2dk_11)G(k (')

where y = (Y1, ..., yr), ¥ = (W1,...,yr—1), and with the convention that G = 1 and
6_1GY = 0.
Proof. For simplicity, let us denote by «; = 1_;&_.
with m = k, we compute in two ways the quantity:
A = 5k—15k¢ (Qlalag...akCﬁ(z))
= qf) (QlOél...Oék_lgk_lakaCﬂ'(Z))
= ¢ (Qlal...Oék_ldkOéka_lgk(QkQ;_ll — Q,;lglz_ll + Q;le_l))T(z))

= dpd (Qro...o(t?Q; — 14 QF_1)7(2))
— d (t25,3 1t d,;25,3_1)¢ (Qyan...ap7(2))
On the other hand, using (5.8), we also get:
A= 0p_1010 (Qlal...akt%eﬁ)

Using the linear recursion relation (5.3))

and (5.13) follows by identifying the two results.

Note that for k = 1 the action of the operator &, on G*) may be defined as the insertion
of Qq between the terms Q; and «; (and then commuting the Qy through Q; to the left
gives the left evaluation ¢t7'), hence the above argument still holds for k& = 1, with the
convention that dy = ¢~!.

The first Cauchy condition (5.15)) follows immediately from the definition of G*) for k >

2. For k = 1, recalling that & = t26, with § = QuQ; ' +0(Q;®) and that 7(z) = td+0(Q;?),
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we find that GM(0) = (2,9, (0 + O(27?)) = ¢(219;'20Q; ") = 1, which matches (5.15)

with £ =1 and 6y = t~1.
The second condition (5.16]) is proved as follows for & > 2:

—G(k)(y)‘ = ¢ (Qay..ap_1 Qe T)

= t_1¢ (QlOél...Oék_l(Qk_lcl - Qk_g)T)
= t_lqb (Qlal...ak_l(ele_l — Qk_Q)T)

= t_l (t%elék_l — 5]6_2D,€__11>G(k_1)

where in the second line we have used the linear recursion relation (B.3]), and in the third
line we have used Lemma 5.8 For k = 1, writing Q;'Q; = t~1(C; — 91(Qp — 9;')) and
using (B.8), we easily get:

L o) = ¢<9195191¢(z)> - gb(Qlt‘l(Cl —07Y(Q, — le)>7'(z)>

dyx
= ¢<Qlt_%61T(z)) = t_%el

where the second term contributes 0 in the left evaluation at Qy = 1. This expression
matches (5.16]) for k =1 with 6 = ¢! and §_; = 0. O

The difference equation of Theorem together with the initial data specified is equiv-
alent to the following

Corollary 5.4. For all m > 0, G (y) is the unique solution to the following system of
difference equations for k =1,2,...,m:

(5.17) (g —trerdady s +(0ady = 1)GO(y) = (g —tyi o ad ) G4 ()

with y = (Y1, s Y), ¥ = (W1, ooy Y1), and with G =1, 6_; =0, § = t~" as above.
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Proof. Using the definition of §; we have:

aG k)
GO(y) = GOm0 — 0G5 2|

vi

GW(y) — G ()l N
Yk

= (Py? — redpad; 4 (Gad)? — 1)GW(y)

— <t2yk_2 + ty]g_l(t%el(sk—l _ 5k—2d];_11) _ t%€1y;;15k—1d;;1> G(k—l) (y/)
= (Pyp? — tredpady Yyt + (Biadp)? — 1)GP(y)
_ <t2yk_2 _ ty;§15k—2d,§_11) G (y)

where we have substituted the initial data of Theorem 5.3 O

—t%€15k—1Dk_l ((6p—1D; 1) = 1)GW(y)

The difference equation of Theorem may also be rewritten for the coefficients G of
(Z13), and therefore for the graded characters yn(¢™*, 2). For the vectors n = (ny, ny, ..., ng),
we consider shifts by +1 in the variables n;_1, ng, which we write n — n+e¢e;_; £ ¢, where
exr—1 = (0,0,...,0,0,1,0) and ¢, = (0,0,...,0,1).

Corollary 5.5. The coefficients G for k > 2 obey the following recursion relations:
_ e — k3 _

(518> q IGEIk—)Ek,1+€k _'_ q i IGEIk-i)-Ekfl—ek - Gglk—)Ekfl—Ek = q Zk 4(Z + < 1)G£1k)

forng,ng_1 > 1, ny,ng,...,ng_9 > 0. For k=1, we have forn > 1:

(5.19) G A (@ = 1)GE =gz 2 )G

with the initial conditions for k > 2:

1 _ nig_1+1 _
(5200 Gup=G™". Gl =i+ )G -0 2GR
whereas for k =1 we have
(5.21) G =1, and GV =qgi(z4271).
Proof. Eq.([5.18) follows from (5.I3H5.14)) and the following identities (valid for k& > 2):
k
5GP ()]s e = GUL,
dj—lG(k)(y”y?lmy:k = q%JG](ﬂk)

For k = 1, we must use instead §oG™ (y1) = t7'GM (y,), which yields the slightly different
equation (5.19). The initial conditions follow similarly from the Cauchy conditions (515

5.16). O
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Finally, using the relation
I I B e I _
(522) G = Ttk Bl (71 2)
we obtain:

Corollary 5.6. For all k > 1 the graded characters xn = xu(q !, 2) satisfy the difference
equation (with the convention that eg = 0):

—1-* in, . _
(52?)) Xn—e,_1+e + Xntep_1—ep = qk X Xn—e,_1—€, — (Z +z 1)X11
We also have the initial conditions for k > 2, n = (ny,ng, ...,ng_1):
(524> XH,O = Xll7 Xll,l = (Z _'_ Z_l)xn-i-ﬁk,l - Xll-‘rﬁk,Q

and for k=1: x_1 =0 and xo = 1 so that xy1 = z + 2.

The graded characters y, are entirely determined by the relation (5.23)) and the initial

conditions (5.24)).
Example 5.7. For k =1 we have:

Xnt1 + (1 —=q")Xn1 = (2 + Z_I)Xn
with the initial condition x_1 = 0 and xo = 1. This coincides with the q-Toda equation
B.10).
Example 5.8. For k = 2 we have:

1—-n1—2n9

—1
Xn1—1,n2+1 + Xni+1,n2—1 — ¢ Xni—1,n2—1 = (Z +z )Xm,nz

with the initial conditions:

Xn1,0 = Xnys Xny,1 = (Z + Z_l)XnH-l — Xny
and Xn, determined as in Example [5.7 above.

5.3. Solution in terms of raising operators. We set 2; = z and 2z, = z~!. The raising
operators D,, := Dy, of Def [T for sly are:

n+42

(5.25) D, = L (D) — 2371 Dy)
21 — %9

with Dyf(z) = f(t7'2), Daf(2) = f(tz), whereas Dy, = 1 and Dy, = (2129)"D1 Dy =
1, These form a representation m of the dual quantum @-system acting on the space of
polynomials of zy, 25 with coefficients in Z[t, t7!]:

(526) t_1®n+1®n_l == (@n)2 - t_2, @n @n_;’_l == t_1®n+1 @n

The dual conserved quantity C; is obtained from C; by the anti-homorphism * and reads
in the representation :

61 == ®n—1 @;1 —|— D;l ®n+1
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By Theorem ELIT, it acts on functions f(z1,2) by multiplication by tze; = ¢2(z + z71).
As a consequence, we have the following linear recursion relation, obtained from (&.3]) by
applying * and 7:

(5.27) tDp—t2(z+ 2 Dy —Dpo=0  (k€Z)
Theorem in the A; case reduces to the following identity:

(5.28) GP = (Dp)™ (Dj—y)™ -+ - (Dy)™ 1

while Corollary [£.6] becomes:

(5.29) Xn(q 1, 2) = g1 Dy mMInGIn =3 Xomi (D yre(Dy Yot (D)™

Let us now give an alternative proof of Theorem in the A; case. As GP is entirely
determined by the equations of Corollary [5.5] we simply have to show that the quantity

(5.30) Iy = (Dy) ™ (Djy_y)™ 1 - - (D)™ 1

obeys the same equations as G&. As before, the difference equations (5.18) and (5.19) are
straightforwardly satisfied as a consequence of the dual Q-system relation (5.26]), and the
fact that D_;1 =0 and Dy1 = q% =¢1.

The Cauchy conditions (5.20) are also satisfied by the quantity II,. First, we have
trivially: II, o = II,, for any n = (n4,...,nx_1). The second part of (5.20) follows from the
linear recursion relation (5.27)). Indeed, letting the Lh.s. of the recursion relation act on
I, for n = (nq,...,nk_1), we find:

0 = <®k — T,_%(Z —+ Z_l) Dyq — t_lﬂk_g) II,,
= DI, — t_%(z +27h Mote, , — t_lﬂk_gﬂzk_’llﬂzk_j --Di* 1
1 _ Hng—1
= H1r1,1 —q* (Z + 2 1) Hn+€k—1 —q * Hn+5k—2

The Theorem follows from uniqueness of the solution to the difference equations obeying
the Cauchy conditions.

5.4. Explicit expressions for characters. We now use (5.28)) to compute G and sub-
sequently xn(¢7%, 2) as explicit functions of ¢, 2. We need the preliminary:

Lemma 5.9. The difference operators Dy, satisfy the following relations:

(5.31) D, = q%szleq%z_l@k_l

(5.32) D, = q¥z_kD2+q%z®k_1

Proof. By direct calculation, using the formula (5:25]). O
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Explicit expressions turn out to be easier to derive by use of the generating function
M(y) (5.6). In particular, (5.28) implies that

5GP (y Zﬂy Gite, = D GP(y)

n =1

Using the relation (5.31]) above, we easily get:

Corollary 5.10. The identity (531)) of Lemma [5.9 turns into the following “first order”
difference equation for G® for all k > 0:

0GP (y) = ((qiz)kq%Dl + qiz_lésk—ld/;l)G(k) (v)
Proof. We write
GO (y) = D GO(y) = (¢ F Dy + g127Dy ) GO(y)

and finally rewrite
Dy—1 G (y) = Op1dy’ G (y)
O
Note that 0y is now expressed in terms of the two commuting operators D; and 5k_1d,;1,
as opposed to Dy being expressed in terms of D; and Dy_;, whose commutation is more

involved. Our strategy is now to iterate the result of Corollary (.10, to get a compact
expression for G*) (y).

Definition 5.11. We define the difference operators Dy, ; for j,k > 1 as:
Dy = (q72)' g Dy + ¢ T 276 1y
Lemma 5.12. We have for all n > 0:

(5.33) ()"GM(y) = DinDinor -+ DpaGP(y)
Proof. The result of Corollary 510 reads §,G*® (y) = Dy 1G*)(y). We then use iteratively
the commutation 05Dy, ; = Dy j+10%. O

Definition 5.13. We define the operators:
Okmn = DinDrn_1-- D
The operator d;, may be expanded as follows.

Lemma 5.14. We have:

Okm = DiknDpn1-Dp1 = Z L} (k1] i (5k 1 Y DY

=0



40 PHILIPPE DI FRANCESCO AND RINAT KEDEM

where B] stands for the q-binomial [ﬂ = _(q)”n - with (q)r = Hle(l —q'), and

A =n+1-2)2+k(n—j)?—(n+1-j5)%+2n  (0<j<n)

Proof. By induction. The Lemma holds for n = 1 by definition, with ozglfg =k + 2 and

a§’f1) = 1. Assume it holds for n — 1, we then compute:

n—1

E n— 1 n—1)— la(k) - e

@hn |: £ :|Zk( 1) (k+1)£q4 n—1,0 (5k—1dk1)zD1 /—1
(=0

n—1

1 1 2n—1 n—1| rm_1— 1,0 B e
= ((@"2)'¢> Dy + "7 2 dpady ) { ] KD~ 1) ol (5, g1y pretet
=0

n—1
k+2 k(n— 1) E(n=1)=(k+1)t 1 o) n—1 2n—1, 1, (k) n—1
— g n—1,0 g _|_ q 4 4" n—1,0—1 g 1

=0
XZ k+1 (5 _ d I)ZD?_Z
and the Lemma follows from the relations
o) —al =kt 24 2% -1) -2k +1)f, o) —al” =2 —1-4(n—))

and the g-binomial identity:
n n—1 n—1
5.34 | = . + n=j|"
>3 H [ J ] ! L - 1}
O

Let us now compute the coefficients Gm,n% . of the generating series G (y). Lemmas
512 and [5.14] lead immediately to the following inductive relation:

Lemma 5.15. For all k > 1, the coefficient of y,* in G™ is given by:
(&?kG(k) (ylv EES) yk)) ‘yk:(]
"k . 1,00 . :
_ Z |:7”Lk }ank—(k—l—l)jkl q4 Npgdf—1 D?k ]kfléiiffG(k—l)(yl’ ---,yk—l)
. Jk—1
Jk—1=0
Iterating the latter formula, we get the following final result:

Theorem 5.16. For all k > 1, we have:

(5.35)
ng_1+Jjk—1 n1+j1 {

chlm’ - Z Z Z Zﬂk(nv.] 1Bk (ns))

ni +J1} [nz +92} [nk ""jk]
Jk—1=0  jr_2=0 j0=0

J J Jk—1
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with the convention that j, = 0, and where

k k-1
(5.36) pe(mij) = ) ini =2y ji
i=1 1=0
k k k

(5.37) Br(n;j) = Z (Zw —2ji1)? +2Zn,~

Proof. By induction. The formula holds for £ = 1. Indeed, using the formula of Lemma
BI5for k = 1, with GO = 1 and §y = ¢!, we identify p1(n1; jo) = n1 — 270 and By(ny, jo) =
oW 4 2j0 = (n1 — 2j0)? + 2ny. Assume the formula holds for k& — 1, for some k£ > 2. We

nl ]0
compute for n = (nq,...,ng_1):

(k

ng
G}(ﬂkzlk _ Z Lnk} kng—(k+1)jk— 1q4 nk)]k 1 an Jk— le 1)

1 n+jp_1€p—1

where D" acts as usual on powers of z*! as 2P ¢t 2*P. Plugging in the value of

G*=Y from (537) for k — 1, we find a formula of the form (5.35) for k, with

pr(n;j) = ,U«k 1(Ny oo, Mp—2, M1+ Jl—13 Jos s Jh—2) + kg — (K 4+ 1) i1
2

= Zmz k=it — 23 i+ kng — (k + 1)

=0
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and
Be(m;j) = Br—1(n, .oy Np—2, Nkt + Jk—15 Jo, -y Jr—2) + agzk)]k .
+2(ng — Jo—1)fe—1(n1, ooy N2, N—1 + Jh—15 J0s -5 Jh—2)
k—1 k—1 k—1
. N2 .
B SIUNED PV NP S MEETRO N
i=1 (=i i=1

k—1 k—2
2ne = 1) Q_imi + (k= Dy =23 ji)
k—1 k Z:21 k =
= Z {(ZW —2ji1)" —2(ny, — jk—l)(z ne — 2ji—1) + (g — jk—1)2}
=i =i

i=1
k-1
+2 an + k-1 + (i — 2k—1)” + (k= 1) (nie — Ji—1)® + 2(nk — Jr—1)
=1
k-1 k—2
+2(nk — Jo-1) (O ini + (k= 1)jio1 = 2) i)
i=1 i=0
Eook k
S PSR ES
i=1 l=1i =1

where we have rewritten aik; (n—25)?+(k—1)(n—j)*+2(n—7). These give respectively

(5.36) and (5.37), and the Theorem follows. O
Corollary 5.17. We have the following formula for the graded characters:

ng_1+tjk—1 n1+j1

T Z S Y Ehmeesi

Jk—1=0 Jjr—2=0 Jjo=0
(5.38) % qu;olji(ji—Z]Z:iﬂ ng) [T _'_ Ji| |2 + J2 .. nk._'_ Tk
Jo J1 Jk—1
Proof. Using the relation G = q% 2y it K g niMin(i,)n; Xn(q ™
by noticing that

; z) the Corollary follows

.....

for all £k > 1. O
Remark 5.18. Corollary[5.17 is equivalent to Theorem 5.1 of [FEF02].



DIFFERENCE EQUATIONS FOR GRADED CHARACTERS FROM QUANTUM CLUSTER ALGEBRA43

Example 5.19. For k = 1, we have respectively from Theorem [5.18 and Corollary [5.17:

n »
5.39 g — N n-2j =22y
. S
7=0
(5.40) Xulg h2) = Z[T‘L}Z"—%qﬂj—n): [n} =2
=0 L7 im0 W

where we have used the notation B] = w

q71 i:1(1—qfi
T iGi—n) — m _
[]}q J .

Example 5.20. For k = 2, we have respectively from Theorem [5.18 and Corollary [5.17:

) as well as the standard identity

n ptj r A . .
(541) I ) Bl L B e
=0 k=0 L7

n pHjor A .
(5.42) Xpm(@ 7Y 2) = ZZ ? {p—]i;j} PH2n=2j=2k j(j=n)+k(k—p-n)
j=0 k=0 - -

n p+j or A )
(5.43) =y [p-kfj] JPHI=25-2k (1)
gt gt

j=0 k=0 -’

5.5. Special cases: Demazure characters and semi-infinite limits. The formula of
Theorem makes it easy to derive the large ny = N limit of Xy, ., (¢7%; 2) for fixed
values of nq,...,ng_1, and for |g| < 1. We must distinguish the cases N even and N odd.
Let us perform the following changes of summation variables j; — a; defined as follows:

N

if Neven: j; 5—|—ai, (1=0,1,...,k—1)
N -1

if Nodd : ji:T_'_ai, (1=0,1,...,k—=1)

The new ranges of the variables a; are

: ng+ap>ap g > -5 (t=1,2,...k—1)
if N even : 2 Ty
PR
ng+ap > ap_1 > — Nl (€:1>2a7k_1)

if Nodd : _
he {%zak—lz—%
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When N — oo with fixed parity, both ranges become
a; €7 and n;+a; > a;_g (121,2,,]{3—1)

and the summand tends to a finite limit, as

s ta o ae e e

5] T ak—1 (q)oo L%J + a1 nita;—a;—1

while both powers of z and ¢ become independent of N. (The notation (¢). stands for the
infinite product limy_0o(q)r = [[;o,(1 — ¢*).). This yields the following.

Theorem 5.21. We have

(k) _ 1 1
1\1r1££1<>q G"lv ng—1,N T (q) § (q)
N even oo ag,at,..ap_1€%L i=1 n;+a;—a;—1
n;+a;>a; 1,i=1,2,....k—1
2
1 k-1 k—1
; S np—2a4
(544) X qu’ 1 1N — 222 0 @i 42220 (ZZ:'H»l 4 ’L>

k—1

]\lr%q 2 ngl, k-, N T ﬁ Z H

N odd ag,a1,...,0)_1 €L =1 (q)ni—l—ai_ai*l
n;+a;>a; _1,1=1,2,....,k—1

2
(545) X Z]H_Zz 1 i 2Zz 0 a@ 4 Zf;ol <1+Zl i+1 "2_2%)

Definition 5.22. For i € {0,1}, we define:

—1. —
X’i;nlvnzv"'vnkfl(q 72) - llm q 2 Gn1, SNg—1,N

N—oo
N =imod 2

Theorem 5.23. Denoting by n; = (ny;, N2y, ..., Ng—1,;) withn;; = 0;,; for j=1,2,.. k—1
andi=0,1,....k — 1, we have the following identification with the level k affine characters
Xik for the representation with highest weight (k — i)Ag + 1Ay in the standard notation
[DEMS97)

Xom (@52) = ¢ “Fxanlgh2)  (i=0,1,2,.. k—1)
X1:00..0(012) = ¢ " xixlg 5 2)

(i4+1)2 1
i(k+2) 8

where u;p = 3 fori=0,1,2,.. k.
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Example 5.24. For k =1, we have:

— . _N 1 _24 a2
(5.46) xolgt,2) = lim ¢ Gg\l,) = —Zz 2q
N;zcexr)x (Q)OO a€”Z
_ . _N 1 2 (2a—1)2
(5.47) xilg™2) = lim g2 Gy = Tzzl g
N odd q)oo a€Z

These are identified with level 1 affine characters as:

-1 . L -1
xolg72) = ¢@x01(q %)
xi(g™hz) = ¢ 2xaalgt2)

Example 5.25. For k = 2, we have:

1 1 (p—20)2 | o
(5.48) Xo: (¢t 2) = S22
g (q>00 a,bZEZ (Q>p+a—b
pta>b
1 1 (14p—2b)2+(2a—1)2
(5.49) Xip(q 1 2) = PR L B E—
g (Q)oo (LZb‘E:Z (Q)p—i-a—b
pt+a>b

Note that these only depend on p mod 2, so we get four functions identified with the level
2 affine characters as follows:

_ 1 _
Xoo0(g ™' 2) = q16 x02(q7",2)
_ _ _1 _
xui(g ™ 2) =x01(¢72) = ¢ 5 x2(g7 " 2)
_ _ 7 _
X10(g " 2) = g1 x90(q7 " 2)

We can also use Theorem 5.2 to derive results on the affine character limits at level k.
We have:

Theorem 5.26. We have the following difference equations for the character limits of Def.

[2.22:

(5.50) t Dk Xowmrremi (€7 2) = Xty (4715 2)
(5.51) t Di Xtony, g (4752) = Xy, mpr (07 2)
In particular, we have fori=0,1:

(5.52) ((tDr)* = 1) Xisny,me 1 (@ 2) =0

Proof. Formally, we may write
X (€75 2) = lim N (D) ¥ (Dyg) ™2+ (D)™ 1

N—oc0
N=imod 2
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The limits clearly satisfy the desired equations. O
Note that (5.52)) is also satisfied by the affine characters of level k.

APPENDIX A. PROOF OF LEMMAS [4.3] AND [4.4]

The proof of Lemmas [4.3] and [4.4] goes as follows. First we rewrite the statement of the
Lemmas as a vanishing condition for the antisymmetrized version of some rational fraction
of the z’s. Then we show that all residues at the poles of this antisymmetrized expression
vanish. Finally we conclude that the result is proportional to the antisymmetrization of a
polynomial of the z’s with a too small degree, which must therefore vanish.

A.1. Antisymmetrization: general properties. For any function f(z) of the variables
z = (21, ..., 2v) we define the symmetrization (S) and antisymmetrization (AS) operators
as:

(A1) S(NE) = 37 3 fCotws )
’ oESN

(A2) AS(F)(m) = 37 3 () FCotwy 7o)
) oESN

We have the following immediate result:

Lemma A.1. For any function fr ;(z) of z indexed by two subsets I, J of [1, N] we have:

> @)= ()8 st

I1,JC[1,N],INnJ=0
lI|=a, |J|=N—-a

where Iy = [1,a] and Jy = [a + 1, N].

Lemma [A.T] allows to rephrase the statements of Lemmas F.3] and B4 as identities on
symmetrized expressions.

For z = (21, ..., 2n), we define the Vandermonde determinant A(z) = [],o;_;<n (2 — %))
It is anti-symmetric, hence AS(A(z)) = A(z), and moreover for any function f(z) we have
AS(A(z)f(2)) = A(2)5(f(2)).

We have the following standard fact about anti-symmetric polynomials.

Lemma A.2. The non-zero anti-symmetric polynomial P of z of smallest total degree,
namely such that AS(P) = P, is proportional to the Vandermonde determinant of the z’s,
up to a constant independent of the z’s.

This implies the following:

Corollary A.3. For any polynomial P(z) of total degree strictly less than N(N —1)/2, we
have AS(P) = 0.
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A.2. Proof of Lemma (4.3l For any integers b > a > 0, and p > m > 0, I, = [1,d],
Jo=la+1,a+ b, let us define

Zi Zj

m,p _ m P
gpa,b (Z) - S ZIOZJO H
i€
e

Zi —Zj Zj —qgz;

We note that as m < p, then:

p—m

orib(z) = (21 Zass)"™ 00 " (2)
We also define:
(A.3) Uil (z) = il (z) — "M b (z)

Using Lemma it is straightforward to show that the statement of Lemma [4.3]is equiv-
alent to:

(A.4) Yay (2) =0

In the following, we use the notation A; = [[,cpcpc,, (2, — 2i,) for any ordered set
I ={iy,i9,....0,}. With I, Jy as above, we now express:

Zi Zj

A(z)plP(z) = AS A(z)zygz{;OH
e

Zi — Zj Zj —(qz;

<j

<j — 4%

= AS A[OAJOZ?;—i_bZ?O H

i€l
jedy

The only possible poles of A(z)¢}}(z) are for z; — gz; for i # j. Let us compute
the residue at the pole z; — ¢z in z5. Pick two ordered sets I, J| with Ij N Jj = 0,
ILUJ) =[1,a+b], |I}| = a, |J}| = b, and such that 1 is the first element of I = {1} U I;
and 2 the last element of J) = J; U{2}. For any subset L C [1, N|, we denote by ASy the
antisymmetrization over the set {z;};cr. We compute

Res., g A2)pn i (2) = 27"0(g21)" " ASj3 01 (Ah [Tz = 2080 [ (2 — a2)

i€l Jj€J1

g 2 T2 T
I J1
Zi — {qz; Z1 — qz; Zi —(qz
ier; <J QZZ.611QI queh J 4=
jeJy
b 1,p+1
p+lzin+p+ +aA(Z/) m+1,p+ (Z/)

= g Pa—1,b—1
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where 7z’ = (z3, ..., 2q4p). Using (A.3), we deduce that:

, +p+b+ +1,p+1 - +ptbta pt+lm+1
R‘eSZQ—>qzlA(Z)¢Zpr(Z) = A7) {qpﬂzin P aSOZn—l,bzil (z') _qa(p m)quZ{n P a‘ﬁg—l,;ﬂ—l

_ qp+1Z;ﬂ-ﬁ-p-ﬁ-b—i—aA(z/)w;n_-Tézi-iil(Z/>

We now proceed by induction on a. For a = 0, we have:
prP(a) =S (21 5)) = (21 %) = by (2)

hence 933" (z) = 0. Assuming that @Dﬁt}é’i *1(2') = 0, we see that the residue at 2, — ¢z
of ¥, (z) vanishes, hence the is no pole of the form 1/(z5 — ¢z1) in the antisymmetrized
expression. By symmetry, this holds for any pole z; — gz;. We conclude that ¢Z?ép (z) is a
polynomial. Using the antisymmetrization formula, we easily get:

1

<j — 4%

Az)olP(z) = AS A,OAJOZ;Q%ZTH

i€ly
J€Jg

—a—(p—m 1
= (Zl o Ztl+b)p+aAS AIOAJOZ?O v H

el %5 — 4%
3€Jo
Similarly:
1
A(Z)(pg’;n(z) = (Zl e Za+b>p+aAS AI AJ Z?—a—(p—m)
’ 0 0 0 g) Z] — qzz
Jj€ly

Finally, we have:

Al2)d]' (2) _ 1 1
- = AS | A Ay, _ g

(217 Zgpp)Pto! v ' le_z[o Zj — 4% 1;[0 Zj = q%
Jj€Jg j€lp

where the r.h.s. is a polynomial, as b—a+1— (p —m) > 0 and it has no poles at z; = ¢z;.
Writing N = a + b, its total degree is:
N(N —-1) N(N —-1) N(N —-1)
2 2 2

for a > 1. The degree of the polynomial is therefore too small, and it must vanish by
Corollary [AZ3] The Lemma .3 follows.

+ma+pb—N(p+a—1)= —(p—m)a—N(a—1) <

()}
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A.3. Proof of Lemma [4.4. We proceed analogously. For Iy = [1,a] and Jy = [a + 1, 2d],
we define

Zi 2 21
0.(z) =S ! 1—q¢"—=
=) H T R < ! )

2Jo

We also have:

a Zj a a1
A(2)0,(z) = AS | ArAgy2s, H S—. (1 _gq _o)
i€l
j€dy
Let us compute the residue of the pole of this expression at zo — gz;. As before, we pick
two ordered sets I, and J| of cardinality a such that Ij N Jj =0, IjU J) = [1,2a] and 1 is

the first element of I = {1} U I; and 2 the last element of J| = J; U{2}. We compute:

Res., .-, A(z)0,(z) = g¢z{tPAS (Ah H(zl —2)Ay, H (zj — q=1)27,

i€l jeN

2 qz1 2 Y7
Ve | P | e (R
Zi — qz; 21 — (gz; zZi — 4z z
ZE? J QZZ.611QI queh j 4z Ji
Jed1

_ Z; w1 ?
= @2z 2a)AS | Ap Ay T —2 (1_q 1&)

iy 7 4 2

jeJ
= qu“(z;), e 200) A(Z2)0, 1 (2)

where we denote by z' = (23, 24, ..., 224)-
Likewise, we define for I, = [1,a + 1] and Jy = [a + 2, 2a]:

Zi 25
pa(e) =S| [ =7
e G %% Q%
JEJ2
We also have:
A —AS | ApA,, 20 i
(z)pa(z) AL,
e, < T 4=
JE€J3

Let us compute the residue of the pole of this expressions at zo — gz;. We pick two ordered
sets 15 and Jj such that I, N Jy, =0, I U J, = [1,2a], |I}| =a+ 1, |J)| =a—1, and 1 is
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the first element of I} = {1} U I3 and 2 the last element of J), = J3 U{2}. We compute:

Res., g A(Z)pa(2) = ¢2{AS <A13 H(zl —2i)Ay, H (z; — qzl)Z?_;l

i€l3 JEJ3

H K H = H K
Zi — qz; Z1 — (q%z; Zi —(qz

iely I qlielgql quEJs J qz=1

Jj€J3

j

<j — 4%

= ¢"AS [ ApA L2z []

= qz1" (2324 - 220) A(2') pa1(2)
We conclude that
Res., 00, A2) {0a(2) — pa(2)} = 47 (9% - 220) () {801(2) — 90 (2)}

We proceed by induction on a. For a = 1 we have

(Zl — 2’2)91(21,22) = AS ( “1% (1 — qﬁ)) =21 — 29

22 —(qz1 22

Analogously, we find
()01(21,22) = S(l) =1

hence 01(z1, 22) — ¢1(21,22) = 0. Assuming that 0, 1(2z') — p._1(2z') = 0, we deduce that
A(z)(0,(z) — a(2z)) has no pole at zo = gz;. By symmetry, it has no pole at any z; = gz;,
hence it is a polynomial. Finally we write:

A(z)(0,(z) — ¢a(z)) — AS| AL A,z H L (250 — q“21,)

-1 0
(2122 -+~ 224)" e
jedy
9 1
—AS | ARALL ]
e, 21 T 4%
JE€J3

where the r.h.s. is a polynomial of total degree N(N —1)/2 —2a(a—1) < N(N —1)/2 for
a > 2 and N = 2a. By Corollary [A.3] the result must vanish, and the Lemma (4] follows.
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APPENDIX B. PROOF OF LEMMA (4. T2
Notations are as in Sect. [A.Il Let us consider for « € [1, N] and p € Z the quantity

Aapl(z) = Y (z1) as(2)

IC[1,N]
=

Picking the particular subset I, = {1,2, ..., a}, we may also write

Augte) = () 8 o, (2)

a
We now wish to eliminate the denominators in this (symmetric) expression. We use that
AS(A(z)f(z)) = A(z) S (f(z)) for any f to rewrite:

2@ Aopl) = ()

Q@
The function to be antisymmetrized is a polynomial if p > a — N, and then it has total
degree

)AS ((zla)p+N_aA(Zlv ) ZQ)A(’Z&-H? ] ZN))

ap+ N —ay+ 20D Noa)W ezl NVZD

By Corollary [A.3] we deduce that for p = —1, =2, ..., — N the antisymmetrized expression
must vanish.

When p = 0, the degree is exactly N(N —1)/2 and therefore A(z) A, ,(z) is proportional
to A(z). The proportionality constant is fixed by evaluating A, in the successive limits
21— 00, 22 = 00, ..., Zo — 00, and we finally get A, o = 1.

This completes the proof of Lemma
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