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Correlation functions from a unified variational principle:
trial Lie groups

R. Balian *
Institut de Physique Théorique, CEA Saclay, 91191 Gif-sur-Yvette cedex, France

M. Vénéroni T
Institut de Physique Nucléaire, Université Paris-Sud and IN2P3-CNRS, F-91406 Orsay cedez, France

Time-dependent expectation values and correlation functions for many-body quantum systems are
evaluated by means of a unified variational principle. It optimizes a generating functional depending
on sources associated with the observables of interest. It is built by imposing through Lagrange
multipliers constraints that account for the initial state (at equilibrium or off equilibrium) and for
the backward Heisenberg evolution of the observables. The trial objects are respectively akin to
a density operator and to an operator involving the observables of interest and the sources. We
work out here the case where trial spaces constitute Lie groups. This choice reduces the original
degrees of freedom to those of the underlying Lie algebra, consisting of simple observables; the
resulting objects are labeled by the indices of a basis of this algebra. Explicit results are obtained
by expanding in powers of the sources. Zeroth and first orders provide thermodynamic quantities
and expectation values in the form of mean-field approximations, with dynamical equations having a
classical Lie-Poisson structure. At second order, the variational expression for two-time correlation
functions separates—as does its exact counterpart—the approximate dynamics of the observables
from the approximate correlations in the initial state. Two building blocks are involved: (i) a
commutation matrix which stems from the structure constants of the Lie algebra; and (ii) the
second-derivative matrix of a free-energy function. The diagonalization of both matrices, required
for practical calculations, is worked out, in a way analogous to the standard RPA. The ensuing
structure of the variational formulae is the same as for a system of non-interacting bosons (or of
harmonic oscillators) plus, at non-zero temperature, classical gaussian variables. This property
is explained by mapping the original Lie algebra onto a simpler Lie algebra. The results, valid
for any trial Lie group, fulfill consistency properties and encompass several special cases: linear
responses, static and time-dependent fluctuations, zero- and high-temperature limits, static and
dynamic stability of small deviations.

PACS numbers: 05.30.-d, 04.25.-g, 24.60.-k, 67.10.-j
Keywords: Many-body systems in equilibrium and non-equilibrium, Variational principle, Generating func-
tional, Correlations, Backward Heisenberg equation, Lie groups
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I. INTRODUCTION

Variational methods have proved their flexibility and efficiency in many domains of physics, chemistry and applied
mathematics, in particular when no small parameter allows perturbative approaches. In physics one may wish, for
systems of fermions, bosons or spins, to evaluate variationally various quantities, such as thermodynamic properties,
expectation values, fluctuations or correlation functions of some observables of interest. One may deal with the ground
state, with equilibrium at finite temperature, or with time-dependences in off-equilibrium situations.

We want, moreover, to perform these evaluations consistently. Suppose for instance that we have optimized the
free energy of a system by determining variationally its approximate state within some trial class; nothing tells us
that this state is also suited to a consistent evaluation of other properties. Is it possible, remaining in the same trial
class, to optimize some other quantity than the free energy, for instance a statistical fluctuation?

The wanted properties can be of different types. For instance, one may be interested in both the expectation
values and the correlations of some set of basic observables. Consistency then requires the simultaneous optimization
of these quantities. In order to evaluate them in a unified framework it appears natural, as in probability theory
and statistical mechanics, to rely on characteristic functions, or more generally for time-dependent problems, on
functionals that generate correlation functions. As in field theory, time-dependent sources §;(t) are associated with
the basic observables ();. Expansion of the generating functional in powers of these sources will supply expectation
values and correlation functions of the set (); in a consistent fashion.

Our strategy, therefore, will be the variational optimization of a generating functional ¥{&} for (connected) corre-
lation functions. To face this problem we will rely on a general method [1, 2] allowing the systematic construction of
a variational principle that optimizes some wanted quantity. In this procedure, the equations that characterize this
quantity are implemented as constraints by means of Lagrange multipliers.

The desired generating functional is expressed as ¥{¢} = InTrA(¢;) D in terms of two entities, the state D in the

oo

Heisenberg picture and the ”generating operator” A(t) = T expli / at’ E & Q;{(t’, t)] taken at the initial time
t -
j

t = t;. The operators Q? (t',t) entering A(t) are the observables of interest in the Heisenberg picture, ¢’ being the

running time and ¢ the reference time at which QJH(t, t) reduces to the observable @; in the Schrédinger picture. The
variational determination of ¥{{} together with its expansion at successive orders in the sources &;(t') provides the
various desired outcomes: namely, at zeroth order (for A(t) = I') thermodynamic potentials if D is a (non-normalized)
Gibbs state, or ground state energy in the zero-temperature limit; at first order expectation values; at second order
correlation functions for an initial off-equilibrium state D, etc... Static correlations within the state D will be obtained
from sources located at the origin ¢; of times.

Implementing the variational principle requires the use of formally simple equations which characterize the two
ingredients D and A(t;) of the generating functional ¥{£}, and which will be taken as constraints accounted for by
Lagrange multipliers. The state D = exp(—SK) will be characterized by Bloch’s equation for D(7) = exp(—7K); the
associated Lagrange multiplier is an operator depending on an imaginary time 7. In order to characterize the second
ingredient A(t;) of ¢¥{£}, we have defined A(t) for an arbitrary initial time ¢. The observables Q? (t',t) entering the
”generating operator” A(t) then satisfy a backward Heisenberg equation [Eq. ([I0)] in terms of the reference time ¢
which will eventually be fixed at ¢;. This backward Heisenberg equation plays a crucial role as it produces for A(t)
the formally simple differential equation (IIl); the associated Lagrange multiplier is a time-dependent operator. The
equations for the density operator D(7) and for the generating operator A(t) are complemented by the boundary
conditions D(0) = I and A(+o0) = I, where [ is the unit operator. The "time” 7 of D(7) varies forward, the time ¢
of A(t) backward.

Unrestricted variations of the trial operators D(7) and A(t), and of their associated multipliers, yield the exact
generating functional, the stationarity conditions being the exact dynamical equations for D(7) and A(t). These
operators should be restricted within a trial subspace to make the evaluations feasible, and then the resulting equations
become coupled. Their solution will be simplified by expansion in powers of the sources &;(t), yielding a tractable,
unified and consistent treatment.

In this article, we choose as trial subspace a Lie group of operators. This will be the sole approximation. The
formalism will be developed for an arbitrary Lie group (Secs.MIV])). Explicit calculations are then allowed for a
sufficiently simple underlying Lie algebra.

For arbitrary systems and for any trial Lie group, mean-field like approximations are recovered at zeroth and first
orders in the sources (Sec.[[V]) for thermodynamic quantities and static or dynamic expectation values (for instance,
selecting for fermions at finite temperature the Lie algebra of single-particle operators yields back in this general
framework the static and time-dependent Hartree-Fock theories).

However, at second order in the sources, the formalism generates non trivial results for fluctuations, for static



correlations and for two-time correlation functions (Sec.[VV)). Remarkably, new variational approximations come out
for these quantities, although the trial operators belong to the same simple class as the one that provides standard
results for the expectation values (exponentials of single-particle operators in the example of fermions). Within the
Lie group the trial operators adapt themselves to each question being asked so as to optimize the answer — while the
use of the generating functional ensures the consistency of the results thus obtained.

The second half of this article (Secs.[VIIX]) is devoted to the properties of the outcomes of the present variational
theory with trial Lie groups. In particular, the static and dynamic stabilities are related to each other (Sec.IX]); a
quasi-bosonic structure (Sec.[VIII)) and a classical structure (Sec.[X]) are exhibited for any system; various consistency
properties are reviewed (Sec.[VI]).

Some past works are related to the present variational approach, which generalizes and unifies them within a natural
framework. For fermions at finite temperature, the optimization of expectation values has been shown to lead to the
static HF and dynamic TDHF equations [3], while variational expressions for fluctuations 4] and correlation functions
[5] have been derived. In particular, the large fluctuations observed in heavy ion nuclear reactions have thus been
correctly reproduced [6H11], as recalled in Sec.[VIBHl Applications of the variational principle of Sec.[[TCl have been
made to bosonic systems [12], to Bose condensation [13, [14], to field theory in ¢*, including two-time correlation
functions [15, [16], and to restoration of broken particle-number invariance for paired fermions at finite temperature
[17]). Let us also mention an application to cosmology [18] and an extension to control theory [19, 20]. In the case
of small fluctuations around the mean-field trajectory for fermions, the variational principle leads to time-dependent
RPA corrections similarly to other approaches assuming either initial sampling of quantum fluctuations [21, 22] or
directly solving time-dependent RPA [23] (for a recent review, see [24]).

The main results are recapitulated in Sec.XIl, before the conclusion in Sec.XIIl

II. A UNIFIED VARIATIONAL APPROACH
A. Generating functional

We consider a quantum physical system prepared at the initial time ¢; in a state represented by a density operator
of the form D « exp(—FK) in the Hilbert space 5. The dynamics is generated by the Hamiltonian H, possibly
time-dependent. If the system is in canonical (or grand canonical) equilibrium, one has K = H (or K = H — uN);
for dynamical problems K needs not commute with H. Ground state problems are traited by letting 8 — oo.

Partition functions will be evaluated as Tr D for the unnormalized state

D:efﬁK. (1)

The normalized state will be denoted as D = D /Tr D. We are mainly interested in expectation values, fluctuations
and correlation functions of some set of observables denoted as Q? in the Schrodinger picture. We will work in the
Heisenberg picture in which the observables

QY (tr, ) = U (te, 11) QF U (t, ;) (2)
depend on two times, the initial reference time t; and the final running time ¢¢. In the unitary evolution operator

i qgtH (t)

Ults, ;) = Te” R Ju (3)

T denotes time ordering from right to left.
In order to generate consistently the desired quantities, we associate with each observable (); a time-dependent
source &;(t) and we introduce the generating operator

A(t) = et ST A & () QY1) ()
Then, the generating functional
P{&} = TrA() D, ()

which depends on the functions &;(t), encompasses the quantities of interest. In particular the partition function
Tr D, the expectation values

(@) = Tr QY (t,4:)D (6)



at the time ¢, and the two-time correlation functions
Ci(t' ") = Tr T QI (', 1) QR (", 1) D = (@) (Qn)er (7)

are obtained as functional derivatives with respect to the sources according to the successive terms of the expansion

P{€y =InTe D +i [ dt 32, &(6)(Q)e
—% f:o dt’ f:o dt" ij &) &) Ci (' t") + ... .

Variances AQ3(t), hence fluctuations AQ;(t), are found as Cjj;(t, t); static expectation values and correlations in the

(8)

state D are found by letting both times equal to ¢;. Linear responses are also covered by the formalism.

B. The constraints

In order to optimize simultaneously all the quantities embedded in the generating functional ¢{£}, use is made of
a general procedure [1, 2] inspired by the Lagrange multiplier method. The purpose is to construct an expression
whose stationary value provides the quantity we are looking for, namely here ¥{¢} = InTr A(¢;)D. To implement in
this expression the quantities D = e~#% and A(t), we will characterize them by equations regarded as constraints.

To characterize the state D, we introduce a trial ”time”-dependent operator D(7) compelled to satisfy the initial
condition D(0) = I and the Bloch equation

dD(r)
I + KD(r)=0, (9)

where the imaginary ”time” 7 runs from 0 to 3. One recovers D = exp(—SK) from the solution of (@) for 7 = §.

Let us turn to the generating operator A(t) defined by (@) in terms of the observables Q}(¢,t). In this form, A(t)
looks difficult to handle and we wish to characterize it by a formally simple equation that can be taken as a constraint.
To this aim, the operators Q? (t',t) are regarded as functions of the initial time ¢ rather than of the final running time
t’ which is kept fixed at ¢’ = t¢. They thus satisfy the backward Heisenberg equation |3

dQ? (tfa t)

L n
—— Q5 (te, 1), H] . 10
dt ih [QJ ( fs )7 ] ( )
This differential equation, together with its final boundary condition QJH(tf,tf) = st(tf) at t = t¢, is equivalent to
the definition (@) of Q;I(tf,t). Contrary to the standard forward Heisenberg equation (a differential equation in

terms of t'), the backward equation (I0) holds even when the observable Q]S and/or the Hamiltonian H depend on
time in the Schrédinger picture. Note that in the backward Eq.([I0), H is written in the Schrédinger picture if it is
time-dependent.

In the present context, the forward equation for QJH(t’ ,t) would be of no help in dealing with the definition () of
the generating operator A(t) whereas the backward Heisenberg equation (I0) readily provides the differential equation

5]

dA(t)

1 .
T T A0 H4A0 D600 -0, )

which, together with the boundary condition A(+00) = I, is equivalent to [{@l). The generating functional ){¢} defined
by () involves A(t;), and this operator will be found by letting ¢ run backward in Eq.([[) from +oo to t;, with the
final condition A(+o00) = I. Here again we shall simulate the operator A(t), solution of the exact equation (IIl), by a
trial operator A(t) which will satisfy (1) approximately.

In order to optimize the generating functional ¥{{} = InTrA(t;) D, a variational expression [Eq. (12 below] will
be constructed, which relies on the equations (@) for D and (III) for A(t). These equations are regarded as constraints
with which Lagrange multipliers will be associated. We denote the Lagrange multiplier accounting for the Bloch
equation ([@) by A(7), an operator depending on the ”time” 7; we denote the Lagrange multiplier accounting for
Eq.[[) by D(t), a time-dependent operator. These notations are inspired by the duality between observables A and
states D at the root of the algebraic formulation of quantum mechanics |25, 126] where expectation values are expressed
as scalar products Tr AD. Here, D(7) (for 0 < 7 < ) and the multiplier D(t) (for ¢ > ¢;) are state-like quantities,
whereas the multiplier A(7) and the operator A(t) are observable-like quantities.



C. The variational principle

The implementation of the constraint (@) for D(7) by introducing the Lagrange multiplier .A(7), and of the constraint
(D) for A(t) by introducing of the Lagrange multiplier D(t), results in the variational expression |5

U{A,D} = InTr At = t;)D(r = ) (12)
B T
- / dr Tr A(1) {dl;—i) + KD(T)] [T A(m)D(7)]
0

dt ih

i

+ / Tarme | AU L, H]+i A) Y &(t) QS | D(t)[Tr A®)D()] ",

where normalizing denominators are included for convenience. Together with the mized boundary conditions
Alt=+o00)=1, D(r=0)=1, (13)

U{A,D} should be made stationary with respect to the four time-dependent operators D(7), A(7), A(t), D(t) (with
0<7<pfandt <t<+40c0). The stationarity conditions include the additional continuity relations

Dir=B)=D(t=t) and A(r=p)=Alt=1t), (14)

another argument for the notation. (In view of this continuity one might replace 7 by a complex time ¢ = t; +i(8—7)h
S0 as to rewrite the two integrals of (I2) as a single integral on a Keldysh-like contour [3, 1217].)

For unrestricted variations of A and D the stationary value of W is the required generating functional Y{&}. Tt
is attained for values of A and D that let the two square brackets of (I2)) vanish, so that we recover the evolution
equations (@) and (IIJ), the solutions of which are D(7) = exp (—7K) and A(t) = A(t).

The data of the problem, K, H and the observables ]S-, are operators in the Hilbert space . They all enter
explicitly the variational expression W{A, D}. Simpler variational principles (VPs) derive from ([2)) in two special
circumstances. If the initial state D is workable, the first integral over 7 should be omitted. In this case, the variational
principle (I2]) can be viewed for §;(¢t) = 0 as a transposition of the Lippmann-Schwinger VP [28] from the Hilbert
space, with duality between bras and kets, to the Liouville space, with duality between observables and states [3].
For static problems, the last integral over ¢ is irrelevant [17]. Classical problems enter the same framework, with the
replacement of the Hilbert space by the phase space, traces by integrals and commutators by Poisson brackets.

As usual, practical exploitation of the above variational approach relies on restricting the trial spaces so that the
expression ([[2) of ¥{A, D} can be explicitly worked out. The denominators Tr AD have been introduced so as to let
the functional U{A, D} be invariant under time-dependent changes of normalization of D and .A. This allows us to
select a ”gauge”, that is, to fix at each time the traces of D and A in such a way that the stationarity conditions take
the form

Tr 5. A(T) [&f) + KD(T)] =0, 0<1<8) (15)
Tr {%(:) - A(T)K] dD(t) =0, 0<7<h8) (16)
Tr %it) + % [A(t), H] +iA(t) zj:gj(t)QE dD(t) =0, (t > t;) (17)
Tr 5 A(t) dDd—it) - % [H,D(t)] —i ij(t)Q]SD(t) =0,(t>t) (18)

in the restricted space for D(7), A(7), A(t), D(t) and the corresponding space for their infinitesimal variations. In
agreement with the boundary conditions (I3)) and ([I4) relating the sectors 7 and ¢, equations ([l and (8] for D
should be solved forward in time, with 7 running from 0 to 8 and ¢ running from ¢; to oo, whereas Eqs.([I[1) and (I8])
for A should be solved backward. We obtain the stationary value of ¥ as

PY{&} ~In Tr A(¢t) D(t) = In Tr A(7) D(7) (19)

for arbitrary ¢ or 7, as a consequence of the stationarity conditions written for 6.4 o< A, D  D. In the following the
restricted choice of the trial space will imply that the allowed variations . A around A depend on A, and likewise for



4D, so that the forward or backward equations (IZHI8) are coupled. Practical solutions will take advantage of their
expansion in powers of the sources &;(t).

The variational procedure has duplicated the dynamical equations, introducing Egs.([[8) and (I8), besides the
approximate Bloch equation (I3 and the approximate equation () for the generating operator A(t). While the
formalism was set up in the Heisenberg picture, the stationarity condition (I8]) reduces, in the absence of sources and
for unrestricted variations of A(t) and D(t), to the Liouville-von Neumann equation

aD(t) 1
— " = = [H.D(b)]. (20)

The Lagrange multiplier matrix D(¢) thus behaves as a time-dependent density operator in the Schrodinger picture.
However, such an interpretation does not hold in the presence of sources, in which case D(t) is not even hermitian.

III. LIE GROUP AS TRIAL SPACE
A. Parametrizations and entropy

From now on, we specialize the trial space for the operators A and D involved in the variational principle (I2I),
assuming it to be endowed with a Lie group structure. This will be our sole approximation. The Lie group is generated
by a Lie algebra {M} of operators acting on the Hilbert space J#, a basis of which is denoted as M,,. This algebra is
characterized by the structure constants I'] 5 entering the commutation relations

M, Mg] = i AT, M.,. (21)

(We use throughout the convention of summation over repeated indices.) These constants are antisymmetric and
satisfy the Jacobi identity

eIl + TG T2 +T5, T2 =0.

It is convenient to include in the algebra the unit operator I, denoted as My. A seminal example is provided, for a
many-fermion problem, by the algebra of fermionic single-particle operators M, = al,a, [with a = (v, 1) # 0]. Other
examples are given in Sec.[XTA] such as, for condensed bosons, the set of creation and annihilation operators and of
their products in pairs.

The operators A and D are then parametrized, at each time 7 or ¢, according to

A =el™Ma D =l "Ma (22)

The parameters L® and J* are functions of the times 7 or ¢; their sets will be denoted as {L} and {J}. They will
be complex due to the presence of the sources &;(¢), and to a possible non-hermiticity of the operators M,. [In
the fermionic example, the operators D have the nature of non-normalized independent-particle states; for bosonic
problems they would encompass coherent states.]

The results will be conveniently expressed by writing D as D = ZD, where Z denotes the normalization factor

Z{J} =TrD =Tre’" Ma (23)

and where D is a normalized operator. Instead of the set {J}, the operator D can alternatively be parametrized by
Z and by the set {R}, defined by

~ O0lnZ
T 9Je

(24)

and including Ry = 1. [In the example of fermions, for & = (v, p) # 0, the set Ry, = R, = Tr aLa,,ﬁ are the Wick

contractions associated with the independent-particle trial operator D, so that a covariant vector {R} can also be
regarded as a single-particle density matrix. Contravariant vectors such as {L} or {J} are then regarded as matrices
with switched indices, so as to produce the usual expressions in Hilbert space for operators and scalars, such as
LM, = aLL’“’aV or J*Rq = J"R,,.]

The converse equations of (24]), which relate the set {J} to the set {R}, Z, involve the von Neumann entropy
(ks =1)

TrDInD

S{R} = -TrDInD=InTrD — ™D

=InZ - J*R,, (25)



and they read

_9S{R}

T = OR.,

(@#0), J'=IZ-S{R}-> J*R,. (26)
a#0

The Legendre transform (20)-(@26) from In Z{J} to the von Neumann entropy S{R} stems from the exponential
form of D as function of the parameters {J}. The situation is the same as in thermodynamics where a Legendre
transform relates thermodynamic potentials and entropy when going from intensive to extensive variables, due to the
the Boltzmann-Gibbs form of the equilibrium states. R

The Jacobian matrix of the transformation relating the two parametrizations of D is the entropic matriz

_ 9°S{R} _ 9J° _9InZ{J}  ORa

af - _ —1 _ - _
S = SRR, ~ Ry s = ~ra a7 8.JP

(a, 8 #0), (27)

which is the (negative) matrix of second derivatives of S{R}.

As a remark, we note that a metric ds? can be defined in the full space of density operators D by ds? = —d2S {D}
[29]. The quantity —6R,S*?6Rs can indeed be interpreted as the square of the distance, within the trial subset of
density operators, between the state D parametrized by {R} and the state D + §D parametrized by {R + 6R}. The
matrix —S can thus be regarded as a metric tensor, and the relation §J% = —S*#§Rs (a, 8 # 0) as a correspondence
between covariant and contravariant coordinates.

B. Symbols and images

We shall have to deal with quantities of the form Tr @D, where D will be some element of the Lie group and @
some operator in the full Hilbert space 7, not necessarily belonging to the Lie algebra. In order to take care of such
operators it appears convenient to represent them by means of two useful tools.

Let us first introduce the symbol ¢{ R} of @, a scalar which depends both on the operator @ (in the Schrédinger
picture) and on a normalized running element D of the Lie group. This symbol is defined by

R} =TrQ D, (28)

as function of the parameters R, (with o # 0) that characterize D. If Q belongs to the Lie algebra, this function is
linear since R, = Tr M, D itself is the symbol of M,. Otherwise q{R} is non-linear. If D were a density operator, a
symbol would be an expectation value but here Dis an arbitrary normalized element of the Lie group, not necessarily
hermitian. The symbol g{R} of the operator ) may be viewed as a generalization, for any Lie group and for mixed
states, of the expectation value of ) in a coherent state [30], this value being regarded as a function of the parameters
that characterize this state.

Let us then introduce a second object associated with an operator @Q, its image Q{ R}, an element of the Lie algebra
depending again both on @ and on the running operator D. The image Q{R} of @ is constructed by requiring that
both operators Q{ R} and @ should be equivalent, in the sense that

TrQ{R}D =TrQD = ¢{R}, (29)
and that
TrQ{R} D =TrQ oD (30)

for any infinitesimal variation 0D around D within the Lie group, in particular for 6D x MyD, or 6D « DMy, or
0D o OD/IR,,. Let us show that these conditions are sufficient to determine uniquely the image Q{ R} associated with
a given Q. Since it must belong to the Lie algebra, Q{ R} is parametrized by a set of coordinates Q*{ R} according to

Q{R} = Q*{R} M, . (31)

For a # 0, these coordinates Q“{R} are determined by inserting (BI) into (BT), by taking 6D  (9D/dRs)dRs and
by using the definition (28)) of the symbol of @, which yields

Oq{ R}
OR.,

Q*{R} = o (a#0). (32)



The coordinate Q°{ R} is obtained from ([29). Altogether, the image Q{R} of Q defined by their equivalence (29),([30)
is related to the symbol ¢{ R} of @ through

Jq{ R}
OR.,

Q{R} = ¢{R} Mo + (Mo — Ra M) (a #0). (33)

An operator @ belonging to the Lie algebra coincides with its image. Otherwise, its coordinates~Q'8 depend on the
R.’s, so that Q{R} is an effective operator simulating ) in the Lie algebra, for a state close to D. The dependence
of Q*{R} on {R} arises from the occurrence of D in the equivalence relation (29),(30l).

C. The commutation matrix C and the entropic matrix S

We shall have to handle products of two operators of the Lie algebra. When solving the dynamical equations we
shall in particular encounter commutators [My, Mg]. Their symbol defines the commutation matric

1 N
Cup{R} = E’I‘r[Ma, MB]DzFlﬁRW, (34)

expressed in terms of the structure constants I') P (for v =0, we have Ry = 1). The matrix C will play a crucial role.

Using InD = J”YM,, the vanishing of Tr[Mg, InD]D = 0 is expressed by
Cpy J' =T%, Rs J7 =0. (35)

Taking the derivatives of this identity with respect to R, and using the relation (27]) between the two parametrizations
{J} and {R} of D, one obtains for the product CS the relations

g, J7"=Cgy S7, (a#0) (36)
%, J'=—-Csy S Rs.

These equations help to show that the automorphism of the Lie algebra engendered by the element D* of the group
can be expressed in the two equivalent forms

Mo — Ro = D™ My — Ro)D* = (e'"5M) T (M, — R,). (37)

(This is proved by evaluating the derivative with respect to A of the left-hand-side, using (B6]) then integrating from
0to )

The property ([B7) will be exploited later on (Sec.[VEl and Appendix A). We use it here to find the expression of
the symbol of the product My, Mg, or equivalently of the correlation Tr M(MgD — R, Rg = Tr(My — Ro)MgD (with
R, = TrM,D). To this aim, we start from the expression ([27)) of S~!, and evaluate explicitly therein the derivatives
with respect to {J}:

(s = Pmz{J} 0 Tre/"™M Mg
af —9JegJP  9Jo Trel My

1
=Tr / dAD'" M, — Ry)D* My, (38)
0
where we made use of the first-order expansion in the shift {0.J} of
1
exp (JY My +6JY M) =D+ §J7 / AAD'"M M, D, (39)

0

with D = exp JY M,. We recognize in the r.h.s. of (38) the Kubo correlation of M, and Mg in the normalized state
D. By means of ([B7) the integration over A can be performed explicitly in (B8]), which yields

1
— (SHap=Tr /O dx (e""CEN T (M, — Ry) Mg D (40)

eih(CS_]I v ~
= (71_%8 ) Tr (M, — R,) Mg D.

[e3%
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Hence the ordinary correlations between operators of the Lie algebra in any element D of the Lie group are found to
be given by

~ ' h
Tr Mo MD — Ry Ry = <—;TES_HS1> . (41)
ap

D. The variational formalism in the restricted space

With the above tools in hand, it is possible to implement the Lie-group form (22) of the trial operators into the
variational expression (I2)) of U{.A, D} by taking as variables the parameters {L}, {R}, Z that characterize A and D
at the times 7 or ¢. These operators A and D appear within ¥{A, D} through products AD and D.A. Such products
belong to the Lie group and are characterized by the parameters RA?P = Tr M, AD/Tr AD, RPA = Tr M, DA/Tr DA,
ZAP = 7PA = Tr AD, which should be expressed in terms of our basic variables { L}, {R}, Z by relying on the group
properties.

The initial state operator K = —3~!In D, the Hamiltonian H and the observables QJS- enter ¥{A, D} through traces

of the form Tr QAD/Tr AD and Tr QD A/Tr D A, where @ stands for K, H or QJS We are thus led to introduce, for
any operator D parametrized by { R}, the symbols

HRY=TrKD, WMR}=TrHD, ¢{R}=TrQ5D (42)

of K, H and Q;Q-’. These symbols occur within W{A, D} for values of {R} equal to { R*P} or { RPA}. The variational
expression W{A, D}, when specialized to a Lie group, then takes the form

U{A,D} = InTr A(t = ;) D(r = ) (43)

s O ZAP dR, dinZ i
— d @ — k{RPA
/0 T( or. ar T ar M })

> 6111Z'AD dL*” 1 DA AD DA
+ [ | G+ o MR - R 6wt ).

i

which should be regarded as a functional of the original trial parameters {L}, {R} taken at times 7 and ¢, and
Z(1) = TrD(r).
The stationarity conditions (IBHI]), obtained by functional derivation with respect to these parameters, now read

P s krPy D =0, (0<7<) (14)
P ankiEy =0, (0s7<p) (45)
%i) + ih [A(t) H{RPA} — H{RAP} A(t)]

+z2@ (1) Q;{R"} =0, (t>t) (46)
PO+ L [ HRAP) — WA D)

—iSE0a R PO =0, 20 (a7)

These equations involve the images K{R}, H{R} and Q;{R} issued, according to the general relation (33), from the
derivatives of the corresponding symbols k{R}, h{ R} and ¢;{ R} defined by (Z2). The stationarity conditions (44])- @7
should be solved with the boundary conditions ([3) and ([4). When they are satisfied, ZAP is constant in 7 and ¢,
and the optimal estimate for the generating functional ¢{¢} reduces to the first term In ZAP of ([@3), in agreement
with (9).

For most Lie groups, solving the coupled equations ([@4HAT) is hindered by the need of expressing explicitly the
parameters { RPAY {RAPY}, ZAP of AD and DA in terms of those ({L},{R} and Z) of A and D. However, we are
interested in the first terms of the expansion of ¢¥{{} in powers of the sources &;(t). Accordingly we shall only need
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to express, as functions of the parameters {R} and Z of an arbitrary element D of the Lie group, the following
ingredients: (i) the symbols [#2) of the operators K, H and QJS-, and (ii) the entropy function (25]) which allows us to
relate the sets {R} and {J}. This is feasible for many Lie groups. [In the example of the algebra of single-fermion
operators a,a,, this is achieved by Wick’s theorem.] Thus, explicit solutions of the equations of motion will be found

n
at the first few orders in the sources.

IV. ZEROTH AND FIRST ORDERS
A. Thermodynamic quantities

At zeroth-order in the sources {£}, the quantity of interest is the partition function Tre % or the ”generalized
free energy”

F=—-p1InTre #X = g ly{e =0} (48)

(kg = 1, T = $~') which reduces to the standard free energy for K = H, or to the grand potential for K = H — uN.
It is variationally approximated by — f~* W{ A DO} = — =1 InTr A©) (¢t = #;)D®) (7 = B), where the upper index
denotes the order in the sources {£}.

For {¢} = 0, the stationarity condition [@B) yields A(®)(t) = T for t > t;, hence, from Eq.(), A (r = B) =T
and F ~ — =1 InTr DO (r = ). Thus DO (r=p)= D) appears as an approximation, variationally suited to the
evaluation of thermodynamic quantities, of the exact state D = e~ A K,

To obtain D) (7 = ) we have to solve the first two stationarity conditions ([@4HH) with D©(0) = A (B) = I.
We make the Ansatz

D(1)A(r) = DO, (49)

where D) = D) (t = B) is a constant operator, still to be determined and characterized by its parameters Rg?) =
TrM,DO for a # 0 and Z© = Tr D). The image K{ RP4} is then the constant operator K{ R}, so that we can
solve Egs.(@) and @F) in the form DO (7) = [DO)7/8 A0 (7) = [DO]B=7)/5 where D) is determined by the
equation

DO = - 3K{RO)}. (50)

The operator equation (50) provides D) (7 = B) = D). More explicitly, in the basis {M} of the Lie algebra, the
components « # 0 of (B0) read J©O* = — BK*{R®} in terms of the coordinates J(O% of InD© = JO*M, and the
coordinates K*{ R} of K{R} [defined as in BIH33)]. This yields the self-consistent equations

OS{R™}  Ok{RO}
or® 7 9RO

(51)

which determine the parameters {R©} of D©. The component o = 0 of (B0) yields J©° = E{RO} —

R Ok{R®}/dRY) where Eq.(33) has been used for K. Together with (28] and (5I)), this equation provides for the
sought free energy F the alternative expressions

Fo—ptInTre AKEYY = _ =11y 200 = f{RO)} (52)
where we defined the free-energy function f{R} through
f{R} =k{R} —T S{R}. (53)

The above self-consistent equations determine a hermitian operator DO which can be interpreted as an approx-
imation for the exact density operator D (whereas the trial operator D occurring in the presence of sources is not
hermitian). The general relation (B3] entails

I, KP{ROYRD) =0, (54)

an equation which is equivalent to Tr M, [In DO D] = 0. [In the Hartree-Fock example, (54) expresses the com-
mutation of the single-particle density matrix with the effective hamiltonian matrix.]
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Our variational principle provides solutions for ¢){¢ = 0} = — § F that are not maxima but only stationary values of
U{A, D}; it relies on the Bloch equation rather than on the maximization of the entropy under constraints. However,
it turns out that the above result (5Il) coincides with the outcome of the standard maximum entropy procedure.
Indeed the latter amounts to minimizing the left-hand side of the Bogoliubov inequality

TrKD+ 8 'TrDInD > - 'InTre PX =F (55)

with respect to the normalized trial density operator D. When D in (A is restricted to the Lie group, the left-hand
side reduces to f{R}, where {R} is the set characterizing D. The best estimate for F is thereby the minimum of
the free-energy function f{R}, which requires that the equations (GI]) are satisfied. The equivalence between the
two variational approaches provides a criterion for selecting the best solution {R(O)} of the self-consistent stationarity
conditions (5I)) when they have several solutions, namely, the one for which f{R(®} is the absolute minimum of f{R}.

The standard relations § = —9F/dT ~ —TrD©@ In DO = S{R®} and (K) = F + TS ~ k{R©} are satisfied
as usual, so that the approximation is thermodynamically consistent. Thermodynamic coefficients are obtained by
derivation, which introduces the matrix («, 8 # 0)

2 (0) 2 (0) 2 (0)

~ 0RY oRY) orOORY "~ orRV ORY °0)
In particular, the heat capacity is found for K = H as
C = BRYROIE)ap K {RO} . (57)

The positivity of the stability matriz F at the minimum of f{R}, entailed by the inequality (&3]), will play an important
role below. [For the fermionic single-particle Lie algebra aLa,,, we recover the thermal HF approximation, either under
the form (B0) or through the minimization of f{R}.]

B. Expectation values

Expectation values are obtained by expanding the generating functional ¥{{} at first order in the sources &;(t)
[Eq.(8)]. These sources occur both directly in W{.A, D}, as exhibited by the last term of ([@J), and indirectly through
the values of A and D at the stationarity point where ¥{£} = U{A, D}. At this point, however, the partial derivatives
of W{A, D} with respect to .A and D vanish; one is left with the explicit derivative OW{A) DO} /9¢;(t) taken at

the zeroth-order point { A D)} so that

C1op{gy| T@iDOM) AV
00 ey TrAD(H)DO(1)

(Qj)e (58)

involves only the zeroth-order approximations A(® (¢) and D (t).
We have seen that A©) () = I for t > t;, and that D (t;), equal to D) (7 = g) = DO, is given self-consistently
by (B0). Hence, the static expectation value (Q;), in the state D is variationally expressed by

3D = — g 2 Qi DY = ¢, {RV} = 9} {R} RD, (59)
that is, by the symbol (28] of the observable QJS of interest.

For dynamical problems, the expectation value @EI) involves D) (t), provided by the last stationarity condition
(@) taken for &;(t) = 0 and for A () = I. Thus, D (¢) is determined by the zeroth order self-consistent equation

dD) (t)

1 -
= H{RO )}, DO®)| , (60)

with the initial condition D (t;) = D). [The norm Z©(t) is constant and equal to Z(*).] In (B0) the operator
H{R©(#)} is the image taken for R\ (t) = TrM,D©(t) of the Hamiltonian H. The time-dependent expectation
values (B8] are therefore found as

(@) = TrQfl(t,1:)D = Tr QF DV(t) = ¢;{ RO (1)} (61)
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As noted at the end of Sec.[l the variational equation (G0) for the Lagrange multiplier D(®)(¢) comes out as an
approximation for the Liouville-von Neumann equation (20]).

In coordinate form, the equations of motion for the variables R (t) = (My); that parametrize D) (t) are found

from (60) as

dRrY (1) Oh{RO(£)}
i SR "

with the initial conditions {R®(t;)} = {R(®}. [For the single-fermion Lie algebra, we recover the time-dependent
Hartree-Fock (TDHF) approximation for the single-particle density matrix R,(,(L) (t), with the static HF solution as
initial condition. Indeed, the multiplication in (62)) by C,g{R} produces for this algebra a commutation with R,(,(L) (t).
The usual single-particle effective HF Hamiltonian comes out as the image H{ R(®)(¢)}. The current use of TDHF to

evaluate expectation values is thus given a variational status.]
Equations ([62]) can be rewritten in the alternative form

(0)
dR,
a  _ 7.7 p(0)
where the matrix
LJARD ()} =T 1, HH{RO (1)} (64)

plays the role of an effective Liouvillian acting in the Lie algebra; the quantities H?{ R} are the coordinates H°{ R} =
Oh{R}/ORs [Eq.[32)] of the image H{R} of H.
The dynamics of the density operator D(®)(t) takes therefore the classical form (63) in terms of the scalar variables

R((xo) parametrizing DO (t). This classical structure will be analyzed in Sec.[Xl Non-linearity occurs through the
restriction of the trial space: the image H{R} depends on the variables { R(*)(t)} when H does not belong to the Lie
algebra.

V. CORRELATION FUNCTIONS

Variational approximations for the two-time correlation functions Cj(t',t"”) are provided by the second-order term
of the expansion () of the generating functional ¢{£} in powers of the sources ;(t). However, we have seen that,
owing to the stationarity of ¥, zeroth order was sufficient to determine the variational approximation for expectation
values. Likewise, it is sufficient here to expand up to first order the first derivative of the generating functional ¢{¢}

according to
1 op{&} ,
Fage(i) “/
N EG\I/{A,D} _ Tr SD") A(t")
T o0&ty TeD@) A"

i

Oodt/Zé.J(t/) Ojk(t/,t”) (65)

where the stationarity of W{A, D} with respect of A and D has been used. We can thus obtain Cjx(t',t"”) from the
first-order contribution to the r.h.s. of (B3], and only A©), DO AM and DM have to be determined from the
variational equations ([{4HAT]).

A. The approximate backward Heisenberg equation

One building block for correlation functions will be the quantity Qi (¢, ) defined for ¢ > t by expanding the trial
operator A(t), which enters (G3]), up to first order as

Alt) =~ AO1) + AV @) =T+ / St > &) Q1) (66)
t k
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Comparison with the expansion of the exact generating operator A(t) defined by (@) shows that QI (¢”,t) simulates
the Heisenberg observable QY (#”,t). Since A(t) belongs to the Lie group, Q(#”,t) belongs to the Lie algebra and
can be expressed as QI (¢, t)M,,.

The stationarity condition ([@6) with respect to A(t), expanded up to first order, determines the coordinates
Ol (¢ 1), For a # 0 these obey for t < " the equations

dQy*(t", )

S == (") L+ CH)S (@ f#£0), o7

which appear as the reduction in the Lie algebra of the backward Heisenberg equation ([IQ) for Q¥ (t”,t). The matrix
L is the effective Liouvillian (64]), C is the commutation matrix defined by (34) and H is the second-derivative matrix
of the symbol h{R} of the Hamiltonian H,

92h{R}

H{RY = 5 ORs

(68)

These three matrices are functions of {R}; in (67)) they are taken at the point R, = R((IO) (t) determined by the
zeroth-order equations (63). Equations (&) should be solved backward in time from the final boundary condition

"o " 6Qk{R(O) (t”)}
Ha t ,t — [&] R(O)t e —, 69
o () = QR = He G (69)

where O¢{R}M, = Qi{R} is the image of the observable Q while ¢x{R} is its symbol.
The ezact Ehrenfest equation for Tr M, D(¢) [issued from the Liouville-von Neumann Eq.([20)] and the exzact Heisen-
berg equation for QY (#”,#") involve the same Liouvillian. However, in the variational treatment, the corresponding

approzimate Ehrenfest equation (G3) and the approzimate Heisenberg equation (67) differ; the latter contains the
corrective term CH in addition to the effective Liouvillian L. This difference arises because the variational equations

for the set Rg?)(t) occur at zeroth order in the sources whereas those for the set QH(¢” t) occur at first order.
From the stationarity condition (@) for .A(t) one also finds the component QHO(¢” t) of AM). This gives an
alternative expression for the time-dependent expectation value of @y at a time ¢,

(Qu)e = a{ROM)} = Qif*(t,") R (") = Tr Qi (t,t") D (¢") (70)

(including o = 0 with R((JO) = 1), which holds for any intermediate time ¢”, and thus interpolates the Schrodinger
picture for ¢ = ¢ [Eq.(6I)] and the Heisenberg picture for ¢ = t;, as does the exact expression

<Qk>t =Tr Qg (t7 tll)[U(tHv ti) DUt (tllv ti)] : (71)

B. Bypassing D (t) for real times ¢

The correlation functions that we want to determine through (@5) depend on the combination DM (t") 4
DO (") AW (¢"), since A(®) = Z. The time-dependence of A™M (") has been expressed through Eqs.(G6) and (G7).
We still need the other ingredient, the first-order operator D) () whose evolution is not simple. However, using the
coupled equations of motion for D(¢) and A(t), we will show below that the time ¢ occurring in (G5 can be shifted
down to t;.

From Eqs.( 0] and (@7), one can derive for the products D(t).A(t) and A(¢)D(t) the uncoupled equations

d(DA) 1

. in [H{RP4}, DA] + iz&(f) [Q;{R"4}, DA] , (72)
d(AD) 1 -
L == [H{r""}, AD] . (73)

These equations cannot be fully solved because the boundary conditions on A and D occur at different times [Eq.(I3))].
Nevertheless, Eq.(72) will happen to be sufficient for our purpose.
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In parallel with Eq.(66]), we parametrize at first order the product D(t).A(t) by R%) (t,t") according to

Tr Mg D(t) Alt)
TrD(t) A(t)

=R (1) —H/ dthj Rt t).
t

i

REA(t) = ~ TrMg[DO(t) + 6D(t)] (74)

We have in (74)) denoted as §D(t) the first-order variation of D.A/Tr DA around D (t). The quantity Cj(#',") that
we wish to evaluate now satisfies from (63]) and (74 the relation

+ z/ dt’ Z@ Cir(t',t") = Tr Q3 6D(t"). (75)
ti

Since dD(t") is a variation around D) () within the Lie group, the image property ([30) allows us to replace the
operator Q5 by its image Qu{R©(t")} = QV{R©(#")}Ms. Comparing Eqs.(7) and (75), we can get rid of the
sources &;(t'), so that

Cin(t',t") = R (" ¢) QU{RO (")} . (76)

Remember that the coordinates QQ{R(O)(t”)} of the image of Qf are related to the symbol g {R®(¢")} =
Tr Q3 DO (t") by

O {RO ()

B 1 p(0) (41
AR} =

(77)

The time-dependence of Rg‘,}a) (t,t") is found by expanding Eq.(72) at first order. Noting that TrD.A does not depend
on time, one obtains

dRS) (1)

o = (L+CH)] RV (t,t) +ihCgy QU{RO(1)} 8t — 1), (78)

where again L, C and H depend on time through { R(®)(t)}. The same kernel L.+ CH as in the approximate backward

Heisenberg equation (7)) is recovered; it will also be encountered in the context of small deviations (Sec.[XBJ). [For

fermionic systems, L + CH is the time-dependent RPA matrix issued from the kernel L of the TDHF equation (G3)).]
As a consequence of the duality between the kernels of Eqs.([67) and (8], we obtain the identity

d

SR QP (1) = —in QRO (0} €, O (¢ 1) 0t — 1) (79)

Slnce QH'@(t” t) vanishes for ¢ < ¢, the r.h.s. of (79) disappears if ¢/ < t’. One can therefore evaluate Cjy(t',¢") for
> t” from (Z6) by noting that the product R(l)(t t') QHB (t",t) does not depend on ¢ for t' >t > ¢ > t;. Using the
boundary condition QHﬁ "t = Qﬁ {RO)(#")}, we then shift ¢ down to t; in (Z6)), which yields

Cint ") = R (t,) QP (" 1), (' > 1"). (80)
The continuity condition D(t;).A(t;) = D(B).A(B) entails that this correlation function (80) is equal to
Cin(t' ") = Ry (B,4) QP (1", 1) (' > 1") (81)

in terms of the boundary value at 7 = 8 of {Rgl)(T, t')}. One needs therefore to determine, only in the interval
0 <7 < B, the set {R§l)(7, t')} defined through the first-order parametrization of D(7).A(T) by

RO = St a1 [ ORI, (82)
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where R} = Tr Mg D(©),
The evaluation of D(t) at times ¢ > ¢; has been bypassed, and it remains to solve the coupled equations (#4]) and
@35) for AV (1) and DM (7) in the range 0 < 7 < 3, with the boundary conditions D) (7 = 0) = 0 and

AV (r =p —z/ dtZgj ) QM (¢ ) Mg (83)

ti

issued from (I3) and (66), respectively. For ¢ > t/, the symmetry Cjx(t',t"”) = Ci;(t”,t') can be checked by means
of the r.h.s. of Eq.([T).

C. Two-time correlation functions

The linear structure of the boundary condition (83)) for A™M)(7), together with the boundary condition D™ (7 =
0) = 0 for DM (1), entail the occurrence of an overall factor QM (t/, 1) in AW (1) and DM (1), hence in R%) (r,t),
and finally in the correlation function Cj(¢',t"). We had already acknowledged the explicit dependence of Cjx (¢, ")
on Ql,jﬁ (t”,t;). Therefore, for any trial Lie group, the two-time correlation functions have the general form (o, 8 # 0)

Cin(t ") ~ QM (¢ 1) Bap Q1 (1" 1), (' >1"). (84)

Beside the approximate Heisenberg observables given by the dynamical equations (G7) and the boundary condition
(©9), a matrix B,g appears, which depends only on the zeroth and first order contributions to D(8) and A(3).

Noticeably, the expression (B4]) has the same factorized structure as the exact formula (7). In spite of the coupling
between the stationarity conditions in the sectors ¢t > ¢; and 0 < 7 < 38, Eq.(84) [as Eq.(@)] displays separately two
types of ingredients: The result B of the optimization of the initial state is disentangled from that of the dynamics,
embedded in the approximate Lie-algebra Heisenberg observables QJ (¢, ;) and Q) (t”, t;).

D. The correlation matrix B

The last task consists in determining explicitly the correlation matrix B,3. We have noted above that, through
the boundary condition (B3), the factor QJ'*(t’,t;) occurs in R;};)(T, t'). By introducing new (a-indexed) operators
AS)(T) and ’Dg})(T), again determined by the coupled equations ([#4) and (3] but with the boundary conditions
A((ll)(ﬂ) = M, and D&l)(ﬂ) = 0, one can explicitly factorize Rglﬁ) (1,t') as

R (r.t) = Qo (¢ 1) R (). (55)
The quantities R( 5(7) defined by (82) and (85) will then be given by
R (r) = T [DO (1) AD () + DY (r) A (1) (M5 — B”) / Tr DO (86)
and the correlation matrix Bog will be found as Bag = R(l)( = ), that is,

Tr DY (8)(Ms — RY)
Tr DO

Bos = TrMa(Ms — RY)D® + (87)

It remains to determine the coupled operators Dg}) (1) and A((ll) (7). The solution is explicitly worked out in Appendix
A.1. It had already been given in special cases, for fermionic systems [5], extended BCS theory [17], ¢* quantum field
[15].

The result thus found for the correlation matriz B is

1hCTF

_ ~1
B= ]l—exp(—ihﬂ(CF)F (88)

= BiﬁCF coth <%ihﬂ(€ﬂ7)] F~! 4+ %ih(C.
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It involves the commutation matrix C defined by ([B4]) and the positive matrix F =K —T'S of second derivatives (56
of the trial free energy. Both are taken for the parameters { R} that were determined at zeroth order. For vanishing
eigenvalues of iCF, the coefficient of F~! is meant as 1. [For the single-particle fermionic Lie group, the matrix
iCF is the static RPA kernel.]

By letting ¢/ — 0 =t = t; and QS Ma, Q3 = Mg in (&), one identifies B,z as the variational approximation for

the correlations, in the initial state D, of the operators M, that span the Lie algebra:
TrMuMgD — TrM, D TrMgD ~Bog, (o, 8 #0). (89)

The variational expressions (&4)), (88]) [together with Eqs.(@)] for the correlation functions issued from the use of
a Lie-group trial space are the most important outcomes of the present variational approach. We comment below the
features of this expression, and work out its consequences in the forthcoming sections.

E. Status of the result for static correlations; Kubo correlations

The optimization of thermodynamic quantities and expectation values (Sec.[V]) has resulted in a mean-field type
of approximation, with the mere replacement of the exact state D by the zeroth-order contribution D to the trial

object D, as in TrMaD ~ TrM,D© = R However, the optimized approximation (8]),[®9) that we found for the

correlations B,g of M, and Mg does not follow from such a simple replacement. Evaluated in the state D) by the
formula ({Tl), such correlations, instead of (88]), would be given by

. i hCS
TrMa Mg DO - RORW = _ (222 g1 90

g g « 7B exp[i RCS] — 1 of (90)
where S and C are evaluated from 27) and 34) for {R} = {R(®}. Contrary to B, the naive expression (@0) is not
variationally optimized. While the first term of the variational expression (87) of B provides a contribution equal

to ([@0), its second term, arising from D&l)(ﬂ), introduces a correction which substitutes S — K = —gF to S . The
matrix K takes into account effects coming from the part of the operator K that lies outside the Lie algebra. [When
{M} is the fermionic single-particle algebra, the left-hand-side of (@0) is the Fock term from Tr(aLal,)(a:f,aT)D(O)

since R((lo) R(BO) is the Hartree term. The full matrix B involves an RPA kernel, in which the matrix K is the effective

two-body interaction.]

Although the approximations for expectation values and correlations functions stem from the same variational
principle, they appear intrinsically different. Not only B cannot be expressed from D) but moreover there is no
density operator approzimating D in the original Hilbert space ¢ that would produce the optimized correlations B
in the same form as ([89). While DO can be interpreted as a state, the trial operator D has no perturbative status
and is just a calculational tool involving the sources. In the expression (87) of B, the operator D((ll)
on My, is not a correction to D).

Nevertheless, we will show in Sec.[VIIl that, through a mapping of the original Hilbert space % into a new space
J and of the Lie algebra {M} into a reduced algebra {M}, the matrix elements of B can be interpreted as ezact
correlations between the operators {M} in an effective state D. The quantities {R™} will also appear as exact
expectation values of {M} in D. The variational results, for both expectation values and correlations, will thus be
unified through a modification of the Lie algebra.

One may also wonder about the origin of the Bose-like factor exhibited, for arbitrary Lie groups, by the expression
([B]) of B. A clue will be given in Secs.[VIIl and [VIIIl where an algebra of Bose operators arises from the mapped Lie
algebra {M}.

An alternative understanding of the structure of the matrix B can be reached by relating it to the matrix of Kubo
correlations, even though the latter have less direct physical relevance than ordinary correlations. Kubo correlations
between the operators M, and Mg are defined for the exact state D by

, which depends

Tr—/ dre" Mye "8 Mg D —~TrM, DTrMg D (91)

We have seen in Sec.[[IL{ that, if the state D were bluntly replaced in (@) by the element DO of the Lie group,
Kubo correlations would be directly related by (B8] to the matrix S. We show in Appendix A.2 that a variational
approximation BX for the Kubo correlations (@) reads

BX = Z(F ') = (3K -5)". (92)

|~
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The naive approximation (38), namely BX ~ —S~!  obtained by replacing D by DO) in @), is thus variationally
corrected by inclusion in ([@2) of the term SK. Likewise, the naive approximation (@0) for the ordinary correlations
in the state D results from the variational expression (88) for B by omission of K within F = K — T'S.

Once BX has been obtained in the form ([@2), it is possible to recover from it the expression (88) for B. In the
special case K = 0, for which BF = —S, this was achieved in Sec.[TTCl We saw there that the factor [D(O]~7/#(M,, —
R,)[D©]7/8 entering the Kubo correlation (@) is expressed as (eihCST/ﬁ); (My — R,) through the automorphism

B7) of the Lie algebra. Integration of e¢?"CS7/8 hetween 0 and 3 yields

eihCS 1

BX=—_"B 93
ihCS ’ (93)
in agreement with (@I)). In the general case K # 0, it is shown likewise in Appendix B that
 h3CF
B(BX)~! = ihpC (94)

1 —exp(—ihBCF)’

This ratio stems therefore from a property inherent to the Lie group underlying our variational approach, namely the
exponentional form of the automorphism (B7). The Bose-like factor that enters B arises from this property, and from
the simplicity of BX. [The quasi-boson structure of the static thermal RPA for fermions |[17] appears as a special case,

see Sec.[VII11]

Thermodynamic quantities and expectation values were determined in Sec.[[V} they depend on the mean-field images
of K and H within the Lie algebra, namely, K(®) which self-consistently (Sec.IVA]) determines {R(®} and H which
governs (Sec.IVB) the time-dependence of {R(?)(t)}. More elaborate ingredients are required for the evaluation of
static and dynamic correlation functions: The matrix K enters B through F while the matrix H (together with the
mean-field Liouvillian L) governs the time-dependence of the approximate Heisenberg observables QJH(t’ ,1).

In the rest of this article we will analyse the properties of the approximate correlation functions [expressed by

Eqgs.(84),([88) and (67)] and of the dynamics [expressed by Egs.([62])].

VI. PROPERTIES OF APPROXIMATE CORRELATION FUNCTIONS AND FLUCTUATIONS

In this section we review some consequences of the variational expressions found above for the correlation functions,
encompassing special cases and conservation laws.

A. Time-dependent correlation functions in an equilibrium initial state

We first consider the special case of an equilibrium initial state D = exp(—SK) for which the operator K is equal
to the Hamiltonian H, plus possibly some constants of motion such as the particle number for a grand-canonical
equilibrium. One can then generate simply the dynamics by using K instead of H in the backward Heisenberg
equation (I0Q).

The exact expectation values (Q;), then do not evolve. Their approximation (6I) depends on time through {R(®(¢)}
governed by (63). In the effective Liouvillian L defined by (64)), the coordinates H? of the image of the Hamiltonian
are replaced by those of the image K of K, that is, KY{R} = 0k{R}/OR,. Using the self-consistent equilibrium

condition (B0) for D and the identity (38) for the product CS, we find
Lf{RO} =T K'{RO} = —TTg JO = —TCp, S, (95)

The identity (54) then entails, as expected, that RY (t) = R&O), and hence that the approximation (Q;), does not
depend on time.

For two observables @); and @y, that do not commute with K, the exact two-time correlation function Cj(¢',t")
defined by () depends only on the time difference t' — t”. This property is not obvious for the approximation (&4,
which involves two factors depending separately on ¢’ and t”. To elucidate this point, let us solve for H = K the
approximate backward Heisenberg equation (G1) for the image QJH(t’ ) = QJH(t’ —t) with the boundary condition

Q?(O) = Q;{R®}. This equation involves the kernel L + CH which, according to (@5, takes the simple form
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C(K —T'S) = CF. Hence, the Heisenberg equation (67) simplifies into dQJ'*(',t)/dt = — QJHB(t’, t) (CF)4', where C
and F are evaluated for { R(9}; it is readily solved as

Qe (' 1) = Q) (RO} ¢ (96)

(with a, 8 # 0) in terms of the boundary condition Q?{R(O)} = qu{R(O)}/aRg)).
In order to evaluate the correlation function (84)), use is also made of

QlIe (¢, 1) = [e~FC" 0] , AR, (97)

and of the relation

]F71 e*]F(C(t”fti) — e*C]F(t,,fti) F71 . (98)

The explicit dependence on time of the correlation functions is then given for ¢ > ¢’ by

/_t//) ihCF

-1 By p(0)
1 —exp(—i i CTF) ¥ Q{RT} (99)

aff

Cjk(t/,t”) ~ Q?{R(O)} e(C]F(t

The identity of H and K has led to the occurrence of the same matrix CF in the dynamical equation ([@f) and in
the matrix B [Eq.([88)] that accounts for the correlations in the initial state. As a consequence, only ¢’ — t" appears
in ([@9), as it should. This property would not have been satisfied if the correlation matrix B were naively evaluated,
as in Eq.([@0), by replacing in (89) the exact state D by D).

For j =k, C;;(t' —t") provides the variational approximation for the autocorrelation function of the observable @,
in the equilibrium state D x exp(—gK).

B. Other special cases
1.  Commutators and linear responses

The antisymmetric part of B, namely iAC/2, is simple and depends only on the zeroth order in the sources, not on
F. As a consequence the approximation Byg — Bg, for the expectation value Tr [M,, Mg]D = ihTr I‘ZéﬁMvD of the

commutator [My, Mg] is obtained as if Cop{R™}, a property in agreement with the expectation value R.(YO) of M,
found at first order in the sources.

Linear responses are expectation values of commutators, and therefore involve only this antisymmetric part of
Cik(t',t"). Alternatively, they can be evaluated directly from the variational expression U{A, D} by including a
time-dependent perturbation in the Hamiltonian. Then, the response of Q); to a perturbation Q); appears as an
expectation value, and is hence directly obtained at first order in the sources, without the occurrence of K which
enters the symmetric part of Cji(t',¢”). Both approaches yield

Xkt 8" )= (1/in)0(t" — t")[Cji(t',t") — Ci (t",1)]
~ 0(t' — ") QF* (¢, 1) Cas{ RO(1)} Q27 (¢", 1), (100)
where t is an arbitrary time in the interval ¢; < ¢ < ¢’ and 6 the usual step function. In particular, by letting ¢ = ¢; in
(I00), the responses are variationally expressed in the Heisenberg picture in terms of the matrix C{R(®)} and of the
Heisenberg observables Q? (t',t;) and QI (#”,t) given by the approximate backward Heisenberg equations (67).

For H = K, D x exp(—fK), the response ([I00) in an equilibrium state depends only on the time difference and
takes the form

X5y (L) O = #") Te D [e #1000 Qe =i H =), o]

~0(t' — ") QF {RV} [ewt’*t’”c] , Q{R"}. (101)
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2. Static correlations; classical limit

Static correlations between observables (); and @ in the state D x e PK are variationally obtained by letting
t' —0=1t" =1 in (), which yields

Cinlti +0,t) = Q2 {RV} By Q) {RV)} . (102)

The matrix B of correlations between the operators {M} is here saturated by the coordinates Q?‘{R(O)} =

0q;{R©}/ ORY) of the images in the Lie algebra of the considered observables.

For an Abelian algebra, the matrix C vanishes and the ratio ([@4)) reduces to unity. The ordinary and Kubo
correlations are identical, and the matrix B simplifies into BX = (3F)~!. In the high-temperature limit 3 — 0 and in
the classical limit & — 0, the ratio (94) also tends to I, so that

B — (BF)"L

If Q; and Q) are commuting conserved observables, the occurrence of the commutation matrix C in this ratio also
reduces it to L.

For a Curie-Weiss model of interacting spins o; = £1 at equilibrium, the Weiss mean-field expressions for the
thermodynamic properties and the expectation values (o) are recovered, while the Ornstein-Zernike approximation
[31] for correlations is recovered from B = (3F)~!.

For the fermionic single-particle Lie algebra, the matrix B is the variational approximation for the correlations of
the operators aLal, and a];aT:

Tr (ala,)(ala;)D — Tr aLa,,b Trala,D ~B,, 0. (103)

m

If D were replaced by an independent-particle state D, the expectation value Tr (aLa,,)(a];aT)’ﬁ would be given by
Wick’s theorem and TraLal,ﬁTra:f,an) would be the Hartree term so that the left-hand side of (I03]) would reduce

to the Fock term Tr(aLaTﬁ) Tr(a,al D). For a more general state D, the expression (88) of B involves the static RPA
kernel iCFF, which takes into account not only the Fock term but also, through K, effects of the interactions present
in K.

8. Fluctuations
The static fluctuation AQ); of the observable @); in the state D is variationally given by ([I02) where k = j, that is,
AQj = QP {R"} Bas Q7 {R}. (104)
This fluctuation AQ;(t) evolves in time according to [84)) with k = j, t' =t” =, that is,
AQ3(t) = QJf* (t, 1) Bap Q) (1, ), (105)
which involves only the symmetric part of (88). For H = K, the fluctuation is time-independent. For H # K,

examples of time-dependences that are not properly accounted for by non-variational mean-field approximations are
given at the end of Sec.[VTAland in Sec.[VTCl

4. Initial state in the Lie group

In case the exact density operator l:) belongs to the trial Lie group, the operator K belongs to the Lie algebra and
coincides with its image, D(®) equals D; the matrix K vanishes, F reduces to —T'S and B to the trivial form (@0). [For

fermions, B reduces to the Fock terms.] The quantities Q3 (¢, ;) and QI,;IB (t”,t;) are in this case the only ingredients,
apart from D) that enter Cjy (¢, ").
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5. Zero-temperature limit

The present formalism encompasses ground-state properties, found by letting 8 — oo. This limit entails simplifica-
tions. [For instance, in the fermionic case, the parameters { R©} of D) constitute a matrix satisfying [R(®]? = R(©) ]
The number of vanishing eigenvalues of the commutation matrix C increases. While S{R(®} tends to 0 as T — 0,
the quantities 37105/ 8R((10), B71S and CF remain finite, due to the singularity of the von Neumann entropy (25) for
vanishing eigenvalues of D. The resulting simplifications of the correlation matrix B will be exhibited below in the
diagonalized form (I35]) of B.

A further simplification occurs if the initial state lies in the Lie group. For fermions (possibly with pairing) the
initial state is then a Slater determinant (or a BCS state). In this case, it has been shown [6] that one can by-pass the
solution of the equations (61 for QJHO‘ (t',t;), of the RPA type. The proof relies on the fact that these equations (&1

for QM*(t',t;) involve the same kernel as the dynamical equations ([G5) for small deviations SRY) (t), and that the
latter equations can in practice be worked out by expansion of the simpler time-dependent mean-field equations (G2))

for R\ (t). Two-time correlation functions Cj(¢',¢") and time-dependent fluctuations AQ;(t) can thus be evaluated
by running the existing TDHF (or TDHFB) codes alternatively forward and backward, with appropriate shifts in
the boundary conditions. (For another derivation, see |4, [11,132].) This technique, variationally consistent, has been
successfully applied [7-10] to describe, in nuclear systems, the fluctuations of single-particle observables which were
severely underestimated by the conventional use of TDHF; for a review, see [11].

C. Images of Heisenberg operators; conservation laws

It has already been noted that the equations of motion (B7) for the coordinates QY (',t) of AWM (t) appear as
a variational counterpart of the backward Heisenberg equation (). To be more precise, let us write the time
dependence of the Lie algebra operator Q}!(#', ) = Q' (t',t) M. Using the relation (L + CH); =Tg, HY{RO (t)}+

Cpr {RO ()} HV*{RO) (1)} = G(CMHV)/[)R&O) (t) and the definition (33)) of images, one can rewrite the equations of
motion for QF*(t',t) (including a = 0) as

aQu (¥’ 1)
dt

1 Hy 1 Hy
= Imageof{ T [Q; ('), H]} =7 [Q; (t',t), H], (106)
the image H of the Hamiltonian H being evaluated with respect to { R(®)(t)}. While the equations ([B1) were written
in terms of the coordinates Q?O‘ of QJ-H, the introduction of images gives these equations a simple operator form: The
right-hand side is simply the image of the r.h.s. of the exact backward Heisenberg equation ([I0) for time-dependent
observables. The boundary condition Q? ') = QJS- is also the image of the boundary condition for the Heisenberg
observable QJ!(t',1).

Up to now, no specific assumptions have been made about the data. Let us now consider an observable Q? that
belongs to the Lie algebra and commutes with H. This conservation law, together with the equation of motion (I0G),
shows that the operator QJH(t’ ,t) is constant and equal to Q? Hence, the approximate expectation value (Q;)q,
evaluated through (70) for ¢’ = t;, is constant. Less trivially, the fluctuation AQ,(t), evaluated through (I05)), is also
constant as it should. This property, which arises naturally through the use of the approximate backward Heisenberg
equation, was not granted. [For instance, in the time-dependent Hartree-Fock approximation for fermions, fluctuations
evaluated from D) (¢) through Wick’s theorem are not constant for a conserved single-particle observable.]

Another conservation property holds for two observables QJS and @3 of the Lie algebra such that QJS is conserved,
[ ?, H] = 0, and that [Q%, H] = ih Q?. This occurs for instance if Q7 = X is a coordinate of the center of mass
of the system, and QJS = P/m the associated velocity operator (m is the total mass). Then, Eq.([I06) implies that,
as the exact Heisenberg operators, the approximate ones satisfy PH(¢/,¢) = PS and X" (#,t) = X5 + (¢ — t)PS/m
(see Sec. 5.5 of [4]). Hence, not only (X), and (P),, but also the fluctuations and correlations of X and P produced
by the general formula (84]) have the proper time dependence. In particular, AP is constant and AX?(t) satisfies
d AX2(t)/dt = AP?/m?; we thus acknowledge that the present approximation for the fluctuations accounts for the
exact spreading of the wave packet [whereas the TDHF approximation produces a constant width].
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VII. MAPPED LIE ALGEBRA AND MAPPED HILBERT SPACE

The purpose of this section is to rewrite in a unified form the variational approximations ([B9),([61) for expectation
values and (84)),(88),([@9) for correlation functions . To this aim, we will rely on a correspondence that associates with
the Lie algebra {M} a simpler Lie algebra {M}. It will turn out that the various expressions found above can be

re-expressed as traces over a single effective density operator D acting in a new mapped space #Z rather than in the
original Hilbert space .7Z.

A. Unifying the approximate expectation values and correlations in the initial state

app = R(()‘O) =
Tr D®M,; in contrast the optimization of (Mg Mg) = Tr DM, Mg has yielded <MaM[3)app = Bas + Rg?) RE;O) that
cannot be expressed as a trace over a density operator in the Hilbert space 5. We wish to map the set {M} acting
in J onto a new set {M} acting in a new space ¢, and to introduce in # an effective density operator D D so as to
re-express our approximations in terms of D. Namely, we wish the exact expectation values over D in the mapped

space S, denoted as (M, )map and (M, M Jmap, to coincide with the corresponding variational approximations in the
original space 7, denoted as (Mq), and (MaMg), ., according to

The optimization of the expectation value (M,) = Tr DM, has yielded the approximation (Mq)

<Ma>map = lM 2 <M06>a.pp = Rch) ) (107)
(Mo Mghmap = TrM, My D = (Mo Mg), = Bag + RO RS (108)

Going from the space J# to  will be a price to pay for expressing both expectation values and correlations in terms
of a unique effective state D.
The first step consists in replacing, in the original Lie structure [Mq, Mg] = 4 hl"lﬁ M, , the operator M., on the right

side by the c-number R.(YO) =Tr M,Yla(o), the expectation value of M, in the state D) of 2. This procedure associates
with the original Lie algebra {M} in J# a reduced Lie algebra {M} characterized by the simpler commutation relations

M, Mg] =i hT )}, R My =i hCop. (109)

(From now on we shall most often drop, as in the end of ([[09), the unit operator M,.)
Multiplication of any number of operators M, generates an enveloping algebra, the space of representation of which
defines #. The structure of this space will be cleared up in Sec.[VIII by setting C,p into a canonical form.

In order to satisfy the conditions (I07) on expectation values <l\/|0¢>app the sought effective density operator D

should depend only on the differences M,, — R, As regards the conditions (I08]), we remember that correlations
are often generated in statistical mechanics by a probability distribution having the form of an exponential of the
free energy regarded as a function of the running variables. For instance an energy distribution is the product
e PF(E) = ¢=BE+S(E) of the Boltzmann-Gibbs exponential e ?# by the level density, the exponential e 5(®) of the
entropy, which accounts for the discarded variables. Another example was provided in our approximation by the
thermodynamic coefficients given by the second derivative (B8] of the free energy f{R} at {R} = {R(®}. Here,
likewise, the reduction from {M} to {M} suggests to rely on an effective free-energy operator rather than on an
effective Hamiltonian. We therefore replace, in the free-energy function f{R} = k{R} — T'S{R} defined by (&3), the

variables { R} by the corresponding new operators {M}. The operators M, fluctuate around RY , and this leads us
to expand the operator f{M} as

1
FM} & F{ROY + (M, — RO)F® (M — REY) + ..., (110)
where the first-order term is absent thanks to the stationarity of f{R} at {R(®}.

We thus guess that the distribution D governing the operators {M}, which is expected to yield the identities
(I07)-([I08)), should have in the mapped space F the exponential form

M, — RO)F? (M, — RY), (111)

where F' behaves as a kind of free-energy operator. The inclusion of an entropic contribution in the exponent of D
accounts for the elimination of degrees of freedom associated with the replacement of the original Hilbert space 7
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by the space Z that involves a smaller set of observables, those generated by the operators {M} and their products.
The non-negativity of the operator F is ensured by that of the matrix F. More concrete interpretations of F will be

given in Sec.[VIII by Eqs.(I39) or (I44).
While (M,,)map = RY) is evident, the surmise (I08) is proved in Appendix B. It is first shown there that the Kubo
correlations of the operators {M} in the state D are given by

L —r 0 -
<E/o dre™ (M, — RP)e (Mﬁ_Rg>)> =5 Yos (112)
map
The ordinary correlation matrix of the operators {M} is then derived from (II2) and shown to coincide with the
matrix B defined by (88)):

_ 5(0) 50 _ thCF 1 _
(M, ~ B0, ~ R Yo = (ot S T = e 113)

Thus, the operator D can be regarded as a substitute in JZ to the exact state D exp(—BK) that satisfies the
anticipated identities (I07]) and (I08): We can interpret the matrix elements of B as exact correlations of the operators
{M} in the state D.

At first order in the sources, the variational treatment amounted to replace the operators {M} by their expectation
values {R(O)}. Here, at second order, we reproduce the variational approximation B for correlations by keeping
contributions of lowest order in the deviation {M — R(®} both as regards the reduction (I09) of the algebra of {M}
into that of {M} and as regards the expansion (II0) of the free energy operator.

B. Heisenberg dynamics of the mapped Lie algebra

Let us extend the above results to the time-dependent correlation functions. We restrict here to the case where
H = K, as in Sec.[VIAl As already seen, the solution of the approximate backward Heisenberg equation is then
generated by the kernel iCF according to Eqs.(@6]) for the coordinates o # 0 [and to Eq.([0) for & = 0]. This
time-dependence keeps the Heisenberg operators MY (#.¢) in the Lie algebra {M} since they are given by

/ B
ME( 1) = R = |e°7 =0 “(M; = REY), (114)
or equivalently by
dME(t',t)
T = —(CF)] (ME(,1) ~ RY). (115)

The equations ([I13]) constitute a linear set. We are thus led to define, in the mapped space S, the time-dependent
operators Mg(t’ ,t) by the corresponding equation

dM3 (¢, 1)

= —(CF)J (ME(,1) — R, (116)

with the boundary condition MY (¢,¢) = M_. Moreover, from the definition (III) of the operator F and from the
mapped algebra (I09), it follows that

M, F} = ih(CF)] (M - B). (117)
Hence the equations of motion of the set {M"(#,)} defined by (IIB) read alternatively

dM (t',t) f_i[

H/,
= M), B (118)

One recognizes the structure of an exact backward Heisenberg equation ([I0) in the space S, where the free-energy
operator F plays the role of a Hamiltonian. As in the static case, the mapping of the operators {M} onto {M} replaces
approximate properties in J# by exact ones in J, here the approximate dynamical equation (II3)) in the space S
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by (IIR) where the commutator is restored in the space . Accordingly, the mapped Heisenberg operators M (¢, ¢)
are given by

Mg(t’,t) _ eig(tut)/hMa efiE(t’ft)/h7 (119)

a mere unitary transformation in the space J, whereas the transformation (II4]) of the set {M} in the space J# is
not unitary.

The linearity of Eqgs.(I[10), or equivalently the quadratic nature of F', exhibits harmonic-oscillator dynamics in the
mapped space. This will be made more precise in Secs.[VIIT D] and [VIITEl In Eq.(II8) the effective ”Hamiltonian” F
in the space 4 should not be confused with an approximation for the Hamiltonian H = K of the original problem.
Its expressions (IIIl) and (B0 are related to the free-energy function f{R} and its deviations, rather than to the
original Hamiltonian H. The contribution to F of the entropic term —3~'S, through F = K — 5718, is essential. This
contribution is the only one left if K belongs to the Lie algebra, and it remains finite at zero temperature.

C. Unified formulation of the variational expressions

Our mapping has provided a formalism (Sec.[VI[A]) in which both optimized expectation values and correlations
in the state D are generated, in the mapped space JZ, as traces over the effective density operator D exp(—SF).
This operator depends on the temperature both explicitly and through the kernel F of the operator F'.

An arbitrary observable @); acting in the original Hilbert space is now represented by its mapped image given,
according to ([B3)), by

dg;{R©
Q, = a5} My + (M, — RO M) LG (o 20 (120)

Then, the optimized expectation value of a single operator @); is
(@Q)app = 1RV} =(Q)) =TxQ D, (121)
and that of the product Q; Qy, is

(@) Qu)opy = (Q,Q,)  =TrQ.Q, D, (122)

J =

both being directly obtained from the effective state D in the space 2.
In the case H = K considered in Secs.[VI Al and [VITB] the time-dependence of the Heisenberg operator associated
with Qj is governed by the backward Heisenberg equation (II8]), which yields

QU(t) = e’ £ Q e B, (123)

Hence, the variational two-time correlation functions take in the mapped space 2 the simple form

Cin(t' ") = (TQN — Q) —(Q), (@) (124)

map map ’

The same operator F [Eq.([I)] occurs both in the density operator D and as an effective Hamiltonian in (I23). It
depends on the following ingredients: R defined self-consistently by Eq.(E), Cas{R®} given by I') 5 RSYO), F given

by (B6) and D by (III).

VIII. THE EIGENMODES AND THEIR INTERPRETATION

In this section, we consider only initial states at equilibrium, in which case the dynamics is governed by the
Hamiltonian H = K. The variational expressions of correlation functions obtained in Sec.[V]then involve functions of
the sole matrices C and F. Practical evaluations rely on their diagonalization. The eigenvalues and eigenvectors thus
obtained will enable us to interpret the above results.
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A. Diagonalization of the evolution kernel and the correlation matrix

The product iCF of the commutation matriz C and the stability matriz F is the kernel which governs the evolution,
as exhibited by the dynamical equations (36]) of Sec.[VTAL It also occurs in the expression (88) of the correlation
matrix B. The diagonalization of the matrix :CF, and the study of its properties, appear therefore appropriate.

The Lie algebra is globally hermitian, namely, if the operators M, of the basis are not individually hermitian, they
come in conjugate pairs (e.g., aLa,, and ala# in the fermionic example). We denote as @ the index of the operator
Mg = MJ,, which may or may not differ from M,,. The change a + @ of all the indices in the quantities R,, Q%, Cap
or F*# transforms them into their complex conjugates. Hence, iC, which is antisymmetric, and F, which is symmetric,
are equivalent to hermitian matrices. Moreover, F is non negative. (Only the case of a strictly positive matrix F is
examined here; vanishing eigenvalues are considered in the end of Sec.[IX'Cl) Altogether, the matrix iCF is equivalent
to the antisymmetric hermitian matrix iF*/2CF/2, so that its right and left eigenvectors, respectively denoted as v
and ¢, constitute a complete biorthonormal basis in the space «, while its eigenvalues are real and either vanish or
come in opposite pairs.

Using the above properties, one can classify into three subsets the eigenvectors of {CIF, denoted with indices n, —n
and p, respectively:

(i) To the positive eigenvalues 2,, > 0 are associated the right and left eigenvectors )™ and ¢,, defined by («, 8 # 0)

iCoy TPy = Q07 (125)
P2 iCar P =680, ¢f = () FP. (126)

n

(ii) Taking the complex conjugate of (I2H) provides the right and left eigenvectors ¢»~™ and ¢_,, associated with
the negative eigenvalue —€2,,:

e (I (127)
iii) The eigenvectors P and ¢, associated with vanishing eigenvalues are given b
g p g €1g g Y
iCay Pyl =0,  ¢3Cap=0, (128)
Uh=Wh)", ¢y =(8)) = (Vh) FP. (129)

The biorthonormality of the sets {1} and {¢} is equivalent to the orthonormalization relations for the right eigen-
vectors {1} expressed by

60w = (m) EOB g =5 G = (WR) S gl = 5

GRFP g = g FP gl = () P gl = 0. (130)
Likewise, the closure property is equivalent to
(F s =2 [0n (2)" + (¥8) 5]+ Y vhvf. (131)
n p

The matrix {CF is thus diagonalized as
i(CE)d =) Qulvién — (¥R)" (60) 1, (132)
a sum involving only the modes n associated with €2, > 0. The matrices F and C can then be expressed in the form

FoP =3 ((60)" o+ o (00)° ]+ D ép - (133)

n

iCap =) v (¥5)" — (v2)" ¥3], (134)

which for F includes also terms associated with the vanishing eigenvalues of ¢CF.
The above diagonalization appears as a generalization, for an arbitrary Lie group and at non-zero temperature,
of the standard diagonalization of the RPA matrix for fermion systems [33, 134]. The reality of the eigenvalues ,,,



26

which follows, as shown above, from the positivity of the matrix F is well known in that case [35-37]. The present
diagonalization is also similar to the diagonalization of a quadratic Hamiltonian of boson operators [34].
Inserting the expansions (I33) and ([I34]) of F and C into the expression (88)) of the correlation matriz B yields

hQ, .
Bas —Zwal_exp Bm 7 (05) (135)

EQ,
+Z ) o 1Y% ZW’%

This expression involves only the eigenvalues and right eigenvectors of i{CF, normalized according to (I30).
In the zero-temperature limit, only the first term of ([I33]) survives, and B reduces to

Bag =) ¥n hl (45)", (136)

where the parameters 2, and ” are found from the limit 8 — oo of iCF. The quasi-scalars do not contribute.

In the high-temperature limit or in the classical limit, B = (8F) " is given in diagonalized form by (I3I). The same
holds for the Kubo correlations.

B. Diagonalization of the effective free-energy operator

The above diagonalization of the matrix F will help us to give an interpretation of the effective Hamiltonian F
defined in the mapped space 2 [Eq.([III) of Sec.[VITA]. Let us introduce, besides the unit operator M, = I, the
following new basis for the mapped algebra {M} («a # 0):

A 5 (M, —RE)
- VEQ, ’
Y, = d5 M, — RO)VE = (Y,)".

The pair of operators A,, A_,, is associated with each mode 2, and the single operator Y, with each vanishing

eigenvalue of iCF. Conversely, the original operators of the mapped Lie algebra are decomposed over the modes n
and p according to

A=A, (137)

—R©® = Z\/m [Wr A, + (¥2)* +Z1/JPY /v/B. (138)

The eigenvectors ¢ appear as the amplitudes of M,, on the different modes.
The free-energy operator F takes in the new basis the diagonal form

E:Zﬂjmn%(ATA +A, AT)+Z%X§. (139)

The commutation relations of the operators A,,, Al and Y, follow from those ([M,, Mg] = ihAC,p) of the opera-
tors {M}, from the diagonal form (I34) of the commutation matrix C,s and from the biorthogonality (I30) of the
amplitudes ¢ and ¢. The transformation ([I37) thus implies

A, ALl = 6o (140)

m s in/

[An7 An/] = [An’ Xp] = [X;ﬂ Xp’] =0.

C. A bosonic and scalar algebra

The mapped algebra {M} is spanned, according to (I38]), by two sets of operators. On the one hand, the commuta-
tion relations (I40) express that this algebra has a symplectic sector n: the set {A, AT} is simply an algebra of bosonic
operators, with single-boson states labelled by the index n. On the other hand, in the sector p, the set {Y} commute
with all other operators of the mapped algebra, and hence each Y,, can be regarded as a scalar random variable.
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The form (I39) of the free-energy operator F in the space JZ is suggestive. It can be identified with a Hamiltonian
of non-interacting bosons, with single-particle states n having the energy k€2, plus a classical quadratic part with a
coefficient 1/2f for each variable Y.

The evaluation of expectation values <...>map
regards the bosonic part of (I39), J contains a Fock space and the trace is as usual a summation over the occupation
numbers of each single-boson state. As regards the scalar part, the trace is meant as the integration Hp Ik dY,. Thus,

involves traces over the space 2 with the weight D exp(—fF). As

the expectation values over D exp(—pBF) of single operators A, AIL or Y, vanish, while we find for pairs

1
<Ajz An>map = eﬁh(zn -1 = <An Al>map - 17 (141)
2 _ 2 —1-
<X}D >map - <M >map - 1’

all other expectation values of pairs vanish. Each mode n yields a Bose factor associated in canonical equilibrium
with the energy hQ,; no chemical potential occurs for the distribution D x exp(—BF). For the scalar variables, the
variance 1 arising from the Gaussian weight exp(—Xp2 /2) within D provides an expectation value 1/24 for the term

Xp2 /28 of F, in agreement with the equipartition theorem of classical statistical mechanics.
We are considering in this section the dynamics ([19) for H = K, and we have seen that F then plays the role of
a Hamiltonian in the space 2. The diagonal form (I39)) of F indicates that the mapped operators A,, oscillate as
A1) = i -0

Ans

(142)

while the scalars Y, remain constant. Thus, the operators A, ,AIL behave as bosonic annihilation and creation

operators in all respects: commutation relations (I40]), average occupation in canonical equilibrium ([4I)) and dynamics

).

D. Interpretation in terms of oscillators

The mapped bosonic Fock space can equivalently be regarded as a space of oscillators, each single bosonic state n
corresponding to an oscillator mode with frequency €2,,. The operators A,,, AL are thus replaced by the position and
momentum operators

satisfying the canonical commutation relations [X,,, P,,;] = iidpn,,. The effective Hamiltonian F then takes the form
1
_ 2 2 2
E—;Qn(En +xn)+%zpjxp : (144)

It now describes uncoupled harmonic oscillators, plus a quadratic energy associated with the classical variables Y.
In this alternative interpretation, we have

O = P2,y = & coth 222 (145)

and the dynamics describes harmonic oscillators with frequency £2,,.

E. Quasi-bosons and quasi-scalars

From now on, we return to the original space . The correspondence between the algebras {M} and {M} leads
us to perform on the original Lie algebra the same transformation as ([37)-(I38)), which introduces for a given D®)
a new basis A, Al Y, (besides Mg) in the algebra {M}.

The commutators between these operators, issued from the Lie structure (2II), are not simple. However, the
expectation values of these commutators, evaluated as traces over D(© have the same structure as the commutators
(I4Q) of the corresponding mapped operators A,,, AL, Y, that is,

([An, AL pp = Gnm (146)

app

<[An7 An’]>app = <[An7 Yp]>app = <[Yp7 YP’]>app =0.
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The operators A,,, Al can thus be termed ”quasi-boson” annihilation and creation operators, while the operators Yy
can be termed ” quasi-scalars”.
The matrix ihCqp was defined as the expectation value ([Ma, Mgl),

Going to the new basis amounts to diagonalize C according to (I34). In this new basis, iAC takes a form involving

only 2 x 2 diagonal blocks ( 0

in the original basis of the Lie algebra.

) and zeros, in agreement with the above relations.

-10
The variational expectation values in the state DO) of the operators A,,, Al and Y, vanish,
(An)app = (Al app = (Yp)app = 0. (147)
while <M0>app = 1. The approximate expectation values of pairs of operators,
1
(AL ARy = a7 = AnAl)app = 1, (148)

0,200 = (M), =1,

are the same as the equations ([4I]) which were exact in the space JZ; again all other expectation values of pairs
vanish. We recognize, as in the mapped space, the Bose factor of a mode n for the quasi-boson operators A,,, Al and
the unit variance for the Gaussian quasi-scalar variables Y.
The change of basis {M} +— {A AT Y} is issued from the diagonalization of Sec.[VIITAl This change leads to
re-express the correlation matrix B as
Bop = (Mo Mg),,, — B R = Zw"hﬂ (A ALYy (2" (149)

app
+Z 7’/}" hd, <A A >app¢ﬂ Bzw appwﬂ

The Bose-like factors that appeared in the expression (I33) of B now come out as expectation values (48] of pairs

of quasi-boson operators A,, and A',, while the last term of (I33) is consistent with the variance equal to 1 of the
)

n’
quasi-scalar operators Y,. The coeflicients arise from the change of basis (I38) that expresses the operators M, — R&O
on the basis {A, AT, Y1

More generally, to write the optimized correlation of arbitrary observables @); and @y, one should express their
images on the basis A, AT, Y according to

—Q{RO)}Mo-i—Z )" Al +ZQ (150)

where the new, bosonic and scalar, coordinates are (a # 0)

m = VhQ, g QX {R™)} (151)
Q% = —= vt &R},

(we recall that Q?‘{R(O)} = qu{R(O)}/BR&O)). One thus finds for the correlations
(QiQk)app — <Q3>dpp<Qk>app Cir(ti, i) (152)
=3 [eo 2 f (Qf)" +iTm Q% ()"

+>_ % 9
p

The antisymmetric part of the correlations,

<Qan—Qng app ZzImQJb )" s (153)



29

agrees with [Q;, Q] =i h Q3 {R(O} C,p QS{R(O)}. An alternative interpretation of the symmetric part is obtained by
replacing, as in Sec.m quasi-bosons by quasi-oscillators with variables X,,, P,,. Writing the image of @; in the
basis {X, P, Y} then produces the factors (%/2) coth(8 hQ,/2) which are the expectation values <X2>dpp <P2>dpp.

Since H = K here, the approximate Heisenberg operators in the space # follow the same evolution as (I42) in the
mapped space 2, that is,

AL 1) = e 0N, YH@E ) =Y, (154)
Hence, the two-time correlation function C,(t',t") is given, when the initial state is at equilibrium, by

Cin(' ") =Y

n

e~ i (t'=t") .
b 1_¢—Bh%, (Qkv) (155)

. e 1 (t'=t")

+(Qj) B, _ +ZQ s (>,

which is the explicit form for the general equation (I24]). It exhibits the coefficients of the images Q; and Qi on the
quasi-boson and quasi-scalar basis, the Bose factors and the boson dynamics.

F. Linear response and excitation energies

The linear response ([I00) is directly found from (01 and [IE0); it does not involve the quasi-scalar contributions
nor the Bose factor. Its dissipative part, defined through a Fourier transform with respect to ¢’ — t”, comes out as

Xr(w) = = Z — Q) (Qh)" — (Q)" 0w + Q) Qfy] - (156)

Thus, the present approximation yields the €2,,’s as resonance frequencies. Consistency properties such as the Kramers-
Kronig dispersion relations and the Kubo fluctuation- d1s51pat1on relations are satisfied.

At the zero-temperature limit, the exact expression of x; k( ) is given, in terms of the ground state |0) of K and of
the excited states |exc) with excitation energies Eox, as

Xor(w) =7 Y _[(0]Q;exc) (exc|Qk[0) (hw — Eexc) (157)

exc

—(0]|Qx|exc) {exc|Q;|0) 0 (hw + Eexc)] -

Comparison with (I56) shows that the positive eigenvalues A2, of ihCF can be identified as approximations for the
excitation energies F,, of some set of states, labelled as |n). The amplitude Q7 of the image Q; over the quasi-boson
annihilation operator A,, appears as an approximation for the matrix element (0|Q;|n). In particular, the quasi-boson
operators A,, satisfy approximately

(0lAn|n") = dnm , (158)
as if the state |n) were obtained by creating a quasi-boson.
IX. SMALL DEVIATIONS

We consider in this section static and dynamic changes brought in by a shift of the initial conditions.

A. Static deviations

_The change in the equilibrium properties arising from a variation dK of the operator K that defines the state
Do exp(—BK) is accounted for in the variational treatment by the shift 6D of D9 parametrized by the set

SRV = Tr DO M, = Tr[D + 6DV)(M, — RD)). (159)
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Denoting by 0K the image of K, the first-order change in the self-consistent equations (&I) provides
sP6RY) = BoK* + BK? SRS (160)
that is, using the definition (56) of the matrix F,
SRY = —(F ap sk’ (a,8#0). (161)

The resulting change AF of the free energy F' ~ minf{R} = min[k{R} — T S{R}], expanded up to second order in
0K, is found as

AF ~ 6k + % SRV F 5RS + 5K SR (162)

1 1
= ok — 3 SRV F 6RY = ok — 5K (F)ap K7

(63

In (I60)-([I62), the matrices K, S, F, the image 6K and the symbol 0k of §K are taken at {R(®}. In particular, the
expression (B7) of the heat capacity is recovered by taking 6K = Kd§js/p.

This shift takes a suggestive form if F*? is replaced by its diagonalized form (I33). Using (I59) and (I47), and
denoting as

SR = Tr [DO) 4 DO A, = TrsDO A, , (163)
SR\ =T DO AL, SRY =TrsDOY,

the variations of the symbols of the quasi-boson and quasi-scalar operators A,,, Al, and Y, one finds from the variation
of f{R} the form

AF ~ 6k — % SR F? §RY) (164)

1 2
=0k - hQ, [6RE))? - 53 (ORY)".
n P

2
Each oscillator mode provides a contribution %2, weighted by the amplitude |5Rf$| , while each quasi-scalar mode
brings in the equipartition contribution (26)71.

B. Dynamic deviations

Let us turn to the change in the time-dependent expectation values induced by a shift DO s DO 4 §DO) around
the equilibrium state D®). The resulting small deviations SR (t) around RY (t) are governed by the set of equations

(0)
PO _ (L1 cm2 o), (165)

obtained by varying R&O)(t) in Eq.(62); the initial conditions SR (t;) are given by (I59). [For the fermionic single-
particle Lie-algebra, (I63]) is the dynamical RPA equation issued from the TDHF equation.] The kernel L + CH
governing the forward equation ([GH) for the small deviations turns out to be the dual of the kernel governing the
backward equation (67) for the approximate Heisenberg observables Q? (t’,t). The shift §(Q;),, variationally given

by 6(Q;), = Q?‘{R(O)(t)}éRg?) (t), is therefore equal to

t?

8(Qj), = Q' (t,¢") SR (¢") (166)

for any intermediate time ¢”. This independence on t” agrees with the expression (Z0) of (Q;),.
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C. Dynamic and static stability

We now specialize to the case H = K, for which an initial shift {§R(?)} generates a deviation {§R(©)(t)} of { R ()}
around the fixed value {R(®}. The linearized equations (I65) then involve the constant kernel L + CH = CF, and
can be solved as

B
SRO(t) = e CF] TGR(. (167)

Here, as in the backward equations (I14)),([I15), the dynamics is governed by the product CF, so that the result (IG67)
can alternatively be written as

L B - 0 -
SRO(t) = [e (t t'”ﬂa Tr 6D (Mg — RY)) = Te sDOME(t, 1) — RY)). (168)
Within the variational treatment we recover for small deviations the equivalence between Schrodinger and Heisenberg
pictures, already exhibited in Eq.(Z0]).

If the matrix F is positive, one can change the basis so as to diagonalize iCF according to (I32) and use the new

variables 6R')) = Tr 6D A,, and R\ = Tr6DOY,, which yields

5R§3))(t) _ e—iQn (t—ti)(SR’ELOb) , (169)
0 _ 0
SR (t) = 6RY .

These evolutions merely reflect the motion (I54) of the Heisenberg operators {A®, YH}. Again the modes are decou-
pled, quasi-bosons (or oscillators) undergo pure oscillations and quasi-scalars are static.

The above sinusoidal form of the dynamics entails Lyapunov stability. This property is defined, according to [38],
as follows: ”The equilibrium point xg is said to be Lyapunov stable if given any neighborhood U of zq, there is a sub-
neighborhood V' of xg such that if z lies in V" then its orbit remains in U forever.” In other words, the trajectories tend
uniformly to {R®} as their initial point {R®)(#)} tends to {R(®}. Hence, the Lyapunov stability of the linearized
motion is ensured if all eigenvalues of F are positive, that is, if the approximate free energy associated with DO g
a local minimum of f{R}. Such a property is well known for fermions, both at zero |35] and at finite temperature
[36, 137], in which case the minimization of the Hartree-Fock (free) energy entails the reality of the RPA modes. We
find here, in a general variational context for any trial Lie group, that the static stability of the approximate ”state”
D) implies the dynamic stability of motions §R(?)(¢) around it.

The matrix F may have vanishing eigenvalues. This occurs, for instance, if a continuous invariance is broken by
the approximation D for the equilibrium state; in this case f{R} is minimum for a continuous set of solutions
{R1, Since F is then not invertible, iF'/2CF/? is no longer defined and it is not ascertained that the matrix iCF
is diagonalizable (some right eigenvectors may be missing). If iCF is diagonalizable, all its vanishing eigenvalues
yield a constant contribution to the set §R(®) (t) so that Lyapunov stability is still ensured. However, if it is not,
contributions behaving as powers of ¢ come out, so that the dynamics is unstable (for a more detailed discussion, see
Appendix B of [39]). Such a behavior may be associated with Goldstone modes. For instance, if the original problem
is translationally invariant and if this invariance is broken by a localized solution D) a small shift in the initial
conditions produces an instability, characterized by a boost at some constant velocity.

X. CLASSICAL STRUCTURE OF LARGE AMPLITUDE MOTION

We have written in Sec.[V D] several equivalent dynamical equations for the time-dependent expectation values
{RO(t)} of the operators {M}. We now analyse the structure of these equations, which will turn out to have a
classical form for any Lie group.

A. Poisson structure

Let us consider {R} as a set of classical dynamical variables, and let us show that the tensor Cog{R} =T J; R,
can be regarded as the generator for this set of a Poisson structure issued from the Lie algebra (2I)). We first recall
the definition of Poisson structures [40, 41]. Consider some set of dynamical variables {z} parametrizing points on
a manifold, and functions f, g, h, ... of these variables. A Poisson structure is a mapping {f, g} = k from a pair of
functions f, g to a third function k, which obeys the following rules:
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(i) bilinearity;

(ii) antisymmetry: {f, g} = —{g,/};

(iii) Jacobi identity: {{f, g}, b} + {{&, f}, 9} + {{g. £} kf} =0;

(iv) Leibniz derivation rule: {fg,k} = f{g,k} + {f, k}g.

We consider here functions g{ R} of the variables { R}, and define a Poisson structure through

{Ra,Rs}} = Cop{R} = I‘ﬂR (170)

and
892
91,92} = 55— Cap{R} 57~ (171)

One can readily check that the above rules are satisfied, owing in particular to the properties of the structure
constants I") 5, namely, antisymmetry and Jacobi identity. The Poisson structure (I7Q)- ([T is thus generated by the
Lie algebra of the set {M}.

The equations of motion ([62)) for {R(¥)(t)} can now be rewritten as

R ) _ g0 1), RO} (172)

These quantum variational equations are therefore identified with classical equations involving the brackets (I71]) and
governed by a classical Hamiltonian h{R(®)(t)}, the symbol of the quantum Hamiltonian H.

The relation (GI)) expresses the time-dependent expectation value of the observable (Q,); as a function of { R (¢)};
together with (I72)), it implies that (Q;); evolves according again to the classical dynamical equation

M9t o, (RO @), MEO W)Y (173)

which involves the symbols of (); and H. The variational approach, together with the introduction of symbols, thus
generate approximate dynamics of expectation values that have a classical structure, generated by the Lie-Poisson
bracket (I71I)) and by a Hamiltonian.

The symbol h{R(®(t)} is obviously a constant of the motion. Moreover, the von Neumann entropy S{R®(¢)}
defined by (25) is also a constant of the motion. Indeed, using (26) then ([B3]), one finds

9S{RO(t)}

RO Co {RO(t)} 7O (1) =0, (174)

{RY (1), S{RO(t)}} = Cs,{R©}

which implies that S{R(® (t)} remains constant during the evolution (I72) of {R(®)(¢)}.

Lie-Poisson structures for dynamical equations issued from a variational principle have been recognized in cases
such as the Vlasov equation [40], time-dependent Hartree-Fock equations [39], time-dependent Hartree equations for
bosons [12] and for ¢* field theory [15, [16].

Proposals of non-linear extensions of quantum mechanics [42] have suggested a formulation in terms of a Poisson
structure [43]. Here it is the restriction of the algebra of observables to the trial Lie algebra which produces a Poisson
structure within standard quantum mechanics.

B. Canonical variables

We have seen in Secs.[VIIT B and that the diagonalization of CF generates in the mapped space 22 a linear
transformation (I37),([I43) of the operators {M}, which produces pairs of canonically conjugate operators X,,, P,, and
scalars Y,,. This corresponds in the original Hilbert space to a construction of quasi-oscillator operators X,, P, and
quasi-scalars Y, (Sec.[VIITE]). Accordingly, the expectation values of their small deviations, defined by

5X,(t) = /RJ2[SRQ(t) + 6RY* (1)) = /A/2 Tr 6D (1) (A, +AT)
5P (t) = /R/2[SRY (1) — aR,;’g* = /h/2Tr 6D 0> A, —Al) /i,

evolve according to ([I69)) as conjugate variables of classical harmonic operators with frequency €2,,, while the quantities
8Y, = 5R,(,2) = Tr oD (t)Y, remain constant since {Y,,h} = 0 for any h. A classical symplectic structure thus
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appears for linearized motions, with ordinary Poisson brackets {§X,,, P} = dpnr, {6Xn, 00X} = {0P,, 0Py} =0
and Hamiltonian (1/2) Y2, Q, (P,” + X,.%) .

The above canonical classical structure pertains to the dynamics of small amplitude motions of { R()(t)} = {R(O)} +
{6R©)(t)} around equilibrium { R(®}. We have seen however (Sec.[XAl) that a more elaborate Poisson structure occurs
for large amplitude motions. In this case, the bracket {Rq, Rg} = Cop{R} depends on the dynamical variables,
whereas for linearized motions we had simply to diagonalize the constant matrix C,s{R(®} according to (I34).
Moreover, the motion is no longer harmonic.

Nevertheless, one can re-express the classical dynamics of Sec.[XAlin terms of canonical variables by means of a
non-linear change of variables in the space {R}. Indeed, a ”splitting theorem” [40] states than an arbitrary Poisson
structure can locally be split into symplectic components and invariant components: There exist independent (non-
linear) functions &, m,, 7, of the coordinates { R} such that their brackets (I71]) reduce to

{{gn; ﬂ-"'} = Opns ) {{gnagn/}} = {{ﬂ'nvﬂn/}} =0, (175)
{{gnanp} = {{Wnanp}} = {{77;0’77;0/} =0.

In general such a transformation does not exist globally but only locally in some neighborhood around each point of
the trajectory of the point {R(®)(t)} in the space {R}. The dynamical variables &, and m, are canonically conjugate
in the elementary sense (their brackets {, } reduce to ordinary Poisson brackets). These variables are dynamically
coupled and their motion ([IT73)) is governed by Hamilton’s equations, while the variables 1, (the Casimir invariants)
are structurally conserved in the flow.

The construction of the set {£, 7,7} is not simple and does not result from the mere diagonalization of Cog{R} at
each point, contrary to the linearized dynamics. In fact, the reduction of the Lie-Poisson structure to the form (I73])
has been achieved only in special cases; relevant to the present work are the Vlasov equation for which a rigorous
proof has been given |40], the time-dependent Hartree-Fock theory at zero [16, 144-47] and finite [39] temperatures.

C. Stability of equilibrium and of non-linearized motions

In Sec.[X(J we have shown that small amplitude motions around thermodynamic equilibrium {R(®)} governed by
the linearized equations for {R(®)(t)} (with H = K) are Lyapunov stable if the trial free-energy function f{R} is
minimum at {R(O)}. Let us show that this stability property also holds for motions around equilibrium governed by
the non-linearized equations of motion (62)).

To this aim, we rely on the classical form (I72) of this equation written in the Poisson formalism. We note moreover
that, owing to the property (I74) of the entropy function S{R(® (t)}, the addition of —8~'S{R©)(t)} to the classical
Hamiltonian 2{R©)(t)} = k{R()(#)} does not affect the dynamics, so that the free-energy function also generates the
large amplitude trajectories of {R()(¢)}:

(0)
7dR§t b _ {RO1), IRV )} = Cap{RO(t)} O{R(1)} . (176)

ORY(t)

The time-dependence of f{R(®)(t)} is given, according to (IZ3), by df {R© ()} /dt = {f{RO )}, fF{IROt)}} = 0.
Hence f{R®)(t)} remains constant along any trajectory. On the other hand, if {R(®)} is a stable static equilibrium
point, f{R} has an isolated minimum equal to f{R(?’)} = F. These two conditions ensure Lyapunov stability according
to the Lagrange-Dirichlet theorem (see for instance [41]): the trajectory {R()(¢)} uniformly tends to the point { R(*)}
if the initial value f{R(®(t)} tends to F.

Thus, for non-linearized as well as for linearized motions of {R()(#)}, the present variational approximations
preserve the following property of the exact dynamics near an equilibrium state: the static stability, f{R} minimum
at {R} = {R©O)}, entails the Lyapunov stability of the dynamics in some neighborhood.

XI. RESUME OF OUTCOMES AND DIRECTIONS FOR USE

We have dwelt at length on the derivation of the results of a variational approach based on the principles of Sec.[II]
and on the restriction of trial spaces to Lie groups. We summarize below some of the formal outcomes thus obtained;
they are sufficient for practical applications to specific many-body problems.
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A. General features

The initial step consists in selecting, among the whole set of operators in Hilbert space, a Lie algebra spanned by a
set of operators {M} labeled by the index a. (We include in this Lie algebra the unit operator I, denoted as My.) We
gave above as seminal example a system of fermions for which the set {M} encompasses the single-particle operators

alau, the index a denoting the pair (v, ). The approach can be applied to many other systems. For fermions with

pairing, the Lie algebra {M} includes the operators a,a, and aj,a;ft (with g > v); here the index o denotes not only the
pair (v, u) but also distinguishes between the operators aLa,,, a,a, and alaL. For bosons with possible condensation,
one can take as basis {M} for the Lie algebra the operators I, a,, aL, aLaU, aua, (p>v) and alaL (1 > v); coherent
states arise from the inclusion of the operators a, and aL. If such a bosonic system is translationally invariant, the

algebra can be reduced to I, ag, ag), aLak, ax_g, alf_ka}; (where k denotes the momentum of single-particle states).
The formalism also applies to other sub-algebras, or to other systems such as mixtures of fermions and bosons, spin
systems or quantum fields as in [15], the only restriction being the Lie algebraic structure of the set {M}. In all such
cases the algebra {M} is characterized by the structure constants I'] 5 entering the commutation relations

[Ma, Mg] = i AT 4 M,,. (177)

As we wish to derive static or dynamic properties of some observables Q; of interest, we have relied on the variational
evaluation of a generating functional (Secs.[[TAland [[TC), so as to deal simultaneously and consistently with all such
properties. This has entailed the introduction of two sets of trial objects, namely, trial ”generating operators” A that
depend on the observables @; and their associated (time-dependent) sources, and trial density operators D. Both A
and D are elements of the Lie group generated by the chosen Lie algebra {M}, that is, exponentials of elements of this
algebra. We focused on expectation values and pair correlations of the observables ();; they are found by expansion
of the generating functional in powers of the sources. We summarize below the results thus obtained.

We parametrize the trial operators D, which behave as non-normalized density operators, by their normalization
Z = TrD and by the numbers R, = TrM, D associated with the operators M, (o # 0), where D denotes the
normalized operator Z~'D. The exponential form of the operator D is suited to investigate systems at non-zero
temperature; ground state problems are dealt with by taking a zero-temperature limit. We may thus approximately
answer questions about an equilibrium (unnormalized) state D = exp(—SK); for a system in canonical equilibrium,
K is the Hamiltonian. Other choices of K allow us to deal with non-equilibrium problems, D = exp(—8K) being
then the initial state.

An essential tool consists in the representation of the observables @, of the operator K entering D = exp(—fK)
and of the Hamiltonian H by their symbols ¢;{R}, k{R} and h{R} within the Lie group (Sec.[IIB]). Defined for any

operator () and an arbitrary element D of the Lie group as
¢{R} =TrQD, (178)

a symbol is a function of the scalar variables R, (a # 0) that parametrize D. The practical implementation of
the approach is based on the possibility of evaluating explicitly such symbols ¢g{R}. (In the fermionic and bosonic
examples, this is feasible owing to Wick’s theorem.) One also needs to express in terms of the variables R,, the entropy
function S{R} = —TrDInD.

B. Static quantities

The generalized free energy F' = — 371 InTr exp(— 8 K) and the thermodynamic quantities issued from it are
obtained (Sec.[V-A]) by looking for the minimum of the trial free-energy function f{R} = k{R} — T S{R} (where
k{R} is the symbol of K); the values of R, = R at this minimum are given by ag}{%R} = 0. The resulting, consistent,
approximations are then, for the free energy: :

[7 ak{RO} ]
F=—f'InTre % ~ f{RO} = — g 'InTre ort? 71 (179)

for the entropy:

_ RV}

S~ S{RV} = T

(180)
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for the energy (when K is the Hamiltonian):
(K) ~ K{RO}, (181)
and for the expectation values of the observables Q; in the state D oc exp (—8K) (Sec.[VB):

TrQ?e‘BK
Tre—BK

(@) ~ ¢;{R}. (182)

Thermodynamic coefficients, such as the specific heat [Eq.(&1)], are found from the second derivatives

9 (0) 2 (0) 2 (0)
P = % =K T8 = ° gR <§> -T ° ﬁR (o}> ’ (183)
OR 8Rﬁ OR 8Rﬁ OR 8Rﬁ

which appear as a matrix in the space of indices a.

While the above expressions appear as mere extensions to arbitrary Lie groups of standard mean-field results, the
approach has also provided variational expressions for the correlations in the state D o exp (—8K) (Secs.[V Dl and
[VE). For correlations between the elements of the Lie algebra, we have obtained (c, 8 # 0)

1thCF

(MaMs) = (Mo) (M3) =~ By, B= s B (184)

where the matrix C is defined by Cop =T 5 R,(YO). More generally, the correlations between two observables (); and
Q. have been found as

_ g {R} dqr{RV}
<Qij> - <QJ> (Qr) = 8R&0) Bas 8R&0)

: (185)

in terms of the matrix B and of the symbols of the operators @; and Q. Fluctuations AQ); result for j = k. In the
classical or high-temperature limit, B reduces to (ﬁF)_l.

C. Time-dependent quantities

Here D o exp (=BK) is the exact initial state at the time ¢;, and the subsequent evolution is governed by the
Hamiltonian H. The above results hold as variational approximations at the time ¢;. For later times, the optimization
of the expectation value (Q;), yields (Sec.[VB)

TrefﬁKeth/hQJS_efth/h

_ ~ - (0
<Qj>t = Tre - BK — q]{R( )(t)}v (186)
where the time-dependent expectation values Rg?) (t) of the operators M,, are given by the equations
AR (t
e 1) L (RO RO (187)

with the initial conditions R\ (t;) = R, The effective Liouvillian L is expressed self-consistently in terms of the

symbol h{R} of the Hamiltonian by

(188)

(In the presence of non-vanishing structure constants T 5, R(()O)(t) should be replaced by 1 in the term v = 0 of (I87).)

We have shown (Sec.[X)) that the dynamical equations (I87) and the resulting ones for (Q;), have a classical
structure, where Co3{R} = Flﬁ R, appears as the Lie-Poisson tensor associated with the classical coordinates { R}
and where h{R} behaves as a classical Hamiltonian.

Here again, non standard variational results have been obtained (Sec.[V.C)) for two-time correlation functions. Their
expression involves an approximation (Sec.[VA]) for the observables in the Heisenberg picture defined by

Q?(tl,t) = eiH(t/—t)/hQJS_e—iH(t/—t)/ﬁ, (189)
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where ¢’ is the usual final running time and ¢ is a reference time at which QJH(t + 0,t) reduces to the Schrodinger
observable Q;Q-’. This approximation Q? (t',t) ~ Q? t',t) = Q?O‘ (t',t)M,, is characterized by the differential equations

dQj'*(t',t)
dt

in terms of the reference time ¢ which runs backward from ¢’ to the initial time ¢;. The boundary condition is given
by

=- Q1) (L+CH); (o, 8#0), (190)

_ 9g{RO()}
OR" (t)
In Eq.(I90), the three matrices L defined by (I88), Cop{R} = I')5 R, and H, which denotes the matrix of second

derivatives of the symbol h{ R} with respect to the variables R,, are evaluated at the point R = R()(t).
The optimized expression for the two-time correlation functions Cjj(¢',t”) then reads (Secs.[V-Cl and [V D)

Tre 8K Ht/,ti Ht”,ti
Cutr = B HATE o) Qo

~ QU(t, 1) Bap Q7 (t" 1) (' > ¢"), (192)

which involves both the approximate correlations (I84) at the initial time and the approximate Heisenberg operators

given by Eqgs. (I90) and (I91).

Qi (t',t' — 0) (191)

D. Properties of the results and consequences

Special cases (Sec.[VI) include time-dependent fluctuations, obtained from Cj;(t + 0,t), and linear responses

ik ('t = (1/in)0(t" —t")[Cjr(t', t") — Ci; (", )]
~ Ot — ") QM (¢, ) Cap{RO(1)} Q) (1", 1), (193)

where t is arbitrary in the interval ¢; < ¢t < t”. If the initial state D o e #X is in equilibrium, with a dynamics
generated by H equal to K (or to K plus a constant of motion), the approximate expectation values (Q;); remain
constant. The equations (9] are solved as
H 0 CF( —t)]
Qe (t'. 1) = QI{ROY [e€F 0] T (194)
Hence, two-time correlation functions are variationally given in this case by
thCF
1 —exp(—ihBCF

Ojk(t’,t”):Q?{R(O)} e CF (t'—t") )Fl} Qf{R(O)}, (195)
ap

an expression which, as it should, depends only on the time difference ¢t —¢'. Derived within a unified framework, these
results satisfy consistency properties and conservation laws. For instance, the approximation preserves the relation
between the static stability of a thermodynamic equilibrium state (f{R} minimum) and the dynamical stability of
the motions (I8T) around it.

Other special cases are also considered in Sec.[VI] including classical, high-temperature and zero-temperature limits,
as well as Kubo correlations. Results for small deviations are presented in Sec.[[Xl

In Secs.[VIIl and VIITCUVIITE] we have exhibited, for any Lie group, an attractive interpretation for the static
correlations (I84]) and for the two-time functions (I94)-(I95). To this aim, the Lie algebra {M} has been mapped into
a simpler Lie algebra {M}, the operators M, of which are linear combinations of creation and annihilation bosonic
operators A, and AL (or equivalently of position and momentum operators X, and P, of harmonic oscillators),
and of scalar random variables Y,,. Then, the dynamics (@94) is mapped onto a dynamics governed by an effective
Hamiltonian

1 1
E:ZﬂthnQ(ALAmLAHAL)JrZP:%Xﬁ (196)

1
=;Qn(ﬁn2+xn2)+ﬁgxﬁ,
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which describes uncoupled modes. The above correlations (I84]) and (I95)) take for an arbitrary Lie group the form of
expectation values of pairs of quasi-boson operators and of scalars in a canonical equilibrium state with Hamiltonian
F.

The explicit expression

C(t .t = n e =) n \* 197
Jk( ) ) = Z jbl_e_BhQn( kb) ( )
ei(ln(t’ft”)
n o\ * n / "
+( jb) eBh 1 kb +ZQ§S Zs’ (t >t>
p

derived in Sec.[VIIIl relies on the diagonalization ([I32) of the matrix : CFF, which enters the formalism at several
places. The coeflicients Q7 and Q?S appear as coordinates, in the new basis of the Lie algebra, of the observable
Q;, their explicit form being given by Eqgs.(I51) in terms of the eigenvalues £, and eigenvectors of the matrix i CF
(which satisfy the equations ([I30), (I33) and ([I34)). Special cases of (I91) are the static correlations written in the
diagonalized form (I38]) and the linear responses, which satisfy the Kramers-Kronig dispersion relations and the Kubo
fluctuation-dissipation relation.

XII. CONCLUSION

We have presented above a variational approach to the determination of various physical quantities pertaining to
many-body systems. Although our scope has been formal, the generality and flexibility of the treatment appear well
suited to many specific problems. The results, listed in Sec.[XI have been obtained by merging several ingredients:

(i) The evaluation of a generating functional (Sec.[ITA]) has allowed the simultaneous optimization of different quan-
tities such as the (static or time-dependent) expectation values and correlations of the observables of interest: they
are obtained by expanding in powers of the sources the functional ¢{¢{} = InTrA(¢;) D. Deriving the correlation
functions as second-order contributions in the sources of this generating functional provides for them non-trivial ap-
proximations, even for a simple restricted trial space. As an example, for a system of interacting fermions, the use of
independent-particle trial objects leads to standard mean-field theories for expectation values but to expressions of
the form (I92) for correlation functions. It is the dependence of the trial objects on the sources which leads to such
elaborate results. Moreover, approximating all quantities in a unique framework preserves consistency properties.

(ii) The wvariational principle for the optimization of the generating functional is built by means of a general method
(Sec.lTC)). The object to be optimized is characterized by some simple equations, regarded as constraints on the
ingredients, namely, on the initial state D x exp(—SK) and on the time-dependent observables of interest QJH(t' , ).
Lagrange multipliers are then associated with these constraints.

(iii) For dynamical problems, the Heisenberg observables Q?(t’ ,t) enter the generating functional, together with
the sources ;(¢), through the ”generating operator”

Ay =Tt A6 Q1) (198)

The operator A(t) is characterized by the differential equation ([l expressing d’zgt) , which plays the role of a constraint

in the variational principle. This Eq.(I]) has been derived as a consequence of the backward Heisenberg equation

dQJ (t',t)
dt

- _% [Nt t), H). (199)

We recall that, while the standard (forward) Heisenberg equation describes the variation of the Heisenberg observable
Q?(t’ ,t) as function of the running time ¢', (I99) is a differential equation with respect to a reference time ¢ which
runs backward from t' to the initial time ¢;. We have explained in Sec.[[I Bl why this backward dynamics is the suitable
one.

(iv) As regards the initial state D = e % we have characterized it by the Bloch equation

dD(r)
dr

+KD(r)=0, (200)

where 7 runs from 0 to 5. We thus deal with finite temperature. Ground state problems are treated in the limit
B — 0; in fact, this procedure turns out to be more convenient than the direct implementation of ground states.
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(v) The variational equations associated with the above constraints on A(t) and D(7) have been worked out by
taking a Lie group as trial space for A(t), D(7) and for their associated Lagrange multipliers (Sec.[[II)), thus replacing
operators in Hilbert space by functions, their symbols. The approximate states that occur in mean-field theories belong
to such Lie groups, for instance static and dynamic states in Hartree-Fock approximations for fermions, Hartree-Fock-
Bogoliubov states for fermions with pairing, or coherent states for bosons. However, the trial operators D used here
depend on the sources; they are not overall approximations for the exact state D, but serve only to optimize the
generating functional (and hence all quantities of interest).

We have recalled in Sec.[XI] the outcomes of the above approach. Some well-known approximate results have been
recovered in special cases, for instance, static and dynamic mean-field or RPA treatments which now appear within
a general unified framework based on the use of a Lie group as trial space. Moreover, the new variational results
([I84), (183), (I92) and ([@I95) have been derived for correlations and fluctuations. In particular, we have shown for
H = K that quasi-bosons (or quasi-oscillators) come out for any Lie group, and not only in the usual context of
zero-temperature RPA for fermions. Let us add a few comments.

In order to determine the generating functional ¢{¢} = In TrA(t;) D, we have characterized A(t;) and D = e #K
by introducing the functions A(t) and D(7) = e~ "% determined from the simple differential equations (1)) and (200).
To build a tractable variational principle, we have been led to introduce the trial time-dependent quantities D(7) and
A(t) whereas we need only their boundary values D(8) and A(t;). Moreover, the number of variables is doubled by the
introduction of the Lagrange multipliers A(7), associated with the equation for D(7), and D(t), associated with the
equation for A(t). These quantities are not coupled by the exact equations of motion. However, in a restricted trial
space, the stationarity conditions entail a coupling between them which allows a better optimization of the generating
functional ¥{&}.

In spite of their resemblance with density operators and exponentials of observables, the trial objects D(7), A(t),
A(7), D(t) are only computational tools for the evaluation of expectation values and correlation functions. In particular
the trial quantity D(¢), which looks formally like a density operator in the Schrodinger picture, adapts itself to the
question asked, namely to the value of ¥{£}. It thus depends on the sources (and is not even hermitian). It cannot
be interpreted as an approximate state of the system, and in fact there exists no approximate density operator in the
original Hilbert space that would produce both the optimized expectation values ([I86) and correlations (I84]), (I83),
(T92).

Since all the results have been derived from the same variational principle, they naturally satisfy some consistency
properties fulfilled by exact quantities. For instance, if an observable @); belongs to the Lie algebra and commutes with
H, exact conservation laws express the constancy in time of the expectation value (Q;), and of the fluctuation AQ;(t).
These two properties are ensured by the variational approximations (Sec.[VLC). In contrast, a naive evaluation of
fluctuations based on the approximation Tr Q;% D(t) ~ Tr Q;* D(©)(t) where D) (t) evolves according to (B), would
provide an unphysical time dependence: The Schrodinger picture for D) (t) is variationally suited to the evaluation
of expectation values, but not of correlation functions or fluctuations, which involve here the approximate Heisenberg
operators Q? (t,t'). The variational approximation (I95) fulfils another consistency property, as discussed in Sec.[VTAL
namely that any correlation function Cj(t',t") depends only on the time difference ¢’ — ¢ when H = K. We have
also stressed that the approach unifies static and dynamical properties, generalizing theorems well known for fermion
systems [35-37] : When the thermodynamic equilibrium is stable, i.e., when the trial free energy f{R} is minimum at
{R} = {R)}, the matrix F of second derivatives is positive, and this implies that the eigenvalues of iCF are real. The
latter property ensures dynamical stability: a small deviation of { R} around {R(®} is never amplified (Sec.[XCJ).

The approximate equations (I82) and (I86) determine the expectation values (Q;), at the initial time ¢; and for

arbitrary ¢, express these quantities in terms of the expectation values RO (t) = Tr My, DO (), which are the symbols
of the elements M, of the Lie algebra. Thus, at first order in the sources, these elements M, are replaced by the
c-numbers R((lo) (t) as if the algebra were replaced by a commutative one. Accordingly, the approximate dynamical
equations then have a classical Lie-Poisson structure (Sec.[X]). At second order in the sources, we have shown (Sec.[VII)
that in the initial state the fluctuations and correlations B of the operators M, have the same form as if the Lie
algebra were replaced by a mapped algebra in which the commutators [M,, Mg] are replaced by c-numbers (103,
which are their expectation values (34]). We have also seen that this amounts to replace the deviations (I38) by linear
combinations of operators of non-interacting quasi-bosons (or of harmonic oscillators) together with quasi-scalars.
This property extends for H = K to two-time correlations. We thus acknowledge two successive modifications of
the Lie algebra: For first-order quantities, the operators M, are approximated by scalars, whereas for second-order
quantities it is their commutators which are approximated by scalars.

Although formal and technical, the present approach is systematic, flexible, and consistent owing to the optimization
of the generating functional. It allows a variational evaluation of correlation functions, which lie beyond the realm of
standard mean-field theories. It generalizes some known approaches to arbitrary Lie groups, setting them within a
unified framework. It may be applied to various questions of statistical physics and field theory, static or dynamic,
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at zero or non-zero temperature, at equilibrium or off equilibrium.
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Appendix A: Derivation of the correlation matrices B and BX
1. Ordinary correlations

As indicated in Sec.[VD] the determination of the correlation matrix B involves the solution at first order of the
coupled equations {4, 3] for D(7), A(7) in the range 0 < 7 < S, with the boundary conditions D((ll)(()) =0 and
AS)(B) = M,,. The zeroth order operators D(®) (1) = exp[—7 K], A (7) = exp[(7—B)KD] and D) = exp[- K],
where we denote for shorthand K{R(®} = K have been derived in Sec.[VAL At first order, we have parametrized
the combination D(7) A(7) by {RW (1)} ~ {RPA(1)} — {R©}, that is,

R (1) ~ Te[DO (1) AV () + DD (1) A (1)] (M — RYY)/Tr DO . (A1)
The matrix element B, was then identified with
Bas = R)(r = B) (A2)
Tr DY (8)(Ms — RY)

o~
= Tr Mo (Mg — RSP + Tr DO

A preliminary task is to find the 7-dependence of Rg}g (7). This is done through the equation
d

—[D()A(r)] = [D(r)A(T), K{EPA)] , (A3)
a consequence of (@),(@5]) equivalent to
A
% = —ihTj, K{RPA} RPA(r). (A4)

This equation, since the boundary conditions ’D((ll)(T =0)=0and AS)(T = ) = M,, are imposed at different times

7, cannot fully determine the quantity Rg}g (7) but it will provide its dependence on 7. Expanding (A4]) up to first

order involves the kernel

K{RAP (1)} ~ K® + R0)(r) K™ M; , (A5)

which depends self-consistently on 'D((ll)(T) and AS)(T) through {R™W(7)}. Using (&%), then (35),(B8) and (50), one
obtains
1
dR)(7)

A — —iRCp, F° RV (1), (A6)

which is readily solved, in terms of the still unknown quantities Rg}g (1 =05) =Bag, as

. Y , v
RO = [0 RO (E) = Bay [ 1] (A7)

We now turn to the determination of DS (r) which enters (&) for 7 = 8. (We shall not need ALY (1) for 0 < 7 < 8.)
The first order contribution to (@) takes the form
d

DN () AV ()] = [DO(R) A0 (7), KO | = RI)(r) K M, DO (A8)
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Using the boundary condition ’Dg})(O) = 0, we can solve (AS) as

D<(11) (7_) A(O) (7_) — /0 dT/RSﬁ)) (7_/) Kﬁry eK(O)(T/,T) M’Y eK(O)(qu-’) D(O) . (AQ)
The integrand involves the transform of the element M, of the Lie algebra by the element eK('=7) of the group,
with KO =M BIC(O)'B. This transform is also an element of the algebra given by the automorphism (B7) for D = D)
and A= (1t —7')/0 as

§

KO =M, KO =) 2 [eiﬁﬁ”csﬁ’*ﬂh Ms . (A10)
Inserting (A7) and (AIQ) into (A9J) leads to
DY (1) AV (r) = (A11)

T ) , - / By
_/ dT/ Baﬁ |:ezh]F(C(T -B) (F + ﬂ71 S) ezhﬁ ICS(T 77'):| M'y D(O) )
0
We note that the bracket in Eq.(AT]) is the derivative with respect to 7/ of
ihFC (1'—p) —1 o ,
6— elhﬁ 1(CS(7'77')_|_S

ihFC thCS ’
where (e® — 1)/x is defined by continuity as 1 for z = 0. Thus, by integration of (A1), we obtain for 7 = 3:

eil‘LB*l CS(r'—7) _ 1

e—ihBFC _ | —ihCS _ By

DIV () =Bup | ———— Fe hCS st | M, DO, A12
We have thus found the expression of D&l)(ﬁ) to be inserted into (A2) so as to obtain B,z. The resulting two

terms in (A2) involve a correlation in the state D©) o exp[—AK(®)] between two operators of the basis {M} of the
Lie algebra, M, and Mg, or Mgz and M,, respectively. Such correlations have been evaluated in Sec.[ILC] (within

replacement of D by D) and are provided by Eq.[@I). Inserting both terms in (AZ), we find
ihCS

— -1
v (Fe T ines TR T g1_thSC
1hCF 1hSC e~ thCS ]
and hence
1hCF -1
2. Kubo correlations
In order to find a variational approximation for the Kubo correlation
1 [P . s s
Trﬁ/ dre™ Mye " Mg D —TrM, DTrMg D, (A15)
0

we first replace A(t) by I in the generating functional In TrA(¢;) D and introduce, instead of the sources ;(t) entering
the exponent of A, small sources §.J¢ entering terms —3~16.J*M,, added to K in the exponent of D = exp(—SK). We
now deal with a single exponential operator instead of a product of two, and Kubo correlations are the second-order
terms in {§J} in the expansion of In Tr D.

The variational approximation BX for Kubo correlations is then obtained through the formalism of Sec.[V Al within
replacement of the image K by K — 371§J*M,,. This yields In Trexp(—8K + §J*M,) ~ —Bf{R} + 6J*R, where
{R} = {R© 4 §R} is given by the stationarity condition 89f{R(®) + §R}/OR, = BF*?§Rs = §J*. As in the
evaluation of the thermodynamic coefficients, the second-order terms in {§.J} are finally found as

1o _
Bog = 3 Das = [(BK ~8) s (A16)
Here as in the case of B, this approximation for (ATH) is obtained by replacing —S by 8F = SK — S in the naive

expression ([B8) written for D =DO),
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Appendix B: The variational results and the effective state

We prove in this Appendix that the variational approximations TrMaD ~ <l\/|0¢>app = R((lo) and Tr MQM[;D ~
(MaMg), . = Bag + R&O)R(BO) found in Secs.[[V] and [V] are reproduced in the mapped Hilbert space JZ as exact

expectation values of M,, and M Mg over the effective state D defined by Eq.([III).
Let us introduce the generating function

Tr exp(— BE+AM,)

Tr exp(— B E) (B1)

d{A\} =In

which will produce the expectation values (M, ) map and the Kubo correlations (M, Mg) * in the state D by derivation

K
map
with respect to the sources A*. We can rewrite it as

Trexp | - 4 BM, Fo M, + X R + £ g1 ae (F1), 3]

Ar=1 B2
P =In Tr exp(— B F) (B2)

where the operators M:l in the mapped space £ are defined through the shift (we drop M;):
M, =M, -5 (F") A" —RO. (B3)

ary

These operators obey the same commutation relations as (I09), so that the replacement of {M} by {M/} does not
modify the trace. Hence, we find

6{A} = A* RO 4 % A(E), N (B4)

We now expand Tr exp[— S F + A* M, ] in powers of the sources A\*:
Tre PEHA"M, o (B5)

B
Qe—BEJr/\ag(e—ﬂEMa)JriAam/ drx (e IEM e TEM )
2p 0

Inserting in (BI) and identifying with (B4]), we recover at first order
<Ma>map = RSxO) : (B6)
At second order, we obtain in the space S the Kubo correlations of the operators {M}:

— RO)M, — RO = (B7)

map

1 g TF —7F 1 —
<5/0 dretE M, - R e —<M7—R%°>>> =5 ., -
map

(M

{63

In order to derive therefrom the ordinary correlations we proceed as in Sec.[[TLCl We note that

d
—e™EM e E=e™L[E, M, Je "™ E = —ih(CF)Je™E M, - R")e "L, (B8)

dr -
where we used the expression (II]) of F and the commutation relations (I09). Integration over 7 then yields
T -7 —thT B 0
e E(Ma_RgO))e F_ (6 h (C]F)a (MB_R(B))7 (Bg)

and hence, through a new integration as in ({0,

(M, — RO)M, — RO)" = (B10)

map
1 —exp[—ihSCEF| o
( ihBCF )

o
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By combining ([I12) and (BIO) we find that the ordinary correlations of the operators {M} are given by

_ po _ pO _ ihCF )
(M, = Ry")(Mg — Ry™))map (ll—exp[—ihﬁ(CF]F y Bag , (B11)

so that we recover here the matrix B of Eq.(88]), now derived as an exact correlation in the mapped space 2.
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