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ABSTRACT

Context. With the progress of observational constraints on stellar rotation and on the angular velocity profile in stars, it is necessary to
understand how angular momentum is transported in stellar interiors during their whole evolution. In this context, more highly refined
dynamical stellar evolution models have been built that take into account transport mechanisms.
Aims. Internal gravity waves (IGWs) excited by convective regions constitute an efficient transport mechanism over long distances in
stellar radiation zones. They are one of the mechanisms that are suspected of being responsible for the quasi-flat rotation profile of the
solar radiative region up to 0.2 R�. Therefore, we include them in our detailed analysis started in Paper I of the main physical processes
responsible for the transport of angular momentum and chemical species in stellar radiation zones. Here, we focus on the complete
interaction between differential rotation, meridional circulation, shear-induced turbulence, and IGWs during the main sequence.
Methods. We improved the diagnosis tools designed in Paper I to unravel angular momentum transport and chemical mixing in
rotating stars by taking into account IGWs. The star’s secular hydrodynamics is treated using projection on axisymmetric spherical
harmonics and appropriate horizontal averages that allow the problem to be reduced to one dimension while preserving the non-
diffusive character of angular momentum transport by the meridional circulation and IGWs. Wave excitation by convective zones is
computed at each time-step of the evolution track. We choose here to analyse the evolution of a 1.1 M�, Z� star in which IGWs are
known to be efficient.
Results. We quantify the relative importance of the physical mechanisms that sustain meridional currents and that drive the transport of
angular momentum, heat, and chemicals when IGWs are taken into account. First, angular momentum extraction, Reynolds stresses
caused by IGWs, and viscous stresses sustain a large-scale multi-cellular meridional circulation. This circulation in turn advects
entropy, which generates temperature fluctuations and a new rotation profile because of thermal wind.
Conclusions. We have refined our diagnosis of secular transport processes in stellar interiors. We confirm that meridional circulation
is sustained by applied torques, internal stresses, and structural readjustments, rather than by thermal imbalance, and we detail the
impact of IGWs. These large-scale flows then modify the thermal structure of stars, their internal rotation profile, and their chemical
stratification. The tools we developed in Paper I and generalised for the present analysis will be used in the near future to study secular
hydrodynamics of rotating stars taking into account IGWs in the whole Hertzsprung-Russell diagram.
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1. Introduction

Understanding the history of the angular momentum of the stars
and the way differential rotation develops in their interior dur-
ing their evolution is one of the key questions of modern stel-
lar physics. In this context, increasing numbers of refined con-
straints are obtained from observations. First, surface rotation
rates have been determined for large stellar samples that give
clues on rotational evolution with time along the life of the stars
of various types (e.g. Bouvier 2008; Irwin & Bouvier 2009;
Meibom et al. 2009; James et al. 2010; Meibom et al. 2011).
Next, abundance anomalies observed at stellar surfaces give
indirect but powerful constraints on secular mechanisms that
transport angular momentum and induce mild mixing of chem-
icals in stellar radiative zones (e.g. Pinsonneault 1997; Talon
& Charbonnel 1998; Maeder 2009, and references therein).
Finally, direct constraints are obtained on the rotation profile in

solar and stellar interiors, respectively through helioseismology
(e.g. García et al. 2007; Mathur et al. 2008b; Eff-Darwich &
Korzennik 2012) and asteroseismology (e.g. Aerts et al. 2003;
Beck et al. 2012; Deheuvels et al. 2012; Mosser et al. 2012).

Those indirect and direct constraints on the dynamics of stel-
lar interiors in the whole Hertzsprung-Russell diagram strongly
motivate the development of new generations of stellar mod-
els that consistently take into account transport processes of
angular momentum and of chemicals and evaluate their im-
pact on stellar evolution (e.g. Talon et al. 1997; Maeder &
Meynet 2000; Palacios et al. 2003; Talon & Charbonnel 2005,
2007; Eggenberger et al. 2008; Maeder 2009). The relevant hy-
drodydamical (and magneto-hydrodynamical) mechanisms that
are believed to act on secular time-scales are i) large-scale
meridional circulation driven by external torques and stellar
structure adjustments (Zahn 1992; Maeder & Zahn 1998; Mathis
& Zahn 2004; Espinosa Lara & Rieutord 2007); ii) turbulence
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induced by differential rotation instabilities (Zahn 1983; Talon &
Zahn 1997; Maeder 1997, 2003; Mathis et al. 2004; Maeder et al.
2013); iii) internal gravity waves (IGWs), excited by convective
regions (Schatzman 1993; Zahn et al. 1997; Kumar et al. 1999;
Talon et al. 2002; Talon & Charbonnel 2003, 2004, 2005, 2008;
Mathis et al. 2008a; Mathis 2009; Mathis & de Brye 2012); and
iv) fossil magnetic fields (e.g. Mestel & Weiss 1987; Rudiger
& Kitchatinov 1997; Gough & McIntyre 1998; MacGregor &
Charbonneau 1999; Mathis & Zahn 2005; Garaud & Garaud
2008; Spada et al. 2010; Strugarek et al. 2011) and their pos-
sible instabilities (Spruit 1999; Eggenberger et al. 2005; Zahn
et al. 2007).

It has long been known that Type I rotational transport, i.e.
meridional circulation and shear turbulence alone, cannot ex-
plain the uniform rotation observed down to 0.2 R� in the solar
radiative region (Pinsonneault et al. 1989; Talon & Charbonnel
2005; Turck-Chièze et al. 2010), the new asteroseismic data on
internal rotation of subgiant and giant stars (Eggenberger et al.
2012; Ceillier et al. 2012; Marques et al. 2013), or the observed
rotation rate of white dwarf stars (Kawaler 1988, 2004; Suijs
et al. 2008; Decressin et al. 2009a). These difficulties lead to
the conclusion that at least one other process is at work in low-
mass stars to transport angular momentum (Talon & Charbonnel
1998). In this context, Charbonnel & Talon (2005) have demon-
strated that IGWs, coupled with large-scale meridional circula-
tion and shear-induced turbulence, are able to reproduce the light
element abundances at the surface of low-mass stars and to effi-
ciently extract angular momentum from the centre of these stars
(see also Talon & Charbonnel 2005, 2004). Additionally, Talon
& Charbonnel (2008) showed that IGWs are efficiently excited
at various phases of the evolution of both low- and intermediate-
mass stars, and may therefore play a key role on the internal dy-
namics (in particular on the meridional currents and the rotation
profile) from the pre-main sequence (Charbonnel et al. 2013) up
to the most advanced phases.

In Decressin et al. (2009b, Paper I), we developed a set
of diagnoses to unravel the interaction between secular hydro-
dynamical processes during the main sequence and applied it
to models taking into account only meridional circulation and
shear turbulence. In the present work, we have chosen to inves-
tigate the additional impact of IGWs, while a forthcoming study
will be devoted to magnetic field. For this purpose, we present
here a generalisation of the relevant diagnoses that will help to
visualize the interaction between large-scale meridional flows,
turbulence, and IGWs in stellar radiation zones. In Sect. 2, we
recall the transport equations for angular momentum, heat, and
chemicals taking into account IGWs; we identify processes that
sustain meridional circulation and we introduce the diagnosis
that will help unravel the highly non-linear interaction between
differential rotation, meridional circulation, shear-induced tur-
bulence, and IGWs. In Sect. 3, we describe prescriptions for the
studied 1.1 M�, Z� stellar model computations. In Sect. 4, we
apply our tools to analyse the secular dynamics of the radiation
zone of this star during its main-sequence evolution. In Sect. 5,
we finally present our conclusions and the perspectives of this
work.

2. Formalism

2.1. Main assumptions

As emphasised in Paper I, simulating dynamical processes in
stellar interiors in full detail requires including length scales
and time scales spanning several orders of magnitude. One can

choose either to describe processes such as convection, insta-
bilities, and turbulence that occur on dynamical time scales, or
to focus on the long-term evolution, as we do here, where the
typical time scale is either the Kelvin-Helmholtz time or that
characterizing the dominant nuclear reactions. In this case, con-
sidering length scales in the vertical direction, we have chosen
the resolution that adequately represents the steepest gradients
that develop during the evolution. Concerning the latitudinal di-
rection, one should remember that stellar radiation regions are
stably stratified; this leads to an anisotropic turbulent transport,
which is stronger in the horizontal direction than in the verti-
cal because of the buoyancy that inhibits turbulent motion in the
vertical direction. Therefore, horizontal gradients of all scalar
quantities such as temperature and mean molecular weight fluc-
tuations are weak, which allows the projection of secular trans-
port equations in a few spherical harmonics.

Consequently, following Zahn (1992) we assume the rotation
to be shellular,

Ω (r, θ) = Ω (r) =

∫ π
0

sin3 θΩ dθ∫ π
0

sin3 θ dθ
· (1)

Then, we introduce the macroscopic velocity field, which is split
into four components,

V = r sin θΩ êϕ︸�������︷︷�������︸
1

+ ṙ êr︸︷︷︸
2

+UM (r, θ)︸�����︷︷�����︸
3

+ u︸︷︷︸
4

, (2)

with êk, where k = {r, θ, ϕ} are the unit vectors in the radial,
latitudinal, and azimuthal directions. Term 1 represents the az-
imuthal velocity field associated with shellular differential rota-
tion. Term 2 corresponds to the Lagrangian velocity due to the
structural readjustments of the star during its evolution. Term 3
is the meridional circulation velocity field that expands only on
the � = 2 spherical function for a shellular rotation

UM = U2 (r) P2 (cos θ) êr +
1

6ρr
d
dr

[
ρr2U2

] dP2 (cos θ)
dθ

êθ. (3)

The latitudinal component is obtained using the anelastic ap-
proximation, i.e. ∇ · (ρUM) = 0 (ρ is the mean density on an
isobar, cf. Eq. (7)), where acoustic waves have been filtered out.
Moreover, this approximation also allows UM to be expressed
as a function of a stream function (ξM (r, θ)) as in Paper I,

UM = −
1
ρ

1
r sin θ

∇ξ × êϕ, (4)

with

ξM =
1
2
ρr2U2

(
cos3 θ − cos θ

)
, (5)

whereUM is tangent to the iso-ξ line sinceUM · ∇ξ = 0. This
large-scale meridional circulation is driven by external torques
such as those associated to stellar winds or tides if there is a
companion close to the considered star, and by internal stresses
(Zahn 1992; Maeder & Meynet 2000; Rieutord 2006; Decressin
et al. 2009b).

We introduce through Term 4 the IGWs velocity field (Zahn
et al. 1997)

u (r, θ, ϕ, t) =
∑
σ,�,m

{ [
ur;� (r) Ym

� (θ, ϕ) + uH;� (r)∇HYm
� (θ, ϕ)

]
× exp[−iσ t]

}
(6)
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that is expanded in spherical harmonics where � and m are, re-
spectively, the classical orbital and azimuthal numbers. Here,
m > 0 and m < 0 correspond to prograde and retrograde IGWs,
respectively and σ is the wave frequency. Finally, we introduce
the horizontal gradient ∇H = ∂θ êθ + 1/ sin θ ∂ϕ êϕ.

Moreover, each scalar field (X) is written as

X (r, θ) = X (r) + δX (r, θ) , where δX = X̂2 (r) P2 (cos θ) (7)

with its horizontal average on an isobar (X) and its associated
fluctuation δX that is expanded in the � = 2 spherical function
because of the choice of a shellular rotation. In particular, we
expand the temperature

T (r, θ) = T (r) + δT (r, θ) with δT =
[
Ψ2 (r) T

]
P2 (cos θ) (8)

and the mean molecular weight

μ (r, θ) = μ (r) + δμ (r, θ) with δμ =
[
Λ2 (r) μ

]
P2 (cos θ) (9)

with Ψ2 and Λ2 their relative fluctuations on the isobar.
Finally, the unresolved scales that mostly correspond to the

turbulent transport, are described by prescriptions coming from
laboratory experiments or numerical simulations and if not from
phenomenological considerations (see Sect. 2.6).

2.2. Internal gravity waves

2.2.1. Transport of angular momentum by internal gravity
waves

Internal gravity waves are excited both by convective penetra-
tion in stable regions (Garcia Lopez & Spruit 1991; Kiraga
et al. 2003, 2005; Browning et al. 2004; Dintrans et al. 2005;
Rogers & Glatzmaier 2005, 2006; Brun et al. 2011) and in the
bulk of convective regions by Reynolds stresses and buoyancy
(Goldreich & Kumar 1990; Kumar & Quataert 1997; Belkacem
et al. 2009; Samadi et al. 2010, see Sect. 2.2.2). They trans-
port angular momentum and deposit it in the radiative layers
at the depth where they are damped in a corotation resonance
(Goldreich & Nicholson 1989; Zahn et al. 1997). This modifies
the angular velocity of the stars, their internal differential rota-
tion, and their evolution because of the induced modification of
internal mixing (Talon et al. 2002; Talon & Charbonnel 2003,
2004, 2005).

Here, we summarize the formalism based on Zahn et al.
(1997) that was initially implemented in the stellar evolution
code STAREVOL by Talon & Charbonnel (2005). First, we re-
call that the local momentum luminosity is related to the flux of
angular momentum transported by Reynolds stresses caused by
IGWs (FJ)

LJ (r) = r2FJ (r) , where FJ =
〈
ρr sin θur uϕ

〉
θ,ϕ

(10)

with 〈···〉θ,ϕ = 1
4π

∫ π
0

∫ 2π

0
− sin θdθdϕ. Assuming both the

Jeffreys-Wentzel-Kramers-Brillouin and the quasi-linear as-
sumptions for IGWs (see the detailed discussion in Rogers et al.
2008; Mathis 2009), we write

LJ (r) =
∑
σ,�,m

LJ;�,m (rc, σ) exp
[
−τl

(
r, σ̂

)]
, (11)

where rc is the radial position of the border of the convective
zone that excites IGWs and τ� is the local damping rate that takes
into account the mean molecular weight stratification

τ� = [� (� + 1)]
3
2

∫ rc

r
K

N N2
T

σ̂4

(
N2

N2 − σ̂2

) 1
2 dr′

r′3
; (12)

K is the thermal diffusivity, while N2 = N2
T + N2

μ is the total
Brunt-Väisälä frequency; NT is the buoyancy frequency linked
to the entropy stratification given by N2

T = (gδ/HP) (∇ad − ∇)
with the usual notations for the temperature gradient ∇ =
∂ ln T/∂ ln P and pressure height scale HP = |dr/dln P|; g is
the horizontal average of the effective gravity g = ∇Φ +
1
2Ω

2
∇ (r sin θ)2 (Φ is the gravitational potential); and δ =

−
(
∂ ln ρ/∂ ln T

)
P,μ

is introduced by the used generalised equa-

tion of state (see Kippenhahn & Weigert 1990, for more de-
tails). Similarly, Nμ is the buoyancy frequency related to the
chemical stratification given by N2

μ = (gφ/HP)∇μ, where ∇μ =
∂ ln μ/∂ ln P and φ = (∂ ln ρ/∂ lnμ)P,T . Finally, σ̂ is the local
Doppler-shifted frequency

σ̂ (r) = σ − m
(
Ω −ΩCZ

)
, (13)

where σ is the excitation frequency in the reference frame of
the convection zone generating IGWs and ΩCZ corresponds to
uniform rotation in the convection zone.

2.2.2. Volumetric generation of internal gravity waves
by convective Reynolds stresses and buoyancy

In the present work, we follow Talon & Charbonnel (2005) for
the prescription for IGW excitation and adopt the formalism of
Goldreich et al. (1994) for acoustic waves adapted by Kumar &
Quataert (1997) to describe volumetric stochastic excitation by
turbulent convection (we do not consider the possible effects of
penetration by plumes, see Sect. 3.3). The momentum luminos-
ity at the convective border is

LJ;�,m (rc, σ) = r2
c FJ;�,m (rc, σ) =

m
σ

FE;� (rc, σ) , (14)

where FE;� is the energy flux per unity frequency

FE;� (rc, σ) =
1

4π

∫ R

rc

⎧⎪⎪⎨⎪⎪⎩ρ
2

r2

⎡⎢⎢⎢⎢⎢⎣
(
d ur;�

dr

)2

+ � (� + 1)

(
d uH;�

dr

)2⎤⎥⎥⎥⎥⎥⎦
× V3L4

1 + (ωτL)15/2
exp

[
−� (� + 1)

hσ2

2r2

]
dr

}
(15)

and V is the convective velocity, L the radial size of an energy
bearing turbulent eddy, τL ≈ L/V the characteristic convec-
tive time, and hσ = L min

[
1, (2στL)−3/2

]
the radial size of the

largest eddy at depth r with characteristic frequencyσ or greater
deduced from the mixing-length theory. The excitation is com-
puted at each evolution time-step and is therefore always fully
consistent with the stellar structure.

The damping of each wave in the radiative zone is computed
and then summed-up to obtain the total local momentum lumi-
nosity as in Eq. (11).

2.3. Transport of angular momentum and meridional
circulation

We recall the equation for the evolution of the mean angular mo-
mentum when averaging the azimuthal projection of the momen-
tum equation over an isobar and including IGWs (see e.g. Talon
& Charbonnel 2005),

ρ
d
dt

(
r2Ω

)
=

1
5r2
∂r

(
ρr4ΩU2

)
︸��������������︷︷��������������︸

1

+
1
r2
∂r

(
ρνV r4∂rΩ

)
︸���������������︷︷���������������︸

2

−
3

8π
1
r2
∂rLJ (r)︸�������������︷︷�������������︸
3

.

(16)
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Term 1 represents the transport of angular momentum by merid-
ional circulation, which advective character is conserved. Term 2
is associated with the action of shear-induced turbulence that is
modelled as a diffusive process (see Sect. 2.6), where νV is the
corresponding turbulent viscosity in the vertical direction given
in Eq. (37). Term 3 corresponds to the deposit/extraction of an-
gular momentum by IGWs described by Eq. (11). Finally, the
Lagrangian operator d/dt = ∂t + ṙ∂r accounts for contraction
and dilatation of the star during its evolution (with the radial ve-
locity ṙ êr).

Equation (16) relates meridional circulation to the overall
transport of angular momentum. In the asymptotic regime, the
left-hand side term is zero and the transport of angular mo-
mentum by meridional circulation is exactly balanced by that
through shear turbulence and IGWs. In the limit of vanishing
turbulent viscosity and transport by IGWs, the rotation profile
would adjust so that no meridional currents appear (Busse 1982).
In reality, because of the extraction of angular momentum by
magnetised wind (see below), and/or its redistribution by struc-
tural changes, the left-hand side term is non zero.

Then, following the method given in Paper I, and integrating
Eq. (16) over an isobar, we get an equation for the fluxes of an-
gular momentum as carried by the various involved processes,

Γ (m) = −Ftot (r) = −FMC (r) − FS (r) − FJ (r) , (17)

where

FMC (r) = −1
5
ρr4ΩU2 (18)

is the flux advected by the meridional circulation,

FS (r) = −ρr4νV∂rΩ (19)

is that associated to the shear-induced turbulence, and

FJ (r) =
3

8π
LJ (20)

is the one deposited/extracted by IGWs. The term Γ (m) repre-
sents the loss or gain of angular momentum inside the isobar
enclosing the mass m (r) (see Appendix A)

Γ (m) =
1

4π
d
dt

[∫ M(r)

0
r′2Ω dm′

]
. (21)

Then, using Eq. (17), we can extract the radial function of the
vertical component of the meridional circulation velocity

U2 =
5

ρr4Ω

[
ΓM (r) − ρνVr4∂rΩ +

3
8π
LJ

]
= UΓ + UV + ULJ . (22)

Finally, we note that we have the following boundary conditions
at the top of radiative cores (RC) of low-mass stars (r = rRC

t ),

d
dt

[∫ R

rRC
t

r′4 ρΩ dr′
]
= −

1
5

r4 ρΩU2 − Fext +
3

8π
LJ

(
rRC

t

)
, (23)

where Fext is the flux of angular momentum carried by magnetic
pressure-driven stellar winds (Kawaler 1988; Pinto et al. 2011;
Matt et al. 2012) and by tides if there is a close companion (Zahn
1977; Ogilvie & Lin 2007; Remus et al. 2012; Lai 2012) 1.

1 We also note that for massive stars, we will have at the top of radia-
tive envelopes (RE) (r = rRE

t )

0 = −1
5

r4 ρΩU2 − Fext, (24)

2.4. Thermal relaxation

Meridional circulation advects the mean entropy (S ) and the
temperature field relaxes on the new thermal state. The induced
temperature fluctuation δT = T̂2 (r) P2 (cos θ) evolution is ruled
by the relaxation equation (Mathis & Zahn 2004)

ρCp
d
dt

T̂2︸����︷︷����︸
ρT∂t S̃

−

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ρ
L
M

(
T2,Th + T2,B

)
︸�����������������︷︷�����������������︸

∇·(χ∇T )−∇·FH

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =

−ρTCp
N2

T

g
U2︸�����������︷︷�����������︸

ρTUr∂rS

+ ρ
L
M
T2,N−G︸�������︷︷�������︸
ρε

. (26)

This is an advection/diffusion equation, where the advective term
associated with meridional circulation caused by the transport of
angular momentum plays the role of a source or sink of heat.
The terms T2,Th and T2,B describe the usual spherical diffusion
of heat and the component of the divergence of the radiative flux
due to the flattening of the isobar by the centrifugal acceleration;
∇ · FH is the entropy flux carried by the horizontal turbulence.
Finally, T2,N−G corresponds to the coupling with the nuclear en-
ergy generation. Their derivation may be found in Paper I and
are recalled in Appendix A.

Equation (26) is finally written in the following form, which
will be used in Sect. 3.5.

T̃N−S = T̃Adv + T̃B + T̃Th + T̃N−G, (27)

where

T̃NS = ρTCp
dΨ2

dt
, (28)

T̃Adv = −ρTCp
N2

T

gδ
U2, (29)

T̃B = ρ
L
M
T2,B, (30)

T̃Th = ρ
L
M
T2,Th, and (31)

T̃N−G = ρ
L
M
T2,N−G. (32)

2.4.1. The thermal wind equation

Next, once the temperature has relaxed, the new differential ro-
tation profile is obtained through the thermal wind equation

∂rΩ = −
3g
r2

1

2Ω

⎛⎜⎜⎜⎜⎝δ T̂2

T
− ϕμ̂2

μ

⎞⎟⎟⎟⎟⎠ · (33)

A new eddy-viscosity (νV) is thus obtained because of the mod-
ification of the vertical gradient of angular velocity. To close the
loop, the meridional circulation is substained if there are some
external torques, structural adjustments, and internal stresses. If
this is not the case, the circulation vanishes after an Eddington-

Sweet time tES =

[
LR

GM2

(
Ω2

s R3

GM

)]−1
(Busse 1982; Rieutord 2006;

Decressin et al. 2009b).

where Fext is the flux of angular momentum carried by radiative stellar
winds (Ud-Doula et al. 2009; Meynet et al. 2011) and tides and at the
top of a convective core (CC) (r = rCC

t )

d
dt

⎡⎢⎢⎢⎢⎢⎣
∫ rCC

t

0
r′4 ρΩ dr′

⎤⎥⎥⎥⎥⎥⎦ = 1
5

r4 ρΩU2 −
3

8π
LJ

(
rCC

t

)
. (25)
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2.5. Transport of nuclides

We recall that the expansion of the transport equation for the
nuclides on an isobar leads to an equation for the evolution of the
mass fraction of each considered chemical (see also e.g. Meynet
& Maeder 2000)(

dXi

dt

)
Mr

=
∂

∂Mr

[
(4πr2ρ)2 (DV + Deff)

∂Xi

∂Mr

]
+

(
dXi

dt

)
nucl

, (34)

where dMr = 4πρr2dr and DV is the vertical component of the
turbulent diffusivity (see Eq. (37) below). The strong horizontal
turbulence leads to the erosion of the advective transport that can
then be described as a diffusive process (Chaboyer & Zahn 1992)
with the effective diffusion coefficient

Deff =
(rU2)2

30DH
, (35)

where DH is the horizontal component of the turbulent diffusivity
(see Eq. (38)). The second term on the right-hand side of Eq. (34)
corresponds to the temporal mass fraction evolution of the ith
nuclide due to nuclear burning. In the present study we do not
account for atomic diffusion.

Equation (34) is complemented by an equation for the time
evolution of the relative fluctuation of the mean molecular
weight, expressed here in terms of Λ2:

dΛ2

dt
− dln μ

dt
Λ2 =

N2
μ

gϕ
U2 −

6
r2

DHΛ2. (36)

We stress that the advective character of the transport of an-
gular momentum by the meridional circulation and its de-
posit/extraction by IGWs makes the interpretation of the whole
hydrodynamics more complex than when the diffusive approxi-
mation is used (e.g. Pinsonneault et al. 1989; Heger et al. 2000).
This is one of the reasons that pushed us to develop the tools that
we describe in Paper I and that we generalise in Sect. 3 to depict
the action of IGWs.

2.6. Turbulence and diffusion

The details of turbulence modelling have already been exten-
sively discussed in previous papers, and we recall here the ex-
pressions we have chosen following again Talon & Charbonnel
(2005).

First, for the vertical turbulent diffusion coefficients (DV 	
νV) we use the expression by Talon & Zahn (1997),

DV =
Ric

N2
T /(K + DH) + N2

μ/DH

(
r∂rΩ

)2
, (37)

where Ric = 1/6 is the adopted value for the critical Richardson
number. This prescription is now supported by direct numeri-
cal simulations of shear-induced turbulence (Prat & Lignières
2013).

Next, for the horizontal turbulent viscosity we use the pre-
scription derived by Zahn (1992),

νH =
r

CH

√
|2V2 − αU2|2 + U2

2 , (38)

where CH is a parameter of order unity, and V2 is given by
Eq. (3). For the vertical turbulent diffusion coefficient, we as-
sume that DH 	 νH.

3. Prescriptions for the 1.1 M� Z� stellar model
computations

3.1. Basic input physics

In the following, we apply the formalism described in Sect. 2
to the main-sequence evolution of a rotating star with an initial
mass of 1.1 M� at solar metallicity. The model was computed
with the implicit Lagrangian stellar evolution code STAREVOL
V3.10, with the same basic input physics as Paper I and Lagarde
et al. (2012, see these papers for details).

3.2. Rotation

We follow the evolution of the internal rotation profile from the
zero age main sequence on, assuming initial solid body rotation,
and an initial surface velocity of 75 km s−1 corresponding to
36% of the critical velocity (similar to Lagarde et al. 2012). We
account for surface spin-down due to magnetic braking follow-
ing the Kawaler (1988) formalism as described in Palacios et al.
(2003) with a constant K = 2 × 1030.

Mass loss is included from the zero age main sequence fol-
lowing Reimers (1975) prescription with a parameter ηR = 0.5
(see also Palacios et al. 2006). Rotation effects on mass loss
are accounted for following Maeder & Meynet (2001). Angular
momentum losses associated with mass loss are also accounted
for, but anisotropy effects (see Maeder 2002) are neglected.
However, because of the low-mass loss rate during the main se-
quence, these effects are negligible.

3.3. Wave excitation and spectrum along the main sequence
evolution

As the only convective zone in the 1.1 M� main-sequence model
is the envelope, we consider only waves generated by Reynolds
stresses in this convective envelope. In the computations, we
choose to multiply the kinetic energy flux obtained from the vol-
umetric convective excitation by a factor of 5 in agreement with
the results of Lecoanet & Quataert (2013) who show that the ex-
citation by turbulent convection with a smooth transition at the
radiative-convective transition leads to a flux about a factor of 5
higher than the one obtained by Eq. (15).

Figure 1 shows the luminosity spectrum of the IGWs
generated by the convective envelope for the model at
the age of 180 millions years. As already emphasized by
Talon & Charbonnel (2005), the structure of the spectrum shows
almost no variation along the main sequence. The left panel
of Fig. 1 shows the spectrum of luminosity generated at the
edge of the convective envelope. As already found by Talon &
Charbonnel (2005), the waves which have the highest luminosity
are those with small local frequency.

Moreover, as already pointed out by Talon & Charbonnel
(2005) (see also Zahn et al. 1997), most of the waves are effi-
ciently damped in the radiative region very close to the convec-
tive border. The central panels of Fig. 1 illustrate this point by
showing the spectrum of wave luminosity at 0.05 R� below the
convective border. At that depth, retrograde and prograde waves
with high degree � and small frequency are already damped,
and this effect is more pronounced for the prograde waves with
azimuthal degree m = �. For each frequency, and given de-
grees � and m, the net luminosity is dominated by the retrograde
waves where their maximum luminosity is limited to the area
with small frequency and degree � (see right panel of Fig. 1 and
Eq. (12)).
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IGW luminosity 0.05      below convective envelope 
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Fig. 1. Left: spectrum of the IGW luminosity generated by the convective Reynolds stresses of the envelope for various frequencies σ and degrees �.
Middle: spectrum of the IGW luminosity at 0.05 R� below the convective envelope for retrograde (left) and prograde (right) waves with various
frequencies and degrees �. Only the cases with m = � (top) and m = 1 (bottom) are shown. Right: spectrum of the net luminosity at 0.05 R� below
the convective envelope for various frequencies and degrees � (and m).

4. Dynamical evolution of a 1.1 M� Z� star

In the following sections, we generalise the tools developed in
Paper I to improve our understanding of the quantitative IGW
effects on the transport of angular momentum and chemicals dur-
ing the evolution of the 1.1 M� model along the main sequence.

4.1. Rotation

4.1.1. Internal rotation profiles

Figure 2 shows the evolution of the angular velocity profile
between the zero age main sequence up to 382 million years
where six extraction fronts have propagated to the surface.
Talon & Charbonnel (2005) and Charbonnel & Talon (2005) ex-
plain that IGWs extract angular momentum at the depth they are
damped. This depth moves toward the surface with time and then
IGWs penetrate deeply into the star and a new extraction front
starts. In our 1.1 M�, we obtain a similar behaviour. In the fol-
lowing we will concentrate our analysis on the third extraction
front to study the changes in rotation and chemical transport as
it propagates toward the surface. The three curves in black, red,
and green, correspond to the rotation profile at the three times
located in Fig. 3 where the extraction front moves outward at
r = 0.15, 0.3 and 0.5 R�, respectively. Contrary to the gen-
eral result obtained in the absence of IGWs (where only rota-
tion, meridional circulation, and shear turbulence are taken into
account) for a 1.1 M� star (Z = Z�) and other solar-type star
models, where we had a core spinning faster than the envelope
(see e.g. Paper I), we obtain here a weak differential rotation be-
cause of its damping by IGWs and the related angular momen-
tum extraction fronts (as in Talon & Charbonnel 2005).

130

148

164

180
197

213
228

260
293

382

Fig. 2. Profiles of angular velocity in a 1.1 M� star (Z = Z�) at different
ages between 130 and 382 million years. The black, red, and green pro-
files at 180, 197, and 213 million years, respectively, indicate the time
where we perform our analysis. Hatched area indicates the convective
envelope.

4.1.2. Surface velocity

Figure 3 shows the evolution of the surface velocity for the first
2.5 Gyr on the main sequence (the central hydrogen abundance
decreases from 0.71 to 0.44). The surface velocity starts on the
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Fig. 3. Surface velocity of a 1.1 M� star (Z = Z�), with an initial velocity
of 75 km s−1 at the ZAMS. The bue squares at 180, 197, and 213 million
years indicate the time at which the structures are detailed.

Zero-Age-Main-Sequence at 75 km s−1 and then it decreases be-
cause of magnetic braking to about 12−15 km s−1 at the Hyades
ages, which is close to the velocity obtained by Gaige (1993) for
star with a Teff around 5980 K: VHyades = 8 ± 10 km s−1. Thus
the surface velocity reaches 5 km s−1 after 2.5 Gyr of evolution
when most of the magnetic braking has occurred.

Along with this general decreasing trend, the surface velocity
also shows a series of small peaks, which are due to the arrival
at the surface of extraction fronts induced by the transport of
angular momentum by IGWs (see Talon & Charbonnel 2005).
In Fig. 4, we show the evolution of the rotation profile during
the whole computed evolution, i.e. Ω (r, t), along with the loss
of angular momentum due to magnetic braking. Then, we can
clearly identify the propagation of the different fronts of angu-
lar momentum extraction and their speed of propagation which
becomes slower and slower as the star evolves. This is due to
the strength of the magnetic wind and braking, which decreases
with time. Therefore, less differential rotation between the con-
vective envelope and the internal core is sustained. Then, the net
bias between retrograde and prograde waves, which is fed by the
differential rotation reservoir, becomes less and less pronounced
and the efficiency of the extraction becomes less and less effi-
cient and operates on longer time-scales.

In the following, we follow in detail the propagation of the
third extraction front at three different times (180, 197, and
213 million years) indicated by the blue squares in Fig. 3.

4.2. Sustaining the meridional circulation

Figure 5 shows the two-dimensional reconstruction of the merid-
ional circulation flows in the radiative interior. As in Paper I,
they are represented in terms of the stream function ξ defined
in Eq. (5). The striking difference with the models of 1.5 M�
presented in Paper I computed without IGWs is the presence of
numerous small loops of meridional circulation instead of hav-
ing only two loops with a large one connecting the surface to the

Fig. 4. Top: variation of the angular velocity (Ω) as a function of r dur-
ing the computed evolution of the 1.1 M� star (Z = Z�). The colour
scale used allows the identification of the different fronts of extraction
of the angular momentum and their propagation speed. The shaded area
indicates the convective envelope, while the dotted white line corre-
sponds to the limit of H-burning (defined as εnuc ≤ 1 erg s−1). Bottom:
evolution of the loss of angular momentum during the computed evolu-
tion of the 1.1 M� star (Z = Z�).

deep interior. As shown by Talon & Charbonnel (2003), the effi-
ciency of IGWs is ruled by the size of the convective envelope,
which becomes negligible for stars above ∼1.4 M�. For lower
mass stars IGWs need to be taken into account. Models of a
1.1 M� star without IGWs will show a similar pattern for the
meridional circulation to the 1.5 M� star shown in Paper I. In the
1.1 M� star, where IGWs are taken into account, numerous loops
of circulation are present with alternating clockwise and coun-
terclockwise loops. As already noted by Talon & Charbonnel
(2005), this meridional multi-loop pattern has a strong effect on
the transport of angular momentum and chemicals that must be
understood.

Figure 6 shows the reconstruction of the radial function
of the vertical component of the meridional circulation (U2)
based on Eq. (22) obtained from the conservation of angular
momentum, where UΓ, UV , and the ULJ represent the angular
momentum extraction, the contribution of the shear, and of the
one of Reynolds stresses caused by IGWs, respectively. We
note that the contribution of IGWs is always positive (because
of the net extraction of angular momentum) while the loops
of meridional circulation have alternating positive and nega-
tive values. The propagation of the IGWs in the radiative inte-
rior and their damping create two main zones shown in Fig. 6.
They are separated by the extraction front position at rextract =
0.12, 0.3, and 0.5 R� in the three panels. Above (between the
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Fig. 5. Meridional circulation currents in a 1.1 M� star (Z = Z�) model at 180 (left), 197 (middle), and 213 million years (right). Red and blue
lines indicate counterclockwise and clockwise circulation, respectively. Hatched areas indicate the convective envelope.

Fig. 6. Decomposition of the vertical component of the meridional cir-
culation radial function U2 for a 1.1 M� star (Z = Z�) at three differ-
ent epochs indicated in each panel. Black long dashed lines show the
value of U2, while red dashed-dotted, blue dotted, and magenta dashed
lines indicate its different components ULJ , UV and UΓ, respectively
(see Eq. (22)). Hatched areas indicate the convective envelope.

convective envelope and the region where they are damped r ≥
rextract), the meridional circulation is sustained by the local vari-
ation of angular momentum given by UΓ and by the Reynolds
stresses caused by IGWs given by ULJ , i.e. U2 ≈ UΓ + ULJ .
Since UΓ is negative while ULJ is positive with the same order of
magnitude, we are thus able to understand the meridional circu-
lation radial function (U2) amplitude, which can be alternatively
positive and negative along the radius.

In the inner central part (r < rextract) where no IGWs are
present because they have been damped near the extraction
front, the meridional circulation is sustained mainly by the local

Fig. 7. Total flux of angular momentum (Ftot, black solid line) decom-
posed into the contributions due to the meridional circulation (FMC, red
dashed line), the shear-induced turbulence (FS, blue dotted line), and
the Reynolds stresses caused by IGWs (FJ, magenta dashed line) for a
1.1 M� star (Z = Z�) at three different epochs indicated in each panel.
Hatched areas indicate the convective envelope.

variation of angular momentum given by UΓ as in Paper I, i.e.
U2 ≈ UΓ.

The contribution of the shear (UV) is always negligible ow-
ing to the nearly-flat profile of rotation. The only place where the
shear increases sharply is around the extraction front. However,
as the other components of the meridional circulation are also
highly excited in this place, the shear never becomes impor-
tant although the rotation profile displays a stronger differential
profile there. However, at the end of the main sequence evo-
lution, once the wind becomes weak, the transport of angular
momentum by IGWs is less efficient with extraction fronts of
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Fig. 8. Temperature fluctuation in the 1.1 M� star (Z = Z�) model at 180 (left), 197 (middle) and 213 million years (right). Hatched areas indicate
the convective envelope.

angular momentum that propagate more and more slowly (cf.
Fig. 4). Then, once most of the angular momentum has been
lost, a very weak meridional circulation is driven by the viscous
stresses induced by the residual shear.

4.3. Flux of angular momentum

Here, we continue to examine the respective contribution of
meridional circulation (FMC), shear (FS), and IGWs (FJ) to the
total flux of angular momentum by looking at the fluxes carried
by these three processes. Our analysis is presented in Fig. 7 for
the three chosen structures of the propagation of the extraction
front. We retrieve the similar pattern as in Fig. 6 where the ra-
diative region can be decomposed into two regimes. In the in-
ner one, below the extraction front (r < rextract), the transport of
angular momentum is dominated by its advection by the merid-
ional circulation, while above (r ≥ rextract), IGWs are the main
conveyor. In the whole radiation zone, the diffusion of angular
momentum by the shear-induced turbulence remains a secondary
process.

Near the extraction front, the meridional circulation presents
two important characteristics: a high value of its velocity
and a double inversion peak (see Fig. 5) as a pattern with
three fixed loops are present between 0.09–0.22, 0.18–0.42,
and 0.5−0.68 R� in the right, middle, and left panel, respec-
tively. The two inner loops bring angular momentum from the
outside to the extraction front while the outer one transports an-
gular momentum outward. This typical pattern is responsible for
the peak seen in the profile of angular momentum near the ex-
traction front.

Moreover, as shown in Fig. 2, the profile of Ω is frozen in
the region below the extraction front. This behaviour can be un-
derstood as follows. First, the amplitude of the angular momen-
tum flux stays almost constant where IGWs are the main con-
veyor. Thus, angular momentum is efficiently extracted from the
front to the convective envelope and hence this process moves
the front to higher radius. Second, in the inner part, the total flux
drops by several orders of magnitude compared to the region

above and the succession of clockwise and counterclockwise
loops of meridional circulation halts the transport of angular mo-
mentum. The net effect of these two mechanisms freezes the
evolution of angular momentum in the inner part compared to
the time needed by the front to move toward the surface.

4.4. Entropy transport

Figure 8 displays the two-dimensional reconstruction of the tem-
perature perturbation (δT ) in the meridional plane at different
ages along the evolution. Its behaviour is closely related to
the gradients of angular momentum; near the extraction front
where steep gradients occur, δT presents its maximum values.
Furthermore, the value of the perturbations always remains small
as δT/T is lower than 0.1%. This result validates our perturba-
tion analysis.

Figure 9 (both panels) depicts how the thermal relaxation in
the heat transport equation is achieved. In Paper I, we showed
that in the absence of IGWs the advection of entropy by the
meridional circulation (T̃Adv) is compensated both by the ther-
mal (T̃Th) and barotropic (T̃B) components of the radiative flux.
The situation is quite different with the presence of IGWs be-
cause the main peak of entropy advection by the meridional cir-
culation (see Fig. 6) near the extraction front is solely balanced
by the thermal component. In the last panel of Fig. 9 (top), the
heat transport is weak and all the components have small val-
ues because the front we are following arrives at the surface and
a new one will be created. The bottom panel of Fig. 9 shows
the different components of the heat transport equation with a
zoom in the region outside the extraction front. There, the ad-
vection of heat by the meridional circulation is still balanced by
the thermal component. However, the barotropic component in-
duces some modulation. The nuclear and gravitational energy
generation term (T̃N−G) plays a role only in the central region
below 0.1−0.2 R�. Finally, the non-stationary term (T̃NS) is neg-
ligible as it is mainly sensitive to the structural changes of the
star, which remain small during the main sequence.
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Fig. 9. Upper panels: heat transport for a 1.1 M� star (Z = Z�) at three
different epochs indicated in each panel with the terms non-stationary
(T̃NS; magenta solid line), barotropic (T̃B; blue dashed line), baroclinic
(T̃Th; red dotted line), and advective (T̃Adv; black long dashed line),
and the contribution due to nuclear and gravitational energy variations
(T̃N−G; green dashed-dotted line). Lower panels: similar to the upper
panel with a zoom on the small amplitude components. Hatched areas
indicate the convective envelope.

4.5. Effects on chemicals

4.5.1. Horizontal chemical unbalance

Figure 10 displays the two-dimensional reconstruction of hori-
zontal fluctuations of mean molecular weight (μ). Nuclear burn-
ing increases the mean molecular weight in the centre and cre-
ates a negative vertical gradient. Then, the meridional circulation
creates horizontal gradients when clockwise loops bring matter
with low μ from the outside near the equatorial plane and push
high μmatter along the pole from the centre to the outer regions.
The reverse happens with counterclockwise loops. These μ per-
turbations tend to be erased by the horizontal turbulence.

Because of the numerous loops of meridional circulation we
would expect the behaviour of the μ perturbations to be erratic.
While Fig. 10 mainly confirms it, we can still identify some

long-lived patterns. We see that the inner μ perturbations located
at r = 0.10 R� remain at the three times. This comes from the
initial μ perturbations that are protected by clockwise loops that
stay at this radius at all three times (see Fig. 5). Furthermore, as
the horizontal diffusion is also weaker near the stellar centre (see
Fig. 11), the initial μ perturbation is eroded on a longer timescale
while the pattern above 0.10 R� changed more rapidly.

4.5.2. Transport of chemicals

Figure 11 compares the diffusion coefficients of the various pro-
cesses that act on the transport of chemicals. First, the horizontal
turbulent transport is stronger than the vertical (i.e. DH 
 DV) as
expected from the shellular rotation hypothesis. Then, because
of the very little vertical gradient of angular velocity, the vertical
shear is weak except near the extraction front. The effective dif-
fusion by meridional circulation and horizontal turbulence (Deff)
follows the loops of the circulation. Therefore, the net effect is
a strong reduction of the vertical mixing compared to the model
presented in Paper I. Similar results have been obtained by Talon
& Charbonnel (2005). These differences in the diffusion coef-
ficient lead to a lower efficiency of the transport of light ele-
ments like Li near the convective envelope. As shown by Talon
& Charbonnel (2003), gravity waves can inhibit the Li depletion
on the cool side of the Li dip observed in open clusters (see e.g.
Burkhart & Coupry 2000).

5. Conclusions and perspectives

In this article, we generalised the work in Paper I aimed at un-
ravelling secular transport and mixing processes in stellar ra-
diation zones during the main sequence taking IGW actions
into account. Using the STAREVOL code where the formalisms
by Mathis & Zahn (2004) and Talon & Charbonnel (2005)
are implemented, we simulated the evolution of a 1.1 M�,
Z� star focussing on the highly non-linear interaction between
differential rotation, large-scale meridional circulation, shear-
induced turbulence and IGWs. In our work, the non-diffusive
character of angular momentum transport by the meridional cir-
culation and IGWs is preserved. Then, using our generalised di-
agnoses, we identify that the meridional flows are driven by the
external torque applied on the stellar surface by stellar winds
and by IGWs and viscous stresses rather than by thermal im-
balance (see also Busse 1982; Rieutord 2006) (stellar structure
adjustments are also important, but not on the evolution phases
we have studied in this work). This precise analysis now allows
us to explain the highly multi-cellular meridional circulation al-
ready identified by Talon & Charbonnel (2005) and shows that
the usual Eddington-Sweet vision of this flow must be aban-
doned. We note that this forcing of mean meridional and zonal
flows by IGWs also occurs in the atmosphere of the Earth and
the other planets (e.g. Holton 1982; Fritts & Alexander 2003).
We then clarified the precise way IGWs act on the large-scale
dynamics for angular momentum, heat, and chemical transports.

First, as in Talon & Charbonnel (2005), we unraveled the
dynamics of angular momentum extraction fronts that propagate
from the centre to the surface of the star. We note that the ve-
locity of their propagation decreases along the evolution of the
star during which surface braking by stellar winds becomes less
efficient. Indeed, the corresponding applied torque sustains the
differential rotation between the convective envelope of the star
and its radiative core. This feeds the IGW action because of the
different Doppler-shift of pro- and retrograde waves from which
a net transport of angular momentum results. Then, once most
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Fig. 10. Two-dimensional reconstruction of the μ fluctuations in the 1.1 M� star (Z = Z�) model at 180 (left), 197 (middle), and 213 million years
(right). Hatched areas indicate the convective envelope.

Fig. 11. Profiles of the thermal diffusivity (K; cyan dashed-dotted lines),
and the diffusion coefficient associated with the meridional circulation
(Deff; red dashed lines), and with the horizontal (DH; black long dashed
lines) and vertical turbulence (DV; blue dotted lines) for a 1.1 M� star
(Z = Z�) at three different epochs indicated in each panel. The total
diffusion coefficient used for the mixing of chemicals is indicated with
magenta full lines. Hatched areas indicate the convective envelope.

of the differential rotation has been damped, a very weak merid-
ional circulation is driven by the viscous stresses induced by the
residual shear as described in Paper I. Next, heat and chemical
transports are strongly affected by IGW action because of the re-
lated modification of the meridional circulation behaviour. Then,
the meridional circulation advects entropy (and chemicals) and
the star relaxes into a new thermal state. This in turn generates
a new differential rotation profile because of the induced baro-
clinic torque (see Eq. (33)) and the related thermal wind (see
Fig. 12).

The main improvments that should be added to this work in
the near future mainly consist of improvments in the treatment
of the excitation, propagation, and damping of IGWs.

Fig. 12. Secular hydrodynamics of stellar radiation zones taking into
account IGWs actions (here, in the green box). The action of differential
rotation through the Doppler shift is represented in blue.

First, for IGW amplitude, we here assume the prescription
given by Kumar & Quataert (1997) for their volumetric stochas-
tic excitation. However, progress has been achieved both ana-
lytically (Belkacem et al. 2009; Samadi et al. 2010) and using
non-linear numerical simulations (Kiraga et al. 2005; Browning
et al. 2004; Dintrans et al. 2005; Rogers & Glatzmaier 2005,
2006; Brun et al. 2011; Alvan et al. 2012) for the volumetric ex-
citation and the surface excitation due to turbulent plumes. In the
near future, it will thus be particularly important to extract usable
prescriptions for excited IGW spectra from these works and to
implement it in STAREVOL. Furthermore, as in the present im-
plementation, it will be important to have appropriate prescrip-
tions for each evolution phase where convective region proper-
ties evolve (see Talon & Charbonnel 2008; Charbonnel et al.
2013).

Next, we have ignored the action of the Coriolis accelera-
tion and the Lorentz force (due to the dynamo field at the level
of the excitation region at convection/radiation borders and/or
to a fossil field in the bulk of stellar radiation zones) on IGWs.
Both rotation and magnetic fields modify their propagation and
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damping, as well as the related transport of angular momentum
and mixing, particularly for IGWs that are excited with frequen-
cies close to the inertial frequency (2Ω) and to the Alfvén fre-
quency (see Pantillon et al. 2007; Mathis et al. 2008a; Mathis
2009) for the action of the Coriolis acceleration and Mathis & de
Brye (2011, 2012) for the combined action of rotation and mag-
netic fields); for example, equatorial trappings occur for these
low-frequency IGWs. However, as has been demonstrated by
Mathis & de Brye (2012), the net bias between pro- and ret-
rograde waves that leads to the efficient extraction of angular
momentum in solar-type stars by IGWs is conserved even when
both the Coriolis acceleration and the Lorentz force are taken
into account. It will be thus important to implement, step by
step, their action on IGWs to get the complete interaction be-
tween IGWs and the large-scale dynamical processes in stellar
radiation regions.

Finally, the torques applied at the surface of the star
have an important impact on the internal transport processes.
If the prescription by Kawaler (1988) is adopted here, it
will be important to improve the prescriptions used for this
torque, for example using the prescriptions obtained from three-
dimensional simulations of stellar winds where the dependence
of the wind on the rotation rate of the star is taken into account
(Matt et al. 2012).

All of these theoretical improvments of our vision of the
dynamical evolution of stars will benefit from constraints com-
ing from seismology and surface abundance observations of the
whole Hertzsprung-Russell diagram.
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Appendix A: Meridional circulation and angular
momentum transport
We consider Eq. (16) for the mean angular momentum transport

ρ
d
dt

(
r2Ω

)
=

1
5r2
∂r

(
ρr4ΩU2

)
+

1
r2
∂r

(
ρνVr4∂rΩ

)
−

3
8π

1
r2
∂rLJ (r)

(39)

that takes IGW action into account. We integrate it over a spher-
ical shell∫ r = r2

r = r1

ρr′2
d
dt

(
r′2Ω

)
dr′ =

1
5

∫ r = r2

r = r1

∂r′
(
ρr′4ΩU2

)
dr′

+

∫ r= r2

r= r1

∂r′
(
ρνV r′4∂rΩ

)
dr′ −

3
8π

∫ r= r2

r= r1

∂rLJ
(
r′
)

dr′, (40)

where r1 and r2 are, respectively, its inner and outer radius.
Introducing the elementary mass element dm = 4πρr2dr, we
obtain

1
4π

∫ m=m(r2)

m=m(r1)

d
dt

(
r′2Ω

)
dm =

1
5

[(
ρr4ΩU2

)
r= r2
−

(
ρr4ΩU2

)
r = r1

]
+

[(
ρνVr4∂rΩ

)
r = r2
−

(
ρνVr4∂rΩ

)
r = r1

]
−

3
8π

[LJ (r = r2) − LJ (r = r1)] . (41)

We apply the following identity

d
dt

[∫ m2(t)

m1(t)
f (m, t)dm

]
=

∫ m2(t)

m1(t)

d
dt

[
f (m, t)

]
dm

+

{
dm2 (t)

dt
f (m2, t) −

dm1 (t)
dt

f (m1, t)

}
.

In our Lagrangian description, the mass is conserved, i.e. dm2(t)
dt =

dm1(t)
dt = 0, so

1
4π

d
dt

[∫ m=m(r2)

m=m(r1)
r′2Ωdm

]
=

1
5

[(
ρr4ΩU2

)
r = r2
−

(
ρr4ΩU2

)
r = r1

]
+

[(
ρνVr4∂rΩ

)
r = r2
−

(
ρνVr4∂rΩ

)
r = r1

]
− 3

8π
[LJ (r = r2) − LJ (r = r1)] . (42)

Finally, to obtain the value of the radial function of the vertical
component of the meridional circulation at m (r), we set r1 = 0
and r2 = r that leads to

U2 =
5

ρr4Ω

[
Γ (m) − ρνV r4∂rΩ +

3
8π
LJ (r)

]
, (43)

where

Γ (m) =
1

4π
d
dt

[∫ m(r)

0
r′2Ωdm′

]
. (44)

Appendix B: T2 components of the heat transport
equation

This is an advection/diffusion equation, where the advective term
associated with the meridional circulation caused by the trans-
port of angular momentum plays the role of a source or sink
of heat. The terms T2,Th and T2,B describe the usual spherical
diffusion of heat and the component of the divergence of the ra-
diative flux due to the flattening of the isobar by the centrifugal
acceleration; ∇ · FH is the entropy flux carried by the horizon-
tal turbulence. Finally, T2,N−G corresponds to the coupling with
the nuclear energy generation. Their derivation may be found in
Decressin et al. (2009) and we obtain the thermic term

T2,Th =
ρm

ρ

⎡⎢⎢⎢⎢⎣ r
3
∂rA2 (r) − 2HT

3r

(
1 +

DH

K

) T̂2

T

⎤⎥⎥⎥⎥⎦ ,
the barotropic term

T2,B =

2
3

⎡⎢⎢⎢⎢⎢⎢⎣1 − Ω
2

2πGρ
− 2

3
ρm

ρ

⎛⎜⎜⎜⎜⎝φ μ̂2

μ
− δ T̂2

T

⎞⎟⎟⎟⎟⎠ −
(
ε + εgrav

)
εm

⎤⎥⎥⎥⎥⎥⎥⎦Ω2
∂r

(
r2

g

)

−2
3
ρm

ρ

⎛⎜⎜⎜⎜⎝φ μ̂2

μ
− δ T̂2

T

⎞⎟⎟⎟⎟⎠ ,
and the term associated with local energy sources

T2,N−G =

(
ε + εgrav

)
εm

⎡⎢⎢⎢⎢⎣A2 (r) + ( fε εT − fεδ + δ)
T̂2

T

+
(
fε εμ + fεφ − φ

) μ̂2

μ

]
,
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where

A2 (r) = HT∂r

⎛⎜⎜⎜⎜⎝ T̂2

T

⎞⎟⎟⎟⎟⎠ − (1 − δ + χT )
T̂2

T
−

(
φ + χμ

) μ̂2

μ
(45)

and L and M have their usual meanings. We have introduced
the temperature scale-height HT =

∣∣∣dr/d ln T
∣∣∣, the horizontal

eddy-diffusivity DH and fε = ε/
(
ε + εgrav

)
, with ε and εgrav be-

ing the mean nuclear and gravitational energy release rates, re-
spectively; εμ = (∂ ln ε/∂ lnμ)P,T and χμ = (∂ lnχ/∂ lnμ)P,T
are the logarithmic derivatives of ε and of the radiative con-
ductivity χ with respect to μ, and εT =

(
∂ ln ε/∂ ln T

)
P,μ

and

χT =
(
∂ lnχ/∂ ln T

)
P,μ

are the derivatives of these same quan-

tities with respect to T ; εm = L/M and ρm = 3g (r)/4πrG are the
horizontal average of the energy production rate and the mean
density inside the considered isobar. Finally, the signature of
mixing induced by transport processes, i.e. the fluctuation of the
mean molecular weight δμ (r, t) = μ̂2 (r, t) P2 (cos θ), has been
introduced.
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