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Abstract

This paper addresses non-linear gyrokinetic simulations of ion temperature gradient (ITG) turbulence in
tokamak plasmas. The electrostatic GYSELA code is one of the few international 5D gyrokinetic codes able
to perform global, full-f and flux-driven simulations. Its has also the numerical originality of being based on
a semi-Lagrangian (SL) method. This reference paper for the GYSELA code presents a complete description
of its multi-ion species version including: (i) numerical scheme, (ii) high level of parallelism up to 500k cores
and (iii) conservation law properties.

Keywords: plasma turbulence, gyrokinetic global full-f flux-driven simulations, semi-Lagrangian method,
high-performance computing

1. Introduction

In magnetic fusion devices, the power gain increases non-linearly with the energy confinement time. The
quality of the plasma energy confinement then largely determines the size and therefore the cost of a fusion
reactor. This confinement time is mainly governed by the plasma turbulence as deserved in such devices
— leading to fluctuations with relative magnitude of a few percents in the hot core — and the associated
transport. Understanding its origin and properties in view of a possible control is one of the critical issues
in fusion science [75]. The inhomogeneities in density, temperature, and magnetic field place the plasma
naturally out of thermodynamical equilibrium, and tend to excite several micro-instabilities over a wide
spectral range. These plasmas exhibit a low collisionality so that conventional fluid models are questionable
and kinetic descriptions are more appropriate. A kinetic formalism is also needed to account for wave-
particle interaction. In such first-principle descriptions of plasmas, the six dimensional evolution equation
for the distribution function — Vlasov or Fokker-Planck equations — is solved for each species, coupled to the
self-consistent equations for the electromagnetic fields, namely Maxwell’s equations. Fortunately, as far as
turbulent fluctuations are concerned, they develop at much lower typical frequencies than the high frequency
cyclotron motion. Therefore, this 6D problem can be reduced to a 5D one by removing, using phase space
reduction, the gyromotion and other high-frequency dynamics. The useful part of the distribution function
then evolves in a five dimensional phase space generated by four slow variables and an adiabatic invariant.
This model is known as the gyrokinetic model. For detailed gyrokinetic theory see review papers by Brizard
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& Hahm (2007) [16] and Krommes (2012) [79]. But even with this dimensional reduction, building such a
simulation tool remains quite challenging.

The first-principle gyrokinetic codes, developed for this purpose, make already an intensive use of mas-
sively parallel supercomputers and require state-of-the-art high performance computing (HPC). Neverthe-
less, solving 5D non-linear gyrokinetic equations for several ion species proves so challenging that to date
no code is able to treat all the physics involved. Several strategies based on different simplifications have
been developed to decrease these extreme numerical costs. We encourage the reader to refer to the paper
by Garbet et al. (2010) [53] for an overview of these different strategies for numerical simulations and
their comparisons with fusion experiments. A first strategy is to reduce the simulation domain to a small
plasma volume aligned with the magnetic field lines and sufficiently small to neglect the radial variations
of macroscopic quantities such as the density and temperature fields and their gradients. Such so called
fluz-tube codes (e.g. GS2 [44], GENE [76], GYRO [22], GKW [100]) have the advantages to drastically re-
duce CPU time and memory consumption compared to the global approach where computing over the whole
plasma domain requires huge 3D meshes. Despite this constraint, a global approach must be considered
whenever the “global” scales are comparable to that of the turbulence. This allows one in particular to
address some aspects of the barrier physics. Gyrokinetic models can also be split in two distinct families
with respect to the representation of the distribution function: either full-f or § f models. In the § f model,
only perturbations with respect to some prescribed background equilibrium (usually Maxwellian in velocity)
are computed. Conversely, in full-f models, the whole distribution function is evolved. Especially, the back
reaction of turbulent transport is accounted for in the time evolution of the equilibrium. In global and full- f
simulations, the turbulent regime is evanescent if no free energy is injected in the system to prevent the
inevitable relaxation of equilibrium profiles below the — linear or non-linear — threshold of the underlying
instability. A heat source is mandatory in view of exploring the long time, typically on energy confinement
times, behavior of turbulence and transport, leading to the so-called fluz-driven simulations.

Finally, the existing codes differ also by their numerical schemes which have evolved all along the last
twenty-five years, in direct link with the evolution of HPC resources. Historically, particle in cell methods
(PIC) —pioneered for gyrokinetics by Lee [88]- have been most popular, and represent widely adopted
approaches to numerical simulations of kinetic plasmas. They used to be considered as the most efficient tool
to describe plasma dynamics, essentially because they are capable of describing many physical phenomena
in the full dimensional case, at relatively small computational costs. Many gyrokinetic codes are PIC codes.
Let us mention, Parker’s code [97], Sydora’s code [117], PG3EQ [42], GTC [90], ELMFIRE [63], GT3D [73],
ORB5 [12, 77] , GTS [123] and XGC1 [26]. However, it is well known that the relative numerical noise
inherent to PIC methods constitutes a strong limiting factor to accurately describe the distribution function
in phase space on long time scales. Moreover, the numerical noise only slowly decreases, like 1/ V'N, when
the number N of particles is increased. The main problem for non-linear gyrokinetic simulations is that
the noise level a priori accumulates in time [96]. Even small errors in the evaluation of these moments can
cause a systematic corruption of the simulation results on relatively short periods of time. Consequently,
the reduction of numerical noise has been right from the start a matter of intense research, and many
improvements have taken place during the past ten years, making use of different statistical methods: (i)
control variate method of variance reduction (with §f scheme [5, 97] or “adjustable control variate” method
[60]); (ii) importance sampling (with “optimized loading” [61]). These techniques have enabled to reduce the
numerical noise by orders of magnitude. Let us specifically mention the achievements made on the ORB5
gyrokinetic PIC-code [77] on the noise issue, which are summarized in [120]. Another approach to avoid the
issue of marker sampling noise is the Eulerian approach. It consists in discretizing the phase space on a fixed
grid, and in applying finite differences, finite volumes and/or Fourier transforms to model the differential and
integral operators (see e.g. [20] for a review). The main drawback stems from the fact that these numerical
schemes are based on explicit time integration, so they are limited by the Courant-Friedrichs-Lewy (CFL)
stability condition, which slaves the maximum time step to the grid space resolution. Several gyrokinetic
codes are based on this approach as proved by this non-exhaustive list of Eulerian codes: GS2 [78, 44],
GENE [76, 93], GYRO [22], GKV [124], GKW [101] and GT5D [70, 74].

As described in the following, one peculiarity of the GYSELA code is to be based on a semi-Lagrangian
method, which is a mix between PIC and Eulerian approaches. The objective is to try to take advantages
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of both methods, namely limited numerical dissipation with limited numerical noise. We had shown good
properties of energy conservation of semi-Lagrangian scheme for a 4D drift-kinetic model [55]. The GYSELA
code exhibits now not only accurate radial force balance [38] but also good properties of local conservation
laws for charge density, energy and toroidal momentum [2]. These conservation properties are detailed
in the following in section 5. Such conservation properties are comparable to those obtained with the
GT5D code [68], which is based on a fourth-order non-dissipative conservative finite difference scheme
[71, 70] which conserves both L' and L? norms. Anyway, each of these three numerical approaches —
PIC, Eulerian or semi-Lagrangian— has advantages and drawbacks (see [56] for a review). But for sure,
the wide variety of gyrokinetic codes, coming from all these different choices, is a strength for the fusion
community. Indeed, due to the extremely challenging computing requirements, each gyrokinetic code runs at
the limit of its applicability range. For instance significant advances like taking into account kinetic electrons
and electromagnetic effects are extremely time consuming for global codes. This has been firstly achieved
in the GYRO code [21], then in the GENE code [54] and in the ORB5/NEMORB code! [13] and more
recently in the GKW code [67]; this list is not exhaustive. Conversely, the full-f and flux-driven regimes are
two necessary ingredients to investigate, among others, the mechanism underlying self-consistent transport
barrier creation. Benchmarks between the different approaches are therefore primordial (e.g. [118, 48]).
Difficulties reside generally in finding common domains of validity (set of parameters, initial and boundary
conditions,...). The choice of a global full-f approach has been done for the electrostatic non-linear 5D
gyrokinetic code GYSELA described in this paper. Electrons are at present considered adiabatic. Within the
community of the 5D gyrokinetic codes, GYSELA is close to GT5D code [72] in the sense that they are both
global full-f flux-driven codes. They mainly differ by their numerical schemes and their flux driven choice
where the source term is compensated by a sink term in GT5D [69].

In the following, all the components of the semi-Lagrangian GYSELA code will be detailed both in terms
of physical equations and numerical methods as well as the verification and benchmarks that have been
performed. Such flux-driven ITG simulations are extremely challenging and would not be possible without
a high level of parallelism which will also be addressed. The code is currently using Petaflops HPC resources
and is actively preparing its evolution for the future exascale era. The paper is a comprehensive description
of the multi-ion species version of the code with a detailed description of all the numerical schemes employed
and with a precise presentation of the parallelisation of the code. The last same exercise has been performed
in 2006 [55] on the initial 4D drift-kinetic version of the code. The upgrade to a 5D gyrokinetic version
in 2007 [57] and the recent development of a multi-ion version [47] have completely changed the needs in
parallelization. Several important physical results have been obtained with the 5D version of the GYSELA
code in the flux-driven regime, although there was so far no reference paper for it. These results will be
highlighted in the various section of the paper. They deal with: (i) flux driven regime and non-local transport
[105, 37], (ii) neoclassical theory with the implementation of a collision operator [51, 36], (iii) poloidal and
toroidal rotation issues and [39, 106] (iv) the possible control of turbulence by means of sheared flows,
including transport barrier generation and stability [115, 116]. Each of these physical studies have been
made possible thanks to the constant upgrade of the code and critical numerical developments, which are
exhaustively detailed (and benchmarked whenever it is relevant) in the present paper. It is organized as
follows. The physical model is presented in section 2. The numerical methods and the hybrid OpenMP /MPI
parallelism are described in section 3. The code verification via invariance tests and benchmarks are detailed
in section 4. The conservation law properties are analyzed in section 5. Discussion and conclusion close the
paper in section 6.

2. GYSELA gyrokinetic global full-f model

GYSELA is a global code presently used with a simplified concentric circular magnetic configuration
(section 2.2) similar to the Tore Supra equilibria. The new version of the code still considers adiabatic

INEMORB seems to have been the first electromagnetic branch of ORB5. Apparently, the ORB groups have meanwhile
decided to avoid distinction between the different branches. So for the rest of the paper, we will refer to the code with the
unique ORB5 name.



electrons but the possibility to address transport of impurities has been added. The time evolution of
the full distribution function of each ion species (major species as e.g Deuterium + one minor impurity)
is governed by a 5D non-linear gyrokinetic Vlasov equation (section 2.3) self-consistently coupled to a 3D
Poisson equation (section 2.4). The required gyroaverage operator (section 2.5) that used to be approximated
by a Padé expansion in the past versions of GYSELA can now be computed with a direct average on gyro-
circles. Collisions are taken into account. With a linearized intra-species collision operator (section 2.7)
neoclassical effects are recovered. Inter-species collisional transfers are now also considered (section 2.8).
The problem of initialization and radial boundary conditions inherent to global full- f codes like GYSELA are
addressed in section 2.6. Concerning boundary conditions, three modes are available in the code: (i) the fized-
gradient mode where the temperature profile is fixed at both radial boundaries, corresponding to decaying
turbulence regimes (relaxation of equilibrium profiles below instability thresholds cannot be avoided); (ii)
the gradient-driven mode, equivalent to the previous one but where gradient profiles are maintained by an
artificial Krook-type operator and finally (iii) the fluz-driven mode (the most often used) where temperature
is still fixed at the outer boundary but can evolve freely at the inner one. In the gradient-driven mode the
strength of the drag force of the Krook operator governs the dynamics of the mean (flux surface averaged)
gradient profiles: they remain all the more sticked to their initial value if the Krook coefficient vy is large.
More precisely, significant departures of the mean profiles w.r.t. their initial value are only possible on
short time scales (t < v, 1), while the long time behaviour ensures that they remain unchanged when time
averaged. Concerning the flux-driven mode, the turbulence is forced with a constant-in-time incoming flux
generated by a heat source independent of the distribution function (section 2.9) leading to possible long-
time simulation. A simulation over several confinement times has been recently performed for comparison
to Tore-Supra experiments [41].

2.1. Toroidal coordinate system

Let us introduce the notations used in the paper. We consider a set of coordinates labelled {x'}, the
metric tensor {g;;} is the product of the transposed Jacobian matrix J7 and the Jacobian matrix J, i.e
{gi;} = JT J. For a set of cartesian coordinates X*, the elements .J;; of the Jacobian matrix are defined as
Jij = 0, X". Let g represents the determinant of the metric tensor (i.e g = det{g;;}), then the Jacobian in

space Jy is defined as Jx = /g and is equal to J, = [(Vxl X Vx2) . Vx?’] 71, i.e the volume element is J, d3x.
The tensor {g*/} is the inverse of the tensor {g;;}. The element of the contravariant metric tensor verifies
the relation g% = Va' - Va/. With these notations, each vector A can be defined in terms of its covariant
components A; as A = 4;Vz' and the equivalent norm is given by [|A | = 1/(A1)2g' + (A2)2g22 + (A3)2g33.
At present, in the code, the coordinate system used is the toroidal one, i.e the set of coordinates (z!, z2, x3)
is equal to (r, 0, ¢) where r is the radial position, € is the poloidal angle and ¢ the toroidal angle. Therefore,
gl =gT=1,92=¢% =1/r? g3 =¢¥¥ = 1/R? and g =0 for all i # j. R(r,0) = Ry + r cosf with Ry
the major radius of the torus at the magnetic axis. The Jacobian Jy is then equal to Jy = rR.

2.2. Simplified magnetic configuration and current

Consistently with the chosen coordinate system, the magnetic topology is fixed and consists of concentric
toroidal magnetic surfaces with circular poloidal cross-sections. The magnetic field B is defined as B =
(BoRo/R) [((r)eq + e,] with {(r) = r/(¢Ro). By corresponds to the magnetic field on the magnetic axis.
The vectors eg = rV0 and e, = RV are the unit vectors in the poloidal and toroidal periodic directions.
The safety factor profile ¢(r) is defined by three parameters g1, g2, and g3 as q(r) = ¢1 + g2 exp (g3 log(r/a)).
With this choice of angles, B - Vo /B - V0 = ¢(r)Ry/R, namely the local field line pitch depends not only
on r but also on #. The current is decoupled from the field and the magnetic field is assumed to satisfy the
Ampere equation, but not the force balance equation. Then the Ampere equation leads to a current of the

form pod = poJr RV with poJr = %% (1 + %g—f — 5 COs 9).

2.8. Full-f gyrokinetic Viasov equation
Let us consider the gyro-center coordinate system (xg,vq|,ts) where X corresponds to 3D space
coordinates, v is the velocity parallel to the magnetic field line and us = msvZ | /(2B) the magnetic
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moment. Let F, be the particle distribution function of species s and F, the one associated to the guiding-
centers. The global gyrokinetic code GYSELA models for each species s, the time evolution of the guiding-
center distribution function F,, with no separation between equilibrium and perturbation. The non-linear
time evolution of F is governed by the 5D collisional gyrokinetic equation described by Brizard and Hahm
16]

O Fs — [H7 FS]GC = Rhs(Fs) (1)

where H the Hamiltonian of the system is defined as H = %msvél‘ + psB + q;U and where [., Jao are the
gyrokinetic Poisson brackets expressed as (see equation (150) in [16])

B: b
o (VX0 Y = 0,6, XVY) =

lls lls

[XvY]GC =

(VX x VY) (2)

with b = B/|| B|| the unit vector along the magnetic field line at the guiding-center position. Here, U = J,.U
is the gyro-average of the fluctuating electrostatic potential U. It corresponds to an average over a cyclotron
motion: J,.U = 3?02” U ‘;ﬁc, where ¢ stands for the cyclotron phase. This gyro-average operator J,, will be
discussed in more detail in section 2.5. The scalar Bl"S corresponds to the volume element in guiding-center

velocity space. It is simply B}, = B - b with B defined as

lls

B: =B+ %UGHV x b (3)
ds
i.e m
s =B+ q—stHb -(V x b) (4)

In our case, the right hand side Rhs of the previous Boltzmann equation (1) is given by
Rhs(Fs) = By, (Dr(Fs) + K(Fs) + C(Fy) + S)

where D, and K are respectively a diffusion term and a Krook operator applied on a radial buffer region
(see section 2.10), C corresponds to a collision operator (see section 2.7) and S refers to source terms which
are detailed in section 2.9.

Let us define the Poisson bracket as [F,G] = b- (VF x V@), and the parallel projection as V| F' = b} -V F.
Let by represent the covariant components of the unitary magnetic field vector b and Jy the Jacobian in
space of the system. Then it can be easily checked that [F,G] = Jg1€7*0;F0;Gb), where €% is the Levi-
Civita symbol and b* - VF = b*'9;F. By using this formalism, it can be proven that the Hamiltonian form
(1) is equivalent to the following conservative form

aEs dxg - 0 dUGH _ _
By 22 A B =CF )+ 2 (B:.—SlF, ) = Rhs(F,

where the evolution of the gyro-center coordinates of species s are described (within the electrostatic limit)
by:

da? ) ) .
S = vgbl -V + Vexn, - Vag +vp, - Vi (6)
d _ my
- Zf” bt VB qbr v 4 Gy s VB (7)



where b’ is defined as?
B msvq
b*
* Br = ¢B; B

lls lls

V x B (8)

The i-th contravariant components of the ‘E x B’ drift are given by

= [0,2%] )

lls

i i
VExB, - VTg = VExB, =

and the i-th contravariant components of the ‘grad-B’ and ‘curvature’ drifts read (at low 3 = nT/(B?/2u0)

limit)
2
i i msVG) T B B i
Vp, - VI'G = VDS = <_BTS_B [B,l‘G] (10)
Besides, using the fact that the axi-symmetric equilibrium is determined by three of the ideal MagnetoHy-
droDynamic (MHD) equations Vp = J x B, V x B = 10J and V- B = 0, the i-th contravariant components
of b¥ appearing in equation (6) read

B V! msvg|| pod ~ng
B qs B} B

lls lls

b’ -Vl =b =

(11)

2.4. Self-consistent coupling with the quasi-neutrality equation

The electron density n. is supposed to follow an adiabatic (Boltzmann) response on a flux surface, namely
Ne(X,t) = ne, (r) exp (e [U(x,t) — (U )ps(r,t)] /Te(r)) with T, the electron temperature. (U )pg represents
the flux surface average of the electrostatic potential U, i.e

JU(r,0,0)J d0dep

<U>FS() fdeede

Let us define, for each species s, its initial radial density profile ns, and its concentration cgy, = ng/ne,-
We also assume that n., = ZS Zsns, so that ZS ¢syZ4s = 1. Under these assumptions, the quasi-neutrality
equation, self-consistently coupled to the gyrokinetic equation (5), reads

e, ZZ V.- ( Msg V ) +e <U_<T:J>FS) = nleo ZZS (nG, —na, eq) (12)

S S

with Qg = ¢sBo/ms and V| = ((’%, %89). Here, the polarization density (first term of eq. (12)) is ap-
proximated by its expression in the limit of large wavelengths with respect to the Larmor radius (limit
kips < 1). The gyro-center density ne, of species s is defined by ng, (x,t) = [ J, du dvGH Tu-Fs(x,v,1)
—~where J, = (27rB” /ms) stands for the Jacobian in the velocity space— snmlarly NG, eq 1S the gyro-center

density for Fy, = F, eq- In practice, the right hand side of (12) the charge density of guiding-centers p, is

computed as
1 _ _
n ZZS/ d,uj,w [/ Jyv d'UGH (Fs - Fs,eq) (13)

To avoid the problem of the singularity in 1/r, the problem is solved within a ring rmin < 7 < Tmax where
Tmin > 107°. One difficulty with equation (12) is to deal with the flux surface average term (U )pg. This
term is non-linear in 6, because the space Jacobian depends on . Therefore, it does not allow one to project
simply in 2D Fourier space. To overcome this problem, solving (12) is performed in two steps as proposed

p(x,t) =

2Let us mention that in this definition b¥ is not equal to B:/B‘Ts but equal to b = g’f - TZSUGH (b X V?B)
IIs

IIs



in [32]. Let us define the differential operator £ = —-13" Z,V - (%VL) and (- )g, , the average on
) < s

0 and ¢ directions. Then, the first step consists in finding U solution of the following differential system,

(E N T) U=p—(plo.s with Ur8,0)=T(r0,0)— (U (r) (14)

The second step consists in solving the following 1D radial differential equation

£<U>FS:<P>9,¢+<E+£><U>FS (15)

In this equation, ¢ plays the role of a parameter. A Fourier projection is performed in the € direction.
In the radial direction, for both differential systems (14) and (15), finite differences are used. Finally, the
electrostatic potential is reconstructed with the formula U = U — (U )rs + (U )rs. For both equations
(14) and (15), Dirichlet boundary conditions are applied at the outer boundary at 7,4, while Dirichlet
or Neumann can be chosen at the inner boundary at 7,,:,. Notice that these boundary conditions then
apply to U, not to the actual electric potential U. Given the relationship between U and U/, imposing the
Dirichlet condition U(rpe) = 0, with e = {"min, "maz }» 1S then equivalent to the following conditions on
U: U(rpe) = (U)o,p(ree) and (U)rs(rpc) = 0. The Neumann condition proceeds in a similar way. In
GYSELA, it can be only applied to the inner boundary provided 7, < 1072, In this case, Jz(Pmin, 0) is
fairly independent of 6, so that the flux surface average is almost equal to the average over both angles:
(-)rs = (-)9,,- In the framework of this approximation, imposing the Neumann condition U (7min) = 0 is
equivalent to 0, U ("min) = 0r(U)6,0(Tmin) = 0r(U)ps(Tmin) = 0. The fact that this solution is equivalent
to solving directly equation (12) and the detailed numerical scheme associated are explained in Appendix
AppendixA.

2.5. Gyro-average operator

The gyro-radius ps is transverse to b = B/B and depends on the gyrophase angle ¢., i.e ps =
(b xv)/Q = ps(cosg.e 1 +sinp. e s). Here e and e 5 are the unit vectors of a basis in the plane
perpendicular to the magnetic field direction b. Let xg be the guiding-center radial coordinate and x the
position of the particle in real space. These two quantities differ by a Larmor radius ps as x = xg + ps. The
gyro-average g of any function g depending on the spatial coordinates corresponds to the following operation

glxc.0) = f e = { ¢ T e i, ~V>} 4(xc) (16)

2 2T

The operator e’V corresponds to the change of coordinates (x,p) — (xg, pg). This gyro-average process

consists in computing an average on the Larmor circle. It weakens fluctuations that develop at sub-Larmor
scales. Introducing (k) the Fourier transform of g, with k the wave vector, it is possible to prove that the
gyro-average operation reads

+oo 3
o) = | s kil (7)

where k| is the norm of the transverse component of the wave vector k; = k — (b - k)b, and Jp is the
Bessel function ? of first order. Considering the expression (17), in Fourier space the gyro-average reduces
to the multiplication by the Bessel function of argument k, ps. This operation is straightforward in simple
geometry with periodic boundary conditions, such as in local codes. Conversely, in the case of global codes,
the use of Fourier transform is not applicable for two main reasons: (i) radial boundary conditions are non
periodic, and (ii) the radial dependence of the Larmor radius has to be accounted for. Several approaches
have been developed to overcome this difficulty.

3The Bessel function of the first kind are defined as Jy,(z) = &

™

7

" Jo exp(iz cos 0) cos(nd) d6.




2.5.1. A Padé approximation for the gyro-average operator

The first one, currently used in the code, consists in simplifying the treatment of the gyro-average
operator by approximating the Bessel function with a Padé expansion Jpaas(kips) = 1/ [1 + (k1ps)?/ 4]
(e.g. see [108]). The advantage of this Padé representation is that it does no longer requires to use the
Fourier space as required by the Bessel function. Indeed, since it involves kf_, it can easily be treated in the
configuration space by using the relation V2 « —k?%. Using this Laplacian equivalence, the gyro-average
operation of any g function is defined such that each m Fourier mode of g is solution of the equation

1 BO 82 18 TTL2 —-m — ,m
{1—2%%% (87’2+r8r_7“2)]g (r,p) = g™ (r, ) (18)

where at first approximation B(r,f) has been replaced by By to be consistent with the quasi-neutrality
equation. In this differential equation, first and second derivatives are computed using a Taylor expansion
of second order leading to a tridiagonal matrix system. This Padé approximation is asymptotically correct
in the large wavelength limit k) ps < 1 (indeed: Jo(kips) =~ 1— kipg/ll for k ps < 1), while keeping Jpad¢
finite in the opposite limit k) ps — oo. The drawback is a filtering of small scales: in the limit of large
arguments & — 00, Jpaqe(x) & 4/x2, whereas Jo(z) ~ (2/72)'/? cos(x — 7/4).

2.5.2. Integration on gyro-circles using Hermite interpolation

A second widespread method for this gyro-averaging process is to use a quadrature formula. In this
context, the integral over the gyro-ring is usually approximated by a sum over four points or more on the
gyro-ring [88]. This is rigorously equivalent to considering the Taylor expansion of the Bessel function at
order two in the small argument limit, namely Jo(kyps) ~ 1 — (ki ps)?/4, and equivalent to computing the
transverse Laplacian at second order using finite differences. This method has been extended to achieve
accuracy for large Larmor radius [61], i.e the number of points (starting with four) is linearly increased with
the gyro-radius to guarantee the same number of points per arclength on the gyro-ring. In this approach
—used e.g. in [73] and [77]- the points that are equidistantly distributed over the ring are rotated for each
particle (or marker) by a random angle calculated every time step. This is performed on a finite element
formalism and enables therefore high order accuracy by keeping the matricial formulation. In [30] the
influence of the interpolation operator (which is of great importance when the quadrature points do not
coincide with the grid points) has been studied and it is shown that the cubic splines are appropriate. The
direct integration on gyro-circles proposed in [30] has been recently generalized to arbitrary coordinates
[113] and implemented in the code. For the distribution function the gyro-average operator is applied on
F, — F&eq to deal with values close to 0 at the domain boundaries. Two interpolations —cubic splines and
Hermite polynomial- have been tested on analytical cases and basic gyrokinetic simulations with a 4D drift-
kinetic model, one Larmor radius and the standard linear Cyclone benchmark case (see [113] for more details
and comparison with Padé approximation). Both appear to give the same results. However, the Hermite
interpolation is slightly faster and its local character is more favourable for parallelization. The number
of points per circle is an input parameter comprised between 4 and 16. There is no adaptive number of
points depending on the Larmor radius value because the CPU time is in fact determined by the maximum
number. As shown in [113] the method converges with the number of points, so there is no interest in
decreasing the number of points at small radius. It is shown in [104] that 16 points is a good compromise
between accuracy and CPU time consumption (2 times slower than the previous Padé approximation due to
its higher algorithmic complexity). All numerical results presented in the following are performed with the
Padé approximation. The reason for not choosing the Hermite interpolation is just chronological: this latter
method has been developed only recently. First analyses of new simulations with gyro-average operators
based on Hermite show similar results in terms of conservation laws. The impact on non-linear cases will
be addressed in a future paper.

2.6. Initial and boundary conditions

Boundary conditions are periodic in 6 and ¢ directions. Concerning the radial direction, GYSELA is a
global code, i.e it considers a large fraction of the plasma radius. This is in contrast to flux-tube codes which
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focus on a small volume around magnetic field lines by proceeding from a scale separation assumption, the
fluctuation scale length being smaller than that of the equilibrium. In such codes, periodicity is almost
always assumed along the radial direction. Conversely, global codes as GYSELA face the delicate problem of
radial boundary conditions. Non-axisymmetric fluctuations of the electric potential and of the distribution
function —i.e (m,n) # (0,0) modes, with m and n the poloidal and toroidal wave numbers— are forced to zero
at both radial boundaries of the simulated domain. As far as the axisymmetric component is concerned, the
value of the potential is prescribed at the outer boundary, while the radial electric field is set to zero at the
inner boundary. In addition, so as to avoid possible numerical instabilities, which might occur in the case
where turbulent fluctuations reach the frontiers of the simulation domain, buffer regions have been added at
both radial boundaries. They are characterized by non-vanishing ad-hoc dissipative coefficients, which aim
at keeping all gradients finite and damping out all fluctuations (see section 2.10).

Initial conditions consist of an equilibrium distribution function Fs)eq perturbed by a sum of accessible
(m,n) Fourier modes (m and n being the poloidal and toroidal wave numbers, respectively). That means,
F, = F,q + 6F, where the perturbation part 0F reads 0F; = Fyoq g(r) h(vg))dp(0, ) with p(6,¢) =
me e cos (mb + ny + 6,y ) where the amplitude € is fixed and the phases d,,, have arbitrary values. The
radial function g(r) (resp. h(vg)) has a polynomial dependence and vanishes at both radial (resp. vg)
boundaries. Concerning the initialization of the equilibrium distribution function two choices are possible:
(i) the first one is a local conventional Maxwellian, (ii) and the second one is a canonical Maxwellian, i.e
depends on the motion invariants. The Maxwellian distribution function is defined as

Fooq(r, E) = ng, (r) x [20T5(r) /ms] "% exp (- Tfr)) (19)

where E stands for the kinetic energy msvé” /2 + pB(r,0) which is the second invariant of the system (at
vanishing electric potential). The initial radial profiles of the ion temperature and density (respectively T (r)
and ns, (r)) are deduced by numerical integration of their gradient profiles given by the two parameters x and
Ar: dlog Ts(r)/dr = —kr, cosh™? ((r —r,)/Ary,) with 7, corresponding to the middle of the radial box.
F&eq is constant on a magnetic surface labelled by the radial coordinate r. As shown in [38], such initial state
does not constitute an equilibrium of the system solved by GYSELA at vanishing electric field. A stationary
equilibrium of the collisionless equations of the code must depend on the three motion invariants, namely
the adiabatic invariant u, the total energy E and the toroidal kinetic momentum P, = g5 + msRv, with
1 the poloidal flux and v, the toroidal fluid velocity. In GYSELA, a convenient choice for this equilibrium is
provided by the canonical Maxwellian (19) in which the radial coordinate r is replaced —as proposed in [4]-
by an effective radial coordinate 7, with the dimension of a length, derived from P,

Py = 22 o) = ()| - 22

p
Tp O’I"p

[RUGH — RQU&H (20)

where ¢(r) = =By [y r'/qdr’. The last term vg in (20) is defined as,

vg) = sign(ve))V/2/ms VE — iBumax H(E — 11Bax)

with H the Heaviside function and By,ax the maximum of the magnetic field on the whole simulation box.
It has been chosen to minimize parallel flows. With this expression the difference between 7 and r is of
order p,, the ratio of ps the Larmor radius of species s and the minor radius a. In the case of a decaying
turbulence it is important to choose Fj.q as a function of the motion invariants, especially for studying
zonal flows. It had been observed in [73, 4] that breaking this rule leads to the development of large scale
steady flows, which can prevent the onset of turbulence. This phenomena has also been observed in GYSELA
simulations where a study of the difference between both equilibrium initialization has been performed in
detail [38, 40]. In [40] it has also been shown that when the system is driven by an external source of free
energy, the choice of a canonical equilibrium is less crucial. The turbulence onset is only delayed and its
ultimate nature is unaltered; namely characterized by the same level of parallel and axisymmetric flows, the



same level of transport and the same correlation times and lengths.

2.7. Simplified collision operator recovering neoclassical effects

Although fusion plasmas are weakly collisional, so that a kinetic approach is mandatory, the effect of
collisions cannot be fully neglected. Collisional transport plays an important role in regions where turbulent
transport is low, such as transport barriers. Even more importantly, collisional friction damps low frequency
flows, and hence controls the equilibrium radial electric field. Collisions also regularize fine structures in
velocity space. Finally, collisions have also an impact on microinstabilities, e.g via particle detrapping that
is partially stabilizing Trapped Electron Modes (TEMs). In tokamak configurations, collisions depend on
Coulomb binary interactions between particles (see Landau [80] for calculations). Then it is shown in [62]
that the collision operator applied to the distribution functions can take the classical Fokker-Planck operator
form:

Cor (Funr) = 3o { (D(R) - 3+ v(F0) ) 1. 21

where V is a dynamical friction term and D is a diffusion term of the order of D ~ v%s Ve With the collision
frequency vgg being defined as

D ng (1 1\ ¢2¢% logA / , ) )—3/2
A ms (v eo)? ’ 22
Vg ,U%s Mg (ms + ms') (1 + 60)2 (IUTS + UTS ( )

where ny is the density of species s’, gs (resp. ¢y ) is the particle charge of species s (resp. s'), ms is
the particle mass of species s, €y the permittivity of free space, log A =~ 17 the Coulomb logarithm and
vr, = \/Ts/ms is the thermal velocity of species s. Let us first underline that the frequency vg, is different
from vy . Besides, let us compare the collision frequencies for the different following particle populations: (i)
ion-ion collisions: v;; oc Z4n;/ \/ﬁTf’/ 2, (ii) electron-electron collisions: Ve, o 1/ \/WTPTS?’ / 2, (iii) electron-
ion collisions: ve; & Zvee and (iv) ion-electron collisions: v = Ze Z2Vee € Vi < Vee. Therefore, the
ion-electron collisions can be neglected. At the moment in the code, the electrons are considered adiabatic,
therefore only the ion-ion collisions and impurity-ion collisions (see section 2.8.1) are taken into account.
The full gyro-averaged and linearized Landau operator has been derived in [126] but such a full Coulomb
collisional operator is difficult to implement in GYSELA without severe loss of parallelisation efficiency . As
described in section 3.2, the GYSELA parallelization takes advantage of the fact that the magnetic moment
1 is an adiabatic invariant, that plays the role of a parameter in Boltzmann equation. A unique value of p is
assigned to each processor. It was shown that the predictions of the neoclassical theory at low collisionality
could be entirely recovered with a reduced collision operator acting in the v direction only [36]. In short, this
results from the fact that the main ions of tokamak plasmas are weakly collisional. In this so-called banana
regime, collisions essentially perturb the banana orbits at their turning points, where the parallel velocity
of trapped particles vanishes. This corresponds to the trapped-passing boundary in the (v),v1) plane.
Accounting for diffusion in v then reveals sufficient to model such a transport, governed by the broadening
of the trapped-passing boundary due to collisions. It also has the advantage of keeping p invariant, hence
not degrading the efficiency of the code parallelization. The operator implemented in the code is a simplified
version of the Lenard-Bernstein operator [89]. This simplified version has been derived in [51] where it is
especially shown that it recovers the exact neoclassical transport in the banana and plateau regimes* (see
Helander’s book [64] p.149 for complete neoclassical transport regime description). This generic energy and
momentum-conserving collision operator has been implemented and successfully tested in the code (see [2],
[36]). A new version also valid for the Pfirsch-Schiilter regime is under development. The current collision

4The physics of neoclassical transport depends on the collisionality v«. If the collisionality is low, vs« < 1, the particle
orbits are completed by a typical thermal particle. In this so-called banana regime, trapped particles almost fully determine
the transport coefficients. In the opposite limit, v4 > € 3/2, the particle orbit is not fully completed because its motion is
disturbed by collisions before. This high collisionality regime is called the Pfirsch-Schiilter regime or fluid regime. In-between,
the plateau regime is characterized by a weak dependance of the transport on the collisionality of the plasma.
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operator is expressed as a simplified Lorentz-type operator where only the vg| contribution is taken into

account: 5 5 P
_ 1 _
Co(Fy) = =— =B Dys Far, —— | = 23
) Bj, dvg { I+l M g (FM)} (23)

where F)y, is a shifted Maxwellian distribution —chosen such that Cs(Fys,) = 0 defined as:

— s (% -V s,co 2 sB
Far = Mo exp <_ms( cl = Viscon)® _ p ) (24)
(QWTs,coll/ms) / 2Ts.,coll Ts,coll

The collision term D) reads for each jus:

w3 £3/2
) with As(r):?;\g%n;‘zou*s (25)

P(v) = G(v)

Dyutri0) = A (M5

where v(r, UGH) = \/m . The scalar v,,, associated to the main s species, is a dimensionless ion-ion
collisionality parameter depending on the ion-ion collision frequency vgs such that:

qRo . 47 ngetlogA
Vysg = ————=V ith vy, = 26
* UTs,coll€3/2 = v * 3 (47T60)2m§11%510011 ( )

where vr, ., denotes the initial thermal velocity vr, = (Ts,con/ ms)l/ 2, q the safety factor, R = Ry+rcosé
the major radius, € = r/ Ry the inverse aspect ratio and ng the density of ion species s. The explicit expression
(25) also involves the error function ® and the Chandrasekhar function G defined as

,coll

G(’l)) = w with (I)(’U) = % /Ov 6_12(137 and (I)/(U) _ %6_1)2 (27)

Considering that the v, scalar which is given (as input data) in the code corresponds to the main species,
the collision frequencies v,y for minority species s’ are deduced from this value as

3/2 4 2
VT, con€ . Ng! A% T con
Vgrg = ———p, o With v,y = — | vy 28
”e (]RO ° ° (ns ) ( Zs ) (Ts’,coll * ( )

Let us express for each pg, the operator V) as

va — V) .
V)s(r,v) = —M Dy4(r,v) with VT, con = A\ Ts,coll/Ms (29)

/UTs,coll

then the collision operator (23) can be expressed with a more classical Fokker-Planck structure as:

_ G . OF _

lls

where the operators D), and V), respectively model a diffusion and a drag in the parallel velocity direction.
The conservation properties of parallel momentum and energy are ensured by constraining D to depend
on ps only and defining the local fluid velocity V|, con and ion temperature T con as follows (see Appendix
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AppendixB for more details)

N ms .
Viseot = P7* <B|*BUG(B|SD|SUG|)><msD|sUG|>
1 *
- <Bl*5vc (B||SDIS)> <m§D|Své|>] (31)
Toeon = P [(myDy) (m2Dyovdy ) — (msDyvay) (m2Dj,vay)| (32)
where
Mg N 1 N
P = (m.Dys) <B|?3vc| (B|sD|s”G||)> - (mDjsvey) <BF“8UG (B|sD|s)> (33)

with the brackets (-) corresponding to the velocity space integral (-) = [ -J, du, dvg) Fis. The impact of the
collisions on the evolution of the distribution function F§ is taken into account by stepping the evolution of
the distribution function 9;F, = C,s(F,) with a Crank-Nicolson scheme. This collision operator forces the
system to relax towards the Maxwellian distribution function, calculated from the instantaneous and local
parallel flow V|, .o and the isotropic temperature T con ~ T col |-

2.8. Collisional transfer between two species

The inter-species operator currently implemented in the code is highly simplified. It only ensures the
moment transfers and energy transfers between species. A more complete version, satisfying neoclassical
results for impurity transport, is under development.

2.8.1. Collisional energy transfer
The energy exchange between two species is approached by the following reduced collision operator

dFs € ’ ATss/ gss’ 3 gss’
R N
dt (27TTmean/ms) Tmcan Tmcan 2 Tmcan
dFs’ ¢ ’ ATS/S gs’s 3 gs’s
- Nss 57 ( — ) exp (— ) = CSE,S(ES/S) (35)
de (27TTmean/ms’) Tmcan Tmcan 2 Tmcan

where d/dt stands for the phase space Lagrangian derivative and the following definitions have been adopted

Ts+ Ty

Thean = % ; ATso = Ts =Ty = —ATys (36)
Vo4 Vi

Vmean = % ; A‘/;S’ = VvHS - VvHS/ (37)

me (UGH - Vmean)2
2

Mms (UGH - Vmean)2

Esr =
2

+ psB ; Eors =

+ puy B (38)

The temperatures and fluid velocities which enter these definitions are flux surface averaged, i.e. by consid-
ering (- )ps = [ - Jxdfdy/ [ J.dfdgp. Then velocities correspond to Vj,(r) = ( [‘vg Fs d*v)ps/Ny(r) with
density N,(r) = ( [ Fy d®v )ps, the volume element being defined as d3v = J, dvg) dps. Temperatures are
defined as T,(r) = 2/3( [ & F, d®v )ps/Ns(r) where & = (m/2) (v — VHS)2 + psB. The parameter n¢,,
has been designed so that particles and parallel momentum are conserved

—3/2
3/2 5 Ly 2 s’/ Ts co s U2’
e, 8l ms ( ) R’ /T con/ms <1+TS Vi (39)

Mlss’ = VT me \ Zs qRo V3,

12



where the normalized ion-ion collision frequency v, is given by eq.(26) (for detailed calculation see Appendix

AppendixC.1). Numerically, equation (34), is solved as Fi(t + At) = Fy(t) + At C,, (Essr, t).

2.8.2. Parallel momentum transfer
Parallel momentum exchange between two species can be modelled by the following approximate collision
operator:

dF, v v . 1
= - G,” A‘/SS’/UGH exp | — =C Ci” (ES) with Es = *mSUéH + ,LLSB (40)
dt ss ' nean ss 9
dFS/ vg I ES/ va
= -1, A‘/s’s — = C, ! ES/ 41
& My VG| exp { — 77— vs (Es) (41)
where Tiean is defined by equation (36). AV is equivalent to eq.(37). The parameters n:,i” and n:f,” are
designed such that only parallel momentum exchanges are induced by this operator, thus leading to
2 3/2
VGl _ a2 i>3/2 1 Ts,coll Zg uT, d VG| _ ms VG| 42
nss’ Tia' MM (27T qRO Tri/ein ZS UT> Voo ol 775/8 ms nss’ ( )

where the velocity vz, corresponds to the maximum value between v, and vz, (for more details see Appendix
AppendixC.2).

2.9. Fluz-driven code with source terms

2.9.1. Sources of heating, momentum and vorticity

As introduced previously GYSELA is a full-f code, namely the back reaction of turbulent transport
is accounted for in the time evolution of the equilibrium. In such a framework, the turbulence regime
is evanescent if no free energy is injected in the system. Turbulent transport results in the flattening of
the temperature profile, which would ultimately reach marginal stability in the absence of any forcing. A
heat source is mandatory in view of exploring the long time —on energy confinement times— behaviour of
turbulence and transport. In GYSELA, the possibility to drive the system by a prescribed source was added
in 2009 [105]. This source consists of the sum of the product of Hermite and Laguerre polynomials in v and
s, respectively, in the spirit of the pioneering work by Darmet et al [34]. It is versatile enough to allow for
separate injection of heat, parallel momentum and vorticity. Such a versatility imposes serious constraints
on the expression of the source in phase space. The separation between these three kinds of sources is
achieved using projections onto the bases of orthogonal Hermite polynomials in v and orthogonal Laguerre
polynomials in ps. The retained expression for the source is the following (see Appendix AppendixD for
detailed description)

dF,
dt

= Sheat (’I", 03 ellp /1,5) + Smoment (T; 0» el Ms) + Svorticity (7", 97 ellp /ffs) (43)
where the pure heating source is defined as:

1 J|
Sheat = T}éus -5 1z (2 - ﬂs) (2@GHS B ']HB)

25¢ B R—
2 - 2 _ J2 SO Sf e CI° Hs (44)

1B (27TTs,srce/ms)3/2 Ts,srce

with p/s - ,U/sB/Ts,srce; BGHS = UGH/\/ 2Ts,srce/msv JHB = V 2msTs,srce/(QSB2),ufOJH and o = (ms/qg)x

Ts srce/(2B?). Smoment iS a pure momentum source expressed as

- — - — SSG" vo 0% s~ s
Smoment = [QDGHS(Q - MS) - JHB (1 + QUGHS N 'us)] A73/2 (Ts,srcc/ms)2 e H (45)
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while Syorticity 1S a pure source of vorticity

St —0%, —fis
0 57 S? e G H (46)
« (27rTs,srce/ms)

Svorticity = - [Q@é“s - ﬁs:|

The prescribed radial envelopes S, Sy and SSt are chosen as the sum of two hyperbolic tangents but

could be any radial function under the constraint that the integral over the minor radius is normalized to
1 while Sg , Sgc” and S(? correspond to the source amplitudes and T s to the temperature of the source.
They are usually localized close to the inner boundary of the simulation domain [105]. The heat source is
an isotropic source that takes particles at a vanishing velocity and accelerates them up to v = 1.5v7,. See
schematic view with figure 2. As a remark, there is another choice possible for the heat source Sheat in the
code, which corresponds to

S5 E 3 E
Shcat = ! — 5 |eXP | — Sf (47)
o \3/2 T.. 2 T,
3\/5 (71' ;ﬂirce) Ts,srce s,srCe s,srce

There are two main advantages in dealing with a prescribed heat source: (i) the forcing of turbulence
can mimic that in experiments, in contrast to simulations where the mean gradient is prescribed and (ii)
the sum of the spatially and time (on the 7 time scale) averaged turbulent and neoclassical heat fluxes
must balance the prescribed driving flux. In this case, the response is the temperature gradient, which
ultimately governs the internal energy and therefore the performance of the discharge. An example of initial
and final temperature profiles is shown in figure 1. Flux driven simulations then allow investigating the
impact of heating power on the energy confinement time [106]. The source of vorticity described before has
been efficiently used to polarize the plasma [115] inducing the development of sheared electric fields in the
turbulent core. The creation of ion transport barriers by these externally induced sheared E x B flows has
been studied in details in [116, 115].

I I -=-statistical
£ mean T, profile
3 I
Q
3
S

Outer buffer region |

—initial T; profile

Pmin Normalised radius p=r/a Pmax

Figure 1: Schematic view of a heat source and buffer regions in the case of a flux driven simulation. Comparison between
initial temperature profile (black line) and final temperature (red line).

2.9.2. Energetic particle source

A source of energetic particles (EPs) has been also implemented in the code to study the interaction
between EPs and turbulence. EPs are characterized by energies larger than the thermal energy. The
excitation by EPs of the geodesic acoustic modes (GAMs) —corresponding to the oscillatory component of
large scale E x B zonal flows— creates modes which are called energetic geodesic acoustic modes (EGAMSs)
[50, 95]. For more details on the impact of EGAMs on turbulence see [127, 128, 45]. In practice this source

14



is coupled to the heating source, such that d;Fs = Sheat + Sgp wWhere Sgp is also built, as for the previous
sources, by using projection onto the Laguerre and Hermite polynomial bases, with the constraint to inject
only parallel energy. For symmetry reason, the energetic particle source, is built as

Sep(r,0,vg), s, t) = SgF () ST (r) (S +5-)  with  S_(0,vg), is) = S+ (0, —vgy, is)

where SFF is the source amplitude and S,FF the radial profile is normalized such that [rdrSFF = 1. After
the same kind of calculation as in the previous sources, the final expression reads

1 — (e, s £00)? —g
St = (@GHS :|:170)2 — 5 — QEP(2_/15)(2('DG”5 :|:170) _J|B):| e ( Gst ) e Hs (48)

where fi; = psB(r,0)/Ts1 and Qgp = J|5/ (2 — JﬁB(l + 2178)) with o9 = vo/,/2Ts) an arbitrary normal-
ized velocity. The expressions of the parallel current J)p and the velocity v, s are the same as in equation
(44) where T} g0 is replaced by T). Ty and Ts correspond to the normalized parallel and perpendicular
temperatures of the energetic particle source. Each of the terms S, and S_ does not inject neither mass
—which is essential because electrons are considered adiabatic in the code— nor vorticity. See figure 2 for a
representative view of the source in parallel velocity direction. The source mimics the effects of two tan-

_ S 04fF
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n —> Particles =] 3 '
Z 04 S 08} -
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0 1 2 3 4 5 0 1 2 3 4 5
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Figure 2: Schematic view of the energetic particle source as a function of the parallel velocity

gential neutral beam injectors, oriented in the co-and counter-current directions. It is localized around the
mid position 7 = 0.5 (Fmin + "max) and brings the distribution function out of the equilibrium by creating a
positive slope in energy. As explained in [128] vy and Tg| are both critical parameters in view of exciting
EGAMs. GYSELA results for EGAMs excitation have been successfully compared to analytical theory [128]
and benchmarked [9] more recently with ORB5 code.

2.9.3. Source of impurities
Finally, it is also possible to add a source of impurities s’ of the form

Sye'S. 5 B myv? MgV B
= 2 - - e (- L (49)
s (27TTS/ srce ) 3/ 2 Ty srce 2Ty ,srce 2T ,srce Ts’,srce

mgr

Let us notice that this source of matter is not a pure source, due to the fact that it also injects some amount
of vorticity. This injection is balanced by a sink for the major species s, such that

Zs/snsjvs dvG’H dus + Zy / I, Snsl d'UGH dps =0
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2.10. Diffusion terms in the buffer regions

Finally, to avoid strong gradients at the boundaries, radial diffusion and artificial damping can be added
in buffer regions. These buffer regions are defined at each side of the radial domain r € [Fmin, "max] a8 a sum
of hyperbolic tangents:

1 T — Tmax + Br Ly T — Tmin — B, Ly
Hyy, =1+ = [tanh — tanh 50
bt (7) "2 {an ( Bgs Ly ) o ( Bg Ly )] (50)

where L, is the length of the radial domain. By and Bg are respectively the location and the stiffness of
the buffer regions. The function Hp.g plays the role of a mask which is equal to 1 in the buffer regions and
0 elsewhere. The diffusion term which is applied in the buffer regions is of the form

DR = 5o g (B R )| 651)

with x(r) = xoHpuz (1) (X0 being the diffusion coefficient). The equation 9;F; = D,.(F}) is solved by using
a Crank-Nicolson scheme (see Appendix AppendixE). An artificial damping term 14 is introduced in the
buffer regions by defining a Krook operator K,.(Fs) = —v/(r)(Fs— Fsq) with v(r) = voHpus(r) and solving
0 Fs = K,.(Fs). Let At be the time step, then an analytic solution of the previous equation is given by
Fo(t + At) = Fyoq + (Fs(t) — Fseq) exp (—v(r)At). This mechanism restores the distribution function to
its initial equilibrium state Feq, in the buffer regions, by slowly damping all the turbulent modes of the
system. It also plays the role of a heat sink by effectively coupling the plasma with the outer thermal baths.

3. A highly parallel semi-Lagrangian code

Solving the set of gyrokinetic equations (5)-(12) is very challenging. It consists of (i) one evolution
equation (5) of the distribution function for each ion species (so far, we are limited to 3 distribution functions
in GYSELA. Considering that kinetic electrons will soon become operational, this leaves 2 slots for ions:
either Deuterium and Tritium, or a main ion species plus any kind of impurity, either intrinsic like Helium
or extrinsic, such as Tungsten for instance) in the 4D phase space parametrized by the adiabatic invariant
w; (ii) the set of four coupled ordinary differential equations (ODE) for the trajectories (6)-(7); and (iii) 3D
integro-differential equations for the field, namely the quasi-neutrality equation (12). This set of equations is
nonlinear, the dominant quadratic nonlinearity being due to the E x B advection term. The quasi-neutrality
equation is generally solved in most of the gyrokinetic codes by using Fourier projection in all the periodic
directions and finite differences or finite elements in the others. Concerning the global algorithm, the
challenge consists in finding numerical schemes which preserve the first principles such as the conservation
of Casimir invariants, the phase space volume and the total energy. Various numerical schemes, classifiable
as PIC, Eulerian or semi-Lagrangian, have been explored until now. In the following, we focus on the
semi-Lagrangian approach which is specific of the GYSELA code.

3.1. Specificity of the GYSELA code: the semi-Lagrangian scheme

Semi-Lagrangian (SL) schemes have been first used for the advection of vorticity in simplified models of
large scale flows. It has gained maturity when the discretization approach was introduced in the relevant
context of atmospheric flows. A comprehensive review of semi-Lagrangian methods in this meteorological
context until 1990 is due to Staniforth [112]. It is also applied to geophysical fluid dynamics (cf. [46]). In
magnetized plasma turbulence area, the SL method has been first applied to calculate a turbulence driven
by passing ions in 2D (1D in space, 1D in velocity) [111] and trapped ions in 3D (2D in space, 1D in
velocity) [35, 108]. This method was then extended to the 4D model (3D in space and v (with u = 0))
of Ton Temperature Gradient (ITG) driven turbulence in cylindrical geometry with the development of the
GYSELA code (for GYrokinetic SEmi-LAgrangian code) [55] and the CYGNE code [19]. The 4D drift-kinetic
slab-ITG version of the GYSELA code has shown good properties of energy conservation in non-linear regime
[55] as well as accurate description of fine spatial scales [107]. In the CYGNE code the standard Taylor
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expansion is replaced by a Biirlisch-Stoer scheme (for the 2D advection) to increase the spatial accuracy and
the logarithmic interpolation technique is used to ensure the positivity of the distribution function. Brunetti
et al. [19] have shown that (i) the positivity can be preserved but at the cost of larger diffusion and (ii)
that non-equidistant meshes in radial and parallel velocity directions are a key tool for obtaining accurate
results. Due to the good conservation property obtained in 4D, the gyrokinetic 5D version of the GYSELA
code [57] has been based on the same numerical scheme. The global algorithm for the new 5D gyrokinetic
multi-ion species version of the code will be described in the following both in terms of numerics (section
3.1.3) and parallelisation (section 3.2). Advantages and drawbacks of such a 5D semi-Lagrangian code will
be discussed. The purpose of the semi-Lagrangian method is to take advantage of both the Lagrangian
and Eulerian approaches, with an accurate description of the phase space, in particular regions where the
density is low, as well as an enhanced numerical stability. It is based on the fact that the most precise way
to solve convection (or advection) hyperbolic PDE is to use their characteristics along which the distribution
function remains constant. This method was primarily developed by Cheng and Knorr [27]. It has been
cast in more general framework of SL by Sonnendriicker in 1998 [111] and Nakamura in 1999 [94]. In this
approach, the phase-space mesh grid is kept fixed in time (Eulerian method) and the Vlasov equation is
integrated along the trajectories (Lagrangian method) using the invariance of the distribution function along
the trajectories. The GYSELA code is based on this standard semi-Lagrangian approach [111]. This approach
has been recently renamed Backward semi-Lagrangian approach (BSL) by its author to make the distinction
with the emergence of new schemes: (i) Forward semi-Lagrangian approach (FSL) firstly proposed in 2009
[33] and (ii) Conservative semi-Lagrangian approach (CSL) proposed in [31, 15] through Parabolic Spline
Method [129]. The main difference between BSL and FSL approaches is that the advection equations are
solved backward in time in the first case and forward in the second one. They are both based on solving
the advective form of Vlasov equation while the CSL methods deal with the conservative form of the Vlasov
equation. FSL and CSL schemes have both been tested in GYSELA [84, 14] but the actual version of the
code is the standard BSL approach as described in the following.

3.1.1. Backward Semi-Lagrangian (BSL) concept
Let us consider the 5D gyrokinetic Vlasov equation

OF, dxg - 9 dvg) -

which corresponds to equation (5) without collisions and source terms. By using the incompressibility
property of the gyrocenter flow in the 4D phase space, i.e V (B‘TsthG> +0ug, (B‘Tsdth”> = 0, the previous
conservative Vlasov equation (52) is equivalent to its advective form

8Fs dXG

+

dvgu an o
ot dt

v.F _
+ dt aUGH

(53)

Let T' = (xg,vg|, fts) be a position vector in the phase space solution of the characteristic equations (6)-
(7). Then equation (53) leads to d¢F(T'(t),t) = 0. The semi-Lagrangian method uses this invariance
of the distribution function F, along its characteristics. Let us consider the computational 5D domain
[‘Té min?’ ifb max] X [xé min’ 1%7‘ max] X [x?é min’ ‘CI’BC)? max] X [UGH min» UGH max] X [:U’S min; HMs max] and the associated grld
(fixed in time) defined by the finite set of mesh points I';jxim, = le , x%;j , x%k, VG|, usm) with xlc’;q = qAzY,
for all ¢ = 0,---, N, with p = 1,2,3 ; vg), = lAvg) for all | = 0, Ny, and pg,, for all m = 0, N,. Ny,
N, N3 are the number of cells in each spatial directions and N, the number of cells in vg direction.
The (N, + 1) values for ps are not necessary equidistributed. Actually, the standard choice in GYSELA
corresponds to an equidistributed grid in /u. This choice leads to a better accuracy when computing
integrals in p. Let us also assume that F is known at each point I';jx, of this grid at time ¢,,. Therefore
the distribution function can be computed at the next time t,, + At, with At the time step, on the same
grid by using the invariance property Fs (Tigjim (tn + At), t, + At) = Fs (T(tn, Dijkim, tn + At), t,) where
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I‘(tn,l"ijklm,tn + At) corresponds to the solution of the characteristic at time step ¢, which is equal to
Lijkim at time t, + At. The method consists in (i) finding the foot of the characteristic at the time
tn: T(tn,Tijkim, tn + At) by solving backward in time the advection equations (6)-(7) and (ii) computing
Fy (T (tn, Lijkim, tn + At), t,) by interpolation, using the fact that at this time ¢,, the distribution function
is known over the whole fixed grid. Cubic spline interpolations are used in the code, because it offers a good

compromise between accuracy (small diffusivity) and simplicity (numerical cost) [49, 7].

3.1.2. Time-splitting

In low-dimensional systems, the semi-Lagrangian method is very efficient. When applied to higher
dimensional problems, one faces the problem of multidimensional interpolation, which is extremely expensive
for high dimensional problems. However, this problem has been partially cured by using the time-splitting
idea of Cheng and Knorr [27]. Using the incompressibility property, Strang’s operator decomposition into
space and velocity can be applied, replacing equation (5) by a set of two conservative equations. Besides,
to avoid dealing with a 3D space operator, the latter is also divided into two parts. Let us denote Xg =
(&, %) = (r,0) and remind that in our case =, = ¢ then the Boltzmann equation (5) is solved by applying
a splitting of Strang [114] as

. OF, . dXe -
I TV ( 'Sths) =0 atlp) fxed o
oF, 0 . do -
Bl T og (Blsist> =0 Ao va) fixed o
OF, 0 dug) -
B B* F. | = fi
[EpY +8vc|| ( lsqp fe) =0 At tixed 0

This splitting into three equations was introduced in the 4D version of the code. As explained in [55], in the
4D drift-kinetic slab case the conservative and advective forms of the equations are equivalent in the (r,6)
direction and z direction separately due to the independent vanishing divergence property, see equations
(9)-(10) in [55] due to V - vge = 0 and d.vj = 0. In the 5D gyrokinetic case V1 - (B} diXg) # 0 and
Bw(Bﬁ‘Sdtcp) # 0 so that these terms should be taken into account as source terms of the advective form of
equations (54) and (55). However, they are presently set to zero. This simplification may alter the accuracy
of the conservation properties of the code (see section 5). Also, it likely has an impact on the maximal
value acceptable for the discretization time step. A solution to overcome this problem could be to use a
conservative scheme instead of the BSL one but the first tests we have performed [14] are not conclusive.
This constraint on the numerical value of At is acceptable for ion turbulence simulations but could become
problematic when addressing kinetic electrons. The development of more efficient semi-Lagrangian schemes
is still an active axis of research. An idea currently under evaluation is to separate and to treat differently
the linear and non-linear parts. Encouraging results have been presented in [85]. The splitting operation
stays a drawback of the semi-Lagrangian method. An alternative method without splitting (based on a 4D
advection and 4D cubic spline interpolation) is currently developed. The first drawback is an increase of the
numerical diffusion due to the 4D interpolation which will require to be quantified.

In the current version, the advections in ¢ and v directions are straightforward, but that in the Xg direction
requires more attention. If we consider the 2D advection in (r,0) direction between times ¢ and ¢t + At, the
value of the electric field E at time t+ At/2 is required in second order time scheme. This value is calculated
by using a predictor-corrector method. Besides, computing these 2D trajectories is equivalent to solving
dXg/dt = V(Xg, ¢, t), V being the advection field. This system is solved by using the parabolic assumption
developed in [111]. Let Xg,, be the position of X (t, + At) at time ¢, + At, then there exists a displacement
d;j = (ayj, Bij) tangent to the parabola such that Xg(t,,) = Xg,, —d;; and Xg(t, — At) = Xg,,; —2d;;. The
displacement d;; can be calculated by solving the implicit equation d;; = At V(Xg,; — dij,t,) (see p. 129
in [56]). This is done with a Taylor expansion which is equivalent at second order to a Newton algorithm.
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3.1.8. GYSELA global algorithm

Concerning now the complete Boltzmann equation (5) the right hand side is also split to treat separately
the collision operator, the Krook operator, the diffusion and source terms. Let .)Eg denote the shift operator in
the poloidal cross-section (r, ) associated to equation (54) over a time step At. Similarly, ¢ and o) denote
the shift operators respectively in the ¢ (equation (55)) and v¢ directions (equation (56)). As described
in the previous paragraph, each of these three shift operators are based on a backward semi-Lagrangian
scheme which means two steps for each mesh point: (i) first the computation of the characteristic feet and
(ii) second an interpolation by cubic splines. Let us denote C the collision operator corresponding to solving
OyF, = C(F,) and D the operator associated to the radial diffusion d,F, = D,(F,). They are both solved
by applying a Crank-Nicolson scheme (see Appendices AppendixB.2 and AppendixE). The Krook operator
K corresponding to the Krook diffusion equation 9, F, = K(Fy) is trivial while solving 0;F, = S associated
to the source operator S is described in Appendix AppendixD.5. Then, using these notations the following
sequence is used to solve the 5D Boltzmann equation (5)

Ko D € S) (Ta1 & 5 & e (S C Dr K.
2’2’2’272’2’g’272’2727272

where the factor 1/2 means that the operator is applied on half a time step. The choice of the sequence
(57) is not unique but some constraints are imposed in the code: (i) the first one is to impose a symmetry
to keep second order accuracy in the splitting (Strang splitting [114]), (ii) the second one is to fix the 2D
operator /fg which is the most costly at the middle of the algorithm; (iii) finally the operators coupled to
the right hand side, respectively to the Vlasov equation, are contiguous. Let us also define the operator Q
(corresponding to the Poisson solving) which denotes symbolically the four steps: (i) computation of right
hand side of the quasi-neutrality equation (12) using expression (13), (ii) solving the QN equation (12) to
deduce the electrostatic potential U, (iii) computation of the gyro-averaged electric potential U = JuU
with a Padé approximation (18) or with an integration on the gyro-circles as described in section 2.5 and
(iv) computation of the electric field as E = —VU.

Finally, the global numerical algorithm of the GYSELA code can be summarized (see schematic view in
Figure 3) as follows,

Boltz = (57)

1. Initialization
Considering a prescribed magnetic field B(r,8) (see section 2.2) and equilibrium profiles of density
no(r), ion temperatures Ts(r) and safety factor q(r) (see section 2.6), then

(a) Computation of the equilibrium distribution function F&eq as a local or canonical Maxwellian by
using (19) and (20).
(b) Initialization of Fi(t = 0) as Fi(t = 0) = Fjq(1 + perturbation) as described in section 2.6.
2. For each time iteration, - -
Considering the distribution function Fy* = Fy(t = t,,) at time ¢, known on the 5D mesh grid, then
the distribution function F"*! at the next time ¢,.; = t,, + At on the same mesh grid is computed
by using a predictor-algorithm as
(a) Computation of the electric field E(t,,) by using the Q sequence.
(b) Prediction on At/2:
e Computation of Fy(t = t,, + At/2) by solving B/o\lt/z/2 sequence with E(t,).
e Computation of E(t, + At/2) by solving Q.
(c) Correction on At:
e Starting from F,(t = t,) —given that this 5D distribution function has been stored before

prediction—, computation of Fi(t = t, + At) by solving Boltz on a time step At with the
electric field E(t,, + At/2) at time ¢, /5.
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Figure 3: Schematic view of the coupling between the Poisson and Vlasov solvers in the GYSELA code.

3.2. An efficient hybrid OpenMP/MPI parallelization

The code is developed in Fortran 90 with some I/O routines in C (47k lines of Fortran 90 and 2.3k
lines of C code) using GIT as version control system. Doxygen is used to generate documentation from the
source code. The only external library dependence is the HDF5 library. HDF5 is the chosen format for
all output saving, both 0D to 3D diagnostics and 5D restart files. Diagnostic analyses are performed with
Python. The parallelization is based on a hybrid MPI/OpenMP paradigm. This hybrid approach is suitable
for cluster of SMP (symmetric shared memory multiprocessor) nodes where MPI provides communication
capability across nodes and OpenMP exploits loop level parallelism within a node. Let us denote by Ngpecies
the number of ion species and by N,, the number of 1 values. As the magnetic momentum p is an adiabatic
invariant it plays the role of a parameter. So for each species we have INV,, independent Boltzmann equations
(5) to solve. Let N, Ng, N, and Nyg, be the number of points in each directions r, 6, ¢ and v¢). Large
data structures are used in GYSELA: 5D data of size N, X Ny x N, X Nyg X N, for distribution functions
and 3D data of size N, x Ny x N, for the electrostatic potential and its derivatives as for first moments
of the distribution function (used for diagnostics). An MPI parallelization is mandatory to treat such
large amount of data. Let us take the example of a typical 5D mesh used for our simulations®, namely
(Ny X Ng x Ny X Nyg x Np) = (256 x 128 x 128 x 128 x 16). It corresponds to a mesh of almost 8.6
billion points. The size of one 5D array for the distribution function is of the order of 68 Gbytes, which
is not tractable on a single node. For information, the biggest simulation run so far with GYSELA was an
ITER simulation [3] with 272 billion points. Taking into account the fact that two distribution functions are
necessary for the numerical integration over time due to predictor-corrector scheme, more than 1 Thytes of
data (just for 5D arrays) were manipulated. So, as described in the following, we use a domain decomposition
so that a MPI process never contains the complete 5D distribution function.

Concerning the MPI parallelization, an MPI communicator is defined per species. Inside each one of the
MPI_SPECIES communicators, an MPI communicator is defined for each value of the magnetic moment pu.

SFor current GYSELA simulations, N, is chosen equal to 16 or 32 while the choice of N'UG” is much larger (typically,
N“cu ~ 4NH)A Notice however that IV, should be compared to NUG“ /2, since the grid in p goes from 0 t0 pmaz, while that
in vg| covers the range —vg||maz t© +Vq||,mac- The choice of N'”GH > 128 is necessary to take correctly into account the

trapping and de-trapping of particles and also to solve accurately the collision operator (at this time, only in parallel velocity).
The same number of points for p direction will be required when collision operator effects will be added in perpendicular
direction (mandatory step for kinetic electrons).
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Within each MPI_MU communicator a 2D domain decomposition allows us to assign to each MPI process
a sub-domain in (r,6) dimensions. Let us consider p, (resp. pp) the number of sub-domains in r (resp. 6)
direction. The number of MPI processes used during one run is equal to Naspr = pp X pg X N,y X Ngpecies- This
MPI decomposition of the default MPI.COMM_WORLD communicator is summarized in Figure 4. Thus,
each MPI process is then responsible for the sub-domain of the distribution function F,(r = [istart, tend], 0 =
[Jstarts Jend]s @ = *,Vq|| = *, 4 = pia) with the integer y1;q € [0, N, —1]. The local values istart, fend; Jstart and
Jend associated to the parallel decomposition are initially set by using a classical domain decomposition in
(pr X pg) blocks. The OpenMP paradigm is used in addition to MPI. Let us denote by Ninreaq the number
of threads in each MPI process, then the number of cores for a simulation corresponds to Nipread X Narpr-

MPI_COMM_WORLD

MPI_COMM_SPECIES MPI_COMM_SPECIES
for major species for an impurity
MPI_COMM_MU MPI_COMM_MU MPI_COMM_MU MPI_COMM_MU
formu_id =0 formu_id =7 formu_id =0 formu_id=7
Py Py Py Py
—» —» —» —»
PO P4 P56 P60 P64 P68 P120 P124
P1 P5 P57 P61 P65 P69 P121 P125
P, P, P, P,
P7 P63 P71 P127
\ \ \/ \/

Figure 4: MPI.COMM_WORLD communicator decomposition for two species, 8 values of u, p, = 4 radial sub-domains and
pe = 2 sub-domains in the poloidal direction. In this case, the number of MPI processes is equal to 128.

3.2.1. Parallel Viasov solver: How to treat non-local interpolation aspects ?

A difficulty when parallelizing the semi-Lagrangian Vlasov solver is due to the cubic spline interpolation.
Cubic splines are a good compromise between simplicity and accuracy but a drawback is that they are non-
local. Indeed, a lot of the values of the distribution function F are required to reconstruct the interpolated
value of the function at any position in the domain. Two strategies are available in the code to overcome
the problem: (i) local cubic spline interpolation or (ii) transposition. The Hermite spline interpolation on
patches [28, 29, 83] has been specifically developed for dealing with 2D domains distributed on several MPI
processes. The idea is to compute local cubic spline coefficients on each 2D (r, ) sub-domains by solving
reduced linear systems. Then one ensures a C! global interpolator similar to the sequential one by imposing
Hermite boundary conditions at the interface of each patch [28]. The first limitation of this technique is that
a minimum of 32 points per directions is needed per MPI process [83] (i.e N,./p. > 32 and Ny/pg > 32) to
provide good numerical stability and small communication overhead (in 2D, each processor has to exchange
derivatives with its 8 neighboring processors). The second constraint is that the shift at one point on the
border of a sub-domain, which results from the motion along the trajectories in the 4D phase space, must
not exceed the elementary cell width. This constraint is linked to the choice made to limit the size of the
interface transferred between processors. This CFL condition can be extremely restrictive specially in the 6
direction where large shifts can occur but also in the radial direction when a source is imposed in the case of
flux-driven simulations. For these reasons the choice of a 4D data transposition is now often preferred. This
transposition consists in modifying in each MPI_COMM_MU communicator the parallel decomposition of F,
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such that each processor then contains only part of the data in ¢ and vg direction but all the information
in the poloidal cross-section. Standard cubic spline interpolation in (r,0) plane are then possible. Let us
define the transposition operation Tr and its inverse T L as

F(r = #,0 = *, Pplock, VG block, [t = flid)
1

E@(Tblock7 oblocka Y = *7UGH =*, U= Mid)

s

T

then the sequence (57) described above for solving the Boltzmann equation is replaced by the following one
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3.2.2. A scalable quasi-neutral solver

The parallel quasi-neutrality algorithm presently used in the code is summarized in algorithm 1. For
more details on the different improvements which have been performed to obtain this parallel solver see
[86, 82]. The presence of the non-local term ( U )ps(r) couples the 6 and ¢ directions and penalizes the
parallelization but the most important cost is the communication induced by the computation of the r.h.s,
namely task 2 in algorithm 1. Indeed this calculation requires a collective communication step that involves
all MPT processes. Instead of broadcasting U(r = x,6 = x, ¢ = %) to all MPI processes, a refined strategy has
been setup to reduce the large communication cost. It consists in sending to each process only a sub-domain
in ¢ direction of U. With this decomposition the gyro-average computation of U as the partial derivatives
in 7 and 6 directions are straightforward. Afterwards, a transposition is performed to calculate 9,U. For a
complete performance analysis of the different steps of the algorithm see [87].

—~—

BoltZiransp =

Algorithm 1: Quasi-neutrality algorithm in the GYSELA code

Input: Fy(Pblock, Oblock, P = *, V|| = *, jt = [1id)

1. vg| integration of F, to compute within each MPI_.COMM_MU communicator

intdvpar—FS(Tblockv oblock; Y= U= ,LLid) = /Jv dvG” (Fs - Fs,cq)

2. Remapping within each MPI_.COMM_MU communicator of intdvpar_Fs —because the gyroaverage
operation requires to have all the data for each (r,6) plane— as

intdvpar Fs(block, Pblock; ¢ = *, it = fiia) = intdvpar Fs(r = *,0 = *, Pplock, Mblock)-
3. For all ¢, computation of the gyroaverage of intdvpar _Fs and integration over u to obtain

ps(r = %,0 = %, Pplock) = / dpts Ty - (intdvpar Fs(r = *,60 = *, @ulock))

4. MPI reduction towards the Ngpecies MPI.COMM_SPECIES communicators to finally compute
p =, Zsps, the right hand side of the quasi-neutrality equation (12).

5. Solving (14) and (15) to deduce U(r = %,0 = %, ppiock) and broadcast to the Ngpecies X N,
communicators.

Output: U(r = *,0 = *, pplock) on each MPI process.
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3.2.8. Performing weak and strong scaling

The weak and strong scaling, presented in this section, have been performed on two different high
performance computers. The strong scaling has been tested on the thin nodes of the Curie machine at
TGCCS, Bruyeres-le-Chatel, France which are based on bullx B510 architecture. Each node contains two 8
cores processors (INTEL Xeon E5-2680 Sandy-Bridge) running at 2.7 GHz with 64 GB of 1.6 GHz memory.
The weak scaling has been performed on the IBM Blue Gene/Q machine JUQUEEN at JSC/IAS7, Juelich,
Germany which is composed of 24 racks grouping 1024 nodes. Each node contains a single 17-cores processor
running at 1.6 GHz with 16 GB of 1.33 GHz memory. These cores are twice slower compared to Sandy
Bridge cores. The improvements of the code to adapt it efficiently to the BlueGene architecture are detailed
in [11]. The scaling results are detailed in Figures 5 and 6 for the 4 main components of the code, namely
(i) Vlasov solver, solving the Boltzmann equation as described in section 3.2.1; (ii) Field solver, solving the
quasi-neutrality equation as summarized in algorithm 1; (iii) Derivatives computation, the computation of
the first derivatives of the gyroaveraged electrostatic potential J,.U in the three r, # and ¢ directions and
(iv) Diagnostics corresponding to all physical quantities from 0D to 3D computed and saved in HDF5 format
like densities, parallel and perpendicular temperatures, velocities, fluxes, energies et caetera. The strong
scaling has been performed with the mesh size parameters N, = 512, Ny = 512, N, = 128, N, = 128
and NNV, = 32. The number of threads was kept constant Ninread = 8 to assign two MPI process per node.
The couple (py,pg) of processors in r and € directions take the following values (2,4), (8,2), (8,4), (16,4),
(16,8) and (16,16) so that the scaling spans from 2048 to 65536 cores. For the weak scaling the testbed
case was composed from 64k to 458k cores. The considered meshes vary from 17.18 to 481 billion points
defined with N, =512, Ny = 1024, N, = 128, N, = 128 and 7 different values of N, = 2, 4, 8, 16, 32, 43
and 56. The triplet (p,,pg, Nthread) is kept constant equal to (16,32,64). The number of threads is chosen
equal to 64 such that a single MPI process is mapped per node and 4 threads are dedicated per core as
determined for BlueGene/Q optimization. The results of both scalings are summarized in Figures 5 and
6. Let us first remark that the weak scaling test (Fig. 6) exhibits an excellent scalability of the code with
90.9% of relative efficiency at 458752 cores —which corresponds to the totality of the JUQUEEN computer—
compared to 16k. Concerning the strong scaling GYSELA globally scales with a relative efficiency of 89% at
16k cores and 60.6% on 65k cores compared to 2048 cores (Fig. 5). This is already a very good result for
such a semi-Lagrangian code. Looking into more detail, we see that the deterioration from 89% at 16k to
60.6% at 65k is mainly due to the diagnostics and field solver. Indeed, the Vlasov solver which represents
60% of the application at 2k cores and 48% at 65k cores exhibits a good efficiency of 74.6% at 65k processors.
Conversely, the diagnostics which correspond to 37.5% of the total time for the reference case, end taking as
much time as the Vlasov solver due to the decreased efficiency at 55.8%. A lot of work has already been done
to improve the field solver [82, 86, 87] but this work must continue because an efficiency of 41% impacts
the global scalability. Let us finally notice that even if the computation time of the derivatives remains
negligible until 16k, a further effort is needed to prepare the code to future exascale machines.
The execution times are not comparable in the two scalings presented here because the considered meshes
are not the same. Performance comparisons between BlueGene/Q and Bullx architectures are found in
[11]. Production runs are commonly running on both architectures. In general, depending on simulation
parameters, the code is a factor 2.5 to 3 times faster on bullx machines (as Curie or Helios at CSC, Rokkasho,
Japan) than on BlueGene machines (as JUQUEEN or Turing at IDRIS, Orsay, France or Fermi at CINECA,
Bologna, Italy). This behavior is consistent with that observed with many other codes.

3.2.4. Memory scalability

Due to the previous scalability results GYSELA uses frequently from 8k to 32k cores for one ion species
with adiabatic electrons and the twice these values when an impurity is taken into account. Besides, a
simulation often runs during several weeks. The annual time consumption on HPC machines is currently of
51 millions of core hours. So the code already benefits from petascale computational power of the current high

Shttp://www-hpc.cea.fr/en/complexe/tgcc.htm
"http://www.fz-juelich.de/ias/jsc/EN/Home/home_node.html
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Figure 6: Weak scaling performed on the JUQUEEN machine from 64k to 458k cores: Execution time (a) and relative efficiency
(b) for one GYSELA run of 4 iterations for a mesh fixed in 4D as (Nr X Ng X Ny X Ny ) = (512 x 1024 x 128 x 128) but for 7
different values of = 2, 4, 8, 16, 32, 48, 56. The number of parallel domains in r, 6 directions and the number of threads are

fixed such that (pr, pg, Nihreaa) = (16, 32,64). The number of cores varies as pr X pg X N X Nihread/4 because 4 threads per
core are used for BlueGene optimization.
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performance computers. We also know that at short term when adding kinetic electrons, a simulation with
ITER parameters on several confinement times will require exascale HPC capabilities. Among the Exascale
challenges, the reduced memory per core has been identified as one of the most critical. This is particularly
true for the GYSELA code due its global character which requires huge 5D meshes. The mesh discretization
is already constrained by the memory required per node. The C/Fortran MTM (Modelization & Tracing
Memory consumption) library has been developed [103] to investigate in detail the memory consumption of
the code. This library provides an Application Programming Interface (API) which replaces the standard
calls to allocation/de-allocation routines. This intrusive technique permits to retrieve precisely the peak of
memory consumption and all the arrays involved. External Python scripts have been designed to analyze
these results and provide memory prediction. Continued efforts are made to reduce the memory footprint
of the code and to improve its memory scalability (see [103] for details) but Table 1 shows that lots of work
remains to be done to be able to run ITER simulations on machines with only 16GB per node. Indeed, for a
minimum ITER mesh, namely (N, x Ny x N, x Ny, ¥ N,) = (1024 x 1024 x 256 x 128 x 16), Table 1 shows
that such simulations can run on Curie Machine (64 GB/node) with 8192 cores but would require 524288
cores on the BlueGene current architecture (16 GB/node)- knowing that the optimal number of threads
is 64. This number of cores is still out of reach on European high performance computers. Currently, as

OpenMP threads
MPI procs 16 32 64 128
128 || 126.1 GB | 126.9 GB | 128.7 GB | 132.2 GB
512 || 35.2GB | 36.1GB | 37.8 GB | 41.3 GB
2048 16.4 GB 16.4 GB 16.5 GB | 23.2 GB
8192 12.5 GB 12.5 GB 12.5 GB 19.1 GB

Table 1: Memory peak (in GBytes) depending on the number of MPI procs and of OpenMP threads for a 5D mesh (N, X Ny x
N % Nug, % Ny) = (1024 x 1024 x 256 x 128 x 16).

shown in Table 2 and in Figure 7, the global memory scalability of the code is of 47.8%. This strong scaling
was performed with a constant 5D mesh of (1024 x 4096 x 1024 x 128 x 2) points using MTM prediction
mode and varying the number of MPI processes from 128 to 2048 by increasing the number of points in r
and @ directions. The 4D structures are very scalable (relative efficiency of 89.9%) compared to the others
(see Fig.7). Indeed, 3D structures with 23.8% represent 32% of the global cost for 32k cores against 16%
for 2048 cores. The 3D structures are then no more negligible. The scalability of the 1D structures is with
19% of the order of the 3D arrays but the cost is still not significant. At the opposite, the incompressibility
of 2D structures between 256 and 2k MPI processes is extremely penalizing leading to an increase of the
cost percentage by a factor 10. The fact that the memory for 2D structures remains constant (equal to 7.1
GBytes) is probably due to incompressible temporary arrays allocated for OpenMP loops. Improvement of
memory footprint of 3D and 2D structures will be pursued in the future.

Another bottleneck for Exascale applications will be the possibly increased crash probability following that
of the number of cores of future machines [24]. The Weibull law [109] gives an estimate of the time between
two crashes which is of the order of the minute for a number on nodes larger than 10°. Two approaches
have been explored until now to try to improve the fault tolerance of the code. The first one consists
in employing an asynchronous method to increase the frequency of the restart file writing. A GYSELA
simulation runs typically several days or even weeks. So the complete simulation is split into a series of jobs
of approximately 10 hours with automatic re-submission. The restart files are not only saved at the end
of each job but several times during the job in parallel to calculations (see [119] for complete description).
Another checkpointing using the FTT library [6] (high performance Fault Tolerance Interface for hybrid
systems) is under investigation. The main idea is to benefit from fast access local SSD disks available on
some HPC architectures.
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Number of cores 2k 4k 8k 16k 32k
Number of MPI processes 128 256 512 1024 2048

AD structures Memory size 207.2 GB | 104.4 GB | 53.7GB | 27.3 GB | 14.4 GB
Memory percentage 79.2% 71.5% 65.6% 52.2% 42.0%

3D structures Memory size 420GB | 31.1GB | 186 GB | 15.9 GB | 11.0 GB
Memory percentage 16.1% 21.3% 22.7% 30.4% 32.1%

9D structures Memory size 7.1 GB 7.1 GB 7.1 GB 7.1 GB 7.1 GB
Memory percentage 2.7% 4.9% 8.7% 13.6% 20.8%

1D structures Memory size 5.2 GB 3.3 GB 24GB | 20GB | 1.7GB
Memory percentage 2.0% 2.3% 3.0% 3.8% 5.1%

’ Total per MPI process in GBytes \ 261.5 \ 145.9 \ 81.8 \ 52.3 \ 34.2 ‘

Table 2: Strong scaling for each kind of data for a 5D mesh (1024 x 4096 x 1024 x 128 x 2): (first lines) memory allocation size

in GBytes and (second lines) percentage with respect to the total memory at the peak of the memory consumption. (Table
from [103]).

100

=+— total memory
Yk array 4D
H array 3D
®@® aray 2D
V-V array 1D

80

60

' | | '
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Figure 7: Memory relative efficiency for a GYSELA simulation at the memory peak of time consumption for the four kind of
structures used in the code (1D arrays to 4D arrays). The results are extracted from Table 2. The reference point corresponds
to 128 MPI processes.

26



4. GYSELA verification

Since the first steps 15 years ago, the code has evolved significantly, including more and more physics with
more and more numerical complexity and high level of parallelism. Portability of the code on several HPC
architectures has been achieved. In such a complex code it becomes very difficult to track or to propagate
changes by being sure to reproduce previous results and simulations. Over the past two years, a large
effort has been made to improve the development process with due regard to modularity, reproducibility
and efficiency. This approach is based on the joint use of a version control system (GIT®) together with
that of a continuous integration platform such as JENKINS®. At each commit on the GIT reference branch,
automatic compiling and executing are submitted. For more details on our strategy the reader can refer to
[10]. A database of non-regression tests is also under construction with the objective to be run less frequently
(every night or week) but to ensure that new changes have no impact on well-established results. All the
tests proposed in this section, which were used for GYSELA verification'?, are detailed with the objective
to become part of the non-regression database. They all correspond to 5D gyrokinetic simulations for one
species. Other verification tests can be founded on simpler 4D models in [55, 85].

4.1. Normalization

The GYSELA code is written in normalized units based on the following normalization choices. We use SI
units and a thermal energy scale in electron volts (1eV = 1.6022 10719.J). The four fundamental dimensional
normalizing quantities are: a reference ionic mass my = Agm, (Kilogram), a reference ionic charge ¢o = Zpe
(Coulomb), a reference magnetic induction By (Tesla) and a reference thermal energy Ty (eV'). Here, Ag and
Zy are the (dimensionless) mass number and charge state of the main ion species and e the modulus of the
electron charge. These quantities are used to define the reference ion cyclotron frequency €2.,, the reference

_ . __ ZpeBo _ Ty _ vy _ /Tomg
thermal speed vr, and the reference Larmor-radius pg as {2c, = 4522, vp, = /5> and pg = Qe = ZaeBo-

Finally, we choose the equilibrium electron density at mid radius ng as reference density. Physical quantities
(mass, length, time, charge and density) can be recovered from the normalized quantities used in the code
(denoted with a hat symbol) by choosing values for [Ag, Zy, By, To, no] and applying ms = Aysm, = moA,

with Ay = AOAS, qs = Zp e 25, Il = po f, t = Qt and n, = ng ns. The velocities are normalized to the
)
corresponding thermal velocities v, = \/To/Mms, i.6 v = vp, 05 = W} ¥s. The main normalizations are
A~ A A~ ~2 ¢ ~ ~ A A
thus U = ZTooeqs, B = ByB, T, = TyT, while p, = %ﬂs with giy = ”2;5 and p10J = %J with J = V x B.

By deduction, E = EOE with Ey = vy, By and the normalized distribution function Fs, which evolves in
the code, is defined as F, = Fsv%sO /no. Finally, the energy is normalized to the reference thermal energy
Ty. The subsequent normalized equations used in the code are presented in Appendix AppendixF. In what
follows, all the quantities considered are normalized coordinates, but hat symbols are omitted for the sake
of readability.

4.2. Invariance test

In the present work the source terms are not taken into account. Let us call simul a first fixed gradient
simulation (i.e no source term) for one unique species of charge Z; and mass A; and simu2 a second one
for a species of charge Zy = azZ; and mass As = a4 A;. Then it is possible to define the other parameters
of the second simulation, only depending on the multiplying factors az € N and a4 € N such that both
simulations simul and simu2 are identical. The idea is to define an invariance test which permits to verify
that charge and mass are correctly taken into account in the code. Notice that such a transformation departs
from a simple p, scaling, where only the p, parameter is modified (via e.g. a change of the minor radius
at constant aspect ratio) [23, 92]. Such a test can be defined as a non-regression test of any gyrokinetic

8http://git-scm.com/
9http://jenkins-ci.org
10The numerical results presented in the following are based on the GIT release 17.0 of the code.
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code but it is not generic. It depends on the equations treated in each code. For any code, the solved
equations (gyrokinetic + quasi-neutrality) are invariant under certain groups of transformations. Within
these groups, the invariance is exact provided that the code actually solves the equations it is supposed
to. We have derived in Appendix AppendixG such a group of transformations which leaves the solution
unchanged for the GYSELA code. Seven control parameters are required o, oy, ar,, 0, Qcoll, Caig and
QKrook that respectively rescale space, time, electron temperature, electrostatic potential, collision operator,
diffusion term and Krook operator. The only issue which cannot be accounted for (i.e. which cannot be
rescaled) in this operation is the impact of the boundary conditions. The invariance constraints (i.e the
relationships between the various scaling factors which leave the Boltzmann equation invariant under these
transformations), as summarized in Table 3, are o, = /aa/az, oy = aas/az, ar, = 1/az, aen = 1,
agif = 1/az and akrook = @z /aa. Then, the relation between the electrostatic potential ¢; solution of the
first simulation and ¢- the electrostatic potential of the second one is ¢a = ape1 with ay = 1/az.

Simulation 1 Simulation 2
Charge A Zy =azZy
Mass Ay Ay = aady
Mesh discretization Az Azxo = %Aml
Time step At Aty Aty = Z—;‘Atl
Temperature T, T., Teo = éTa
Collision coefficient Keon Keonz = Keom1
Krook coefficient Kirookl Kirook2 = 4% Kirook1
Diffusion coefficient Kaim Kairio = éKdiﬂ‘l

Table 3: Parameter dependence between two equivalent simulations. az and a4 are the multiplying factors between both
cases respectively for charge and mass.

Three different simulations were run to test the invariance property of the code, considering first a reference
plasma with Hydrogen (mass A; = 1 and charge Z, = 1), then Helium (A; = 4 and Z; = 2) and finally
Tungsten (A = 150 and Z; = 50). For the following, let us respectively call simul_A1Z1, simu2_A4Z2 and
simu3_A150Z50 these three simulations. These cases are not relevant in terms of physics but have been
designed for numerical tests. The idea was to define small cases tractable as non-regression tests. So the
reference simulation is based on a small plasma (p, = 1/150) for a radial domain between 0.15p and 0.85p
(with p = r/a) and for half a torus. The parallel velocity space is defined as —7vr,, < vg| < Tvr,, and
the perpendicular direction is represented by 16 values of u between 0 and 12 Ty/By. The radial profiles
of density ng, (r), temperature T, (r) and safety factor g(r) are analytically prescribed as dlogns,(r)/dr =
—2.2cosh™2 ((p — 0.5)/0.04), dlog T, (r)/dr = —8cosh™2 ((p — 0.5)/0.04) with p = r — Tmin/(Tmax — Tmin)
and ¢(r) = 1.5+ 1.7exp(2.8log(r/a)). A Krook operator (see section 2.10) of amplitude 0.01 and a diffusion
(eq.(51)) of 0.015 are applied in a buffer region defined by eq.(50) with a location By, = 0.06 and a stiffness
of 0.017635. The collision operator (eq.(30)) is applied every iterations while T con (€q.(32)) and Vs con
(eq.(31)) are refreshed every 10 iterations. All the numerical parameters of this simuil_A1Z1 simulation are
summarized in Tables 4 and 5. For the complete description of the case see the associated input data file of
the code (Figure 1.19) in Appendix AppendixI.

So taking into account the equivalences defined in Table 3, the second simulation simu2_A4Z2 is defined
with the same parameters as simul_A1Z1 except the fact that Helium is considered instead of Hydrogen
and (1) 7 = 2., (ii) Q¢ At = 10., (ili) Deoer = 0.0075, (iv) Krookeoesr = 0.005 while (v) the diagnostic
time step €, Atgiag = 100 instead of 50. The species concentration cs has been divided by 2 to satisfy
the constrainst ) c;Z; = 1. The third simulation simu3_A150Z50 is performed for a Tungsten species
Ag = 150 and Z, = 50 and differs from simul A1Z1 by the following parameters: (i) 1/p. = 36.7423
(1/ pasimu1 X V150/50), (ii) s = 0.02, (iii) 7 = 50, (iv) Qe At = 15, (v) Qey Atdiag = 150, (vi) Deoer = 0.0003
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Nr N0 N(p NvG” N/J, nbvth() Mmax

256 256 128 128 16 7. 12.

P Ro/a rint/a Text/a Torus Zs As Qe At

1/150 3.3 0.15 0.75 1/2 1. 1. 5.
q1 q2 g3 Rnsg Anso RTsq ATSO E/Te
1.5 1.7 2.8 2.2 0.04 8. 0.04 1.

Table 4: Main parameters for reference simulation simui A1Z1. The velocity phase space is defined by —nbypovr,, <
vg| < nbyinovr,, and 0 < g < pmaxTo/Bo. Torus indicates the fraction of the torus simulated. The safety fac-
tor radial profile is defined as ¢(r) = q1 + g2 exp(galog(r/a)). The radial density profile is defined by its gradient as

dlogns, (r)/dr = —knso cosh™ ((r — 0.5)/Arns,). The same analytical expression is used for the temperature with xrs,
and Arpg,.
Buffer region Collision operator
By, Bg Deoet Krookeoet Vs buff | Vs,coef  Dbstep.g; nbrefresheon
0.06 0.017635 0.015 0.01 20. 0.28 1 10

Table 5: Main parameters for simul_A1Z1 simulation concerning buffer region and collisions. By, and Bg correspond respectively
to the location and the stiffness of the buffer regions where both diffusion and Krook operator are applied with respective
amplitude Dcoep and Krookeees. The collision operator is applied every nbstep,; iterations but refreshed every nbrefreshcq)
iterations.

and (vii) Krookeeer = 0.01/3. The differences between the three considered simulations are highlighted in
Table 6. The time evolution of the zonal flow component (m = 0, n = 0), where m and n are respectively
poloidal and toroidal mode number in the middle of the radial domain is presented in Figure 8 for the three
simulations. It exhibits a relative error of 107!° when Hydrogen case is compared to Helium case and of
10~7 when compared with Tungsten simulation. The loss of accuracy for Tungsten is probably due to the
small size of the plasma considered (a = 36.7423/pg). In this case boundary conditions can play a more
important role. For each test the results are sufficiently accurate to consider that the charge and mass
factors have been correctly implemented in the code equations. The same order of magnitude is obtained
when the distribution function values are compared.

As  Zs  1/ps T Qe At Qe Atdiag Deoet Krookeoest
simul_A1Z1 1. 1L 150. 1. 5. 50. 0.015 0.01
simu2_A4Z2 4. 2. 150. 2. 10. 100. 0.0075 0.005
simu3_A150Z50 | 150. 50. 36.7423 50. 15. 150. 0.0003 0.00333333

Table 6: Modified parameters according to the scaling law for the three simulations used in invariance tests.

The same invariance exercise was performed for a smaller reference case: p. = 1/75, N, = 128, Ny = 128
and a full torus (all the other simulation parameters being identical to the ones described in Tables 4
and 5). The two others simulations defined for comparison follow the same rules as previously which
corresponds to a p, of 1/18.37 for the Tungsten case. The relative error is also of the order of 1071% when
comparing Hydrogen and Helium but of 10~% when considering the Tungsten. The two cases p, = 1/75 for
Hydrogen and Helium will be good candidates as non-regression tests. Regarding the Tungsten simulations
more work could be done. The first idea would be to consider a p, = 1/75 plasma for Tungsten, but
this would imply a reference case with p, ~ 1/306.205 for the Hydrogen (i.e a mesh of the order of 68
billion of points with (N, Ng, Ny, Ny, , Nu) = (512,512,128,128,16)). Such a simulation is feasible but

va|
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extremely time consuming for a verification test (several hours on 8192 cores). It would not be possible on
the development cluster Poincare (92 nodes of 8 Sandy Bridge E5-2670 bi-processors (2.60GHz)) at IDRIS
french supercomputing center that has been used for all tests presented above (performed on 512 cores).

Error between H and He
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Figure 8: Invariance test between three simulations. Left Figure: Time evolution of Zonal Flows ®qo at a fixed radial position
0.5p with p = (Pmax — "min)/a. Poo for simul_A1Z1 with Hydrogen must be compared to 2®gp of simu2_44Z2 for Helium and
50®gp obtained with simu3_A150Z50 for Tungsten. Right Figures: Relative errors in function of time: (top) between simul_A1Z1
and simu2_A4Z2, (bottom) between simul_A1Z1 and simu3_A150Z50.

4.8. Usual linear and non-linear gyrokinetic benchmarks

Together with the verification invariance test described above, several other benchmarks have already
been performed in the past to validate the code. The so-called “Rosenbluth-Hinton test” (RH) [102] —which
became an essential test for gyrokinetic codes to check the validity of zonal flows and Geodesic-Accoustic-
Modes (GAMSs) treatment— was verified in 2008 [58]. Linear and non-linear benchmarks were successfully
achieved [58] with the classical Cyclone DIII-D base case (CBC) [43]. Non-linear benchmarks were also
performed [57] with the global PIC code ORB5 [77]. We also participated to the European turbulence code
benchmarking effort [48]. Finally, flux-driven simulations have been compared [106] between GYSELA,
ORB5 and XGC1 [25, 26]. In the following we present only the tests which have been recently investigated
again with the new multi-species version of the code to be added as non-regression tests, namely the RH
test and the linear CBC test. These tests have been re-designed with the objective of being sufficiently small
to be automatically launched on the continuous integration platform(JENKINS) at a reasonable frequency
with the aim of recovering the predicted results. Here are described the results of our investigation. This
work is still in progress and we plan to continue decreasing the CPU time consumption of such tests in the
future.

4.3.1. Rosenbluth-Hinton test as a non-regression test

This test consists in computing the linear evolution of the zonal flow component ¢qy for an initial elec-
trostatic perturbation. In practice it corresponds to initializing the code with the distribution function
Fy = Fyeq(1 4 €sin(27(r — rmin)/2L,)) with a perturbation amplitude € equal to 1072, This initial state
leads to the development of GAMs which correspond to the (m,n) = (0,0) mode coupled to sidebands
(m,n) = (£1,0) as a result of toroidal coupling. These GAMS are Landau-damped because of the finite
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poloidal wavenumber of the sideband while the zonal flows relax towards a residual value which has been
analytically predicted in the case of large aspect ratio and small p, [65] as dgo(teo) = P00 (to) X A, with
A, = 1/(1 4+ 1.6¢*/\/r/R), r being the minor radius of the considered magnetic surface, R and ¢ corre-
sponding respectively to the major radius and the safety factor on this surface of interest. Eight simulations
(detailed in Table 8) were performed varying both time and phase space discretizations. For all simulations
(see Table 7 for common parameters), the safety factor profile is constant (¢(r) = 1.9Vr € [Fmin, "max))- The
density and temperature profiles are quasi-constant with Krs, = Kns, = 10~7. For a complete description of
the case see the associated input data file of the code (Figure 1.20) in Appendix AppendixI. Time evolution
of the (0,0) mode is plotted in Figure 9 for the highest discretized simulation (simu 1 in Table 8). The
theoretically predicted residual value A, is found to be recovered up to 20% in this case. A much better
agreement can be found by decreasing the p, value of the simulation as noticed by Biancalani (see figure 4 in
[8]). One of the possible reasons is that the radial boundaries may have a stronger impact at large p, values.
A detailed analysis of both the transient GAM oscillation and damping on the one hand, and of the residual
value of zonal flows on the other hand, is presented in AppendixH. The numerical echo appearing at time
t= 15000(2501 is due to finite discretization of the velocity phase space. The numerical damping rates vgam
and frequencies wgam reported in Table 8 are all computed between ¢ € [0, 15000 QE&] We observe that all
the values are equal to ygam = 2.46459 10~ 1Q¢, and wgam = 9.11061 1073Q¢, with an error smaller than
3% except for simulations number 4, 6 and 8 in Table 8. The error larger than 7% for both simulations 4 and
6 is due to the fact that the numerical echo appears at time ¢t = 9000 Qas instead of t = 15000(25;, making
the numerical residual estimation impossible. Error in simulation 4 is due to the fact that four values of
are not sufficient for p integral computation required for the r.h.s of the quasi-neutrality equation. Results
for simulation 6 shows that 64 in parallel velocity direction are not sufficient. The CPU times reported
as results in Table 8 correspond to mono-core hours on the Poincaré machine where all simulations were
performed with 4 threads and (2 x N,,) MPI processes for a final time equal to ¢t = 2000095&. Simulation 7
corresponding to 30 minutes on 64 cores is a non-regression test for the code.

Px As Zs RO/a Tint/a Text/a Torus IlbvthO Hmax
1/100 1. 1. 2.78 0.2 0.8 1. 7. 12.

q1 q2 qs Tpeak/a Rnsg Anso RTsq ATs(] Tz /Te
1.9 0. O. 0.5 le™ 7 0.2 l.e 7 0.2 1.

Table 7: Common parameters for Rosenbluth-Hinton test. The velocity phase space is defined by —nbyinovr,, < vg| <
nbyinovr,, and 0 < p < pmaxTo/Bo. Torus indicates the fraction of the torus simulated. The safety factor radial pro-
file is defined as q(r) = q1 + g2 exp(g3log(r/a)). The radial density profile is defined by its gradient as dlogns,(r)/dr =
—Knsg cosh™? ((r — rpeak/a)/ArnSO). The same analytical expression is used for the temperature with ks, and Arrg,.
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Figure 9: Comparison of the residual value of the (0,0) mode ¢o0(Tpeak,t)/®00(Tpeak,t = 0) = A, where A, = 1/(1 +
1.6¢2/+/r/R) = 0.06825 is given by Rosenbluth-Hinton theory. This result corresponds to simulation 1 described in Table 8.

CPU time
simu. N. Ng N, Ny N, QcAt YGAM WGAM (monoproc)
1 128 128 32 128 16 2. 2.46459 10~  9.11061 103 7219. h.

2 128 128 32 128 16 5. 2.4645910~%  9.1106110~2  2921. h.
3 64 64 16 128 8 5. 2.4645910~% 9.11061 103 159. h.
4 64 64 16 128 4 5. 2.63456 1074 9.73893 1073 79. h.
5 64 64 16 128 8 10. 2.4645910~*  9.11061 103 41. h.
6 64 64 16 64 8 10. 2.54957 1074 9.42477 1073 83. h.
7 64 64 16 128 8 25. 2.4645910~% 9.11061 103 37. h.
8 64 64 16 128 8 50. 2.54957 1074  9.42477 1073 21. h.

Table 8: Rosenbluth-Hinton test: Values of numerical damping yganm and frequency wganm for 8 GYSELA simulations varying
according to 5D mesh size (N, Ny, N, ch;” ,N,) and time discretization.

4.8.2. Linear benchmark based on Cyclone DIII-D case for global codes

For the present benchmark, the considered physical parameters are the same as the ones defined in
Lapillone’s paper [81] corresponding to the standard linear Cyclone base case (CBC) [43]. The circular
concentric magnetic equilibrium is defined with an aspect ratio of R/a = 2.78 and a safety factor profile
q(r) = 0.86 — 0.16r/a + 2.52(r/a)?. This corresponds to a local safety factor ¢(rpeax) = 1.4 and a local
magnetic shear s(rpeax) = 0.8 With rpeax = 'min +0.5("max —"min) and s(r) = (r/q)dg/dr. The initial density
and temperature profiles are defined with the radial form function f(r) = exp(—fzA,, tanh((r—rpeax)/Ar, ).
The k., and A, parameters are chosen to obtain peaked profiles at the middle of the radial box rpecakx With
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Apsy = Ars, = 0.3, Kps, = 2.23 and ks, = 6.96 (see Figure 1 in [81]). To be consistent with the DIII-D
shot p, is chosen equal to 1/180. For a complete description of the case see the associated input data file of
the code (Figure 1.21) in Appendix AppendixI.

Px RO/a 71int/a 7Acxt/a nbvthO Hmax Zs As
1/180 278 01 0.9 6. . 1. 1.

q1 q2 q3 Rnsg Anso RTsq ATso Ti/Te
0.86 —0.16 2.52 2.23 0.3 6.96 0.3 1.

Table 9: Main parameters of the p. = 1/180 linear CBC simulation. The velocity phase space is defined by —nby¢povr,, <

vg|| < nbyirovr,, and 0 < p < pmaxTo/Bo. The safety factor radial profile is defined as ¢(r) = q1 + g2(r/a) + q3(r/a)?.
The radial density profile is defined by its gradient as dlognsg (r)/dr = —knsy cosh™2 ((r — 0.5)/Arps,). The same analytical
expression is used for the temperature with k7, and Arpg,.

The first difficulty with a full-f code as GYSELA is that the separation between linear and non-linear
terms is not possible. So non-linear mode coupling cannot be avoided, which implies that the time window
for linear growth rate estimation is limited. To prevent this coupling all the toroidal mode numbers n
are filtered except the one n initialized as perturbation in the initial distribution function F,(t = 0) =

Mmax

Fyeq(L+€> ™ cos(mb + ng + 6y )) with a perturbation amplitude e = 1075, This filtering is performed
by applying, after the quasi-neutrality equation solving, the condition F(¢)m,, = 0 for all 1 < m < myax
where F denotes the 2D Fourier transform in (6, ¢). Besides, the global aspect of the code implies that
large toroidal mode numbers n are hardly accessible because a large mesh discretization is then necessary.
For the 6 cases which were run for |n| ranging from 5 to 30 (see Table 10) the discretization of the velocity
space was kept constant (N, ,N,) = (64,16) but increased in real space for |n| > 15. The number
of radial points is kept constant (N, = 128) but doubled in both poloidal and toroidal directions for
|n| > 25. This corresponds to a mesh of 8 billions of points for the smallest poloidal mode numbers but
of 32 billions of points for the largest. The time step At is equal to 40./Q¢, for |n| > 15 and divided by
a factor 4. The linear growth rate is estimated by a linear fit of the exponential growth of [ ¢? d®x d®v
during the linear phase. An example of this exponential growth is plotted at the top of Figure 11 for the
smallest kgps = [n|q(Tpeak)ps/Tpeak = 0.078. So the linear fit is performed on a time interval Q¢ [tinit, tend)
depending on the duration of this linear phase. This interval is taken equal to [5000, 50000] for kgps = 0.078
and [4000, 18000] for the others. The frequency is estimated on the same time intervals by spectra analysis.
Both have been compared with GENE results [81] and show a very good agreement (see Figure 10). This
work is in progress in the framework of the Eurofusion project [9]. The smallest runs were performed
on Poincare machine on 512 cores (with (py,ps,pu, Nihread) = (2,4,16,4)) with a CPU time cost of 9k
hours/monoprocessor (for 1300 iterations). The two largest cases ran on Turing (IDRIS-France) BlueGene
machine using 32768 processors ((pr, Po, Pus Ninread) = (8,4, 16,64)) with an expensive CPU time cost of
1.7 millions of monoprocessor hours for 2000 iterations (equivalent to 1.3 106 h. on an INTEL machine as
Curie (CCRT-France)). Such simulations are definitively more expensive for a global full-f code than for § f
flux-tube codes. This explains why the two last points performed by GENE for kgp,. > 0.5 (Fig. 10) have
not been simulated with GYSELA. Nevertheless, the global aspect can give access to useful information like
the time evolution of the radial structure of poloidal modes (for toroidal mode |n|=>5). This radial structure
is plotted at 4 different times on Figure 11, going from initialization to the end of the linear phase. It shows
that the linear phase, i.e the exponential growth, starts as soon as the global eigenmode —characterized by a
single n and several m mode numbers— acquires its radial structure. The process of mode reorganization and
the main physical parameters involved (as ¢ profile, 1/Ly shape or ...) would be interesting to investigate
in more detail.
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n Mmax  No Nap keps QCO At QCO [tinita tend] Y €Tr~ w

-5 7 256 128 0.078 40. 5000, 50000]  0.045 0.00258 0.106
—10 14 256 128 0.156 40. 4000, 18000]  0.158  0.0069  0.238
—15 21 256 128 0.233 40. 4000, 18000]  0.217 0.00123 0.476

—25 35 512 256 0.389 10. 4000, 18000]  0.271 0.00468 0.827

[ ]
[ ]
[ ]
—20 25 256 128 0.311  10.  [4000,18000] 0.257 0.00127 0.636
[ ]
—30 42 512 256 0.467  10.  [4000,18000] 0.253  0.002  0.978

Table 10: CBC results: Linear growth rate v and frequencies w estimated in the time interval Q¢ [tinit, tena] for 6 different
toroidal mode numbers n. The poloidal wave number kg is computed as kgps = [n|q(Tpeak)px/Tpeak = 1| X 1.4/(2 x 180),
Tpeak Deing the middle of the radial box. These results are compared to GENE results in Figure 10
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Figure 10: Benchmark between GYSELA and GENE codes for the Cyclone base Case for 6 different kgps values: (Left) Linear
growth rate (plotted with the error bar defined in Table 10), (Right) Linear frequency. Private communication [9].

. 10°
Z 10t 3 100
% 107 % 50
\ 3
10
0 25000 50000 75000 100000
time x
t=7200.0 /O, t—36000.0 /), — m3
| | . 60000 ! — m_2
. ; | 300000 — m1
=200 - --—-| 40000 o
g : | 150000 — m+1
= 100 (‘ 20000 m
0 - 0 0 — m+3
04 0.8
p p p

Figure 11: Radial structure of the electrostatic potential for (m,n) = (7,5) and a bandwidth of m £ 3 modes, at different
times: (i) initial time, (ii) beginning of the linear phase ¢ = 720096;, (iii) t = 3600096; and (iv) end of the linear phase
t = 504002 .
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5. Local conservation laws

Verifying adequate conservation laws is an essential step in providing a correct description of mean flows.
Since the controversy on the suitability of gyrokinetic codes for describing toroidal momentum transport
[98, 99] a specific effort has been devoted to address conservation equations both in the context of a reduced
gyrofluid model [17] or gyrokinetic field theory [110, 18]. As shown in this section, it is also possible [2]
to derive local conservation equations for density, energy and toroidal momentum from the gyrokinetic
electrostatic model (5)-(12) implemented in the GYSELA code (more detailed calculations can be found in
Abiteboul’s PhD [1]). The radial force balance is presented in section 5.1 while the conservation laws are
detailed for: (i) charge density in section 5.2, (ii) energy in section 5.3 and toroidal momentum in section 5.4.
As explained in [2], the force balance equation added to the energy and toroidal momentum conservation
equations ensures a self-consistent treatment of the radial electric field and flows. We present for each
property an example of numerical results, (see Figures 12 to 15) for a simulation close to the non-linear
CBC simulation proposed in [81] for p. = 1/180. It corresponds to a collisionless simulation, with Dirichlet
boundary conditions and without diffusion or Krook operators. Contrary to the linear case, there is no
filtering on the toroidal modes. The initial perturbation is defined as p(r, 0, vq)) = € Sommex ST cos(mlf +
1 + Smn) feq (1, 0, vGH) /(MmaxNmax) for mmax = 28 and nyax = 20 and random values for §,,, phases. The
perturbation amplitude € is equal to 1076, The equilibrium distribution function feq 18 a local Maxwellian
function given by eq.(19). The other numerical parameters of this simulation are summarized in Table 11.

The conservation equations are derived at second order in p,. Accurate results (error of 2%) were already

Nr NG N:,a NUG I Nu nb'uthO Hmax
256 256 128 64 16 7. 12.

Px Ro/a rTint/a  Text/a Torus Z A, Qe At
1/180 2.78 0.1 0.9 1/2 1. 1. 10.

q1 q2 q3 Rnso A’ILS() RTsq ATso /Ti/Te
0.86 —0.16 2.52 2.23 0.3 6.96 0.3 1.

Table 11: Main parameters of the p, = 1/180 simulation used to check conservation law properties. The velocity phase space
is defined by —nbynovr,, < vg| < nbythovr,, and 0 < p < tmaxT0/Bo. Torus indicates the fraction of the torus simulated.
The safety factor radial profile is defined as q(r) = q1 + q2(r/a) + q3(r/a)?. The radial density profile is defined by its gradient
as dlogng, (r)/dr = —knsy cosh™2 ((r — 0.5)/Arps,). The same analytical expression is used for the temperature with krs,
and Arpg,.

shown with the code for force balance and toroidal momentum for a simulation with p, = 1/512 (see Figure
2 in [2]). For a larger p. = 1/180 the results are still accurate with a relative error of 5 to 10%. As expected,
boundary conditions play a more important role leading to a degradation of the accuracy outside an internal
region 0.4 < r/a < 0.7. Comparing to relative errors for all conservation properties (Figures 12 to 15), the
local energy conservation (Fig. 14) is the least accurate. It was not possible to analyze the energy behaviour
for smaller p, (as 1/300 and 1/512) because such simulations are extremely expensive (several millions of
mono-processor hours) and the diagnostic was not fully implemented in large simulations until present. This
will be investigated in more details on the upcoming big simulations. Complete flux driven simulations with
source terms and collisions have also been analyzed (but not presented here). Even for large p, = 1/150,
the force balance equation, local charge density and toroidal momentum are conserved with less than 10%
error even at times when turbulence is fully developed. The fact that this requirement is not met for energy
is still under investigation.

5.1. Radial force balance equation

In the fluid description, the radial electric field and the flows are related via the force balance equation.
It was verified that this relation holds also in gyrokinetics [38, 51]. Indeed the radial force balance can
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be recovered analytically from the conventional first order gyrokinetic equations (see Appendix E in [2]),
yielding the standard fluid expression

B?R?
N

OyPey B
Oy beq + :;eqeq + 7 Vieg =4 V- V) (58)

where the equilibrium density n.q, pressure Py, velocity V)., and potential ¢., are functions of —P,/e
(which is approximately equal to x at first order in ps). The label of flux surfaces x is chosen as the
opposite of the poloidal flux of the magnetic field, i.e x = —1)po1 With pe = —(27) ! fSe dS B -V0/|VH|.
Considering the form of the magnetic field used presently in the code B = (BoRo/R(r,0)) [((r)eq + e,] with
¢(r) =7/(qRo), the label x is determined by x = By f; r’/q(r’) dr’ which implies dx/dr = Bor/q.

In order to check that the force balance equation is verified numerically, we compare vg’YS the poloidal
velocity directly computed within GYSELA —from the distribution function as the sum of the poloidal ExB,
curvature, grad-B and magnetization flows— with the expected velocity from the force balance equation,
namely v§ B corresponding to the left-hand side of eq.(58) (see Figure 12 (left)). This agreement was robustly
verified in GYSELA simulations for a wide range of parameters for temperature gradient, collisionality and
normalized gyroradius p, [39, 36]. A precision of 2% was obtained for a ITER parameter case with p, = 1/512
[2]. In Figure 12 (right), we recover this good agreement for the case p, = 1/180 described in Table 11.
Indeed, even for a larger p, = 1/180, the relative error —defined here as the difference normalized to the
quadratic mean— is smaller than 0.08 at time ¢ = 20040(25; which corresponds to the beginning of the
non-linear phase.
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Figure 12: Left: Numerical test of the radial force balance equation (58) at time ¢ = 20040(255, comparing the poloidal velocity

’UQGYS directly computed in the code and ’UEB the sum of the three contributions —E;., Vp/ne and vy By. Right: Relative error
between both. The parameters used for this simulation are summarized in Table 11.

5.2. Local charge density conservation

To obtain local conservation equations, we perform integrations of the conservative form of the gyrokinetic
equation (5) over the velocity space and over the magnetic flux surfaces, i.e over dr* = J, df dp d®v with
d3v =J, dvg) dps. We recall that J, = 1/(B - V#) is the Jacobian in real space and J, = 27"B\Ts/ms is the
Jacobian in gyro-center velocity-space.

We consider a radial region outside the buffer region and without source terms, i.e we consider the following
simplified version of the conservative Boltzmann equation (5)

dFsiaﬁeri
dt ot B

lls

V.- (2B].F.) = C(F) (59)
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where z = (x,0,0,vg|, tts) and z = d;z. We integrate eq.(59) in a small phase-space volume between two
surfaces x and x + dx and apply a divergence theorem. Using the collision operator conservation property
Jc (F,)dr* = 0 and summing over all species, this leads directly to the usual expression for local transport
of charge density

Op+ 0y JX =0 (60)

where p is the charge density and JX is the radial current of gyrocenters:

p= > qs/dT*Fs and JX= Y qs/dT*(i~vx)Fs (61)

species species

Figure 13 shows that equation (61) is numerically satisfied with an error of less than 1%. Part of this error
is due to the fact that the time derivative d;p is computed from post-processed data (p is not saved at each
time step A; but at each diagnostic time step (A qiag = 12 A, for this simulation)). Another error source is
the fact that the terms V. - (B[ dixc) and 9, (Bj dip) are neglected in the splitting algorithm (see section

3.1).
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Figure 13: Numerical test of the charge density conservation for simulation defined in Table 11. All the quantities are flux-
surface averaged. Left: Comparison of the two terms —9, JX and dp/d¢ which must be equivalent according to equation eq.(60).
Middle: Relative error (defined as the difference normalized to the quadratic mean). Right: Contribution of the neoclassical
and turbulent parts.

5.3. Local energy conservation

Similarly, a conservation equation for the total energy can be derived by multiplying the gyrokinetic
equation (59) by the gyrocenter Hamiltonian, which reads

] - -
H, = §msvé\| +psB+qU with U=y, -U (62)

Using the fact that our collision operator is constructed to conserve the total Hamiltonian and integrating
over d7* yields

1 _ - _ 1 _
8t/ d7'>'< (2m87~}é| +,Ung> Fs +/ dT*quath+/ dT*HsBTVZ . (ZBlTéFS) :O (63)

lls

Then for each species s, equation (63) can be rewritten as an equation for the radial energy transport as

OcEk, + 0,Qs = Wi (64)
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where Ef, corresponds to the kinetic energy of the gyrocenters for the species; the term Q)5 is equivalent to
a radial flux of energy and the right-hand side W, appears as a kinetic energy source

1 _ _ _ _ _
Eg, = / dr* (2msv2cl —l—,usB) F, 5 Qs :/ dr*H,(z-Vx)Fs ; Ws= —qs/ dr*UO:F,

The term W, corresponds to an exchange of energy between a given species and the turbulence, and is
generally referred to as turbulent heating [91, 122, 66, 121, 52]. It corresponds to a transfer of energy
between particles and the electromagnetic field. The numerical computation of this term is expensive
because it requires saving the 5D distribution function of each species at two successive time steps which
corresponds to a large amount of memory. So to obtain a local conservation equation with no source term,
we consider the total energy by summing (64) over all species. Then,

OEx +0,Q=W with Ex=)» Ex, , Q=) Q. and W=> W, (65)
The term W is decomposed into two parts as
qu/ dT*Uath = qu/ dr*U (JOS : ath) + qu/ dr” {(Jos : U) atFS -U (J()b ’ atFS)} (66)

As detailed in Appendix AppendixJ.2 the first term in eq.(J.5) can be expressed in function of the potential
energy L, as

> qs/ dr*U (Jo, - 0, F,) = 0,E, with Epz% > qs/ dr*U (Jo, - Fs)

species species

Besides, the second term Zp = Y. qs [ dr* {(Jo, - U) 0, Fs — U (Jo, - 8:Fs)} in eq.(J.5) corresponds to a
polarization term, due to the difference between particles and gyro-center densities. As a remark, considering
that the gyroaverage operator Jo, is a self-adjoint operator, this term vanishes when integrating over the
whole phase-space volume. It is indeed the divergence of a flux in the local conservation equation. To
express this term explicitly as a flux contribution, let us consider the low wavenumber approximation of the

gyroaverage operator used in the code, i.e the Padé approximation Jy, >~ 1 + %V . (7;”5%5 VL) (see section

2.5.1 for more details). Using this approximation, Zg can be expressed for each species as

ms * M * K g
Ti = 5.0« [/ dr* 0, F, EVX'VJ_U—/dT UBVX'Vl(atFS)]

It can also be expressed in a more compact form using the gyrocenter perpendicular stress Py | = [ APvF,usB.
This leads to the following conservation equation summed over all species

O (Ex + Ep) + 05 (Q + Qpot + @pot) =0 (67)
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where Fg = ZS EKsa Ep = Zs Eps7 Q = Zs QS7 ont = ZS Qs,pot and onl = ZS Qs,pol with

_ . 1
EKS :/ dT*Sst with 53 = 5771»37]2;" + ,USB (68)
B, =L [ arvu(s, - F,) (69)
Qoo = [ 4", - U)(2- TR, (71)
Mg 1
Qupor =5 [ Jxd6 dcpﬁ{ﬁtPS’ VU -Vx —UV(8:Ps, 1) - vx} (72)

We recall that, although the polarization term is necessarily the divergence of a flux term, the expression for
Qpol given here is not exact as it relies on an approximation of the gyroaverage operator. (), corresponds
to the energy flux of species s while Qs pot corresponds to the flux due to the electric potential. For the
numerical results presented in Figure 14 the term @, po1 is not taken into account. Indeed, it requires 3D
values of U and P; | which were not saved for this simulation because this possibility has been more recently
implemented in the code. Analyzing recent non-linear flux-driven simulations where this computation is
available shows that the assumption Qs pot = 0 is justified. Even in regimes where turbulence is well
developed the term @, ot stays sufficiently small to have no impact on the local energy conservation law.
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Figure 14: Numerical test for local energy conservation for simulation defined in Table 11. Left: Comparison between —(9yQ)rs
and d( E Ypg/dt with Q = Qs + Qs, pot + Qs, pot and E = Ex_ + E;,_ defined by eqgs.(67)-(72). Middle: Relative error (defined
here as the difference normalized to the quadratic mean). Right: Detailed contribution of each terms.

The numerical validation of equation (67) is performed on flux surface average quantities. The comparison
between ( 0y (Q + Qpot + Qpo1) )rs and ( (Ex + E,) )rs seen in Figure 14 (left) shows an agreement better
than 15% at time ¢ = 2004095&. The separate contribution of each terms given by equations (68)-(72) are
plotted at Figure 14 (right) showing that this energy conservation derives from the compensation of different
complex radial profiles.

5.4. Local toroidal momentum conservation

Formally, the derivation of a conservation law for toroidal angular momentum is very similar to that for
energy in the previous section. The general idea is to multiply the conservative gyrokinetic equation (59) by
an invariant of motion. For the energy, this invariant was the gyro-center Hamiltonian H, given by eq.(62).
For this conservation law, let us consider the gyrocenter toroidal canonical momentum P, defined as

Pcp = MsUyp — GsX (73)
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with the definition u, = (I/B)vg = R’b - Vovg|. P, is an exact invariant of the unperturbed gyrocenter
motion described by the Hamiltonian ﬁs,eq = %msvéu +usB —|—Ueq, which corresponds to collisionless motion
in a fully axisymmetric system. Ue, is the gyroaverage of the equilibrium electric potential Ue, independent
on the toroidal angle. When axisymmetry is broken, which can occur for instance due to turbulence or
magnetic field ripple, P, is no longer a motion invariant. In particular, when the electric potential becomes
non-axisymmetric, the evolution of P, is governed by the equation d,P, = —qs0pU. This result can be
obtained by using the expression of the gyrokinetic Poisson brackets in the gyro-center coordinates [-, -] ¢
(see [16], equation (150))

B*
B*

lls

b
B*

lls

[X,Y]ge = (VX0 Y — 0y XVY) —

va val

(VX x VY) (74)

Details of the calculation are presented in Appendix AppendixJ.3. From the definition of P, given by
eq.(73), we define the local toroidal angular momentum as

Z / dr*u,F, (75)

speczes

Note that £, is the momentum for gyrocenters, which differs from the particle momentum by terms of order
O(p?). As said before, in order to derive a local conservation equation for £, we multiply the conservative
gyrokinetic equation (59) by P, and integrate over all variables other than x, leading to

oF, o S
/ o /dT PWB\T W (zB”SFS) :/dT P,C(F,)

Using the conservation properties of the collision operator [ d7* P, C (F,) = 0 and integrating by parts the
second term, then

0, (/ ar* P¢Eg> /d Faaif/ dr* F, Bl* A (iBl’"‘SP@>+6X/dr*(z'VX)FsP¢:O
s

Finally, using the fact that d;P, = —qsag,(_] , we obtain for each species s,

msat/ dT*UWFS — qs/ dr*x0, F, + qs/ dT*F’S(C)@U + 8X/ dr*(z- Vx)Fs P,=0 (76)

Summing over all species, this leads to
Oy <Z ms/ dT*uS(,Fé,,) — Xqu/ dr*0,F, + qu/ dT*FsavU—i-

(Z ms/ z-VX)F; “w) — O (qux/ dr*(z - VX)FS> -

Using the local particle conservation eq.(60), the second term can be written as x0,JX. We also iden-
tify the last term as —0y(xJX). Then the conservation equation of the local toroidal momentum £, =
Yo ms [ dT*u,Fy reads

Ly + OIIE + T, = J* (77)
where
Iy = Z ms/ dr* Fou,vy s pol— Z qs/ dr*F,0,U Z qs/ dr*ol Fy
species species species
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Equation (77) is an ezact equation for the transport of gyrocenter toroidal momentum, in the sense that it
was obtained directly from the gyrokinetic model, with no specific assumptions regarding the ordering. The
term Tg‘ol corresponds to a polarization flux of momentum term.
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Figure 15: Numerical test for local toroidal momentum conservation for simulation detailed in Table 11. All the quantities

are flux-surface averaged. Left: Comparison between 8;L, and JX — 8, I — Tgol which must be equal according to eq.(77).

Middle: Relative error (defined here as the difference normalized to the quadratic mean). Right: Detailed contributions of
neoclassical and turbulent parts.

The numerical results obtained with the code are presented in Figure (15) with the contribution of the
different terms of equation (77) (at the right) averaged on the flux surface. The relative error plotted at the
middle shows an accuracy better than 10%.

6. Conclusion

A complete description of the multi-ion species version of the 5D non-linear gyrokinetic code GYSELA
has been presented. Adding to its global full-f character its original semi-Lagrangian scheme, the GYSELA
code is unique. It can tackle the complex problem of ion turbulence self-organization (in adiabatic electrons
and electrostatic limits), a special care having been taken to fully consistently model the interplay between
turbulence and collisions as well as the interplay between all possible scales in the problem, with no assump-
tion of scale separation. Code verification has been successfully performed with a permanent concern for
improving its reliability, namely (i) comparison with analytical theory; (ii) benchmarks with other gyroki-
netic codes; (iii) invariance tests to check the correct implementation of mass and charge parameters; and
(iv) conservation law properties of the semi-Lagrangian method. Particular attention was recently paid to
ensure the traceability of the code for the two main developments under progress; the implementation of
kinetic electrons and taking into account of a more realistic magnetic configuration. The code is scalable up
to actual parallel machine sizes.
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AppendixA. Quasi-neutrality solver

AppendizA.1. How to overcome the difficulty due to <¢A>>Fs term ¢

In this appendix, the numerical solving of the quasi-neutrality equation is described. This description is
based on the normalized quasi-neutrality equation implemented in the code

- nl AL (0 910) +

o] -

ﬁGs ,eq] (A- 1)

It explains the particular treatment performed to overcome the problem of the flux surface average term
( )rs in Fourier space. The previous equation (F.11) can be written as

1

Lo+ Zrrs (6= M &)es| = p(7,6,) (A.2)

where the differential operator of second order L is defined as

ZAn {2 Ly L 4]0 10
(7 “omt Fraa@ dr | oF T Roe

and the right hand side reads

p(7,0,¢) = ZZ G, (7,0,%) =g, eq(,0)]

Tleo

The constant A can be chosen equal to 1 (by default) or equal to 0. Let for all function g, (g )g, , being the

radial function equal to
. 1 .
(0 )o.s =g | [ a0, 000

By applying the integration L91L¢ [[-d8 dy to the previous equation (A.2) and by using the fact that
<<¢§>6,¢>FS e <¢A5>a,4, then:

£(B)0 0+ — [()0.6 = Mb)rs] = (p)o, (A.3)

Let & being & = ¢— (¢)g,  then, by subtracting (A.3) to (A.2), and by using Dirichlet boundary conditions
we obtain VA € R, V8 € [0, Ly] and Vo € [0, L,]:

(£+ 727 ) 8(.0,0) = 0,0,9) with o=p—(ploe V€ [umins Fanas]
ZTe (A.4)

&(fn1in7 0, 90) = é(":maxa 0, 90) =0

Besides, (A.3) can be written as



Then using the fact that ( ® )ps = (& )rs — ( (b )., )rs and using Dirichlet boundary conditions, the
previous equation leads to the following system:

(£+@=NZ) (drs = (p)o.o + (C+ 735 ) ()es

R X (A.5)
< ¢ >FS('f‘min) = < (b >FS(7ﬁmax) =0
Using the definition of é, then
(®)ps = (& )rs — ( (D)o, 4 )Fs
= (6)rs —(d)a,p  (because ( (D)o, )rs = ($), o)
50 (¢ ), = (& )rs — (& )rs

and using the fact that gﬁ =d+ ( ngS )6, o, We obtain the expression of the electric potential QAS as:

6(7,0,9) = (7,8, 0) — (  )rs () + (& )s(F) (A.6)

To summarize, the solving of the equation (F.11) can be replaced by the solving of two simpler equations
(A.4) and (A.5). Indeed, the equation (A.5) is a differential equation only depending on the radial direction.
Besides, in (A.4) the variable ¢ plays the role of a parameter, then the discretization of the equation can be
performed by projecting in Fourier space in 8 direction and by using finite differences in the radial direction
as described in the following paragraph. However, it is important to realize that the boundary conditions
are not directly applied on ¢ but on & = q/) ( ¢> . So the fact to impose <I>(rmm) = 0 does not imply
(Z)(fmin) = 0 but (ﬁ(fmin) = <<£>9, o(Tmin) (same remark can be done at # = fpax). Another treatment is
available when 7, is sufficiently close to 0 (Fin < 1072 in the code). Indeed, let us assume that in this
case Jx(Tmin, ) is equal to a constant. Then, for all function g,

J 9T (Finin, 0) A0 dep o1
J J<(Pmin, 0) dO de T Ar

<g>FS(’Fmin) = <g>9780 v|7211'11H| < 1
In this case employing a Neumann boundary condition on the (0,0) mode at the axis (i.¢ 3, ($)g, »(Fmin) = 0)
is equivalent to applying 0,-( ¢ Yrs(#min) = 0 in the matrix system (A.5).

AppendizA.2. Finite differences in radial direction and Fourier projections in 6 and ¢

AppendizA.2.1. Solving of the equation system (A.4)

Let & and p be represented in terms of the Fourier expansion as ®(7,0, o) = Dom O™ (7, ) exp(imh)
and o(7,0,¢p) = >, 0™(7, ) exp(imf) then the equation (A.4) can be rewritten in the wave number rep-
resentation, for each poloidal mode m and for each independent value of ¢, as the following differential
equation:

1 A
LM+ ————— | (7, ) = o™ (7, A7
( Z&Te(f)> (7, 0) = ™ (7, ) (A.7)
with the operator £ defined as
0? 1 1 dig(F)] & m?
TR ZA T (7 { 2t [ﬁ g (7) dr } o r?} (A.8)

and where ®™ (resp. ¢™) is the Fourier transform in 6 of ® (resp. g). Let N, be the number of radial points
and let assumes that the radial domain is defined inside [y, 7n, ] (i.€ Fmin = 71 and Fmax = 7n,.), then up to
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second order in A7, the system of equations (A.4) leads to the tridiagonal (N, — 2) x (N, — 2) system:

w0 by o7
lf'g d?z Uiy 0 q)gn Q%l
) . : = : (A.9)
0 iy, d7 , Uiy, _, §>7N”T72 o'N, 2
0 lew,n A ) \O% o'N, -1
with for each #; € [f1,7n,]
v - (22 -5)
" . m2 . _ A R () (1 1 digy (Fi)
di = Bl (AQF" o ) 7w with 4 T s A (r Ao dr )
N alfs . _ A Tisg (74)
u, = — (55 +552) ) = 2 AR
Qm — ‘Q','L(’Fi)
(A.10)

and where 7" = <i>}(;r =0.

Solving the previous matrix sybtem (A.9) is equivalent to solve a matrix system of the form Ax = b where
A is tridiagonal, with [dy,---,dn] = [df,,dps, -+, dpy, ] the diagonal, [l1, -+ ,In] = [0,lp;, Iy, ]
the lower diagonal and [u, - ,un] = [ur2,~~~ y Uiy, _,,0] the upper one while the right side vector b

corresponds to [by, - ,by] = [g (f’ ),--+,0™(*n.—1)]. The result vector ®™ is given by [®7, - - - ,é’](}r] =
[vala T, 71.]\/'70]’

AppendizA.2.2. Solving of the equation system (A.5)
The system (A.5) can be rewritten as:

(£+ 1= Ngts) (d)rs(i) =T()  for cach i € [, 7
< ¢A) >FS(fmin) = < qg)FS(fmax) =0

with I'(;) = (p)e, (i) + (£+ ZzT( )) (@ )ps where (p)g, () = e J [ p(7i,0,0) d dp which is
equivalent (by using the same notation than for the previous matrix system (A.9)) to

diy up 0 (9 )rs(Fa) L (72)
lpy  dpy  Upy 0 (@ )rs(73) ['(73)
: . (A.11)
0 lfNT —2 dir 2 Uiy, 2 < (Z:S >FS ('fNT—Q) F(fNr—Q)
0 l'f'N 1 d'f‘NT—l <(;5 >FS(72NT71) F(TNr—l)
with for each #; € [Fa, PN, 1]
_ B(#i 7
b= - (558
dn = A27‘2 ﬁ(fz) + (1 - )‘) Z2T.(7)
— B(?i (7
w, = — (58 +5%9)
3 — 3 1
L) = (o) + (C+ 72i5)




where a(7;) and B(#;) are defined by (A.10). Let us notice that the super-diagonal (us,);_, .. x _, and the
lower-diagonal (I7,),_5 .. y, _; are the same than the ones in the previous matrix system (A 9), while the

dlagonal can be deduced from the previous diagonal of the poloidal mode m = 0 (i.e (dm)l 2 Noo1 for
= 0) by the relation d;, = d?, — M/ (Z5T.(#)).

AppendizA.2.3. Global algorithm for the quasi-neutrality solver
Then the different steps for solving (A.2) and obtaining ¢ are the following:

(i) Compute and save p,
(ii) Solve (A.4) to obtain ® and save the 3D array ®,
(iii) Compute ( ® )pg and save this 1D array,
(iv) Compute the RHS of (A.5), i.e (p)o, (L', + ZQT ) (® )pg and save this 1D array,
(v) Solve (A.5) to obtain ( ¢ )pg and store it, and finally
(vi) Compute ¢(7,6,¢) by using (A.6).

AppendixB. Numerical implementation of the collision operator in GYSELA

In this appendix, the simplified expression of the Lorentz-type operator which is used in GYSELA is
detailed. The expression of this collision operator (including the perpendicular direction, which is not yet
implemented in GYSELA) is

_ 1 F, 1 1 Fy
C(FS> == ?Lavcl‘ { HSDHSFM (‘%GH (FM)} BITS@ { HSDJ—SFMa 328 <M>} (Bl)

where B[ (r,0,vg)) = B(r,0) + vg b -V x b is the Jacobian of the guiding-center coordinates, and Fyy, is
the following shifted Maxwellian distribution

2
— Ng ms (UGH - ‘/Hs,coll) ,UJsB
Fy, = > exp [ — — B.2

L (27TTS7CO11/mS)3/2 2Ts,coll Ts,coll ( )

with the mean temperature T con = T con(r, 0, ) and the mean velocity Vi con = Vjis,con(r, 0, ®). Fyr, is
such that C(Fs) = 0. The collision term D), is defined by equation (25). The expression of T§ con and Vs con
are constrained such that the collision operator is momentum and energy preserving. These calculations
and expressions are detailed in a first paragraph AppendixB.1 while the numerical implementation based
on a semi-implicit second order Crank-Nicolson scheme is described in the second one AppendixB.2.

AppendizB.1. Expressions of the mean temperature Ts con and mean velocity Vi con for the collision operator

While this simplified collision operator obviously conserves the number of particles, the profiles Ts con(r, 8, )
and V|5 con(r, 0, ) must be chosen so that the operator is also compatible with the conservations of momen-
tum and energy

/ d*v msvg|C(Fs) =0 (B.3)
/ d3v (MSB—&— Qmst|> C(Fy)=0 (B.4)

where J, = 27TB|TS /m is the jacobian in velocity space and d3v = J, dus dvg| is the space velocity element.
Let us first consider only the contribution of collisions in the parallel direction. We use the expression of
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the collision operator (B.1) and integrate eq.(B.3) by parts twice in the variable v

F = 7 «
(B.3)) = 27r/ dps dugy {FM 15 DlsOugy Fa, + FsBug, (B|sD|s)}
Let us define the average (-) as (-) = [ d®v - F, and use the fact that d,,, Far, = —F, w%‘;ﬂ”“), then
Mg 1
(BS)H = Tooon ‘/Hs,coll <ms,DHS> <ms,DHs'UG’H> + Ts coll B‘T 871(;”( Ils D” ) (B5)

We perform similar operations on the contribution to eq.(B.4) of collisions in the parallel direction:

ms *
(B4)H = {V|s,coll <msD||sUGH> - <m DHSUGH> + Ts coll <B* a’UGH (B||SD|SUG|)> } (B6)

s ,coll I

For collisions in the perpendicular direction, eq.(B.3) is trivially verified. We perform two integrations by
parts in the variable p for eq.(B.4),

Then using the fact that d, Fy. = —Fay. T

coll

(B4)L = Tsi:oll {<B;T a (B|QDLS)> s,coll — <DL9>} (B?)

Using equations (B.5), (B.6) and (B.7), the conservation equations (B.3) and (B.4) form a linear system
in T con(r, 0, ¢) and Vjs con(r, 0, ) as follows

1 *
Vijs.coll <msD|s>+Tva“<Br 8vc(B||sD|s)> = (msDjsva))
mg * * 2 2
Viis,cot {m3DyjsvGy) + Ts,con <B|* Bugy (BjjsDysvay) + BB, eyrald (B||SDLS)> = <msDusvcu +D¢s>

Solving this system, we find that the conservation constraints are verified if the profiles Vi, con(r, 0, ¢) and
T con(r, 0, @) for the collision operator are defined as follows

Mg N 1
msPVjscon = <B|* Oug) (BjjsDysva)) + BB, 55 2u(Bj:PLs) ><msD|st|>
) D 2Dy wi + D
B|T 'UGH( IIs HS) <ms HSUG||+ J-S>
2
PTycon = <D\|s><mspus“én+DL5>—<msDusvcn>

where

P = <DHS> <BT 8UGII (BI*\SDHSUGH) B;T 0 ( |5DJ-S)> - <msDHstH> <B1|*avc( |5D|3)>
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and as a reminder () = [ J, dus dvg - F, with J, = 27rBl"ks/mS.
Let us remind that only collisions in the parallel direction are taken into account at the moment in the

code, i.e D1 s = 0 in above expressions. Then, let us define the 5 following integrals:
I() = <D”S> ; Il = <m3D”S’l}G“> ; [2 = (ng”SvéW

1 *
B, g (anvcu Dus)>

Ms

B

lls

Iy = (o 0oy (Bj, D)) and L=

Therefore the mean velocity and mean temperature can be simply expressed as:

msVscon =P (Iy x Iy — Iy x I3), Tyeon = P~ (Ig x I — I7) and P =1Io x Iy — I x I3

AppendizB.2. Crank-Nicolson scheme for collision operator solving

In the following, the semi-implicit second-order Crank-Nicolson scheme which is implemented in GYSELA
to take into account the collisional effects as

_ _ 1 § _ -
OF, = CulF) = g0y { B}, Dow, F. ~ BjVF.} (B.8)
S
: : s . B(v)-G(v)\ - N
is detailed. The diffusion term D is defined as D = D, (r,v) = A(r) (T) with A(r) = 335 —f— 1.

(UG [ 7‘/“ s,coll)
2

v
Ts,coll

while the expression of the drag term V is given by V = V(r,v) = — Dj5(r,v). Classically, let

us write: fJ' = Fy(r,0, ¢, v@|,j»> tn), where subscript j € {0,..., N} refers to the discretised index in parallel
velocity space and superscript n refers to the time. For each value of us, each term in eq.(B.8) reads:

B .0,f — B: -8 59)
lls& (EN] At .

" 1 * n+1 n+1 n "

g, ( HsDa”GHf) - Tvé\l {B\ls,j+%Dj+% = 7+ = 17
=By Dy [T - A - ff_l]} (B.10)

B, Vi [+ i) = By Ve [+
Ouey (Bj V) — 22 s Ui Fal = By oaVomr i+ £ (B.11)
4AUGH

Is 1 B\Ts,jil) is exact.
Then, using expressions (B.9), (B.10) and (B.11) in the equation (B.8) gives, for all j =0,--- , N:

where we use the fact that B\Ts is linear in vg||, i.e the expression B\Ts ja1 = % (B*
WJE3Z

*

2B7
A fi + B i + O = A7+ ( AHt’] - Bj) fi = Cjfia (B.12)

where the coefficients A;, B; and C; are defined as:

Q1 Bi_1 B|*\s‘ iy +og g Q1 Bis1
A — J—3 J : B. — »J + 3 2 : C. = — 2 J (B13)
J QA’UéH 4Avg I At 2AU%H J 2Avé” 4Avg
with
Q= BHS,ij and ﬁj = Bﬁs)jvj‘ (B14)
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To compute the terms a_y/2, 8-1, ayy1/2 and By required for Ag, By, By and Cy calculations, the

boundary conditions 827)/81%” =0 and 821//81%” = 0 are imposed, i.e :

D

Dy y

:2D0—D1 and V,1 ZQVO—Vl
2DN DN 1 and VN+1 = QVN VN 1

1
2
1
2
and the fact that B\T is linear in vg) is used, i.e:

B\Tg—l = (33\\50 B, ) ; B|\s—1—2B||so |Ts,1

3 llss

Blav+y = 3 (33\\871\/ - BH&N—%) i Bls,nt1 = 2Bjs,y — Bjjs,n-1

(B.17)

(B.18)

Finally, let us consider that the second derivative of f is vanishing at domain boundaries, i.e f_1 = 2fy — f1

and fyy1=2fn — fnv—1 then

2By,
(Bot 24054+ (o= A = (S0 = o= 20) £~ (Co— o)y
n+1 n+1 n QBT n
(Av = CN)fNT+ By #2408 = —(Av = On)fya+ (=1 — By — 208 ) f&
The system can be rewritten in the compact tridiagonal form:
By +24 Cy— Ag ot Ry
A B = . (B.19)
. Cn_1 : :
Ay —Cy By +2AN ]7\1[+1 R%
and (R, -, R%) =R (f,---, f2)" with the matrix R defined as
~2A - Bo+ B2 —(Cy — 4o)
_ _ 2BH§ Ny
R— Ay By + (B.20)
. —Cn-1
2BH N
—(AN—CN) —2CNy — By +
The tridiagonal system (B.19)-(B.20) is solved by using a modified Thomas algorithm.
AppendixC. Expressions for simplified collisional transfer between two species
AppendizC.1. Conservation properties of collisional energy transfer
Let us consider the energy exchange between two species defined by equations (34)-(39), i.e. dF,/dt =

CE.(Ess) and dFy /[ dt = C& (Eys) with
£, ATso [ Eo 3 Ess
Ci/(g (/) = _ Mss ss < ss _ ) exp (_ ss )
> * (QWTmean/ms)g/Q Tmean \ Tmean 2 Tnean
¢ ATys [ Ey 3 Ey
Cg/g/ = _ Nss s's s's 9 _ s's
’ é( ’ S) (QWTmean/ms/)S/Q Tean \ Tmean 2 P Tean
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with Egs, g5 defined by equation (38) and Tiean, ATss defined by equation (36). Let us consider the
brackets (- ), ;- defined as

1 v?  pB\ 27
s U EL T
T on T ma)? °T T )m, |
Let us define 9 = vg| — Vinean- Then, using the fact that <1>17H,Tmean = 1 and <ms'l_)ﬁ >7 - =
va mean

(usB >'DH Toens = Tiean, it is straightforward to show that such a collision operator conserves both par-
ticles and parallel momentum, i.e that

(CEL(E,)) =(CE,(Es)) =0 and  {(vg CL/(E)) + (vaCos(Es)) =0  where (-):/~d3v

The parameters 775‘95, and nf,s are designed such that the collisional energy exchange between species satisfy
(€ CE (&) = —(Ey CE,(Es)). So let us compute the following integral in velocity space,

AT,y Ess 3

P £ 3 £ Ss Ss

L CE) = [ & CL &Py = —if, s )

<5 Ces > /5 Css M s Tinean <5 <Tmea“ 2> >U|| Timean

which is equivalent to <58 ngs,> = —nfs, (ATss /Tiean) Z, where

172 (V2 — Vn21ean) AV , 1 172 5 3
I = < ms% + ms‘lsf — Mg (77” + anean) ng + /J'SB “myg ” + /Js 3

of AVig o AVE P\ (2 of L mB3
= Ms— — My V) + Mg s —Myg _—— =
2 2 s ) 2 T e 2) /.
V|34 mean

miu ot AVZ 3\ msOiusB 2B2 3
s7l I s's ST Hs
= s sB s B - SA‘/;Sli
<4Tmean T\ (m STncan 2) T e Twen 6
V||»L mean

'EH Tmean

Then, using the properties, < m?f;ﬁ >1_) . =372, and < u2B? >17H,Tmean =272 ., and < msﬁﬁﬂsB >1_) . =
|| s+ mean || »4 mean
T2 ..., the collisional energy exchange between species occurs at the following rate
3AT ’ AV ’ 2
E CL) = —nt, = (11— = C.2
< s 8s > 775.5 2 8Tmean ( )

Let us use the property that the energy exchange term between two species is of the form (cf. [62], p.184)

2
4 Vss! nsns/(TS - Ts’) _ mSUT> UTS

. 1
= Bvomg?Csy  with Vs N Vg
VI M (v + g ) [ s e

Weer = —

where vy, = max(vr,,vr;) and the collision frequency vy is deduced from the ion-ion collision frequency
Vss a8

Zs’ 2 Ng UT, 53/2 Ts coll 1/2
ss’ = > S8 d ss — T 5 ’ *S C.3
v, <Zs> 0y or v and v o ( m. ) v (C.3)
Therefore
A 02\ 3/
uT ms T3
Wesr = _ﬁl/ss’ ins — ATy (1 + 'U%S ) (04)
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Finally, by analogy between (C.2) and eq.(C.4) (considering AV2, /8T can < 1 ), this provides for the
effective collision frequency n¢,, the following expression,

—3/2
e 883/2 & (Zsl)2< ’U%,) \/Ts,coll/msy

y = s 1 %S
e = 3w " g \Z, T2 4Ro

which is equivalent to the one given by equation (39).

AppendizC.2. Conservation properties of collisional parallel momentum transfer

Let us consider the parallel momentum transfer defined by equations (40)-(42), i.e dFs/dt = CL5"(Es)
and dFy/dt = C.5!(Ey) with

OUG” (Ee) = *UZSGZH AVSS/UGH exp <

ss’

v Es/
) and Csfi(Esf)mg'AVs/evclexp< T, >

mean mean

Considering this approximation, the momentum exchanges between two species reads !

3/2
2
<m UGHC / d3v mstH = —7785 S AV,er ( 7r> Tri/ein (C.5)
d Mg
dFy 27 \*/?
<msvc\|0 / d3v Ms VG| =g~ Norsl AV (m5/> T3/2 (C.6)
Therefore, the action-reaction principle <m vGHCSSG,” > =— <m vGHC;)G” > leads to the first constraint 775G5H =
(mg /M )3/ 2 UG” . The second constraint comes from the neoclassical friction relation,

dFy
/ d \RUZ el dt = msns’/ss’AVvss’ = _ms’ns/ys’SAV;’/s

then using equation (C.5) leads to

-3/2
27 _
nssGH = MsNs () Tme5a112

mg

Finally, using the relation (C.3) for vy expression, 7.5 can be expressed as

ol = ngm? (i)g/z L Voo (2o 2UTSI/
7755/ S 27T qRO Tr‘?l/ein Zs ’UT> *S

which is equivalent to equation (42).

AppendixD. Source terms
Focussing on the source term, the gyrokinetic equation reads:
dF
dt

= Sge(r,0,vg, s)Sr(r) (D.1)

3/2 3/2

vG el 27 Tmes 27T,

11<mstHCss’”> _ _nSS,II AV, ( WT;LH:M,) <ms’0?;” >U . — _77&5/“ AV, ( 7\'"1;;ean) Trnean
b G| »Tmean
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The prescribed radial source profile S, (r) is defined as the sum of two hyperbolic tangents

Sp(r) = —% [tanh (p—pi—?)Ls> + tanh (W)} (D.2)
s S

where pg and Lg are input data and p = (r — ryin) /L, where L, is the length of the radial box. The energy
dependent part of the source is decomposed on the basis of orthogonal Hermite and Laguerre poynomials
(cf. next section AppendixD.1 as a reminder):

+oo o0 B

Sk (7", 0, lellp :U’S) = Z Z cheHp ('DGH S)Lf(ﬁs)e_acu o (D3)
£=0 h=0

where the cpy coefficients depend on the space coordinates only. The following definitions have been intro-
duced:

_ s B _ _ va|
= : == D.4
‘LL TS,SrCe UGH ° 2TS’SrCe/m5 ( )

with T§ gce the normalized source temperature.

AppendizD.1. Hermite and Laguerre polynomials

The Hermite and Laguerre poynomials form the set of orthogonal basis with respect to the following
scalar products:

“+o0
Laguerre Lg(x) : / L¢Lpe™ dx = §pp|Le|? (D.5)
0
+o0 5
Hermite Hh(:C) : HyHpe ™ do = 5hh/|Hh‘2 (D6)

The Laguerre polynomials are normalized: |L¢|?> = 1. The norm of the Hermite polynomials is:
o0 5
|Hy |2 = H? e™® dz = /m 2"h! (D.7)

— 00

The five first Laguerre and Hermite polynomials are:

Lo(l‘) =1 Ho(x) =1 — ‘H0|2 = \/E

Li(x)=1- H(z) =2z — |H|*=2y7

Ly(z) = l(2 4 + 2?) Hy(z) = —2 + 422 —  |Ha|? =87 (D.8)
Li(z) = 3(6—18m+9x —x3) H3(z) = —12x + 823 —  |H3|? = 487

Ly(z) = 5;(24 — 96z + 7222 — 162° + z*) | Hy(w) = 12 — 4822 + 162* — |Hy|> = 384/7

AppendizD.2. Corresponding sources for fluid moments

Let us derive the corresponding source of matter S,,, of parallel momentum S of energy S¢ and of

vorticity Sg. With the adopted definitions,

va|

\/ 2TS srce
p © oJ” (D.9)

BlTS:B(l—i—JHB’UG”s) and JHB_
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The parallel current poJ) = pob.J is prescribed in GYSELA. Then, the integral over the velocity space reads

as follows:
+oo +0oo 27rB‘TS
/d3v = / dvG”/ dpss
—00 0 ms

1 27TTS srce 3/2 Foo _ _ —+o0 -
ﬁ (TnS) [m ( JrJHBUGIIS) dvGuS/O djis

Notice that (1 + ‘]HB’EGHS) = Ho(@GHs) + J‘%Hl(ﬁgus) and Lo(fis) = 1. The fluid source of matter S,, is
simply S,, = [ d3v SgS,.. Using the decomposition of Sg on the basis of orthogonal polynomials (D.3), the
source of matter becomes

27Ty srce |/
S, = (m’ > (COO + JHB Cl()) Sy (DlO)
The fluid source of parallel momentum SUG” reads as follows: Svcu = f d3v vg|SESy. Following the same
procedure than for the density source, one finally obtains:

TS srce 2
Svcu = 27°/? (7) [2010 + JHB(COO + 4020)] Sy (D.11)

mg

'U2
The fluid source of energy S¢ is defined as follows: Sg = f d3v <ms‘;’ —|—,usB) SES,. Notice that

(msvéu/Z + usB) = Ts,srce(ﬁéus + jis). Again, the energy source can also be recast in terms of the cpy
coefficients:

27T, sree \ 3 5
Se = Er— T srce |2 c20 + 500 ~ o1 + §J\|B c10 +6J g c30 — JyB 11| Sr (D.12)

AppendizD.2.1. Source of vorticity

The fluid source of vorticity Sq is simply: Sq = f d®v Jy..(SES,), where Jy_ is the gyro-average operator.
We use the Padé approximation:
mS /u’S mS TS,SI‘CC

~ 2 _ = 2 : _
gNl‘i’qigﬁval‘i’Oéﬂsvl Wlth OZ—E2B2

Jo

Again, the vorticity source can be recast in terms of the cpy coefficients as

27TTs,srce

ms

3/2
SQ = Sn + « ( ) [Vi ((CO() - 001) Sr) + JHBVi ((010 - 011) ST)] (D13)

AppendizD.3. Pure sources of momentum, energy and vorticity

The expressions of S, (eq.(D.10)), Sy, (eq.(D.11)), Sg (eq.(D.12)) and Sq (eq.(D.13)) provide the
constraints on the cpy coefficients in order to impose independently zero source of density, of momentum, of
energy or of vorticity. Let us consider three cases:

e Non vanishing source of energy, with no injection of particles nor of momentum.
e Non vanishing source of momentum, with no injection of particles nor of energy.

e Non vanishing source of vorticity, with no injection of particles, of momentum nor of energy.
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These three cases are considered hereafter. Imposing zero source of matter, the fluid sources of parallel
momentum, of energy and of vorticity are proportional to:

S, = 0 = copo+ J“B ci10=0 (D.14)
Svcu x (2 — JﬁB) c10 + 4J”B C20 (D.15)
Se o 2c99 — coo + 6J||B C30 — Co1 — JHB c11 (D.16)
SQ 08 —Vi (JHB Cl()Sr) + JHBVi (Cl()Sr) — Vi (cmST) — JHBVi (cllST) (D].?)

AppendizD.3.1. Pure source of energy

Killing the fluid sources of particles, momentum and vorticity, while keeping finite the fluid source of
energy, imposes eq.(D.15) and eq (D.17) to vanish. Several solutions can be envisaged. Let’s choose c3p = 0
and (co1 + Jyg c11) = 0, with (2co0 — coo) # 0. Then, the fluid source of vorticitiy trivially vanishes for
c19 = ¢11. To summarize, we propose the following set of coefficients for a pure source of energy,

2

- C20 ; Coo = Co1 = 4JHB
7 ) = =5 _ 12
2 JHB 2 JHB

C20 C3p0 = 0 and C20 7& 0 (D18)

C11 = C10 = —

In order to inject solely energy into the system, the source term that should appear in the right hand side
of the gyrokinetic equation would then take the following form:
— 52 — 1

Se =8, (Coo + co1 L1 + cioHy + c11 Hi Ly + Cgng) e UGy e T He

_ 1 JHB
Uéus 5"

_ 72
22— Ut

=4 ¢S,

— 02, —fis
(2 —ps)(J)B — QUGS)‘| e 91" due to (D.18)

while the fluid source of energy Se¢ would have the following magnitude:

ms

3/2 2
o 27rTs,srce T 1— 2JHB conS
- me s,srce 9 _ J2 2007

21Ty rce
Se = (M) T srce(2 c20 — €00)Sr  according to (D.12) and (D.18)

1B

3/2
Let us introduce the normalized intensity S(‘)S = 2¢99 (%) T srce then the previous equality becomes

2J7
Se = (1 -5 ‘j]2 > SE S, (D.19)
B

Then, up to small terms proportional to Jj 5, S, —which is normalized such that its volume integral is equal
to unity— provides the radial shape of the energy source, while S§ gives its magnitude. Finally, S¢ can be

expressed as:

Seg = (2 - 11s) (20¢,s — JyB) e e (D.20)

S§ S, 5 I
T, 3/2 Yo Ty T o

B
with Jj g defined by (D.9).
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AppendizD.3.2. Pure parallel momentum

Killing the fluid sources of particles, energy and vorticity, while keeping finite the fluid source of parallel
momentum, imposes equations (D.16)-(D.17) to vanish. Again, several options could be considered. Fol-
lowing the same strategy as for the energy, namely cy1 = c¢19 and cgg = cg1 = —J|B c10, then the source
of energy vanishes if c3g = 0 and 2 cg9 = cgg. Consistently, in order to inject only parallel momentum, the
following source is proposed

Sy S, 9 —0% —is
Sugy = —— 2" [206,5(2 — fis) = Ty (14208, — i) | e " (D.21)
47_[_3/2 (Ts,srce)

s

2
where the the normalized intensity Sy is defined as S;°! = 473/2 (%) c10. The corresponding fluid

source of momentum is (according to (D.11))

2
Sva :( T > S Sy (D.22)

Then, at leading order in J) g, S, corresponds to the radial shape of the momentum source, and Sgc” to its
magnitude.

AppendizD.3.3. Pure source of vorticity

So as to inject vorticity only, the simplest choice appears to be: coo = c19 = ¢11 = 0 and ¢cgg = 0. Then
the source of vorticitiy is governed by the cp; coefficient only: Sq o fVi(cmST), while that of momentum
eq.(D.15) is set to zero. The source of energy eq.(D.16) vanishes provided that c3p = (1/6.J)5) co1. Obviously,
such a constraint is invalid for those simulations performed at vanishing parallel current. Alternatively, one
decides to allow for some parallel momentum injection by taking cag = ¢p1/2 # 0 and c39 = 0. Then, the
source term to be considered is the following

S(()l Sr 9 _ —172G s—Hs . ms Ts,srce
o =
. . . Q - Q 27T 3/2 . .
where the normalized intensity S’ is defined by S’ = —co1cv (%) and the resulting fluid source of

vorticity is
Sa = S5V (Sr) (D.24)

We recall that such a source does inject some momentum as well. However, its magnitude remains small,

and equal to (—2/ 2;25 Jip S§Sr).

AppendizD.3.4. Another possibility for the heating source
There exists a simplified version of the heating source possible in the code which is not exactly a pure
source of heating. In this case the energy dependent part of the source is defined as:

S§ E 3 E
Se(r,0,vq), pus) = - 0 7 (T — - 2) exp <— T ) (D.25)
3\/§(ﬂ' ;:rce) TS,Srce s,srce s,srce

where E the energy is equal to £ = %mSUGH + psB. Therefore,

/ood /OOQWBTSd E Sk =25¢
Va|| s E = 9g
0 ms

— 00
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AppendizD.4. A source of impurities

According to equation (D.13), it is clear that in this source formalism it is complicate to generate a source
of matter without injecting a source of vorticity. So as first choice, we take coy = cp1 and c19 = ¢11 = 0,
such that Sg = S,,. The injection of momentum and energy can be avoided by imposing in equations (D.11)
and (D.12), cog 4 4cz0 = 0 and 2cog + (3/2)cop — co1 + 6.Jpc3o = 0. Due to the previous assumptions, this
leads to c3p = 0. Therefore, using the fact that cg1 = coo and cog = —(1/4)cgo, the matter source term take
the form

5 _ —v% L —is
Sn = STCOO <2 — Hs — Ué‘”s> € <l
Then, according to equation (D.10) and considering the normalized matter source S§ = (27T srce/ ms)3/ oo,

S¢Sy 5 9 —0%, L —ls
T (3-mrt)e™ o

meg

Let us denote by S, (resp. S,_,) the source of matter associated to the majority species s (resp. to the
impurity species s’). The injection of impurity must be compensated by the injection of the majority species
such that

Z / Sn. v, dvg) dps + Zg /Sns/va/ dvg) dpsr =0

AppendizD.5. Numerical treatment of the source terms

The source terms are taken into account by solving d,Fy = Sg¢ + SUG‘| + Sq + S, with S¢ defined by
eq.(D.20), Sy, by eq.(D.21), Sq by eq.(D.23) and S, by eq.(D.26). For the following, let us use the fact
that each source is of the form Sg(r(t),0(t), vg(t), ps)Sr(r(t)). For more readability let us consider one
unique source knowing that the numerical method described below can be generalized to a sum of sources.

Let us integrate in time between t and ¢t + At the equation

%(7‘,9,%1@”,#) =S(t) with S(t) = Se(r(t),0(t),vq)(t), pms)Sy(r(t))
then

t+At
Fult + At) — By(t) = / S(t') dt

Sp(r(t+ At) + [r(t') —r(t + At)] aair (r(t + At)) + O(At?)

oS,
or

Sp(r(t'))

Se(r(t+At) + (' —t — At) " a2 (r(t + A)) + O(A2)

Besides, let us define Sg(t') = Sp(r(t'),0(t'), va) ('), ps), then
Sep(t') = Se(r(t+At), 9( ve) (t), ps) +

(= ST (1 4 80, 00, v (1) 1) + O(DP)

Se(r(t + At), 0t + At), v (t + Ab), 1) +
d’l“| aSE
dt t+At T or

oS
dt e oy (r(t+ D000 + A), vy (¢ + At), i)+

d’UG“ ‘ 8SE
dt At 8vGH

Q

(t' —t— At) (r(t+ At),0(t + At), vg) (t + At), ps)+

(r(t+ At),0(t + At), vg (t + At), ps) | + O(AE)
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Therefore, the distribution function F, at time t + At is given at second order in time by

F(t+At) = Fy(t)+ AtSp(t +At)S (t+ At) —
At2 S, d 0SEg
Se(t+ At) a |t+At |t+At + S (t + At) < d; ltrnt—— or IUNSS
de | 85E| dUGH | 0SE ‘
t+At 89 t+At t+At 7 8 t+At

In the code, the radial derivatives of the sources of: (i) energy 9, Sg, (i) momentum 0,5, , (iii) vorticity
0, Sq and (iv) density 9,.5,, are computed numerically as well as the poloidal derivatives. On the other hand,
the derivatives in vg| direction are expressed analytically as

(i) for the pure source of energy:
0S¢ SE S, 1 ( 5 S\
= eXp \ —VG,s — MS)
8'UG” \/5 (TrT;isrce )3/2 Ts,srce 2CZWS,STCG I

s

[—2Kh(2 — fis) = 205 {véls - g - K2 - ) (2065 = ) H

(ii) for the pure source of momentum:
98y Sy S, 1

_9 _
= exp (—v < — us) X
Ty ( )2 2T srce “

[2(2 — [is) (1 — 21%”3) +2J) Vg, s (—1 + 208 5 — ﬂsﬂ
(iii) for the pure source of vorticity (according to eq.(D.23)):

0Sq S§ S, 1 ( " - ) [ _ _ 9 _
I exp | —v — A0a,s — 20, s <2v s — g)}
GUGH o (QWTs,ﬁrCe ) i 2Ts,srce P s e e “ e g

(iv) for the source of impurity (according to eq.(D.26)):

oSy, Sy Sy 1 _ _ _ T
= 0 exp (_Uéus — Ms) |:—2UGS (2 — fls — vé”8>}

dug| (%n,m)m /2T eree

mg

AppendixE. A Crank-Nicolson scheme for diffusion terms

In this appendix the semi-implicit Crank-Nicolson scheme, which is implemented in GYSELA to take into
account a diffusion term of the form

OF, = %& (rx(r)arps) (E.1)

is detailed. Classically, let us write: f* = Fy(r;, 0, ©,v¢|s tn), where subscript j € {0,..., N} refers to the
discretised index in radial direction and superscript n refers to the time. Let us also define D = rx(r) with
X(r) = XoHpus(r). The diffusion amplitude xo is modulated by a radial profile Hy,g which is equal to
1 in the buffer region and equal to 0 elsewhere. For each value of us, each term in eq.(E.1) reads for all
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[ {Disy (55 = 177 + (Flfa = 1))

2Ar2r;
=Dy [ = £+ (= £)]) (E:2)
Let us introduce o; = W, then
—aiDoy S+ (L4 i (Diy + Dy )| F71 = iy 1 = RY

with

R = D,y firy+ U= i (Dimy + Doy )| f7 4 aiDpy Sl
Therefore, for alli =10,--- , N,

AiffN + BifiT + Ciff = — Al + 2= B) I = Cifla (E.3)

where the coefficients A;, B; and C; are defined as:
A'L = —CkiD,L-7; ; _BZ = ]_ + (673 (Difl + D'H»l) 3 CZ = _aiDi+l
2 2 2 2

Using the fact that 741 /2 = 0.5 (r; 4 73+1), then Dii% = % (riXi + Tit1Xi + TiXix1 + rit1Xi+1). Concerning

the boundary conditions, let us consider that the second derivative of the radial profile x is equal to 0 at
2 2

the boundaries (i.e ngﬂrmin = %\rmax =0), then

1

Ar 1 Ar
D_% = 3 <ro — 2> (3xo — x1) and DN+% = 3 (TN + 2) (BxN — XxN-1)

Besides, a non-homogeneous Dirichlet boundary condition is applied to the outer radial boundary such that
Fy(r = Tmaxs 0, @, Va|» ths) = F, eq(T = Tmax, 0,vg|, its). Concerning the inner radial boundary, there are
two possibility: (i) non-homogeneous Dirichlet boundary condition Fy(r = ruin, 0, 0, VG|, hs) = Fyoq(r =
Tmin, 0, V||, ths) in the case of thermal bath or (ii) Neumann boundary conditions (i.e f-1 = f1) in the case
of flux-driven simulation. Let us consider the boolean x which is equal to 1 if Neumann boundary conditions

are applied (i.e in the case of flux driven boundary conditions) and is equal to 0 otherwise. The system can
be rewritten in the compact tridiagonal form:

(1—k)4+kBy k(A + Co) 6z+1 Ry
Ay B, ’
) = : EA4
e, . (E0)
An_1 By_1 Cn-1 il .
0 0 1 N Ry
with
REL (1 — ,‘Q) + KV<2 — Bo) —H(AQ + Co) faL
—Ay (2—By)
B : —Cn-2
. —ANn_1 (2—Bn-1) —Cn-1 .
Ry 0 0 1 I

The tridiagonal system (E.4) is solved by using a modified Thomas algorithm.

o7



AppendixF. GYSELA normalized equations

This appendix contains the expression of all the normalized quantities and normalized equations imple-
mented in the code GYSELA .

AppendizF.1. GYSELA normalization

Let consider my = Agm, (kilograms) a reference ionic mass, g9 = Zpe (coulombs) a reference ionic
charge, By (tesla) a reference magnetic induction and Ty (electron volts) a reference temperature. Ay and
Zy are the (dimensionless) mass number and charge state of the principal ionic species and e the modulus
of the electron charge. These quantities are used to define the reference ion cyclotron frequency €Q.,, the
reference thermal speed vp, and the reference Larmor-radius pg as:

q - %eBo o JTo _vn _ VTomo (F.1)
co mo ' To mo ’ po Qco Z() (& BO '

Actually, the seven normalizing quantities (Ao, Zo, no, 1o, Bo,a, Ry) are not completely free. Three di-
mensionless parameters are further specified in the input data, which provide relationships between these
seven parameters. These are the aspect ratio A = Ry/a, rhostar p.o = /Aom,To/ZoeBy and nustar
vio = €% 2(qRo/v70) Veott.o ~ ZinoRo/T¢ (where & and ¢ are taken at 7peak = Tmin + 0.5(Pmax — Tmin)). It
follows that, given A, p.o and v.g, it remains only four free normalizing quantities. Hereafter, X refers to
the dimensionless expression of the X quantity. The normalizations used in the code are summarized in the
table F.12.

m. = moA, Vel = VTol)s_ X = RO
qs - ZO 623 - (UTD/ AS)’IA}G”S v - QCO v
I = pol vBxB, = Unbbxs, Dys = v, R D
= 0 _ .
t = t/Q = YDy = YTUDs and | Vs = v, Qe VHS
N Hs - (TO/BO) SE _ Q- T S
Ns = no tl's U _ [ /(Z e)] UO - nO CO 0 Ov
TS = TOTs E - (2) (; SOG“ == nOgCQUTSoSOGH
_ A = . 52— mf go
B BOB Eg (nO/UTSO)Eq 0 P(2) 0

Table F.12: Links between physical and normalized quantities.

Notice that the parallel velocity is normalized to vr,, while all drift velocities are normalized to vr,.
The normalized system of equations is made of the 5D gyrokinetic equation (including source terms and
collisions) self-consistently coupled to the 3D quasi-neutrality. The gyrokinetic equation involves Poisson
brackets [-,-]. Introducing the unit vector b = B/||B|| along the magnetic field, its covariant components
b, and the jacobien Jy of the configuration space, these brackets read as follows:

[F,G]=b-(VF x VG) = J %0, F0;Gby, (F.2)

AppendizF.2. Normalized Boltzmann equation

The evolution of the guiding-center distribution function ﬁ's is governed by the following normalized
Boltzmann equation:

oF, 1 dkg » 1 0 ([, dogys ) . .
= — V- (B —F, — B —F, ) =D, (F, K(Fy C(F, S F.3
% B (5150 ) + 5 g (B0 (F)+R(F)+C(F)+S  (F3)



where D, and K are respectively a diffusion term and a Krook operator applied on a radial buffer region (see
section AppendixF.4), while C refers to a collision operator (see section AppendixF.5) and S corresponds to
source terms (see Appendix A in [106] for detailed expressions). The evolution of the gyro-center coordinates
(Xa, vy, its) of species s is given by:

dat, 1 .

G = _jgbt-Val+v V! +vp, - Vi F.4
5 VA G- ExB, D, (F.4)
do 1 oyoon Zsorh oo o VB
Gls = Qb VB — b Vo + Kyp i) VExnps - ~— (F.5)
dt VA, VA, B
The i-th covariant coordinates of the normalized drift velocities are given by:
5 i o L=
o Tt = Vg, = - [1,5] -
B,
o Vi —vi — K M {B 551} (F.7)
Dy Dg VB ZASBI’TSB P .
while b* and Eﬁs are defined as:
N 1 - As 0 S & A ’S As 0 s a
bi= — (B+ Y2 leg) and B =B+ L0y (F.8)
B, Zs B Zs B
The normalized magnetic field B is defined as
- Ry 7
B=- ((7)eg + e with ((7) = — F.9
R(T‘,G)[()g ol (7) e (F.9)
while the normalized current reads
e Ry R P
J= th Jp=—==>(14—-— — —<cosf F.10
JrRVp wi T 77 < + ¢ di Rcos ( )

The constant Kvp has been added for tests in the code. Ky g is equal to 1 if the curvature of the magnetic
field is taken into account and 0 otherwise. In equations (F.4) and (F.5) the parallel projection V”F is

computed as b*-VF = b*§,F. In equations (F.6) and (F.7), the explicit expressions of the Poisson brackets
[6, 2] and [B, 2?] are given by:

[6,5'] = 75 { B2 0,06 — By 0,26} [B,21] = =15 x By 0,28
[6,2%] = 45 {~B1 0,06+ B3 0,16} and { [B,a?] = 5 x By 0 B
[6,2%] = 75 {B1 026 — B2 0,1 6} [B,2%] = 21 (B1 0,2 B — B> 0,1 B)
AppendizF.3. Normalized quasi-neutrality equation
The normalized quasi-neutrality equation is '2:
- Ly av, (ﬁ%m&) b [6-ABIns] = 3 Zulie, — gl (D)
fleg S °° B 72T, leg S o

121n the code, to avoid the expensive gyroaverage operation for each value of vg| —which occur for the computation of the
RHS of the quasi-neutrality equation (F.11)— we use the definition (F.8) of Bl’“S and therefore the fact that the term fig, —fig, cq
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where the normalized electron density f, is defined as e, = ZS ZOZSﬁSO. Notice that, in the polarization
term (first term of eq. (F.11)), B has been replaced by By = 1. The integral (¢)ps = S bJdodep/ i Jedodyp
represents the flux surface average of ¢ (with J, = 1/(B - V#) being the normalized jacobian space). The
parameter A has been added for tests. It can be chosen equal to 1 or 0. The normalized guiding-center
density ng, of species s is given by:

na, = / dﬂs/jv dig|s jos 'ﬁs (F.12)

with the normalized jacobian in velocity equal to J, = 2nB:

s The correction term fig, q in the right
hand side is defined as follows:

ﬁGs,eq = / dﬂs/jv df}GHs jOS : ﬁ‘s,eq (F13)
where
~2 PR
. 5 (vG J2+ ,usB)
Fs,eq = 65# €eXp | — H = (F14)
(2, )7 7,

represents the equilibrium part of the distribution function. The concentration ¢, is such that ) cSZOZS =

1. The normalized gyroaverage operator jos approximated by Padé corresponds to jos ~ 1+ % ‘2; %@i

where, as in the quasi-neutrality equation, Bis replaced by By =1 in the code.

AppendizF.4. Normalized diffusion terms and Krook operator in buffer regions

A radial diffusion and an artificial damping are applied in buffer regions. These buffer regions are defined
at each boundaries of the radial domain # € [fpin, Pmax] as a sum of hyperbolic tangents:

ffo 4+ B [A/r F_fo B i/r
tanh I~ Tma —~: L — tanh i L
Bs L, Bgs L,

~ 1
Hbuﬁ(f‘) =1+ § (F15)

where L, is the normalized length of the radial domain. By, and Bg are respectively the location and the
stiffness of the buffer regions. The function Hyuer plays the role of a mask which is equal to 1 in the buffer
regions and equal to 0 elsewhere.

A radial diffusion '3 is applied on this buffer region by solving the following equation

aﬁs A 2 ) ~ 2 1 0 FNPIR 0 Ak B
o7 = DB with Dy(F) = B 5 <rx(r)a72 (BISFS)> (F.16)

where y(7) = Xoﬁbmcf(f), where the normalized magnitude xq of the diffusion coefficient in the buffer region
is Xo = X0/P5 o

can be expressed as:

G, — NG, eq = 27r/ djis <B Jo, - 107,00, i) + == —2=b- 3 Jo, ~11(f,9,<p,ﬂs)>
where the integrals Ip and I are defined by:

10(72797@7 ﬂs) = / (ﬁs - ﬁ‘s,eq) dﬁGHs and 11(12,9,@, ﬂs) = /ﬁGHS (ﬁs - ﬁsve‘l) dﬁGHs

131n the code, there exists the possibility to apply the diffusion term to (ﬁ’s - Fg‘s7eq) instead of I%‘s.
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A Krook operator is applied by solving 351%8 = K,.(F,) with K, (ﬁ') f/(f)(ﬁ'g - ﬁ97eq) where D(7) =
Do Hyuge (7) such that o(7) = v(r)/Qe, -

AppendizF.5. Normalized collision operator

A collision operator Cs is present on the RHS of the normalized Vlasov equation (F.3), such that the
normalized Boltzmann equation reads:

dF, ., = . - 19 OF,
= Cs(F ith Cy(Fy) = ———— |B;. | Djs=—— — F.17
7 (Fy) wi (Fy) B, Oia. [ Is ( I Bogys Vs B ) (F.17)
where the diffusion term ﬁus and the drag term ]A)Hs in the parallel direction are defined as:
o (B(D) — G(D) L (@GHS—VHs,wn) L
DHS(T)U) = As(r) (2@ ; V“S(T,’U) = - ’[A)% DHS(TaU) (F18)
s,coll
where v = \/ (%6%”5 + ﬂséaxis) /T s,coll While the Chandrasekhar function G is defined as follows:
(0) — 0®' (0 2 (7 2 .
Go) = 200 g = 2 / e (0) = e (F.19)
21}2 \/77' 0 ﬁ

The radial profile A, is given the form

1 /2 1 £ coll 82 D
As('r')_ As ( 9 ()RO ) %5 (FZO)

The normalized collisionality 7,4 is an input data. The normalized collisional frequency is then obtained as

follows: )
1 N . 3/2
1955 _ _ (’UTb,collf ) ﬁ*s (F.Zl)

VA, \ a(F)Ro

Considering that the species s is the major ion species, the collisionality 7,4 of each minority ion species s’

is determined by
~oNd s 2
2 s’ Ze’ T‘; co ~
Dy = (7‘ ) - ool ) p,, (F.22)
s Zs Ts/,coll

In practice, T’ COH/TSI coll 18 approximated by T /T The ratio fiy /7y and T, COH/TSI coll are computed at
the radial pomt 7p which usually corresponds to the middle of the simulation radial domain. The normalized

mean velocity VHS coll and the normalized mean temperature TS coll can be calculated as follows:

‘/HS’COH = P_l <j4 X jl - j? X jd) ; Ts,coll = P_l (jO X j2 - j12) (F23)

Vyith thg normalized mean pressure defined by P= fo X f4 — fl X fg and where the five integrals f07 fl, fg,
I3 and I are

Io=(Dy) ; L= (Dudgps) ; I=(Ddg,) (F.24)
- 1 S A 2 1 D* A >
Ig = <BT 3@G”s (B||SDH9)> and I4 = <Bi>k (%GHS (B||SvGH9 DH§>> (F25)

lls lls
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with the brackets () = [ - EJ, dogs djts.

AppendizF.6. Normalized collisional transfers between two species

Normalized collisional energy transfer. Energy exchange between two species can be expressed by the fol-
lowing reduced collision operator:

dﬁ‘s ﬁfsl ATSS’ éss’ 3 (é;ssl
S = - 573 7 _ —5|exp | (F.26)
dt (27Tmean) Tmean Tmean Tmean
dﬁs' ﬁf / ATS/S g‘s’s 3 és/s
= - . = = —= F.27
“ (27TT )3/2 Tmean Tmean 2 P Tmean ( )
with
. Ts Te/ ~ Vi s =+ Vi s!
Tmewn = ; - ) AT‘?S/ =T Tq/ = —ATs s Vmean - I D) I
~ 2 R 2
“ (UGHS Vmean) (UGHS Vrnedn) N
gss’ = 9 + MsB and 55 s = 9 + ﬂsB
and

(F.28)

qRo

A s - L\ -3/2
8 53/2 \/Z <Z3,> Mg <Ts,coll >FS <1 n As T82,> / N
- = Vis

“E /A
L \T) = Yy 7y = =
Moo (7) = 3 7 i \Z A, 72

Let us notice that in practice, the flux surface average of T, s,coll 18 used (compare to the general expression
given by (42)), to consider only the radial dependency of ﬁgg, The normalized fluid moments V|, and T} are

computed as 37T5(r)/2 = ( [ &, F, d3\7>ps/1\7 (r) and Vjs(r) = { [ ¢ F, d3¥ )ps /N, (r) where &, is defined
R N2
as & = & (taps — Vis) + Al while Ny(r) = ([ Fy d*% >

Normalized collisional momentum transfer. Momentum exchange between two species can be expressed by
the following reduced collision operator

dF A . b

S = Ul ATV AV, g s exp | ——— F.29
dt s o vG” Xp Tmean ( )

dﬁ’s’ ~ —1/2 A7 N Es’
— = —n"IA AV g e exp | —= F.30
3 el A] all p( Tmean> (F.30)

with

AV = Vi ATV2 -V AL (F.31)

The averages Tmcan and Vmcan have already been introduced. The energy Es is equal to %ﬁéus + ﬂSB. The
radial profile 7¥cI reads:

. 3/2 ] ns \/ scoll
i (r) = (o) /! » (F.32)
2r)  qRoor. Titean
Where the velocity 97, is calculated as 97, = maX(A 1/ QﬁT Ail/ 2ﬁTs,) where 07, = V/ TS and o7, =

T, S/ and the collision frequencies Py, Dy are linked by the relation (F.22).
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AppendizF.7. Normalized source terms
Focusing on the source term, the gyrokinetic equation is:

dFs - P . A P . A A R
th - Sheat (’I", 07 UG”S7 /J's) + Smoment (T7 97 UGHsa MS) + Svorticity (7”, 9, vGHsa ,ufs) (F33)

where the heat source can be defined as

. GE E, 3 Jo .
Sheat = - 0 3/2 " (T — 2) exp <—T > Sf (F34)
3\& (TTG,srce) Ts,srce 8,8ree

with By = %ﬁGHS + [LSB or as a pure source of heating

. . 1 J, . . . 25¢ . 82 —ji.
Sheat = 1_)%; s = — L]f (2 — ﬂg) (21_1(;“5 — ‘]HB) 03 5 f e A Iz (F.35)
I 2 9_J2 . /2 .
HB (27TTS,SI“CB) TS,SrCe

oA iB 2 dgs = VA V2T s srce 7 & .
with ps = &, Vays = —<l=_ and Jp = =25 pod). The source Spoment is a pure source of

Ty srce 2T arce = Z B2
momentum expressed as
. R . . . . Soel cvar | 02 e
Smoment = |:21_)G“s(2 - ,as) - JHB (1 + 21—16””3 - ﬂe):| OiA S’r ! € e (F36)
Am3/272
s,srce
and the S'vorticity is a pure source of vorticity is defined as
~ 29 A S(()Z ) —f}é —[is . ~ As As srce
Svorticity = — [%GHS - ﬁs} Qb T T ith g = 20 1 (F.37)

. 3/2 2 2
a<27TTs,Srce) ZS 2B

The radial components of the sources (i.e Sf, 5261 and 5’79) are defined as:
; 1 b — (p% + 3L% 5 — (p% — 3L%
S¥(#) = —= |tanh P Ws T os) (pSA +3L%) + tanh _PT WP 7 9%s) (Ps: 5) (F.38)
2 L L%

where p = (F — Fimin)/ L,. p% and ﬁfg are input data corresponding to the radial position and the normalized
width of the different sources. These radial parts are normalized such that

/ "R drsE(R)

Tmin

1

AppendizF.8. Normalized source of impurity
Let us consider the species s as the major species and the species s’ as an impurity species. Then, it
is possible to add a source of impurities, by adding to the right hand side of equation (F.33) a source of
matter. The source S, , (7,6, 0g|s, fts) of impurity s’ is defined by
A~ S”;g 5 S 29 29 2~
. AO—T3/2 9 M TGy | XD (7UGHS' - 'us/) (F-39)
(QWTS’,srce)

63



where f}G”s/ = @GHS// 2T51,srce and fiy = ﬂS/B/TS/,SrCE. S’g corresponds to the normalized intensity of the
source. To avoid any injection of charges, the injection of impurities must be compensated by the injection
of source of matter for the majority species such that

Zs / Sn5 va dUGH d,U/s + Zy /Snsz JVS/ dUGH dUs’ =0

with Jy, (resp. Jy_,) the jacobian in velocity space for species s (resp. species s’). The normalized radial
profiles of the sources are assumed equal to S,. Therefore,

Gns § A . 3/2
~ Snss 5 N . _ a2 —fis . . 7. T, N .
S, = AO—T3/2 (2 — fis — Ué”s> o VG THe S = _75 (,jf 8 ce) Sgs (F.40)
(27TT9,srce> s s,srCE
In the code, the temperature profile of the density sources are taken equal, i.e Ts,srce = Aslvsrce_

AppendixG. Invariance

Let us consider a reference simulation without source terms. Let us also define a second simulation
similar to the reference one but where the mass and charge have been respectively multiplied by a factor
a4 and a,. Then, it is shown in this appendix that 7 control parameters (o, a:, ar,, g, Qeoll, Oudie and
QKrook that respectively rescale the space, the time, the electron temperature, the electrostatic potential, the
collision operator, the diffusion term and the Krook operator) are sufficient to ensure that both simulations
—reference and scaled— are equivalent. The constraints on the different control parameters are summarized
in table G.13 and the proof follows.

Charge Mass Length Time T. | Elec. potential

’Scaling ay aa Vaa/az | aalaz a}l 0451

Collision | Krook | Diffusion
—1

’ Scaling 1 ay/aa o,

Table G.13: Scaling which must be applied to the different characteristic quantities to obtain an equivalence between any
reference simulation and a scaled simulation

For the proof let us first consider the following normalized reference Vlasov equation (deduced from
eqs.(F.3) to (F.8)) for a species of charge Z, and mass A,

8}%‘5 { 1 ~ D UGH + ,quB 1 2 A D
=+ § ——ig b} + < (b x VB) ( ¢) VE,
ot VA, Z.B;,B By,
1 e e 2, oF,
+ | ——==/sbj - v¢+vG||VE><B -VinB
VA, \/AS dg|
1 0 |, . [oF, (@Gns - Aus,cou) R 10 OF,
- £ P E, B
By, 00y | 1471\ G TR )T B|T # o ( e )

where




and

~ " D) — ) . 71_@3 €3/2
Dys(7, ) = Ay (7) (q)( )Gl )) with A, (7) = — (?ﬁf Teucon >u

A, 2 q(R)Ry

The Chrandrasekhar function G and the function ® are defined by equation (F.19). Let us apply a scaling
with the control parameters defined below, this leads to the following new Vlasov equation

1 0F 1 5 02, + 1B 1. - v E
198 | L Sy = (b x VB) (b x V(a¢qb)) VI
Qy 6t aAAs Oézz B” B Qg Qg Ay

HS

1 -, VB azZs -, V(ad L Qg 1 - - [“)ﬁ's
+ | ———p,br = - ZE25 (ap¢) +vg|¢vEX35~V1nB> o
aAAs Ay aAAs Qg Qg Ay ’UG”
1 . Oeoll A F, (f)ans ~ Vs, 11) -
= A ? B\Ts —ool DHS 8A ( N2 = E@
Bﬁ‘s aUGH aAQ (“)UGH Ty con
1100 . 10F ..
" Br, | owt OF <mhﬁXB'sa oF > 7 e Fren)

with
b

aZs

<B+F ic| VxB)

H6

Concerning the left hand side, this equation is equivalent to the reference one, if and only if:

1 1 1
(673 /XA, Qzag az
1
_ oz ay g (G.2)

Vaa ap  \Jaaa, a2

Therefore, according to the last equality of equation (G.2), a, = \/aa/az. Besides, due to the last equality
of equation (G.1), ag = oz}l. And finally, due to the first equality of equation (G.1), oy = \/aa/ag, so
a; = ay/az. Taking into account the collision operator 1/ay = aon/(y/0tac,) which gives acon = 1. In
addition, the equivalence condition for the Krook operator leads to 1/c; = axrook thus axreok = az/aa
while for the diffusion term the condition reads 1/ca; = delff/()éx, i.e ogif = agl.

Concerning the equivalence for the quasi-neutrality let us consider normalized equation
YA (Be9i6) 4 w[b= s =37 [ o (B Foa) %
S S
Therefore, the rescaled equation reads:

_Olzg¢ ZAS@L (ﬁséeq@“§> Qzog ZZ s eq {A (;3 FS ZazZ /JO ﬁ‘ QS Cq) B

ar, Z()T

The equivalence between reference and rescaled QN equations is ensured if and only if:

2
ePYe’ agzo ooy azo

2¢: RN ar, = —= and azzid) = a4 =or
a2 ° oA ar i

e

ar,

e

Therefore o, = 1/cz which confirms the previous equality ay = agl.

Finally, regarding the gyroaverage operator in the case of a Padé approximation, i.e : Jo ~ 1+
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its invariance is ensured provided the equality a4 = a%a? is fulfilled. This equality is already satisfied by
the previous constraints.

AppendixH. Rosenbluth-Hinton test

In this appendix, we report on simulations of the so-called Rosenbluth-Hinton (R-H) test [102]. This
consists in studying the collisionless relaxation of an initial E x B poloidal flow, including the transient GAM
oscillation (Geodesic Acoustic Mode), towards a non vanishing residual value. Such simulations are interest-
ing validation tests for gyrokinetic codes because the damping, the frequency and the residual value of the
GAM can be compared to theoretical predictions [59, 130]. In practice, a zonal perturbation in ion density is
initialized, with a radial profile of the form sin(mr/a). This perturbation generates a zonal radial electric field
which evolves in time as predicted by the R-H theory. The parameters used for the following simulations are
the same as those used by Biancalani [§], namely: (i) an analytical circular equilibrium with large aspect ratio
(e = a/R =0.1); (ii) flat density and temperature profiles with 7 = T; /T, = 1 and (iii) flat ¢-profiles varying
from ¢ = 1.5 to 3.5. All simulations are performed for a mesh (N, Ng, N, Ny, N,) = (256,256,16,128, 32).
The results obtained with GYSELA are displayed on figs.H.16,H.17, where the GAM frequency, the damping
rate and the residual value are plotted as a function of the safety factor q. They are comparable to those
published by the ORB5 team (see figures 2 and 3 in [8]). Consistently with the theory, the FOW (Finite
Orbit Width) effects are already significant at moderate values of ¢ (typically for ¢ < 2, cf. fig.H.16a).
Regarding the residual values, two ratio are considered: either the ratio of the finite over the initial zonal
electric potential, or the ratio of the radial electric fields. Both ratios would be equal if the radial profiles
of the electric potential would not evolve in time, as assumed by the theory. As evident on fig.H.17, this is
actually not the case in these global simulations.

P A, Zs €  Tint/a Text/a Torus mbypo
1/160 1. 1. 0.1  0.01 1. 1. 7.

Hmax 7/'pca,k/a Rnsg Anso RTsq ATso Tz/Te

12. 0.5 le™ ™ 02 1le 7 0.1 1.

Table H.14: Common parameters for GAM test. The velocity phase space is defined by —nby:novr,, < v < nbyrnovr,, and
0 < p < pmaxTo/Bo. Torus indicates the fraction of the torus simulated. The radial density profile is defined by its gradient
as dlognsy(r)/dr = —knsg cosh™ ((r — Tpeak/a)/ATns,). The same analytical expression is used for the temperature with
KTso and Arpg.
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Figure H.16: Damping rate (left) and frequency (right) of the electric field for simulation parameters given in table H.14.
Comparison with explicit analytical values given by Sugama and Watanabe [59] and Zonca [130] where FOW effects are taken
into account or not.

Residual comparison
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Figure H.17: Residual values divided by the initial value Figure H.18: Radial profile of the (0,0) mode of ¢ at the
of the electric potential (green stars) or electric field (ma- initial time (blue line) and at the time t = 30000/Q¢,
genta triangles) for the 5 different values of constant ¢ (red dotted line).

profile :1.5, 2., 2.5, 3. and 3.5. Comparison with analyti-

cal theory given by Rosenbluth-Hinton [102] (red line) and

Xiao and Catto [125] (blue line).
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AppendixI. Input data files

This appendix contains the input data files of all simulations used in this paper.

15/01/2015 A150_FD_allwcoll2_semitore

# job parameters

NB_RESTART =5
IME = 10:00:00

T
JOBNAME A75_Al1Z1

# Variables used to specify if the
# simulation is a restart from
# another one

SEARCH_SPO
DIR SP®

0 1 @ if no restart, 1 otherwise
! if SEARCH SPe=1, name of the directory
! containing the major species restart
files

# Variables for parallelization

NSPECIES = 1
NPROC R = 2
NPROC TH = 4
NPROC MU = 16
NTHREAD = 4

#
# Variables for radial profile input files

ns®_sp® filename
ns® spl filename =
TsO spo_filename
Ts0_spl filename
q_filename

nsO_spo_test.dat
ns@ spl test.dat
Ts0 sp0_test.dat
Ts0 spl_test.dat
safety factor test.dat

# gysela input datas

&PARALLEL
Nspecies = $NSPECIES
Nbproc_r = $NPROC_R
Nbproc_theta $NPROC_TH
Nbproc_mu $NPROC_MU
bloc_phi $NTHREAD
Nbthread $NTHREAD
large platform = .true.
distrib3D .true.,

/

&MESH
CylindricalGeometry false
Nr 255
Ntheta 256
Nphi 128
Nvpar 127
Nmu $((NPROC_MU-1))
a 50.
rhomin 0.15
rhomax 0.85

15/01/2015 A150 FD allwcoll2_semitore

/

&BUFFER _REGION
coef krook 0.01
coef diffr 0.015
coef diffth 0.0
coef nustar
buffer_asymmetry false
right_buffer only true
buffer location 0.06
buffer stiffness = 0.017635,

/

&ALGORITHM
Vlasov_scheme
limiter
deltat
nbiter
dt_diag

/

&SOURCE

gradient _driven
grad_version
flux_driven
heat_source
heat version
Sce®
TS
rhos
Ls
dens_source
Sce dens
TS_dens
rhoS_dens
LS_dens
mom_source
Sce_mom
TS_mom
rhoS_mom
LS _mom
vor_source
Sce vor = 0.03
TS vor
rhoS_vor
LS vor

/

&TEST
!--> Tests for general numerics
integral _vperp true.
integration_scheme 2
!--> Tests for QN solver
solve QN
QN_version
QN_comm_version
QN_coef polarization
QN_coef Phi0®
Phi®0_BCrmin_Neumann

rue.

HREO
. o+

.false.

15/01/2015 A150 FD allwcoll2_semitore

aspect_ratio
nb vthe
Lmu
mumin

/

&EQUIL
canonical profile
tauo

species frac
read ns0@

read Ts@

read q

read _Vparo
profile choice
rpeak

kappa_ns@
kappa_Ts@

deltar ns@
deltar Ts@

q profile
q_paraml

q_param2

q_param3

q_paramd
magnetic_drift
perturb_amplitude
perturb choice

FFTpotential filt
FFTpotential fllter delt

7.
12.

HRHRRRO

2
0.
2.
8.
0.
0.04
2
1
1
2.
1.

am

!--> Gyroaverage tunable 1nput parameters

gyroaverage
gyro_strategy

All possible choices for
("PADE", "LIBGYROAVG HERI
"LIBGYROAVG HERMITE C1
gyro_Nbpoints

gyro_strategy=LIBGYROAVG *
TF_ripple

delta ripple

N_ripple

Q mm i em e

&COLLISION OPERATOR
collisions
version coll
energy transfer
moment_transfer
nustar 0.28
coll FMrefresh
coll nbstep

gyro_

MITE

_PRE_COMP")
=32 !

.false.
o

o,

strategy (by default
LIBGYROAVG HERMITE C1",

usefull only if

6.283185307179586476925286766559005768394
3.141592653589793238462643383279502884197
3.3

“PADE")

15/01/2015 A150 FD allwcoll2_semitore

QN_species_impact = 1.
1--> Tests for Vlasov so
adaptive deltat
advec2D deltat
reduced deltat
reduced begin
reduced_end
hffilter_strategy
hffilterfreq
hffilterfref
deltaF_in diff
avoidtaylor
deltaF_in_advec
split Tinear

cla

cancel nonlin

dia:

lver
.false.

“NONE"

|- o> Tests for RHS of | Eoltzmann equation

RHS only
1--> Tests for equlllbrl
feq_choice =1
canonical _vpar® =a
hvpar_in fperturb =

um deflnltlon

1--> Tests with Slmpllfled physlcs
BstareqB =
single m = _false
single n = .false.
Rosenbluth_Hinton = .false.
I- > Tests for computer sciences
ask_for_checksum =
modulo_restart iter = 150

! compact rstfile = .false. !
checkoverflow = .false.,

/

&OUTPUT
integration CS = .true
diag_level =
Phi3D_saving = .false
Moments3D_saving = .false
fluxes3D_GC_saving = .false
£5D_saving = .false
Phi3D_dt diag = 500.
Moments3D_dt diag = 500.
fluxes3D GC dt diag = 500.
£5D_dt_diag = 500.
spectra_saving = false
spectra dt_diag = 10.
r_diags =31
doubleSP_m =2
doubleSP_n =0
iter beg write trace = 1
iter_end write trace = 3

CEETY,

“WAVELET")

Figure 1.19: Input data file used in the code for the first simulation for invariance tests (see section 4.2).
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26/01/2015

test_RH_q1.9_Nr64Ntheta64Nvparl28_dts

# job parameters

NB_RESTART [
TIME 08:00:00
MACHINE FILE

JOBNAME gyselasD

# Variables used to specify if the
# simulation is a restart from
# another one

SEARCH_SP®
DIR SP®

files

] ! @ if no restart,
! if SEARCH_SPO0=1, name of the directory

! containing the major species restart

# Variables for parallelization

NSPECIES = 1
NPROC R = 2
NPROC TH = 1
NPROC MU = 16
NTHREAD = 4

# Variables for radial profile input files

#
ns0_sp@®_filename
ns® spl filename
Ts0 sp0_filename
Ts0_spl filename
q_filename
Vpar@_filename
ripple filename

nsO_sp0O_test.dat
nsO_spl test.dat
TsO spO_test.dat
Ts0 spl _test.dat

Vpar0_ test.dat
ripple test.dat

safety factor test.dat

# gysela input datas

&PARALLEL
Nspecies $NSPECIES
Nbproc_r $NPROC_R
Nbproc_theta = $NPROC_TH
Nbproc_mu $NPROC_MU
bloc_phi $NTHREAD
Nbthread $NTHREAD
large platfcrm _true.
distrib3| = .false.,

/

&MESH
CylindricalGeometry false
Nr 63
Ntheta 64
Nphi 32
Nvpar 127
Nmu $((NPROC_MU-1))

26/01/2015

test RH 1.9 Nr64Ntheta64Nvparl28 dt5

moment_transfer
nustar
coll FMrefresh
coll nbstep

/

.false.
.1

&BUFFER REGION
coef_krook
coef diffr
coef diffth
coef nustar
buffer asymmetry
buffer location
buffer stiffness
/

SALGORITHM
Vlasov_scheme
limiter
deltat 5.
nbiter = 4000
dt_diag = 50.

/

&SOURCE

gradient driven = .false.
grad_version 1

HBSL"

flux_driven false.
heat_source _false.
heat version [

Sce 0.01
TS 1.
rhos 0.1

Ls 0.01
dens_source .false
Sce dens 0.01
TS dens 1.
rhoS_dens 0.1
LS_dens 0.01
mom_source false
Sce_mom 0.02
TS_mom 1.
rhoS_mom 0.1

LS _mom 0.02
vor_source .false
Sce vor 0.03
TS vor 1.
rhoS_vor 0.1

LS vor 0.03
fp_source false
fast_part _false
Sce Tp 0.01
Sce fpplus 0.6

TS Tp 0.5
vo_fp 2.
rhoS_fp 0.5

LS fp 0.015
alpha_trapp 1.,

Figure 1.20: Example of input data file used for Rosenbluth-Hinton test (see section 4.3.1).

69

26/01/2015

test RH g1.9 Nr64Ntheta64Nvparl28 dt5

a

rhomin
rhomax
Ltheta

Lphi
aspect_ratio
nb vthe

Lmu

mumin

100.

®
N

N

/

&EQUIL
canonical profile
ue

PHERERRR

species frac
read ns0@

read Ts@

read q

read Vpar0
profile choice
rpeak

kappa_ns@
kappa_Ts@

deltar ns@

deltar Ts@

q profile
q_paraml

q_param2

q_param3

q_paramd
magnetic_drift
perturb_amplitude
perturb_choice

m

1
9
9

.true.
001

n
FFTpotential filter
FFTpotential filter deltam

1
0.
0.
0.
0.
0.
2
1
]
1
0.
0.
1
0
o
0
0.

.false.
.false.
.false.
.false.

0000001
0000001

'--> Gyroaverage tunable input parameters

gyroaverage =
gyro_strategy = o
All possible choices for gyro .
("PADE", "LIBGYROAVG HERMITE
"LIBGYROAVG HERMITE C1 PRE_COMP")

Q mm i em e

gyro Nbpoints = 32,
yro_strategy=LIBGYROAVG *

TF _ripple = .false.
read ripple = .false.
delta_ripple =0
N_ripple =0,

&COLLISION OPERATOR

strategy (by default
IBGYROAVG HERMITE C1",

usefull only if

8
283185307179586476925286766559005768394
283185307179586476925286766559005768394

“PADE")

collisions .false.
version coll
energy transfer = .false.
26/01/2015 test RH g1.9 Nr64Ntheta64Nvparl28 dt5
&FAST PARTICLES
bump_on_tail .false.
fp_rshape false.
fp_lambda true.
fp_mom false.
fp_energy true.
fp_momgauss _false.
Eb_fp 50.
Emin fp 0.
n_fp 0.
dn_fp 0.
E critfp 5.
rho_0fp 0.5
deltarhofp 0.01
Lambda_©fp 0.5
deltaLambdafp = 0.2
psi_0fp 0.5
deltapsifp 0.01
zetabar 4.
/
&TEST
1--> Tests for general numerics
integral vperp = .true.

integration scheme = 2
t--> Tests for QN Solver
solve QN

QN_version
QN_comm_version
QN_coef polarization
QN_coef Phi@@

Phi®0 BCrmin Neumann
QN_species_impact
1--> Tests for Vlasov solver

true.

false

(NN NEN]
ST

adaptive deltat = .false.
advec2D deltat =

reduced deltat = 0.
reduced_begin = 800000.
reduced_end = 120000.
hffilterfreq -0

! hffilter strategy = " 1\ ("DEFAULT",

hffilterfref -0
deltaF_in diff = .false.
avoidtaylor = .false.
deltaF_in_advec = .false.
split linear = .false.
clampy = .false.
cancel nonlin = .false.
diagf -

"NONE",

1--> Tests for RHS of Boltzmann equation

RHS only

\-_> Tests for equlllbrium definition
1

feq_choice
canonical vparo
hvpar_in fpertu
1--> Tests with slmpllfled physlcs
BstareqB

single m = false

3

CFETY,

"WAVELET")




27/01/2015 A180_cyclone5D_NEWPROF_SINGLEN_m7n5 1 27/01/2015 A180 cyclone5D NEWPROF SINGLEN m7n5
a 180.
# job parameters rhomin 0.1
rhomax 0.9
NB_RESTART 8 Ltheta 6.283185307179586476925286766559005768394
TIME 08:00:00 Lphi 6.283185307179586476925286766559005768394
MACHINE FILE aspect_ratio 2.7
JOBNAME A180_m7n5 nb_vtho 6.
Lmu 7.
mumin 0.,
# Variables used to specify if the /
# simulation is a restart from
# another one &EQUIL
canonical_profile
SEARCH_SPO =0 ! @ if no restart, 1 otherwise aud
DIR SPO = ! if SEARCH_SPO0=1, name of the directory Ao
! containing the major species restart z0
files As
Zs
species frac X
# Variables for parallelization read ns0@ alse.
read Ts0 false
NSPECIES = 1 read_Te® false
NPROC R = 2 1150:4 read_ .false
NPROC_TH = 4 1150:4 profile choice =5
NPROC_MU = 16 1150:32 rpeak = 0.5
NTHREAD = 4 1150:4 kappa_ns@ = 2.23
kappa_Ts0 = 6.96
kappa Te® = 6.96
# Variables for radial profile input files deltar ns0@ = 0.3
# deltar Ts0O = 0.3
ns@_sp®_ filename = nsO_sp0® test.dat deltar Te® = 0.3
nsO_spl filename = nsO spl test.dat q_profile =4
Ts0_sp0_filename = TsO spO_test.dat q_paraml = 0.86
Ts0_spl_filename = Ts@ spl test.dat q_param2 = -0.16
Te® filename Te0 test.dat q_param3 = 2.52
q_filename safety factor test.dat q_param4 = 0.
magnetic_drift = .true
perturb_amplitude = 0.001
# gysela input datas perturb_choice =2
# m =7
&PARALLEL n =5
Nspecies $NSPECIES FFTpotential filter =0
Nbproc_r $NPROC_R FFTpotential filter deltam = 0.
Nbproc_theta $NPROC_TH TF_ripple = .false.
Nbproc_mu $NPROC_MU delta_ripple =0
bloc_phi $NTHREAD N_ripple = o,
Nbthread $NTHREAD /
transposedD .true.
large platform .true. &COLLISION OPERATOR
distrib3D = .false., collisions = .false.
/ version_coll 3
energy transfer = .false.
&MESH moment_transfer .false.
CylindricalGeometry false nustar 1
Nr 255 coll FMrefresh = 15 1150:10
Ntheta 256 coll nbstep = 4,
Nphi 128 /
Nvpar 64
Nmu $((NPROC_MU-1)) &BUFFER_REGION
27/01/2015 A180 cyclone5D NEWPROF SINGLEN m7n5 27/01/2015 A180 cyclone5D NEWPROF SINGLEN m7n5
coef_krook = 0. hvpar_in_fperturb = .true
coef diffr = 0.0 1150: 0.04 adaptive deltat = .false.
coef diffth = 0.0 1150: 0.04 advec2D deltat =0
coef nustar = 20 175: 100. reduced deltat = 0.
buffer_asymmetry = .false I.true. reduced _begin = 8000000.
buffer location = 0.05 !75: 0.1 !150: 0.08 reduced_end = 40000000.
buffer stiffness = 0.025, 175: 0.02, 1150: 0.018 hffilterfreq =0
/ hffiltertype =0
hffilterfref =0
&ALGORITHM deltaF_in diff = .true.
Vlasov_scheme asynchrone writing = .false
limiter ask_for_checksum =1
deltat modulo_restart_iter = 100,
nbiter checkoverflow = .false
dt_diag avoidtaylor = .false
/ deltaF_in_advec = .false
split linear = .false
&SOURCE clampv = .false
gradient_driven cancel_nonlin = .false
flux_driven diagf = .false
heat source /
heat_version
Sce0® &OUTPUT
TS integration CS = .true
rhoS diag_level =
LS Phi3D saving = .false
dens_source Moments3D saving = .false
Sce dens £5D_saving = .false
TS_dens Phi3D_dt diag = 1800.
rhoS_dens Moments3D_dt diag = 1800
LS_dens £5D_dt_diag = 1800.
mom_source spectra_saving = .false
Sce_mom spectra_dt_diag = 10.
TS mom r_diags =31
rhoS_mom doubleSP_m =2
LS _mom doubleSP_n =0
vor_source rst_saving = .true
Sce vor iter beg write trace = 1
TS_vor iter_end write trace = 3,
rhoS_vor /
LS vor
/
&TEST
gyroaverage .true.
integral vperp .true.
BstareqB .false.
Rosenbluth Hinton .false.
solve QN .true.
QN_version 4
QN_comm_version 1
QN_coef polarization = 1.
QN_coef _Phi0® 0
Phi0G@_BCrmin_Neumann = .false.
single_m .false.
single n “true.
RHS only = .false.
feq choice 1
canonical vpar@ 3

Figure 1.21: Example of input data file used for the Cyclone Base Case benchmark with GENE code (see section 4.3.2).
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AppendixJ. Detailed computations for local conservation laws

In this appendix, we present several detailed calculations useful for the derivation of the gyrokinetic
conservation laws in section 5

AppendizJ.1. Useful integrals

Let us consider two arbitrary fields X, Y and Z. The aim of this paragraph is to compute the general
integral

I= /JX dy d0 dpXV - (YV L Z) (J.1)

where Jy is the jacobian is space, i.e Jx = /g with g representing the determinant of the metric tensor. in
order to perform this integration it is useful to write the operator V- (Y'V Z) by using Einstein notations.
Given that Vo - V0 = Vi - Vx = 0, we can write this operator as

1 . 1
V. (YV.Z) = 0 (VaY g0, 7) + —50% (VaY g9%0,2)

where ¢ and j correspond to x or . With these covariant notations, the perpendicular Laplacian-type
operator we consider is equivalent to '*

1 -
V- (YV.Z)=V,-(YV.2)=—0;(\9Y3g"8;2)
V9
Then, the previous integral (J.1) can be written as

7= /JX dx df dp X {Jl@ (Y Jy g”’ajz)}

X

Then, using an integration by parts on the coordinate ¢
2

7= —/ dx d0 dp(0; X)Y J, " (0; Z) + [/ df de X Y J, ng(ajZ)] + U do de X Y J, % (0;2)
oL 0

where ¢ and j are still 6 or x. Because of the periodicity in 6, the surface term resulting from the integration
by parts on i = 6 (i.e last term of previous equation) is equal to 0. Therefore,

T=— / dx d dp(0; X)Y J, g (9;Z) + U df dp X Y J, ng(ajZ)} (J.2)
dL,,

Using the fact that g% = V2! - Va/ and VX = (9;X)Va' for all field X, then
I=-— / Jedy df de [Y(0;X)Vz' - V2l (9;2)] — / Jx d0 dpX YV - V2! (9;2)

therefore,
7= —/dexded@[YVLX'VLZ]+/de9d§0XYVX'VJ_Z (J.3)

14The direction L corresponds to an approximation of the poloidal plane because it is actually perpendicular to V¢ rather
than B.
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Then, using again an integration by parts on the coordinate j for equation (J.2) and the fact that the surface
term [f dx de (0; X)Y Jy ng] ?)ﬂ = 0 due to periodicity in 6,

/dxd@d(p@ (YJ g”@X [/ do dp (0; X)Y Jx ngZ] + [/ dedgoXYJXng(ajZ)}
oL ALy

Finally, previous equation gives

/dededeVL-(YVLZ) = /Jx dydfdeV, -(YV, X) Z— [/ Ty d0 doY g {(8,X)Z — X(&,-Z)}]
oL
(J.4)

3

AppendizJ.2. Expression of ) qs f dr*U0O,F, for local energy conservation
The opposite of the total energy source =W =" ¢, [ dr*U,F, can be divided into two parts

qu/ Ar*U0,F, ZqQ/ dr*U (Jo, - O.F, +qu/ dr* U)8,Fs — U (Jo, - 0:Fs)}  (J.5)

Then, using the quasi-neutrality equation (12), the first term in eq.(J.5) can be expressed as

> qg/dT*U - > qg/J Ao dp UV, - (B“*S;qmaf >

speczes speczes

Besides, using the general following equality (J.3) the previous equation is equivalent to

Z qs/d’T U ) —% Z qsat/Jx dadﬁvaJ_<1;S(’;qVJ_U>

species species

Let us define the potential energy as E, = % Zspem.es qs [ dT*U (Jos . F‘S) this term can be identified to the
time derivative of potential energy,

Z QS/dT Z qs/dT JOS ) EatEp

SPQCZBS speczes

Let us consider the low wavenumber approximation of the gyroaverage operator used in the code, i.e the

Padé approximation Jy, ~ 1+ %V . (ms“ VL) (see section 2.5.1 for more details) then for each species

/dr U)o F, — U (Jo, - 0,F.)} = ;”S/dr*{atﬁsv-(%VLU)—UV-(%V@FS)}

ds

and using the result (J.3) of Appendix AppendixJ

_m 5 v (v, 0) —U V. (Fv, 0,5 th dr — dydr*
Ty =50, U ar{o.A V- (Eviv) vV (BVﬁth)}] with dr = dy dr
s 3y M a 3,9 7 M
= 500 {/Jx dy df dy d3v EVL(&FS).VLU+/JX 0 dg d®v 9, F, BVXVLU]
ms 3, M i 3 H i
+ o Oy {/ Jxdxdfddpd VEVLU'VL(atFS) —/JX df de d VUBVX'VL(ath)}
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The first and third terms cancel each other out. The remaining terms

Mms

Ip=—2
B 2,

Oy [/ dr* 0, F, %VX -V, U - / dr* U%VX . Vl(&gﬁs)]
So finally, using the gyrocenter perpendicular stress Ps | = [ d3vF,pusB,
e = mg * = /L * :u’ ”
qu/ dr*Ud,F, —6,5E,,+§8X U dr* 8, F, va.vLU_/ dr UBVX.VL(&&FS)}
AppendizJ.3. Effect of the electric potential on the toroidal canonical momentum
The objective of this section is to prove that
_ ) mgl
dtP, = —qs0,U with P, = —q.x+ 5 vl

Due to the fact that P, is an invariant of the equilibrium motion, this result is equivalent to proving that

[QSU7 PL,O] GC = QSach (J6)

where [-, -] 5 indicate the Poisson brackets in the gyro-center coordinates. In the gyrokinetic framework, we
recall the expression of the Poisson brackets for two given fields X and Y

(VX Y = Dy XVY) — b wx xwy)

B*
va val|

B‘Ts [X7 Y}GC = Mg qs

where b = B/B is the unit vector parallel to the magnetic field. The quantities B* and Bﬁ‘ are respectively
defined by eq.(3) and B, = By - B/B, i.e B{ = B + 720V x b and Bj, = B + 72vg b (V x b).

x 7 T MsVG|| 1
_QSBHS [U,PLP}GCZ—(]SVU- (BB b x Vx + 0 [B (V xb)-— V(B) Xb:|) (J.7)

In the chosen coordinate system, we recall that the magnetic field B can be written as B = I(x)Vo+VepxVy
with I a flux function, then

B xVy=1IB-I*Vyo=1IB - B*R*Vyp (1.8)
V x B = —(d,I)B — R*9, PV

Besides,

I 1
V()xb:—B2(VB><b) (Vbe):—ﬁ(VBbu—E(@XIVX)><b

:é(beB)—%(E)XI)beX (J.10)

Then according to (J.8) and (J.10), equation (J.7) becomes

mévGH

—4sBj\, [U, Pyl g0 = —4:VU - {RQBV + ( (V x b) — ﬁ (b x VB) + (8XI) b x Vx)}

ds

Using the fact that V x b =b x % + %V x B, the previous equation reads

—¢sBj, [U, P, o = —4sVU - (RZBV@ + q “Cl [ VxB+ — (a I)b x VXD (J.11)

S
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Therefore,

So, using the fact that the volume element in guiding-center velocity space B

I 1 I
5V X B+ = (9])b x Vy = —R*Vg (BQaXP + axf>

*

|s can be expressed as

* mg I

S

equation (J.11) becomes

0.8}, [U, Ps] oo = ~a.V0 - (R*B},V¢) = ~4,0,0V - Vo R* B, = —q,3},0,U

which is equivalent to equation (J.6).
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