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Abstract

The so-called regime 111 of the a{®) 1zergin—Korepin 19-vertex model has defied
understanding for many years. We show in this paper that its continuum limit
involves in fact a non compact conformal field theory (the so-called Witten
Euclidian black hole CFT), which leads to a continuous spectrum of critical
exponents, as well as very strong corrections to scaling. Detailed numerical
evidence based on the Bethe ansatz analysis is presented, involving in particular
the observation of discrete states in the spectrum, in full agreement with the
string theory prediction for the black hole CFT. Our results have important
consequences for the physics of the O(n) model, which will be discussed
elsewhere.
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1. Introduction

The Izergin—Korepin (or a®) model is, together with the 6-vertex model, a central part of
the field of integrable statistical mechanics models. It is directly connected—in particular
thanks to the reformulation as an O(n) model—with many of the most recent developments
in conformal field theory (CFT), two-dimensional (2D) quantum gravity [1], combinatorics
[2] probability theory [3], algebra [4] and has also many physical applications, in particular in
polymer theory [5].

More than thirty years after the discovery of the vertex model [6], and more than twenty
years after the reformulation as an O(n) model [7-9], it seems that everything should be
understood about such basic aspects as the nature of the continuum limit, or the spectrum
of critical exponents. Quite surprisingly, this is not the case. The so-called regime Il (see a
detailed definition below) resisted most of the sophisticated attempts started in [9], exhibiting
unusually large corrections to scaling, and new, disconcerting behavior of the measured gaps
with the twist angle.

This has been considered in the community as a technical problem more than a
fundamental one, but we show here that something very deep and new is happening: the
continuum limit of the Izergin—Korepin model in regime 111 is a non compact CFT, with a
continuous spectrum of critical exponents. This is possible, even though the lattice model is
perfectly compact, because the Boltzmann weights are not all positive in the regime 111 (the
Hamiltonian is not Hermitian), and the correspondence between the lattice and continuum
target spaces is more complicated than in the usual, positive (Hermitian) cases. In the latter
case, for the simplest statistical mechanics models such as the IK model in the other regimes
or the 6 vertex model, the continuum target space is usually a circle, that is, a real variable

‘compactified’ by the identification @ = @ + 2R, The variable @ is a free boson [10], and
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the compactification arises because of its angular nature. A non compact target space would
correspond, for instance, to a boson with infinite radius of compactification (R _ o), butin
our case we will see that things are a little more complicated.

This is not the first time that such non compact behavior is encountered. In [11] and
in [12-15] two other lattice models were studied that involve similarly finite-dimensional
representations on every site or link, but with a non compact continuum limit, and a continuous
spectrum of critical exponents. These models however were not the most natural or useful
from a pure statistical mechanics point of view: the one in [11] requires a sl(2|1) super group
symmetry, and the one in [12] involves a delicate staggering of the spectral parameters. In
contrast, the IK model in regime 111 is related with very physical questions, in particular the
behavior of a leading candidate for the theta point of polymers. Our results will turn out to
have profound consequences on our understanding of this point.

The existence of a continuous spectrum of critical exponents means that, for the
corresponding CFT, there will be primary fields with dimensions (h, h) taking a continuous set
of values within an interval. In terms of lattice transfer matrices or Hamiltonians, this implies
that the rescaled gaps L(E -Eo)—where L denotes the length of the system, and Eo is the
ground state energy—instead of converging to a discrete set of points in the limitL _, oo,
will take continuous values covering some intervals.

The Izergin—Korepin and O(n) models have been studied at great length, and we will
not spend much time reminding the reader of their definition and the vast body of knowledge
which is available about them. Except for a short reminder of the properties in regime |
provided in appendix B, and that we will need for purposes of definition and normalization,
we will therefore focus entirely on the regime 111. We will, however, devote section 2 to a
careful review of the conventions and notations in the literature, in order to identify precisely
the model we are interested in. Another point worth recalling here is that the 1K and O(n)
model are not exactly identical: the O(n) model is obtained by combining sectors of the IK
vertex model with different ‘twisted” boundary conditions and subtracting states, very much
in the same way that the Potts model is obtained from sectors of the 6-vertex model. We focus
in this paper on the continuum limit of the IK vertex model, where it is usually implied that
this model has periodic boundary conditions, although we will also consider twisted boundary
conditions at various points. The role of these boundary conditions however is mostly to allow
us to explore aspects of the IK model itself: the O(n) loop model per se will be considered
elsewhere.

Section 3 provides a careful, revised analysis of the numerical results from the Bethe
ansatz, together with duality arguments that lead to a tentative identification of the continuum
limit of the 1K model with the Euclidian black hole CFT [16], whose main features are
recalled at the beginning of section 4. This CFT—which can also be considered as the (GKQO)
coset SL(2, R)/U(1)—has the interesting property that it admits both continuous and discrete
states. The rules giving rise to these discrete states are very specific, and result in a pattern that
depends crucially on the coupling constant—which translates here into the anisotropy of the
model, or the n variable in the O(n) version. We show in section 4 how the lattice model exactly
reproduces the results predicted in [17, 18]. We then discuss the issue of the density of states,
and how the termination of the regime is related with the appearance of a marginally relevant
operator. This allows us to predict an essential singularity in the free energy (ground state
energy) of the model, whose existence we also prove directly from the Bethe ansatz results.

Two further appendices contain the derivation of an algebraic restricted solid on solid
(RSOS) formulation (different from the geometrical one given in [19]) used in some of our
early arguments about the continuum limit, and a detailed exposition of the numerical method
and results.
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2. Generalities

2.1. The models

The Izergin—Korepin model [6] is a quantized version of the Bullough—Dodd model [20]. It
was originally [6] formulated as a vertex model, but is also closely related to an O(n) type
loop model [7-9, 21] or as an RSOS type height model [19] (see also appendix A).

In view of the program we expect to carry out in this paper and its sequels, it is
however most natural to start by giving the standard form of the R matrix for the a)
algebra [22]:

'@ x=1¢-x 1=-x 1 )
. 1
R ocl+ P14 E+l+ _71(B+B ) @
Here the SO(3) braid and Té(mperFEy—L)ﬁeb genera%(o?s sa(iisfy the relationship
. B-Bl=(@Q-g-E) )
and the R matrices obey the Yang-Baxter equation in the form
FélZFEZBFéH = F\V)ZSFélZFéZS- (3)

We denote by g the deformation parameter, and by x the (multiplicative) spectral parameter.
We note that a slightly different normalization is often used for the deformation parameter in
the al® case [23]. We will set

q=ev

X = e, ()]
in all that follows.

Explicit calculations show that this matrix matches the more usual (in the statistical
mechanics literature) form [24] in terms of weights for the 19 possible vertices encoded in the

R matrix (R = PR) geting on the space (%)= |

c 0 0[O0 O O[O O O
0O b Ofe 0 0[O0 OO
|UU°OgOfOO|
0 e 0|b 0 0|0 0O
R=10 0 ¢g|0 a 0fg 0 0, (5)
0 0 0|0 O b|O e O
OOng'OdOO/|
0 0 0fo 0 €[0 b O
0 0 0[O0 0 0|0 O ¢

where the weights can be written (YB stands for Yung and Batchelor [24]):

a = sinh(uYB — 3AYB) — sinh(SAYB) + sinh(SAYB) + sinh(AYB)
b = sinh(uvs — 3Avg) + sinh(3Ave)
¢ = sinh(uys — 5Ayg) + sinh Avg
d = sinh(uYB — AYB) + sinh Ayg
e = —2e-8"2 5inh(2Ayg) cosh Uy — 3
: P 2 g T
e = —2e"®“sinh(2Ays) cosh Uys —3A
s
f = —2e-uet2Av8 ginh(Avs) sinh(2Avg) — e~4*® sinh(4Ayg)
f = 2ewes=2Mveginh(Avg) sinh(2Avs) — e4*® sinh(4Ayg)

4
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' S ZZ@ZAZ;B S's?r?h( YB/ZQ)S'nnhégﬂYB)) (6)
provided one sets

Ave =i

X = e'v®, (7

and implements a gauge transformation on the degrees of freedom on every edge, obtained by
simple multiplitiation with |

|4
2

100
\o i o/. ®)
001

Each space C? is interpreted naturally in terms of spin S= 1, and the value of S= 0,1 can
be represented graphically as an empty edge, or an edge carrying an up/down pointing arrow.
The 19 configurations around a vertex allowed by (5) are precisely those compatible with
arrow conservation, generalizing the ice rule (which is well-known from the 6-vertex model).

The model is closely related to a loop model. The local configurations around a vertex of
the square lattice for this model are the following:

KA LXK K

o1 P2 Ps3 Pa Ps Ps

and there is an additional weight n per closed loop, henceforth referred to as the loop fugacity.
To bring the loop model into correspondence with the 19-vertex model one first introduces
an extra orientational degree of freedom (clockwise or counterclockwise) for each loop. The
fugacity n is then distributed over these orientations and further over the local turns. Summing
over the loop connectivities compatible with each choice of arrows (orientation) on the adjacent
edges finally produces a vertex model. Choosing correctly the gauge factors allowed by these
transformations produces the vertex weights (ZB stands for Zhou and Batchelor [21])

sin uzg sin(SAZB - UZB)

Pr="+ sin 2Azg Sin 3Azs
__ sin(3Azs_— uzs)
P2=P3 =" sin3As
_ _ sinuzg
Pe=P5 = Ginahe
_ . Sin Uzg_Sin(3Azs_— Uzg)
Ps = p7 = sin 2Azg sin 3Azs
sin(2Azg_— uzg) sin(3Azg_— uzg)
Ps = _ sin2Azg sin 3Azg
Sin Uzs Sin(Azs_— Uzg) (10)
9= sin2Amsin3Am
and the loop fugacity
n = —2cos4Azs. (11)
The correspondence with the earlier parameters is
Uy = —2iUZB
] LT
Ae = —iAzs + i -, (12)

2
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that is as well

y =1m— 2AZB
X = g-2uzs, (13)

Finally, the same appears in the literature with different conventions. The weights
in Warnaar, Batchelor and Nienhuis (WBN) [9] are obtained by yet a further gauge
transformation, where each vertex is multiplied by a factor

ei% (a—b+c—d)’ (14)

with a, b, ¢, d denoting the states on the edges (equal to +1, 0) and
A i39WBN + 4Wwen

y = Bwen = 4 (15)

Having clarified the relations between all these different conventions, we shall from
now on eschrew the use of the various subscripted parameters and stick exclusively with the
multiplicative spectral parameter x and the crossing parameter q (or their additive equivalents
A and y ) defined in (4). Also, our main focus shall be on the vertex model (although we shall
occasionally need the RSOS version as well), and we shall put the emphasis on the algebraic
formulation (1) of the R matrix.

For a system of length L sites with (twisted) periodic boundary conditions, the row to row
transfer matrix in the vertex representation is defined as usual,

TOA) = Tra(Ros(A)Rn2(A) . . . RuL (A) €195), (16)

where h denotes for the horizontal, auxiliary space, on which acts the operator S;, and ¢ is the
twist angle.
The corresponding spin chain Hamiltonian can be obtained by taking the very anisotropic

limit A — 0, namely
Ho =— QlogTom): (17)
dA A=0
It is given by equation (6) of [9]; a particularly important aspect is that it is not Hermitian.

2.2. The Bethe equations

We consider the g-deformed a2(2> model, which is related to the O(n) loop model as described in
section 2.1. The twist will play a very important role later in this work, and will be introduced
in section 4.2. But until then we shall consider exclusively the untwisted case.

Setting g &', as in (4), the untwisted Bethe equations have the form (in the homogeneous
case)

sinh A.—it ' = sinh(A —A —iy)cosh A —A +it
— (18)
io2 i/ i i j i 2
) ~osinh A 4+iY sinh(A —A +iy)cosh A —A —ir °
The eigenenergies of the Hamiltonian take the form
E=—c — (19)

. cosh2A; —cosy
We emphasize that the system of Bethe equations and the energy cannot be mapped onto each
other under y _y .. This means that we need to consider y J0,77 ] and the two signs of

energy in (19).
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2.3. The regimes
When y runs through the interval [0,77], the loop fugacity

n = —2cos2y, (20)

covers the range [-2, 2] twice. In view of the two possible signs of c there are therefore
four different sets of integrable weights (10) corresponding to each choice of g (-2, 2).
These were referred to as branches 1,2,3,4 in [8]. From the point of view of integrability
and conformal properties it is however more important to distinguish between three regimes
(called I, Il and 111 in [9]) that each correspond to distinct structural properties of the Bethe
Ansatz solution and of the CFT universality classes.

The case ¢ < 0 corresponds to the regime I in [9], where the ground state is obtained with
Aj roots having an imaginary part equal to Z,. This covers branches 1 and 2 of [8] that can be
interpreted physically as the dilute and dense phases of the O(n) model.

The case ¢ > 0 corresponds to regimes I, 111 in [9]. More precisely we have:

Regimell : y € 3T
3 (21)
In the conventions of [8], regime 11l corresponds to the part of branch 3 with @ [-2, 1],
whereas regime 11 covers the remainder or branch 3 and all of branch 4. The physical behavior
on branches 3 and 4 was originally suggested [8] to be that of the dilute and dense phases of
the O(n) model with an extra Ising degree of freedom (see also appendix A of [25]), but it was
noticed [8] that for the part of branch 3 that corresponds to regime I11 the convergence of the
finite-size numerical estimates for the central charge and critical exponents was anomalously
bad. This issue will be clarified in the present paper.

We also note that the value n = 0 in regime Il can be identified with a model of the
theta point of polymers (see below); it corresponds to y = Z. The parameter 6 in [9] must be
identified with6 = _y.

A naive analysis would suggest the ground state in regimes 11 and 111 is obtained by filling
a sea of real A;. This is however not the case. In fact, the ground state is made of complexes
with imaginary parts close to +3 (1 — y):

i
Ai =ReAj £+ Am —vy). (22)
Note that these 2-strings are not the usual ones, in that the gap in imaginary parts is equal to
El (T~ y), not y; this is possible because the right-hand side of the Bethe equations contains
a ratio of cosine terms, that results from the twisting of a,. We emphasize that here we use
the term “twist’ is in the sense of affine quantum algebras and solutions of the Yang—Baxter
equation [26]. This has nothing to do with the ‘twist angle’ that appears in the Bethe equations.

The same 2-strings build the ground state in regime 1l and regime I11. Differences arise

however in the corrections to the asymptotic shape of the complexes, as well as the analytical
behavior of the Bethe kernels.

The two signs of energy in (19) can be identified with two particular values of the spectral
parameter A corresponding to local maxima of the Bethe eigenvalues:

T . T
34!—; A =i %‘f+z (23)
In other words, the states corresponding to the dominant eigenvalues at A (resp. Aq) are the
low-energy states for ¢ > 0 (resp. ¢ < 0). Note that in terms of the O(n) weights (10) the choice

Ac (resp. Aq) correspondsto p, = ps = —ps = —ps and pg = P9 (resp. p2 = P3 = Pa = Ps

Regimelll:y € 0

A =i

7
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and ps go). Both choices are however isotropic points, since the model is gauge invariant
under changing the signs of various weights p;i [8].

Two other special choices of the spectral parameter are relevant for bringing the square-
lattice O(n) model in equivalence with the better-known O(n) model on the hexagonal lattice
[27]. Indeed, when A — iy (resp.A = iz(V _m))we have pg =0 (resp. ps =0)and the vertices
(9) can be pulled apart vertically (resp. horizontally) so as to produce a pair of vertices on the
hexagonal lattice. In both cases this produces an isotropic loop model with monomer fugacity
K| = (2siny /2)-1; the sign of K is immaterial since loops on the hexagonal lattice have
even length. We note that for the isotropic square-lattice model, all three regimes correspond
to the dominant eigenvalues for some range of parameter values, cf (21). However, for the
hexagonal-lattice model regime | always determines the dominant eigenvalues, and so in that
case regimes Il and 11l can be considered irrelevant.

3. The continuum limit in regime IlI: first features

3.1. The compact part

We define Fourier traJJsforrg;s\ via
flw _— = e™f(a), (24)
21
and use the basic formulas

sinh(A | i J sinh I
d, = i!ﬂl= dw cos wA"" 2 Y
dA sinh(A —ia oo —sinh=e
. ) .
d cosh(A — ia) « sinh wa
- In = dw cos wA™_; 25
dA " cosh(A + ia Jweesw sinh @z (25)

adProvided y < B, thatisinregime Ill, the bare equations for the centers of the complexes

i w + - . w . w
p+p = 2sinh ¢ coshw T silhw J —y —sinh3% + sinh wy )
sinh 4z sinh ¢z
The corresponding physical equations are )
1 sinh wr )
p= 2 o, 27

- oY
2cosh®(m —3y)  4sinh 2 cosh®(m + y) cosh # (m — 3y)
from which we deduce the density of roots and the bulk ground state energy, namely

(o]

cosh(2u) sin &, — cosy
E_ o) o —cosy sin v cosh(za) & * (cosh{@u) = cos ) (28)
2 2

where
1 1 (29)

- 3Y'cosh _2mi_

m-3y
The model has gapless excitations obtained by making holes in the ground state at large
rapidities. Conformal properties can be obtained by studying corrections to scaling. The central
charge of the untwisted model is found, after considerable analytical work, to be [9]

c=2. (30)

Excitations obtained by removing complexes from the ground state can be handled analytically
[9]. The final result is in agreement with the usual formula [28], based on the kernel K of

P =T

8
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the general form of the bare Bethe equations p + p" = s + Kp. We have here, at vanishing
frequency, 1 — K = 4% so the conformal weights read

A= an lwz (31)

X = A + A 47.’. + 16V ’
where n is twice the number of holes of complexes (a complex containing two Bethe roots; one
has in fact S? n, with S? the spin of the excitation, in units where arrow in the vertex model
carry §* — 41), and the number w measures global shifts of the Fermi sea (backscattering
from left to right or right to left). This expression for the conformal weights is checked
numerically in appendix C. The conformal weights themselves are also easily extracted from
the calculation of the momentum, leading to
2

- Y + I
A(A) = o n_sz . (32)
This part is easily interpreted as occurring from a compact bosonic degree of freedom, similar
to the one characteristic of regime I, and thus the ‘usual’ dilute and dense phases of the O(n)
model.

Of course, since the central charge is ¢ — 2, there must be more degrees of freedom.
The possibility of having two Majorana fermions—each contributing an extra 3 to the central
charge—is quickly excluded from numerics. There is however evidence for a second bosonic

degree of freedom, but of a peculiar nature.

3.2. Searching for the missing part: a duality argument

There is an elegant way to see why the continuum limit in regime 11l should be made of
one compact and one non compact boson. It uses a duality argument quite similar to the one
presented in [29] for a related model.

We recall the fact that there are two R~ matrices associated with the fundamental
representation of SO(3) [22]:

. -1q+ 1- 1
RO o 1 4 X0 Xp | 2K (B +B1), (33)
X+1g-—x 1+xq-g71
4o x—1¢*—x 1-x 1 o
— ). (34)
R 1+ E + B+B
* X+ 1¢+x 1+xq-— 1

While R® corresponds to the spin-one version of the XQZ spin chain, R® corresponds to the
IK model [6].

The existence of these two R~ matrices is more general, and occurs for all the SO(N)
algebras in their fundamental representation:

o) Xx—1gN-2 +x 1-x 1 -1
- , 35
R o<1+ ~ E + ,(B+B ) (35)
x+1ckN2—x 1+xq-qt
) x=1q% —x 1-x 1 1
E— )- (36)
R 1+ E+ B+B
* x+ 1oV +x 1+xq—q—1(
The algebraic relations satisfied by the generators are
B-B*=(@-q"1-E), @37)
where
N-1 1-N
E-(@+[N-1)Py [N-1]= °— (38)

9
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together with
BiBi+1Bi = Bi+1BiBi.1,
Ef = (1+[N-1])E,
BiEi = EiBi = g-"Ei,
B; 'Ei = EiB; ' = q"E.. (39)

From this data, it is possible to prove generally that one has the following duality at the
algebraic level:

RO, R@ N, qg,x — R® RO N,q,x1, (40)

where q = emzz. More precisely, what happens is that, if we have a pair of R matrices
taking the form R and R® written earlier, for a given N, g, x, these R matrices can also
be interpreted as R® and R® for new values of the parameters N, g, x-X. The proof is
straightforward, and simply based on matching the relations satisfied by the generators, thanks
to qN—l — —(q‘l)N‘l. .

Whenever q = er+t, with p > 2 an integer, that is y = pi, we can thus relate some of
the properties of the IK chain (R@®, N _ 3) with those of the SO(p) ‘ordinary’ (i.e., type 1)
Yang-Baxter chain. Now, careful study of the domains of variation of spectral parameters
shows that the IK model in regime Il maps to the SO(p) model in the regime where its

continuum limit [30] is given by the conformal cosets

Sngzl X SO!Q!; (41)
SO(p)s
and their natural Coulomb gas extensions. Finally, it is easy to recognize (see below) these

Particular cosets as parafermionic theories. The conclusion of this long chain of arguments is
hus that the 1K model in regime 111 should be closely related, when y =—_ | p an'integer, to

N . p+1
parafermionic theories.

While this general argument is perfectly correct, it requires a bit of care to be applied in
detail. A first point is, that the R matrices correspond to a very particular choice of ‘gauge’
in the Yang-Baxter equation, and that an integrable periodic system built out of them will
correspond, in the usual vertex model or spin chain language, to a system with a certain twist
angle. Hence the equivalence we discuss, strictly speaking, will hold only for specifically
twisted versions of the models. Second, this equivalence cannot hold for all aspects of the
model since the size of the Hilbert space is not even the same! The duality can however be
made totally precise and accurate if we move from the vertex models or spin chains to their
quantum group restricted, solid on solid version—the RSOS models. The situation is then
similar to what was discussed in the case of SU(N) in [31].

We now distinguish between even and odd values of p:

SO(21); x SO(21), 6 42
=2l , €C=2- ' (42)
P SO(2l)3 4l + 2
NEPY S0@l+1 xSO@I+1),  _, 6 (43)
SO(2l + 1)3 4l + 4

The first theory is known to coincide with Zs parafermions, and is denoted D|<2') in [32].
The second is known to coincide with Zs .+, parafermions, and is denoted B@'+Y in [32]. The
conclusion of our analysis is thus that proper RSOS versions of the IK model at these values
of pin regime Il should be described by these parafermionic theories in the continuum limit.

More generally—and although the duality argument does not apply in this case, it is
natural to expect that there is nothing special with parafermionic theories with even index,

10
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LL=4,6,8, 10

4
|
(@ I I I I
6 7 8 9 10
k
Figure 1. Measures of the central charge of the RSOS model (in any sector) for

different values of k. The blue, purple, yellow and green dots correspond to infinite-size
extrapolations from sizes L = (4, 6), (6, 8), (8, 10), (10, 12) respectively.

and, therefore, that more generally the RSOS versions of the IK model in regime Il for
q= eZ'T", k an integer (the previous cases correspond only to k = 2p + 2 even) should be
described, at low energy, by the Z-» conformal field theories. The values of k covers the
interval k §6, ),c00rresponding to the models Zs, Zs, ..., Z.

Before using our results on the RSOS version to deduce properties of the vertex model
itself, it is important to present some numerical checks of our claim. First, we must warn
the reader that there are several ways to associate a RSOS model to the IK model. The best
known—and probably most physical—way consists in interpreting the loops in the O(n) model
as frontiers of height domains, leading eventually do a ‘dilute’ version of the regular RSOS
models associated with the 6-vertex model. This is not what we must do here, where instead
we wish to use the full symmetry algebra of the model at the critical point. Therefore, our
RSOS models will be obtained by exploiting the full Ugsl(2) spin-one symmetry, interpreting
the quantum spins as heights, and obtaining the weights via 6j calculus. In this sense, our
RSOS model will be related with (but different from) the “fused’ models [33] of the Ugsl(2)
hierarchy. The difference lies in the Boltzmann weights: the usual spin-one fused model is
based on R, while here we use of course R,

Details of the model, the face weights and the construction are provided in appendix A.
For k integer, the heights on each face take integer or half integer values between 0 anfj_k 1.
The heights on neighboring sites vary by 0, 1 or_1, so the heights are either all integer or
all half integer, which defines two a priori different models. Numerical diagonalization of the
corresponding transfer matrix however shows that the leading eigenvalues are the same for
both models.

Measures of the central charges for k = 6, 7,... , 10 are displayed in figure 1. They
agree very well with our expectation of a Zy_, parafermionic continuum limit, since for these
theories ¢ 2 G.Eu!;-ther evidence regarding the operator content will appear below.

Now, there is no reason not to assume—as is usually the case—that the low-energy physics
of the IK chain can be described a Coulomb gas (see e.g. [34]), whose field content (that is,
the number and type of free fields) is independent of the coupling y in the regime 111. There

are, meanwhile, two known Coulomb gas descriptions of the Z,—» parafermions. One of them

11
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[34] involvesa k dependent number of fields, and would lead, via the duality, to a y dependent
number of fields in the description of regime Ill, a fact which is not only unpleasant but for
which there is no numerical evidence. The other Coulomb gas description [35] involves simply
two fields, independently of k, and is a natural candidate for us. We will see precisely later
how this description fits the IK model. For now, it is enough to recall that it involves two
bosons: one which is compact, and the other which is non compact. The natural conclusion is
that the same should apply to the IK model, and that, on top of the compact bosonic degree
of freedom identified earlier, we should have, an extra contribution of ¢ 1 to the central
charge, corresponding to a non compact degree of freedom. This is what we now establish
from a numerical point of view.

3.3. Numerical evidence for a non compact boson

We now discuss the low lying levels in the untwisted (periodic) case in regime I11. We label
these levels by two integers n, j. The first index is the magnetization (g S; in the spin-one
language), related to the number of Bethe roots m; by mi— L _n. The second index is the
level of the excitation within given magnetization sector—we will make this definition more
precise in terms of the Bethe roots shortly. Note that these levels are defined for any value of
the twist parameter, even though we first consider the zero-twist case. Note also that in this
part we restrict to the states of zero momentum, that is, w Q in the notations of (31).
For all states we proceed as follows.

(1) Obtain eigenvalues and eigenvectors at small sizes L, by direct diagonalization of the
transfer matrix.

(2) Identify the corresponding Bethe roots by the so-called McCoy method [36-38]: the
integrability of the model ensures that the eigenvalues of the properly rescaled transfer
matrix are polynomials in x, whose coefficients can be expressed in terms of the Bethe
roots. Having found an eigenvector, it is then straightforward to identify the corresponding
Bethe roots (see appendix C for more details about this method).

(3) Make a conjecture for the distribution of the roots at large sizes (are they real, forming
2-strings, ... ), and write the corresponding real forms of the Bethe equations.

(4) Solve those equations for large sizes L using a Newton—Raphson method.

As announced in section 2.3, the ground state in the sector n = 0 is made of - 2-strings.
. o g w2 2-sfrings, and

Ny s ate e BEOURTHALT BHITSRRCHIS RBAYESY SPIN M4 BIRAHS, pius one root at iz,

In all these sectors the jth excitation corresponds to taking j 2-strings off the Fermi sea and

replacing them by j antistrings with imaginary part = .,

For instance, figure 2 shows the roots structure of the excitation (n, j) = (0,1) for

L = 2000.

Let us fix the notations for the study of the conformal weights:

TTVE
Boo =Ew — g2 Coo (44)
21ve(y )
Ej - Eoo = Xn,j s (45)
12
where Xn,j = An,j + An,j, and the Fermi velocity is found from the scattering equations to be

m

VE =

- T (46)

12
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T
.=2000, y =—. (n.j)=(0.1)
6

]
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% e o e *ee o [ ]
0
- -1.5 -1.0 -0.5 0.0 0.5 1.0 .5

Figure 2. Bethe roots A; for the first excitation in the zero-spin sector in regime I11. The
parameters are y = §and L = 2000.

We shall soon see that, unlike the usual case, coo contains strong finite-size corrections
in 1/ log L that tend to mask the asymptotic result c— 2, hence the distinction between the
two quantities in our notations.

To analyze the excitations x,, j, we shall find it useful to work with the effective central
charges cn,j €s,0 12%a,j rather than with the exponents themselves.

The numerical analysis for sizes ranging up to L-4800, and which we present in

appendix C, leads us to the f?/llowing conjecture:A(V)
SN SR S—— . a7)
12 am M Buj(y) + logL 2

The first term on the right-hand side is in agreement with (31) (with w 0), whereas the
second term is the non compact contribution that we were looking for. Our numerical results
further motivate the conjecture that the Ny, j are integers,

N = 3+ (-1t
nj

L, t2 , (48)
= 1 + number of Bethe roots A; with cAi = 7 (49)
and that the function A(y) is
Sy (m—vy)
Aly) _ . (50)
2 (m—3y)y

The functions B j(y) are unfortunately not accessible numerically for now.
To summarize, we have the conjecture:
12A
c(L) = 2_ & (51)
[B + log L]?

13



J. Phys. A: Math. Theor. 47 (2014) 285202 E Vernier et al

and thus
L)y 1 n¥y 2 AlY)
Xa,j(L) — 1 " et a4y T@ITD m forneven.  (52)
Similarly
by 1 n¥y 2 Aly)
Xil) =, =gt 4 t2i+2) , fornodd.  (53)

The difference between the form of corrections for n odd and n even will be discussed below.

4. The identification of the continuum limit

4.1. The black hole sigma model and the continuous spectrum

The main results obtained so far for the IK model in regime Ill—that its continuum limit
is described by a compact and a non compact boson, and that its RSOS restrictions give
parafermionic theories—are reminiscent of those obtained for the Z, staggered 6-vertex model
[12]. Now, later work [14] identified the low-energy theory of this model with the so-called
Witten black hole CFT [16] (which can also be considered as the coset SL(2, R)/U(1)). It is
tempting to investigate whether the IK model in regime 111 is also related with this fascinating
CFT.

Before proceeding in this direction, we find it useful to recall some basic features of the
black hole CFT. The classical action is usually written as

k| _
A= ; d?x hhii@ ré g + tanh? rd 83 B), (54)

Here h is the (fixed) world sheet (WS) metric; r and 6 are the fluctuating fields. To understand
their meaning and domain of variation, we write the corresponding target space metric

k
ds? = 5 do?,  do? = (dr)? + tanh? r(d6)2. (55)

It is associated to a 2D surface in three dimensions with the rough shape of a cigar, hence
the familiar name ‘cigar CFT’. More precisely, the target has rotational invariance around the
z axis, while the radius in the X, y plane is given by tanh r, where r > 0 denotes the geodesic
distance from the origin. We have

X = sinhrcos 6,

y = sinhrsin 6, (56)
with 8 € [0, 217] an angle. The metric reads as well
dx? | dy?
do? - —— (57)
1+x2+y?
The Gaussian curvature is
2
: (58)

T 14y +y2 cosh?r’
As discussed by Witten [16], the target space metric is not Ricci flat, so if one thinks of this
as an ordinary sigma model, it seems it should flow and not describe a CFT. The point is, that
there is also an extra term making the theory gapless: the ‘dilaton’ field with corresponding

action
Iy I

k - 1 V-
A= O hhY@rdy + tanh?rdidi0) —g- ¢ ho(r,O)R?, (59)

14
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where R® is the WS curvature. One has moreover

®(r,0) = 2Incoshr + @,. (60)
The central charge can be calculated by going to the flat region (r —, o) where @ ~, 2r and
r behaves like a non compact free boson. One finds

6
c=2+ K (61)
This gets corrected in the full quantum theory into
c_2
—_ 62
T (62)

Finally, note that we can introduce the complex field W — x 4 iy (Kruskal coordinates) and
rewrite the classical actlg)n (m\?us the dllaton term) as
A= d?  hhi GG, (63)
41 1+ \WI2
The best way to understand the physics of this CFT is to study it within the minisuperspace
approximation, that is, solve the Laplacian on the target [18]

A=-y 0% + (cothr + tanhr) dr + coth’rd? . (64)

In this limit, there are no L? normalizable eigenfunctions. The whole spectrum is obtained
from & function normalizable eigenfunctions, which depend on two parameters: one is a Z,
the angular momentum of rotations around the axis, and the other, j — _15 + s, is related

with the momentum s along the p direction of the cigar. The corresponding eigenvalue of the
Laplacian reads

x=h+h=- 20+1 +2; (65)
and normalizability restricts the allowed values of J to
1
J=—§+is, withs € R. (66)

These formulas still hold in the quantum theory, after renormalizationk _. k_ 2 for the non
compact part, and up to the introduction of winding modes:
- JJ+1) (n = kw)?
h(h) = L (67)
Note that the identity flelé W%]ICh would correspond to j = 0, does not correspond to a

normalizable state, and thus is not gresent in the spect{um In fact, the state with the Iowest
conformal weight in the spectrum (obtained with j = z ),n=w = 0)hasx = ,
2(k—2)

leading to the effective central charge
6 1

Ceff = — — 12X =2, 68
2t =2 2%k - 2) (68)
independently of the level k.

Using the notation ¢, for the eigenfunction of (64) with the quantum numbers n, s, it is

easy to find the asymptotic behavior at large r

(Prs1 ~e ' e—i5r+in6 + Ry (S, n) e’ eisr+in9, r — oo, (69)
corresponding to a left and right movers decomposition. The so-called classical reflection
amplitude is given by

Rysn)=—2s 2 ¥(is)® (70)

¢, et .
[(—2is)r? 2+ is + "
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The quantum corrections to the reflection amplitude lead to the expression
ML+ 2isb?)  M(1—b?) %
un:RcIXI__.2 f
(1 2isb ) I—(l + b2)
where b? = 1, [16, 18].

The consideration of the wave function ¢ is crucial to determine the density of levels
p(s); this, in turn, is the main quantity allowing one to distinguish one theory with a non
compact degree of freedom from another. It is indeed the direct measurement of p(s) in the
staggered 6-vertex model—and the successful comparison with known exact formulas for this
quantity [17]—that led unambiguously to the identification of it continuum limit with the
black hole CFT. Unfortunately, it seems extremely difficult at the present time to determine
analytically or numerically the density of states for the regime Il of the O(n) model. This is
due mostly to the nature of the Bethe roots, which were aligned, in finite size, on real lines for
the staggered 6 vertex model, while here their imaginary parts strongly depend on the size.
We will, in what follows, use a new and alternative strategy based on a detailed analysis of the
discrete states.

(71)

4.2. Twists and discrete states

Another key property of the black hole CFT is that, on top of the continuum of normalizable
states discussed in the previous section, it also admits discrete states. Although these states
cannot be seen in the spectrum of the minisuperspace Laplacian (which is exact only at large
k), one can understand them qualitatively simply as bound states. Their existence translates
into the presence, on top of the continuum of exponents we discussed earlier, of an additional
discrete set of values of exponents which are also allowed in the theory, and should be seen in
our model if the identification of the continuum limit is correct. After some discussion [16],
the now accepted values of the quantum numbers for these discrete states are [17, 18]
1 1

ve G A N=lkwl+ lnl (72)
The question for us is now, can we observe these states numerically in our model, and do their
properties match the very stringent bounds given in (79)?

It turns out that the analysis is made much easier by moving away from periodic boundary
conditions, and introducing a twist ¢ in the model. We start from the corresponding Bethe
equations

sinh A —i¥ ~ =sinh(A —A —iy)cosh A —A +i¥
I E— e|¢ j i i i 2 (73)
o2 — /= i i j P2
In the O(n) loop modB i iiolifries the weight oP B onfactiblé |8%%]c, Homfon' 2 cos ¢.
Due to reflection symmetry only the absolute value|¢|is physically relevant. We shalk-however
write ¢ and assume ¢ > 0 throughout.

A complete numerical discussion of what happens when the twist ¢ is turned on is provided
in appendix C. In particular, we recovered numerically the (apparently) puzzling observation
of [9] that the scaling of the ground state as a function of the twist angle ¢ has a different
analytical form depending on the magnitude of ¢. Recall that, in this reference, the effective
central charge as a ffnctiog 02f the twist angle was found to be given by

%

c= { 3 ) (74)
2 - forp <v,
L gvﬂ;ﬂ for § =

mm —y) 16
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gy, ¥y=0.45, L=32, .92

Figure 3. Central charge measured as a function of the twist for the particular value
y = 0.45. The two plotted curves are the two branches observed in [9].

where ¢ —¢. We fully confirmed this by calculations for sizes up to L= 92, as shown in
figure 3.

To proceed, it is convenient to switch to the notation using k (recall that y = 2T), since
this makes the comparison with the black hole theory easier. The numerical results thus give
rise to the following two expressions

2
0*52—6k—2Q7T , 2 for¢s2—|T(T,
3k ¢-m 2m
a=-1+, , - , for o<¢ (75)
We observe that
__6 9 2
01=c*+"2(k_2)17—k 5 (76)

This agrees with the fact (clear in figure 3) that the two determinations of the central charge are

tangent when ¢ 2 , Moreover, the two formulas c; and c¢* never cross. In other words, the
change of behavior does not seem to be related with a level crossing (which is well confirmed

numericalle/), since the ‘leyel’ that would give rise to ¢; would in fact always determine the
ground stafe even for ¢ < <. Rather than level crossing, the most natural explanation for the

o
observed results is that the level giving rise to c; is simply not there for ¢ < 2—[ This can
be seen also if we directly put ¢ = 0 in the formula for c1: we get then the central charge of

the black hole sigma model sn = 2 + &, which, as mentioned earlier, corresponds to the

non normalizable ground state, that is, a ‘sate’ which is not in the spectrum. It is thus natural
to expect that the peculiar features observed in this regime have to do with normalizability.

In fact, what we are observing is exactly the appearance of discrete states in the spectrum of
the black hole sigma model for large enough twists, in total agreement, as we shall now see,
with (79).
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Let us first analyze the untwisted case. Recall once again that the exponents of the
SL(2, R)/U(1) model read

JJ+1) (h+kw? - JJ+1)  (n— kw)?
h=- + 4, o+ h=- ., (77)
— 4
while the central chargE is Bon = 2+ éz For the contindotsseries, we &o-- L+ s, s0
Con — 120+ h)}=2-24 2 —6 2 +hw , . 2 (78)
For the discrete series, N
1 1
1-k 1 = =
Je -5 N+l (79)
with the corresponding effective central charge
- 6 2 n2 )
cey — 12(h + h) = 2 + 23+1) -6 | +kw . (80)

Note in particular the fact that the j term Ieags to a positive additional contribution to the value
¢ = 2, while the s term leads to a negative one.

Now, all these results are for the theory without twist. Meanwhile, for ¢ < 2’; , the effective
value of the central charge (generalizing c* in (75) to the case n,w /= 0) turns out to be

2 2
oo 2w " (81)
c 6k o K

This suggests that the twist ¢ provides, on the lattice, a way to adjust, at fixed coupling, the
winding w to continuously varying values. This can in fact be justified directly within the
black hole sigma model theory, but we will not discuss this further here. Rather, we will now
assume that the identi(;ication

W= (82)

T
holds to identify which possible discrete states might contribute to the spectrum, and see what
the consequences are. Choosing first n = 0, the set of discrete states (79) becomes therefore

1-k 1 1-k¢-
Je =% n N=F T (83)

Forgetting for now the bound on the left of the interval, we see that a new normalizable state
should appear whenever there exists an integer p € N such that

lké- 1
2 27T 2 (84)
The associated conformal weight Jead to he effective central charge 2 2

c =c -12(h+h)y=2+ 6 (2p+1)m-k -6k ,

BH o Q Q

2p+1 Tl'z(k _ 2) 2 T

6 2

=cx+ - (2p+Ym - kQ 2 (85)

The behavior of the effective ceqﬁralzeharge associated with all the exponents is represented
in figure 4. We see that discrete levels should ‘pop out’ of the continuum at regular values of
¢: this is precisely in agreement with the observation (75) for p—0. We also note that, when
a level for a given p comes out of the continuum, it does so as the j pth excited level.

Before discussing the other values of p, we now go back to the bound on the left of the

interval (83). It is reached, for cop+1, whenever
1-k 1.ké-

2 ~PToon: (86)
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==

Figure 4. Discrete levels popping out of the continuum in the sector n— 0 as the twist
¢ is increased (we represent the associated central charges co,j, not the real levels). The
shaded zone is the continuum. The discrete states are represented by a dashed line when
they are not normalizable.

or
¢
2m
If we take the level p = 0 for instance, we see that it should disappear when—$_ = k’—kl But this
is precisely where the function c; intersects the ‘excited winding mode’ where in c*, instead
of taking just ¢, we can take ¢ + 2w, where w is the winding number (usually called electric
charge in the context of Coulomb gas analysis). The corresponding central charge is in fact
3K 27 6
-2 Tk TPy (88)
again. What happens is then sketched in figure 5: the discrete level ‘returns to the continuum’.
Of course, ¢ strictly speaking is only defined in the interval [ -2, 21T ], but we can always
extend this definition precisely by shifting by charges w. Alternatively, we can also increase
k to put more features in the fundamental ¢ interval.
We can also investigate what happens when the magnetization is non zero. In this case,

the ‘normal’ value of the effective central charge is (generalizing what we called c*) earlier

_Q 2 6n2

o (89)
(note that with n,¢ /= 0, h /= h, but we focus on the observed ground state, determined by
h 4+ h). Moreover, the magnetization n on the lattice corresponds exactly to the number n in the
general formula for discrete states (79). This means, for instance, that the first discrete level
now appears for

2p-1

1 (87)
Tk

ci= -1+

ct =2-6k

1dg- Il _ 1 (90)
221 2 2
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Figure 5. The ground state as a function of ¢. In the domain studied, it is obtained by
three sections of parabolas.

or

21
¢ = (1 +Inl). (91)
This should lead to the following measure of the central charge:
ek g—O ¢ 2
Cmea—Cﬁ+7T2(k_2)l+|n\—k 2 (92)

something also observed by Nienhuis et al [9].
A detailed analysis (summarized in appendix C), leads to the main numerical result:

Astong as we do not intersect the excited winding modes, the effective central charge of

the excitation E{) is given by
% % @? 3yn?
ch=2-3 — —— forg < (Inl+2j + Ly
oy = | st 7 (93)
A . 2 .
cx + -(nl+2j+1 forg = (In| +2j+1)y.
" v(ﬂ—v)[¢ (Inl+2j+1)y] ¢ > (Inl+2j+1)y

This is still in perfect agreement with the observations of Nienhuis et al [9] for the effective
central charges cno; see equation (5) and (5) in the given reference. We conclude therefore
that the existence and precise bounds for the discrete states in the black hole CFT are exactly
reproduced by the low-energy properties of the IK model in regime 111, fully confirming the
identification of the continuum limit. We also note that similar phenomena associated with
normalizable states appearing and disappearing from the spectrum of the black hole CFT have
been observed in [39]; see figure 1 in that reference.

We note that, as a function of ¢, the ground state of the chain exhibits a discontinuity of
the second order derivative.

4.3. The parafermions

It is fair to ask at this stage why the model we are studying displays, on the one hand, all the
required properties to be identified with the SL(2, R)/U(1) theory at low energy, and, on the
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other hand, is related with parafermionic theories, whose coset construction is well-known
to be of the SU (2)/U(1) type. The answer to this puzzle lies in the discrete states: the Zx—»

parafermionic theory can be obtained, for y = 2f, k integer, by selecting the discrete states
for a set of discrete values of the twist.

To explain this further, we first recall more details about parafermions. The central charge
of the parafermions is obtained with the twist ¢ = %, and it reads
6
Cpr =2 — i (94)
Let us put ourselves exactly at the twist where the new discrete state appears that
corresponds to Cop-+1, that is
¢ 2p+1
2rT ok
At this value, the discrete level that pops out of the continuum coincides with the ‘normal’
level determining c*. This leads to a gap over (94) given by

1 C*€%::m+1 ¢ -1 @+1? _1 - pp+1) (96)
24 m

(95)

e = Kk ¢ or a4k = Ak Ak ok

This is exactly the dimension of the thermal fields [40], which in the usual notations (see,
e.g., [41]) we will denote by @%” (and their conformal weights by hzg). Meanwhile, we can
consider the conformal weights associated with the discrete levels already present when the

twist approaches this value: they are encoded in Cop+1-2r, With 0 < r < p. A short calculation
leads to

r2
Cop+1-2r — Cop+1 = 24k—_2' 97)
from which it follows that
2p (2r)? 2p
hee = hy — k-2 - hyr s (98)
the dimension of the parafermionic descendent of @, In partjcular, the weight associated
with r _ p comes from the first discrete level, ¢ Od i h??, the highest weight of the
= 1, and it is
parafermionic module: 2
p(k — 2 — 2p)
poo - 2(k=2-2p) (99)
» 2k(k — 2)

We can also check that the bounds on the discrete states correspond to the bounds for the
parafermionic theory. For instance, the discrete state for c; is always associated with

o ak=2-0q)
T 2Kk - 2)
where here q denotes the Z-, charge (and obviously not the quantum group deformation

parameter). Moreover, the angle being_ %~ = 9% can be used in the formulas only for

g < k — 2, as expected. The levels for g an odd number of course give the corresponding
parafermionic modules (with no thermal field). This suggests that the Zy-, theory is entirely
described by the discrete levels, for twist angles—%, = %4&. Of course, to really establish this
result would require a lot more work on this side of the problem; in particular, one would have
to perform the analysis of all the descendents in each parafermionic module etc. The precise
relationship between parafermions and the SL(2, R)/U(1) theory will be discussed elsewhere.

(100)
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4.4, Massive deformations

As most often in integrable lattice models, a gapless spin chain/vertex model, whose continuum
limit is a certain CFT, is only one particular case of a more general family of models, whose
low-energy description corresponds to integrable perturbations of that CFT. This family of
models is most conveniently obtained by imaginary staggering of the spectral parameters
[42]°. A well-known example of this is the antiferromagnetic XXZ chain, whose continuum
limit is a ¢l boson, and whose staggering provides a regularization of the sine-Gordon
model. In the RSOS versions, this gives rise to minimal models perturbed by @3 (here, the
labels refer to the labels in the Kac formula) [42]. The natural ‘cousin’ of this model is the IK
spin chain, whose continuum limit is also a c_1 boson in the regime I, and whose staggering
provides now a regularization of the (imaginary) Bullough—-Dodd theory [20], or, in the RSOS
version, minimal models perturbed by @ [43].

In earlier studies [44] of the Z, staggered 6-vertex model at its parafermionic points Zy-»,

it was found that gima%inary) staggering produced a deformation by the first energy operator
<1, of dimension h = h = =, A similar-analysis of the staggering of the IK model’in regime

111 suggests a perturbation by the second energy operator, of dimensionh _ k _, s This is
rather natural, following the duality argument. Indeed, it is well-known that staggering in spin

chains based on a group G, whose continuum limit is a diagonal coset G X G/G, corresponds
‘adjoint’ perturbations [45]. In our case, G = SO(p), the diagonal cosets are

SO(p)1 X SO(p). (101)
SO(p)s
and the adjoint perturbation h@ﬁs conformal weight
h=1- _q_bh=2_ 3 =§, (102)
1+2+C* p+1 p+1 Kk

where C* is the dual Coxeter number of SO(p).

Of course, staggering corresponds to well defined perturbations in the black hole sigma
model as well. It is not so clear, however, how one can go from these to the parafermionic
perturbations. Within the black hole theory, there are definitely two known integrable
perturbations[46—48]. One is the standard complex sinh-Gordon model with action

kT QWOLW +mI W2 d, (103)
ACSGO - 4
T 1+ [W|?
and the other is a variant with a more complicated perturbation
(I QuWALW + m(|W|? + [W[*)  dx (104)

Acse, =,
4T 14 w2

(the notation CSGo and CSG; is borrowed from [46]).

What these have to do with the Zi—, theories is not entirely clear, and requires a better
understanding of the issue of discrete states. This will be discussed elsewhere.

The important point for us is that the existence of the two versions of the theory matches
closely the existence of two lattice models. Moreover, one can go further and analyze, for
instance, conserved quantities in both models. They behave very differently. The CSGo model
has local conserved quantities at all grades, both odd and even, a fact deeply related with
the underlying symmetry of the Z, staggered 6-vertex model [12—-15]. Meanwhile, the variant
(104) has only local conserved quantities at odd grades, in agreement with the fact that there
is no extra symmetry to distinguish regime 111 from the other regimes.

5 The Z, staggered 6-vertex model is obtained by a real staggering, with a fixed magnitude. The massive deformation,
in contrast, corresponds to staggering with a purely imaginary shift, of varying magnitude.
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Let us now go back to (imaginary) staggering of the spectral parameter in the IK model.
The corresponding Bethe equations are

MJ;A;HZ_ v sinh A A —j¥, 2 H2
sinrg/\ sinhﬁ/\
A+i - sinh(A; FAtiiy) cosh Aj — A + v 5 (105)

_ j i j i 2

Ny sinh(A — A +i iy
and the new physical equ Ao tiv)cosh A —A —i

cos Aw sinh wz

o (106)

P = 9 cosh g(m —ay) 45NN %% cosh 4 (m +y) cosh 4(m — 3y
The modification of the source term now leads to massive excitations a finite rapidities. The
corresponding mass scale is obtained by taking the leading pole at

2imr
w= T3y (107)
giving a mass scale
2/
M oc [length] - o exp _Tr——rgy . (108)

Meanwhile, staggering corresponds to perturbing the microscopic RSOS model by a certain
operator @pex With a bare coupling constant g. The relationship between ga and A is
independent of the regime, and can be found from the analysis of regime | (see appendix B).
One has

gn oc e~ (109)

It follows that
6y 12

g o [length] 7 2 = [length] « 2. (110)
This corresponds toGCoupIing to an operator, in the Zx-» theory, of dimension

h_ _. (111)

“k

This agrees with the general form of the Ith energy operator, of dimension h = *1.__and

here |l = 2.

A particularly important fact for us is that, for the perturbation by the second energy
operator, there exists a set of non local conserved quantities generated by the second
parafermionic operator y, , of dimension h - 2%1 =2 é_ Knowing this operator
allows us to write down the general form of corrections to the low-energy limit in the lattice
model. Indeed, the model with and without staggering have the same integrable structure, and
irrelevant operators determining the deviation from the fixed point in the lattice model must

be compatible with this structure [49]. In other words, for our model we must have

J
_ Algtics = ACFT 4 gy WoWo d2X + - -, (112)
while for the staggered 6-vertex mo?el we have

R = ACFT 4 gryy TT 0% (113)

The coupling constants gir and g, measure the distance to the fixed points. While the
dimension of gr;,, is independent of k, [g";;] = [length] 2, the dimension of gi. varies:

[9i] = [length]>- <. (114)

23



J. Phys. A: Math. Theor. 47 (2014) 285202 E Vernier et al
f(ly, L=12, .72

-0

0.5

o
o nf

waE
o RE

Y

Figure 6. Free energy f across the transition between regimes Il and Il for various sizes.
We plotted in comparison the analytical expression (117) expected in the thermodynamic
limit.

We see therefore that the IK model, which at very low energy is described by the black hole

sigma model - or, in the RSOS versions, the Z,—, parafermions—differ from these theories
at intermediate energies by corrections to scaling which become increasingly important as

k — 6. The coupling of these corrections is of course irrelevant throughout regime 111 (i.e.,
for k > 6), and becomes marginal precisely at the transition to regime 11 (i.e., for k = 6),

corresponding to y = 2—" =T This is in total agreement with the lattice results Moreover,
the fact that the end of the regime is associated with an operator becoming marginally relevant
suggests that the associated singularity is essential. This is something we briefly discuss now.

4.5. Transition between regimes Il and IlI

We now investigate the possible singularity of the free energy and ground state energy at the

transition between regimes I1and 111, namelyaty — %.

We consider first the free energy. The Bethe eigenvalues are written in [22] as

QA+ Q A—2iy+ '™ QA- 8 QA+
2 L 2
QA-%  QA-iy+% 7 QA= QA= +TE
AL(A) = a- +d 2 bt é |)
where Q(A) sinh(A — A}), A i34 — % a—d—i—fﬁ—Morove
for roots conflguraﬁons as that of the ground state in the thermodynamlc limit (2 strings of
imaginary part + — %), the three terms in (115) happen to be exactly equal. We define the
free energy as 1
f /\L(Ac)
—[log T (116)

In the thermodynamic limit we therefore have the following analytic expression

o0

fo_ dup(u) log (cosh 2u = cos 2y ) (cosh 2u + cos 3v).
—oo 2sinh?u (cosy + cosh 2u)
It coincides very well with the finite-size results of figure 6.

(117)

24



J. Phys. A: Math. Theor. 47 (2014) 285202 E Vernier et al

From numerics f appears to be continuous at y -I' , and so do its derivatives. Possible
essential singularities at Z can be studied by removing the obviously regular part of the integral
and rescaling the roots, yielding

)
_ °° 1 h(m — 3 — -3 11
f = freg —% _., dveoshrrvlog cos ("cosh(‘QV_ 3;?3@ T v . (118)

Setting 2u = ™ — 3y, the integral is exactly that considered in appendix A of [50], with n = 1,
that is go = 0, namely

f = freg — Z(D(IJ) (119)

It corresponds to the high temperature free energy of the F model, which is shown
to allow for an analytic continuation in the whole complex plane, except from the line
() 0,=(u) R< 0. There it is shown that the low temperature free energy has a series
expansion in terms of p which coincides with the former analytic continuation on the real axis.
The conclusion is that the free energy in both low and high temperature phases is described
by one single function, infinitely differentiable, but nonanalytic at L= 0. This corresponds to
an infinite order phase transition between the two phases.

In the agz) case the free energy has the same analytical expression in both regimes y> 0
and y < 0. It is in particular even, and we consider the former case only. @(u) allows for a
series expansion in y in the domain G R-, given by equation (A.41) of [50] with=s 0. The
series has zero radius of convergence, which ends the demonstration of the non analyticity of
@ at u Qeven though all its derivatives exist and are continuous there. The explicit form
of the singular part is given in equation (8) of [51], where one needs to take ¥ 0. One has

more precisely
2

fsing oc er 7”’7, (120)
where the proportionality coefficient is finite and nonzero as y —. 0. A similar result holds
for the energy itself.

4.6. The amplitude A(y)

We now come back to the question of the amplitude A(y ). The black hole sigma model has
a non compact target, and therefore the naive density of states is infinite. Of course, in a
physical theory, the effective size of the target space is always cut off. This leads in turn
to a regularization of the divergence in the density of states, and the existence, on top of the
divergence proportional to the size of the target, to a finite part—the latter being the quantity of
interest. The phenomenon is easier to study if one works in the semi classical approximation.
The cutoff for the target space implies that the wave function vanishes at £ ry, which leads,
from (69) to the quantization condition

2istm + InRg = im(2N + 1), withN € Z. (121)
Note that we have added here an extra phase shift e'” at the extremity ry since the wave
function is required to vanish there. The Ry is the phase shift at the tip of the cigar, and gs™
the phase gathered by the plane waves due to motion along the axis of the cigar.

From this one gets a quantization of s, and thus a density of states
ON 1 1 dInRg

p(S) = 3 = ﬁrM + 2|_7T—dS (122)
The first term is the part that becomes divergent when the cutoff is removed rv — oo. The

second term in this expression is the finite contribution to the density of states. As discussed
in[14, 15], itis in fact related with the amplitude B in equation (47). But while this amplitude
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could be determined by a mixture of analytical and numerical techniques in the case of the
Z, staggered 6-vertex model, the presence of strings in the ground state of the IK model in
regime I11 prevents us from doing this—for now at least. We will thus focus on the first term
in (122), which, as we will see shortly, is closely related with the amplitude A.

Indeed, we will make the natural assumption that the cutoff in target space is related to
the amplitude of the irrelevant operator determining the corrections to scaling in the lattice
model. In general, this operator can be written in the Liouville form e, up to derivatives. A
term gir X e X derivlatives in the action will give rise to an effective cutoff

N Qirr
o~ ——. (123)
Assuming that a does not depend on the coupling k, we then find, from the scaling dimension
of gir determined earlier in (114)

8
Mo 2 — InL, (124)
and thus, at leading order, we expect that
p(s) = 1 Inr o 12— 8 InL. (125)
T M o k-2

To connect this result with the amplitude A, it is now convenient to think of the generating
function of levels, which takes the form
7 = yh—c/24yﬁ—c/24 — (yy)—1/6 y(n+kw)2/4k)7(n—kw)2/4k (yy)A(y)(2N+l)2/(ln L+B(y))zl
h,ﬁ nw N=—o00
(126)

We can, at large L, transform the discrete sum into an integral, and match the exponents
with the expected form 4(ks - Hence

o0 J. (o]
(y)pmeimisyy _ —MLEBO) T verer) (127)

j=—c0 4 (k—2AY) -«

This shows that the density of states obtained from the lattice model is, at leading order
InL

p(s) = W (128)

Comparing the expressions (125) and (128) shows that
Ay) = (129)
(m —3y )
in agreement with the numerical results® (see equation (C.9) in appendix C).
We note that, while the argument determined A(y ) unambiguously (up to a proportionality
constant), it would work as well if the quantization condition was of the form

2isrm + InRy = i(2mN + ), withN € Z (130)
with & an arbitrary additional phase shift. Such a phase shift might arise from a modification
of the reflection amplitude, or a more detailed analysis of the effect and nature of the cutoff
at rm. To our knowledge, this has never been discussed before in the literature. It does play a
role of course in the finite-size corrections for levels of the spin chain. We see for instance in
6 We note that in the Z, staggered 6-vertex model the amplitude A(y ) takes a different form [14, 15]. This is

related with the fact that the operator determining the corrections to scaling in this model has a coupling-independent
dimension—which is expected, since the model admits only local conserved quantities.
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equations (52) and (53) that the phase shift 6 seems to depend on the parity of the quantum
number n with

0 = m, neven
0 = 2m,n odd. (131)

While this may seem a minor detail, no such effect was observed in the staggered 6-vertex
model, which suggests that the precise mapping of the lattice models to the black hole CFT is
a bit different in the two cases. The result (131) has an important consequence however: the
scaling of the ground state corresponds to n — 0,0 — 17 in the IK case, and thus is affected
by strong |nl|_ orrections. This did not occur in the staggered 6-vertex model at all, where
the corresponding phase shift was 6-0, and the ground state did not exhibit any unusual
corrections to scaling.

5. Conclusion

The fact that regime 111 of the 1K model has a non compact continuum limit seems rather
unexpected and exciting to us. It is particularly remarkable that, while the staggered 6 vertex
model may have appeared a bit artificial in its construction, the O(n) model, which is deeply
related with the IK model, and, as will be discussed elsewhere, exhibits the same non compact
features, is perfectly natural and ‘physical’. Our observation of a non compact continuum limit
will have especially striking consequences in this case [52].

On the other hand, the IK model is technically much more challenging than the staggered
6 vertex model. In the latter case, it was easy to establish analytically the existence of the
continuum spectrum by using singularities in the Bethe ansatz kernels. There is no such
obvious possibility here. While the roots have imaginary parts that depend on the size of the
system, naive equations written for the complexes in the thermodynamic limit do not exhibit
any special feature suggesting the existence of a non compact component. Indeed, adding roots
with imaginary part 7 and density o leads to the following naive physical equations

_ 1 _ sinh @z 1
p= wy 2 h + o,
2 cosh “41(77—33/) 4sinh ) cosh ‘:TJ(" +y) cosh ‘%(rr —3y) 2cosh £(m +)
(132)

and

1 N cosh¥(m — 3y)
oo — T+t

~ 2cosh g(m + v) P ) M\COSh p(m+

which, at least at first sight, seem perfectly innocuous. This means also that the world of spin
chains with non compact continuum limit might be much bigger than initially suspected. This
will be discussed elsewhere. Our future work will in fact include a discussion of the continuous
spectrum of exponents in the O(n) and in particular the polymer models [52], a discussion of

a{?) with applications to a two color loop model [53], and a general discussion of a®) [54].
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Appendix A. RSOS version

In this appendix we define an RSOS model related to the a model in regime I11.

There exists a geometrical way of assigning an RSOS model to the O(n) model, such
that the loops are the frontiers of height domains [19]. In its simplest form, this procedure
requires n _ 2 cos(mr/p), where p _ 3, 4,... is an integer and the heights take the values
h =1,2,...,p -1. In particular one must have n = 1. Since regime Il is defined by
y [0, %) wehave n = _2cos2y <1, so the geometrical procedure is not applicable. It is
true that one can extend the working of [19] to values n = 2 cos(rr p'/p), where pr < p and
gcd(p, pr )4, but this is at the price of introducing negative weights. We shall therefore use
instead an algebraic RSOS construction exploiting the Ugsl(2) symmetry, and follow the lines
of [33].

We introduce the parameter

q= q2, q= giv/i2 — aimk (Al)
One can then rewrite the R matrix (1) as
4 6
5@ qQ'x _ 1 QX 4 1

oc Py + Po, (AZ)

P14+ 6+ %

q4 —X qQ° + X

where P2, P1, Po are projectors of Ugsl(2) in the product of two spin-one representations. Here
the quantum group is defined in the usual way

[S%,S£] = +£S*,[S*,S] = [25q, (A.3)
with the notation for the quantum numbers
[Xlg = €20 - (A4)

-1

q
The isotropic point Ac given by (23) and corresponding to regime Ill is obtained for
x = —iq®. We have then

7 T 9 T
v sin — i cos -
R@ o« P + — f}l Py + ;; : Fo (A9
sin 4 + 4 Ccos 4 + Z

P, sin & ll_Pl-i- 1+ 2sin Po, (A.6)

3

= v K4
sin ¥ 41
where we recall that y = 27” Note that although the first expression is singular aty = Ha the

second rewriting is well-defined at k = 6 and yields R® o P, + Py + 3P.

The projectors can be reformulated in their (R)SOS version, namely in terms of height
variables. One way to do this relies on quantum 6j calculus and follows closely Pasquier [33].
We review this procedure in the first section of this appendix, and correct in passing a few sign
mistakes in the reference cited. In a second section we provide an independent check using
the RSOS version of the matrix R®, which corresponds to the usual fused RSOS(2,2) model.

A.1. 6j derivation

We temporarily generalize to the case where the vertex model variables lie in some
representation A (here 1), and consider the action of some projector P;, defined in its vertex
representation as

P = (AaABT|IM)IM|AaAB). (A7)

MelJ
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To obtain the path representation of P; we start from a representation ji on the left corner of
the face, and use

(Ji-) ® ) = @ (), (1) ® (A) = @, (Jir) (A.8)

(li-) ® (A) = @ (ii"), (i) ® (N) = @i, (ji+n)- (A9)
This is nothing but the two decompositions associated to the fusion of representations going
around the face from below and above respectively (cf the diagram in (A.11) below). Using
(4.7) in [55] on both sides, and keeping in mind that P; projects on only one term in™;, we
end up with
!

| jitmi—)Cji—imi—q|® Py = Jizn A H
mi-1 i Jf Jie1,Mist Ji+s q
]
jie A § LM (ieamiea]. (A.10)
We can hence deducé the “‘ﬂk tr:fnsﬁer matrix element
ji C
(i =Ji-1 o i A g Jia Ji (A.11)
O(PJ)J'HJ'M lita A jita J q A jira J q
Ji

Note that what we defined as the 6j symbols do not have the same normalization as the
conventional ones. They correspond rather to the Racah coefficients, related to the conventional
quantum 6j coefficients by !

¢ . . o . . L R I )
i 2 Je (-1)itktiti2j  +1]2j +11)
_ 12 23 z . S
i3 0 e - I B P g,conventional
d (A.12)
We use for the latter the book [56], section 3.5. There a generic formula for the 6j is given in
equation (88). From this formula we extract:

i1 -
L0 =(uin g (A-13)
1 y -
i1+l =(_1)2,-_[21'+_3]_ (A.14)
1y 0 [31[2j + 1]
1 S —
ilj-t z(_l)z,-_[Zj—_ll_ (A.15)
0 4 [B112j + 1]
i1 j! _(_1)' @qzﬁ% q-2-1
ST [4] “[2]l[2j + 2] (A16)
! » y ——
jolj+t =(_1)2][21 [2j1[2] + 3] (A.17)
1y o1 [4] [2j +1012j + 2]
1 e —
ilj-1 _ (c1yait [21 [2j-1][2j +2] (A.18)
1y 1, [41  [2][2] + 1]
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10 e @200 (A19)
Lt i, [ 2j+2

! »—>
i1 g+l _ (c1yl [2] [2j+4] (A.20)
L+l 1 [4] [2j+2]

! - -

ol — (c1yl [2] [2j+2] (A.21)
1 j-11, 4] [2]

| > >
i 1 j-1 . [2] [2j-2

]
i1 jx1
1 j+x2 2 q‘l' (A23)

Some of the above formulae are redundant due to the symmetries of the original 6j symbols
(namely invariance under the permutation of any two columns or under the simultaneous
vertical permutation of elements in any two columns) which in our case translate into

L ! - — ) . !
J.l 1.23 J _ (_1)j2+j_j12_j23 [2| + 1][2 |2_+ 1] Jl_ 12 J_12 , (A.24)
B iz )2 iz + 12 +1] Js J s
and y
iode oo !
3 1 0 }é JJ2 ﬂg g ' (A-25)

From there we get the face matrix elements of the projectors.
Compared to what is given in equation (13) of [33] the projectors are block diagonal, and
we can consider the different subspaces.

Sector ji-1 = ji+1 = j. We write the matrices in the basis ( j —1, j, j +1). As in [33] we write
the elements abov]e) the diagonal as they are equal to those placed symmetrically below the
diagonal

S S S VAN vJ = I % %
= - j E 2]+ 1 % (A.26)
"Twpien VEHETH Ve et 3
l_—[g]— S k

+
| - [2f2j 1] , |
| _ . |
Izll [2i—1]1[4j+2] 1 1 4j+2

bl 2i+1][2]+1][2]] [2]l12j +2] [2]+1]
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[2] —1][2] + 3] [2i +3][4j+2] 1

[2j + 112 + 1] (2j +11[2j + 1] [2]]

P1 is exactly the same as in [33]. Po, however, differs by some signs. It can be checked that

our P and P; in this sector are orthogonal (as they should be), whereas those of [33] are not.

Note that P, can be inferred from the identity P, = 1 — Py — Ps.
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Sectors jir1 = ji-1 £ 1. /n the sector ji+1 = ji-1+1 = ] \1 we have, in the basis (], j + 1),

21
_ [21\ e o f (A28)
Ty ARi+4 [2i+4]

[2) +2] [2j +2]
In the sector ji+1 = ji-1 + 1 = j — 1 we have, in the basis (j’H -1),
@ Byd .

- l\¢f Ri-2 ) (A.29)
T4 [2|—21[2|+21 [2i]

In the two last formulas there are some o¥f -diagonal sign differences with the expression given
by Pasquier [33].

We now recast the resulting weights for the A%?) model in a more convenient notation. We
rewrite the weight of a face in a way that matches the diagram of (A.11) (the time evolution
is now in the standard north-east direction):

1. inr
2ji+1 2+ + 1°
and make a slight change of gauge,
2j+1  2j"+ 1_u

1 IL.r T
2-j+1 2]_i +1u . (=1)ih _ ; (A31)
2ji+1 2j+1- _ 2i+1 2j+1-
Setting x = e?* = €%, the decomposition (A.2) yields the following face weights
2j+1 2j+1 sinucos 27 [2] 1 [4j+2] °
2j+1 2j+1 142 T 2j +1
sinusin 2 sig 2 — A [41 [2jI12j + 2] 23 +1]
_ 2—k
K 3 [3] _
2j+1 2j+ 3 cos — Asinucos 2” [2] [2]
2043 2j+1 142 I T .
sinw sin 3" 1 ﬁj +A3][4] 25+ 1[2) +2]
_2 5 377
2j+1 2j-1 [3] [&lmulzhm@ [2] [2]

u o_ .
2j-1 2j+1  T1+2
sin|5|sin3—’kT 1 [2] /1][4]
 2os %—A [BT125 1]

[2il12j + 1]

2j+1 2j-1 sinucos & [21 [2j-1][2]+3]
u =1+2Tk _
2j+3 2j+1 sin , —A [4 [2j+ 1][2] + 1]
_25|nu3|n
cos 3T — [JT [§]+ 2y +-3] -
2j+1 2j+1 25'“UCOS % 2]
2j+3 2j+1 = o1 o e

2 sinusin & ] 4] T

s F oA TR [2)+1]
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2j+1 2j+1 ZS”WCOS [21 1 [4)j+2] [2j-1]

2j-1 2j+1 = . - R+
2 sinusin & [4] (2] [AZF3EIn
TS A R [2)+ 1]

311 31k :1+2;:j“;°5¢ @ )

m - A [412)+72]

3ty 3ty 2smucosz”ﬂzl[zj+4]

2j+1 2j+3 smucoanﬂ [2] 41 r7|[2|1[2|+41
2j+1 2j 3u =°
J+1 ot . om [2j + 2][2j + 2]

2j+1 2j+1 g, , SMERS T [2][2] + 2]

2j+1 2j—-1 a _ \gl4] 2]
2j+1 2j-1 k_1+zsinucosz11 [2][2] - 2]
2j-1 2j-1 = —Agl4] 21
2j+1 gj_l k  sinucos 2 [2] ’[2-|_2][2-|+2]
= 2—
2j+1 2]—1 m - 2il2il ) (A.32)
We checked epr|C|tIy fork = 6 74ksin 16 that these weights are all positive at the isotropic

pointu=3 - =380 m,

In the next section, we shaII check our results by an alternative derivation based on the

RSOS fusion procedure.
Before closing this section we look more carefully at what happens when the heights reach
their extremal values, namely 0 and * — 1 (with k integer). Notice first that the decomposition
(Ne@d)=er(i (A33)
contains, for generic values of j, three terms on the right-hand side. However, when j is equal
to one of the extremal values there is only one term. In other words, all faces involving two
neighboring (0) or j = '5— 1 are actually forbidden, which can be seen in the expression
(A.11).

Itis easily seen fron}the expressions of the 6j coefficients that starting from an admissible
configuration ji-1 ji ji+1 ,/no such forbidden configuration ji-1 j;" ji+1 can be produced, in the
sense that the corresponding face matrix element vanishes. In this way the model, for either
even or odd values of j, is well-defined.

A.2. RSOS(2,2) fused model
We recall the two integrable R matrices that can be built from the SO(3) BWM algebra:

) gx -1 gx —1gx -1
R P+ Po, (A.34)
4 _ X Pl + q4 - X qZ =X
‘(2) qgx—-1 Qx + 1
R ocPy+ Po (A.35)
P14+ g6 '

where g = q = ev.
These R matrices are associated with the spin-one representation of Uq (sl2). The RSOS
representation of R® has already been discussed in section appendix A.1. The RSOS model
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associated to R™ can be obtained from that associated with the spin- 7 (6V) model by the
fusion procedure. This is what we shall make explicit in this section. We stick closely to [57]
to build the face weights W, from the given Wy1. We take £0, and take the trigonometric
limit, such that [x] is just the usual g-deformed number
_ sin o
¢ -q? k
[y] = = Sin T (A.36)
Therefore the W1 weights of equation (3) in [57] are just the gauge-deformed usual ‘RSOS
spin-1’ model:
2

-

d ¢, =[+uds ,q [AllclGag,, (A.37)

a b-
where ga = fv‘é)]z This is similar to [58], except fgpla[(ﬂ/;% in the definition of g, in the latter.

The weights W1 are given explicitly in [57], equation (5). From there we can compute
the W2 2, which we rescale by [2] for later convenience:

aa _la-1-ulla+u] N [a — 1][a + 2][u][1 + u] (A.38)
aa [a— 1][a] [2][a][1 + a]
a a+2_u :[a—l—u][a+2][u—1]+[a+2][1+a—u][1+u] (A.39)
a a5 [a—1][a] [a][1 + a]
a a—2_u _[a-1+ulfa—2]u+1] N [@a—2][1+a+u][-1+u] (A.40)
a a- 5 [a — 1][a] [a][1 + a]

a a, : a — 1][a = u][u] (A.41)
a+2 a’ ., [+ 1] '

a a, _ [a + 1][a + u][u] (A.42)
a-2 a " [2][a — 1][a]

a a+2, _fa-ull+a-1 (A.43)
a+?2 a - [al[l + a]

a a—2 u _ [a+u]l[-1+a+u] (A.44)
a-2 a - 5 [al[-1 + a]

a a+2 _ [a+1][a+2][=1 + u][u] (A.45)
a-2 a3 [2][a][-1 + a]

a a-2 u _ la=1]la = 2][=1 + u][u] (A.46)
a+?2 a - 2,2 [2][3][1 + a]
a a-.u _[Jat+ullu+?] . [a—1][a + 2 + u][u] (A.47)
a a+2- 5, [2][a] [a][a + 1][2]
a a+2_u _ [a + 3][u][u + 1] (A.48)
a a+t2 " ,, [2][a + 1]
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a a -u _ [a=1]ulu+1] (A.49)
a+2 a+2 ,, [2][a + 1]

a a+2_.u _ [a+1—u][u+1]. (A50)
a+2 a+2" [a+1]

Note that the weights are symmetric under a NW-SE exchange, and all other weights can be
obtained from this symmetry.

We perform a change of gauge on these weights, so as to make them symmetric under
NE-SW exchange. The change of gauge is defined as

Scbd
dc, = dc, (A51)
a b 2o Sapd @ b- 22
where:
- Ifd =b, R
1 bx1
s = = (A.52)
PEEDD 2] b + 2)(b]
Sbbb = 1. (A.53)
cfd=b-2,
Sbbb—2 = 1, (A.54)
S - LRSS (A.55)
b—2bb—2 = b- 3]
«Ifd=b+2
Sp,b,b+2 = 1, (A.56)
S ” b1 (A57)
b+2bb+2 = b+ 3]
The following decomposition holds
a bY ,, 7 [2] a b
+ 2] P a b T 2] P a b (A.58)

which is just the decomposition of R® over (spin 1 yspin 1) projectors, once we identify
X _eiuy,

This allows to make explicit the face weights of the projectors. Following the language
of [33] and previous section, we rotate the faces so that the NW-SE (b d) direction becomes
the horizontal one, such that

2ji-i+1  2jr+1 U
2ji + 1 2ji+1 + 1 ) 2,2
takes the state Ji-1jiji+1 X0 ji-1Ji ji+1 . It is then easily checked that the face matrix elements
of the projectors coincide exactly with those obtained previously.
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Appendix B. Reminders about regime |

This corresponds to ¢ < 0 in (19), where the ground state is obtained by taking the roots A; to

have imaginary part cAi = 7. The Bethe equuatlons read |n Fourlerform
inh @™ 75sinh y) cosh ¢ (m — 3y

p+p"=— + 0, (B.1)
smh wr sinh &1
so the physical equations obtained by putting the density of excitations over the physical
ground state on the right read .
h  cosh W(n Y) smhzﬂ (m —y) cosh 2@(77 -3y),
prp _rﬁw‘(—)“cos W —y sinh %! cosh °4—‘”(TT —v)
The matrix K obtained by ertlng
o+ p" =s+Kp, (B.3)
and taking K at zero frequency is simply K = 1 — ¥ so 1 — K = ¥, and thus the gaps
m m
associated with holes and shifts of the sea read
A+A_1=K, 1 p?="nr+_p, (B.4)
where 4 1-K am y
n is the number of holes. The central charge isc =1.
To understand the model in more details, we imagine staggering the bare spectral parameter
as discussed in the text, by amounts.A. This modifies the physical equation for densities

slightly, as now the source term becomes in Fourier space
cos Aw cgsh -v)

(B.2)

s(w) = (B.5)

cosh %’ (m - y)
When going back to real space, this becomes a complicated expression in terms of the rapidity
u of the holes. The field theoretic limit is obtained close to vanishing energy/momentum. This
requires taking A large, and focusing on a region where the source term is dominated by the
poles nearest the orlglnzp\ere w = tz QT 1 thls limit, the source term is proportional to
exp — A
3 m- y 3m -y
This leads to the mass scale

M oc exp —2/\—", (B.6)

. o3Iy
and the physical rapidity is 6 = A, so the source term reads s(A) = M cosh 6.

[23 %?% éeB I?FPHSW% il éhr%roB W;ZB?%%Q c(t'i3o%) corresponds to the known S-matrix
' dx dx (a tD) + (a tD)2 + g (e ApO 4 gif®) (B.7)
2

where one shoulq set
B y

— = . (B.8)

8mr  2m )
In our units, this is the conformal weight of '8¢, Knowing the action in the continuum limit
allows us to obtain the relationship between the bare coupling gsp in (B.7) and the staggering
e~/ on the lattice. Imagine indeed computing perturbatively the ground state energy of the
model with action (B.7). This will expand in powers of g% since only three point functions
involving one insertion of the first exponential and two insertions of the second one will
contribute. These insertions are then integrated over two-dimensional space. By dimensional

analysis, it follows that ,
B2 4

[geo] = [length]-2+2n = [length]-2(-
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Comparing with (B.6), we get thus that

4
gep o< g3/, (B.9)
Twisting the theory such that e-?#® becomes a screening operator leads to a central charge
6
c_1_ , (B.10)
X(x + 1)

where x = y T . It is well-known [23, 60] that this staggering corresponds to perturbing by

the operator ,with- h h h
@y = = =, exponent
1
_x+3 3y
h21 = ax = om 2 (B.11)
so the perturbed action reads |
S = Scer + 021 dxy dXo@o1. (B.12)

Now imagine calculating again the ground state energy of this theory. This will now involve
an expansion in powers of g3, , with now, by dimensional analysis again,

3
[921] = [length]-2+2"2t = [length] -3+ o
Hence, g5, o« gapand

J21 o< g2/, (B.13)
If we were to perturb some other twisted version by an operator whose odd point functions
would be non zero—such as the second energy operator in parafermions—with a coupling
ger, We would have a similar relation, with now ger oc g3, hence

ger o< &=, (B.14)
which is the relation we use in the text.

Appendix C. Numerical methods and results

In this appendix we present numerical results for both the untwisted and twisted models,
relying on conjectures on the Bethe roots configurations describing the low-energy levels of
the model. These conjectures were made from observations at small system sizes, for which
direct diagonalization of the model’s transfer matrix gives us access to the eigenvalues and
eigenvectors. This information in turn provides knowledge about the root configurations via
the so-called McCoy method [36-38], which we shall describe in some detail before going
any further.

C.1. McCoy method for finding the Bethe roots corresponding to a known eigenstate

Let us assume that we can diagonalize the transfer matrix for a (say) periodic system of small
size L in the sector of magnetization n. We look for the L n roots associated with one given
eigenstate. .

g Up to some global rescaling, the coefficients of the a<22) R matrix are all polynomials of
degree 2 in x, which we recall is related to the spectral parameter A by x = e?A. Integrability
of the system ensures that the considered eigenvector can be chosen independently of x. Once

37



J. Phys. A: Math. Theor. 47 (2014) 285202 E Vernier et al

given its coordinates (v)i, withi = 1,..., S, in a basis of the space of states for the L-site
chain, chosen such that Ev)l 0, we can therefore write the corresponding eigenvalue as

AN _ UGRR)S (C.1)
(1
Since T (A) is a product of L R-matrices, the element (T (A) v)1 isthen apolynomial of degree
2L in x. This proves that A(A), properly scaled, is a polynomial of degree 2L in x.
Now turn to the Bethe expression of A(L) in terms of the set of roots 4 j}1..—n We are
looking for [22]:
QA" dLQA—2iy+if[ bLQ/\—iig QA+Z . (C2)

+ ; N
L4 R A= QA-iy+"%
AL(A) = A Q A—iy + *

al

y(v@re%AQ(A) = T¥sinh(A - A;), and a, b, d are polynomials of degree 2 in the variable

Multiplying both sides of (C.2) by Q A — iy + '21 , We see that we can rewrite it as an
identity between two polynomials of degree 2L 2(L _n). Closer inspection reveals that, once
the (v)i evaluated (from direct diagonalization), this identity simply consists in a triangular
system of linear equations in terms of the xge24, from which the determination of the A;j is
straightforward.

C.2. Excitations at zero twist

C.2.1. Structure of the excited states. We use the notations of section 3.3 for the low-lying
excitations in regime 111, which we briefly recall here. .
m

- The ground state is made of a sea of 2-strings with imaginary parts closeto , -,

. Excitations consisting in making holes in the Fermi-sea and/or adding antistrings with
imaginary part J can be labeled by two indices (n, j).

. All the excitations mentioned above have a symmetric distribution of roots with respect to
the imaginary axis, or in other terms a symmetric distribution of the Bethe integers. Left-
or right-backscattered states can be created by shifting all the Bethe integers by some fixed
amount, hence creating states of nonzero momenta w. Only if nonzero will the latter be
specified in the labeling of states.

C.2.2. Study of the conformal weights. Finite-size scaling of the different conformal weights

lead us to the following result
- |4
Xnjw=A+A~ Enz + %WZ + 0(1), (C.3)
where the last term denotes corrections that go to 0 in the limitL _, o, and whose study will
be the object of the following paragraphs. This is in full agreement with (31). For instance we
show in figure C1 the conformal dimensions of the backscattered states—w 1 and w 2
measured in the sector n — 4 with respect to the w — 0 ground state. The data agree well

with (C.3).

C.2.3. Form of the non compact corrections. We now focus on the corrections in (C.3), which
will provide indications of a non compact degree of freedom. Let us focus on the states with

w = 0 (the w labeLis hence 9mitted) and set
n.j 2

_E =n ZT + foi(y, L). (C.49)
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3.0F

Figure C1. Conformal dimensions of the w— 1 and w — 2 backscattered ground states
in the sector n — 4, measured relatively to that of the w — O state at sizes L — 24 and
L 32 (blue and red dots respectively). The conjectures corresponding to (C.3) are also
plotted.

In analogy with observations for other models with non compact continuum limit
[11, 14, 15], and inspired by our discussion of the continuum limit, we look for finite-L
corrections of the form

¢ Ani(v)
nify,L) = , C5
D= [g, (1) + log LT €9
and expect pn,j = p = 2. This is confirmed by figure C2, where we measured the exponents

Po.o and Po,1.

Setting pn,j = 2in(C.5), we can now focus on the (n, j)-dependence of A, j. Examination
of figure C3, where the ratioA% is plotted as a function of y, provides evidence that this ratio
may be independent of y, and our data indicates that the same holds for %fo with general

values of (n, j). As to By, j we expect a more complex n and j dependence for n and/or j large,
which is out of the reach of our numerics.
Hence the conjecture

AlY) _
[Bni(v) + log L]

fai(y,L) = (Nnj)* (C6)

C.2.4. Determination of the numbers Nnj. We now fix Noo= 1 up to some rescaling of
A(y ), and study the low lying excitations in the first three spin sectors at some specific point

y = 0.45. The quantities (Nnj)?A(y) were extrapolated from two successive sizes L and
L + 20 with L ranging to 1000 (depending on the level). From there one obtains the ratios
NE N
No, nj

* The finite-size behavior of some of these ratios are estimated in figure C4. In each case
several plots are given.

. The bllue curves show the estimations of Ny ; from the measure of (Nn,j)?A as a function
of .
tog -
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[ (4 [BNS] (DR} 1.0

Y
, L =200, 400, 600, 1400, 1600

Figure C2. Estimations of the exponents poo and po,1 from resolution of the BAE at
different finite sizes.

2
N N, .
+ The yellow curves show the estimations of Ny, j from the measure of [Bn(ﬁl%as afunction

of gL
- The purple and green curves are the respective L — oo extrapolations of the two latter
between pairs of successive points L and L + 20.

The blue lines in the figure are the conjectures that we made from there. N, A
In some cases the agreement between data obtained from (N )?A and [ﬁlloﬁ]f is not

really good. As will be detailed in section appendix C.2.6 the function B, j(y) depends on j

through the ratio b@!L , agld therefore varies slowly with small values of j. This allows to trust
; ; i)°A . . . .
estimations from ngi sgr 10 conjecture No,j. From this we deduce in particular Nox = 3,

which seems confirmed by the very large size estimations of figure C5.
Since however B j(y) can be different from one value of n to another, we preferred to

use (Nn,j)?A for estimations of N, j withn /= 0.
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. L =200,..., 3000
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Figure C3. Estimations of the ratio ’2—%% from resolution of the BAE at different finite

sizes. Thick blue dots show an extrapolationto L —. oo obtained from fitting with an
affine function of _hlgL. The ratio seems quite constant with y, and its apparent value

%2%) = 9 will be confirmed in the following.

The (sometimes very arguable) conclusions are summarized in the following table:

Number of roots

(n, j)  Number of 2-strings ~ with cAi = § Nn,j
0,0 L/4 0 1
0,1 — 2 3
&8 o 4 :
03) L4-3 6 7
(10) Li4-1 1 2
LY wa-2 3 4
(1,2) L4-3 5 6
(20) L4-2 0 1
(3,0) L/4 -3 1 2
These results all support the following conjecture:
34+ (1)1
nj= —2 + 2j (C.7)
Jug
= 1 + number of Bethe roots A; with cAi = ,, (C.8)

C.2.5. Determination of the function A(y). We determined A(y) from the ground state
energies, which are easier to obtain numerically. See figure C6.

Clearly there is a factor y in A(y). We also recognize a factor m _ y, and it looks like
there isapoleat y = Z. This is supported by the results in figure C7.

From there it is apparent that the pole is of order 2. The remaining factor is determined
with some uncertainty; see figure C8.
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Figure C4. Determinations of the charges Nn; of the first excitations in the sectors n = 0
and n = 1, as well as for the ground states of the first three spin sectors. All results were
obtained for y = 0.45.
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.
.
sesppsene s ¢

b L I L L 1 I 1

0.00 0.0l 0.02 0.03 0.04 005 0.0

(log 1)
Figure C5. Estimation of no for y _ 0.45 for sizes up to L _ 3000. The curves have
the same meaning as in figure C4.

Aly), L =200, 4800

Aly)

0.z 0.4 0.6 0.5 0
Y

Figure C6. Estimation of A(y) for different sizes. The thick blue dots are an
extrapolation to L — oo. We plotted these in comparison to the conjecture (C.9).

These elements Ieadsto our final conjecture:
r" —

Aly) _ - (C.9)

2(m—3y)
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y(r—y)

0 0.5

0T =ay)
Figure C7. Estimation of log_ A) for L = 200 to 4800, plotted as a function of

y({m_y, . .
log (r — 3y). The thick blue dots show an extrapolation to L — 0. The affine function
plotted is a fit of the latter from values of y far enough fromy = Oory = Z; its
parameters are given in the figure title.
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Figure C8. Estimation of ¥(™¥ A(y) for L = 200 to 4800. The thick blue dots show
X ——8
an extrapolation to L — .

C.2.6. A word on the functions Bn,jv). The interpretation of (C.6) is the following : the index
j is a discretized version of what becomes in the thermodynamic limit a continuous quantum
number s ., Ip this limit, the functions B, j), ) should rather be considered as continuous
functions of s. Estimating these functions from our finite-size results would imply solving the
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Figure C9. Roots for the ground state (n, j) = (0,0)at L — 32 and y = 0.45,
for different values of the twist parameter. No qualitative changes occur in the roots
configurations as the twist varies.

Bethe ansatz equations for large values of j for large sizes L, which turns out to be out of our
reach.

We therefore will not focus on the determination of these functions, but leave some hope
in the fact that the techniques of NLIE might help us in this direction [15].

C.3. Non zero-twist and discrete states

In this section we follow continuously the states (n, j) as the twist ¢ is turned on.

Our first concern is to check whether the regime change of the central charge corresponds
to a qualitative change of the corresponding Bethe roots. We used the McCoy method at small
sizes to produce the latter from exact diagonalization, and directly solved the BAE at larger
sizes. See figure C9 for a view of what happens at l-32: There seems to be no qualitative
change of the roots.

C.3.1. n = 0sector. We now go further and describe the general pattern describing the
roots configurations of the low-lying excitations as the twist value is raised. Let us recall
the notations: (0, j) corresponds to the jth lowest lying excitation in the sector of zero

magnetization. In terms of the Bethe roots at ¢ = 0, it corresponds to replacing j 2-strings by
j antistrings with cAi = 5. We looked at the first three of those excitations at L = 6.

n =0, j=0(ground state). As mentioned before, the ground state is made of “52-strings for
all values of ¢.

n=0,j =1 Asshown in figure C10 the roots undergo several qualitative changes as ¢
varies.
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Figure C10. Roots for the state (n, j) = (0, 1)atL = 32, y = 0.45, for different values
of the twist parameter ¢.

There are 5 — 1 2-strings for all ¢. The remaining two roots behave as follows:

+ 0 < ¢ <y : There is one antistring. We label the associated roots ry, r, by order of
increasing real parts.

« ¢ =y :r2goesto oo+ iy.

+ ¥ < ¢ <2y :r; has jumped to the real axis.

+ ¢ =2y :rirand rp goto oo and co + izﬂrespectively.

+ ¢ > 2y : now ry is the one with the largest real part.

n=0,j=2. Theare - 2 2-strings that do not undergo qualitative changes as ¢ varies. The
remaining four roots behave as follows:
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« 0 < ¢ <y :there are two antistrings. We label the associated roots ri, ro, rs, rs by order
of increasing real parts.

. ¢ <3y :rzand rs undergo the same process as 1 and r» in the Eq 1 case. For 2y < ¢ < 3y
this results in : ry, 12, rs have imaginary parts ;7 , rsisreal, andR r <R r. <R rs <R rs

. ¢ By :r;and r; get infinitely close. Their reals parts also get infinitely close to r4 as the
three go t0 o0

. 3y < ¢ <4y:r; and r3 are now conjugate to each other, with imaginary parts quickly

decreasing from H2 as ¢ goes away from 3y. As ¢ is increased it seems to converge to 14,

hence the denomination 2*-string for the set {r, rs}. As for r4, we now have cr, =
. 3y <¢ <4y:r;and r3 now form a 2-string (of imaginary part much smaller than [ _ %,
and twist-dependent), r, is back on the axis of im part Z.
. ¢ = 4y: ri1 and r4 undergo the same process as that described above for r; and rs, and
merge into a 2-string

+ ¢ >4y : we are left with only 2- and 2*- strings

m

ol

n=0,j=3. Theare} - 3 2-strings that do not undergo qualitative changes as ¢ varies. The
remaining six roots behave as follows:

- 0 < ¢ <y :there are three antistrings. We label the associated roots r1,..., re by order
of increasing real parts.

+ ¢ <4y :rs,... rs undergo the same processas ry, ..., rs in the i = 2 case.
+ 4y < ¢ <6y : r1 and r, undergo the same process as ry and r in the i = 1 case.

« ¢ > 6y : we are left with ZL— 1 2-strings, + 1 root of imaginary part ZT—T+ 1 real root.

General pattern. The general pattern is can easily be deduced from these cases. The root
configurations correspondin to the excited states (0, {) undergo a series of transformations,
starting at ¢ = 0 froma set 0 ,; n 2-strings and J antistrings (with cA; = ﬂz), and ending at
¢ = 2iy with L )

: ¥8F ] %\é(ar,]'aasg?to?szg'ftﬁ'-rgg’?ngs, one root with imaginary part , 7and one real root.

Note however that these transformations do not coincide with the lift of the effective
central charges from the continuum, as we already saw in the (0, 0) case. Let us make this
more precise. As in (81) and (85) we define the following effective central charges

* — ¢2
c _2—377 3 (C.10)
Coper = €7+ L (@9 + Ly — 9 (C11)

c* is the effective central charge of the continuum states, and in particular this is the real central
charge of the model for ¢ < y . The result of section 4.2 is that when ¢ reaches (2p + 1)y a

discrete level pops out of the continuum, with effective central charge cop+1. See figure C11,
where we plotted the effective central charges measured forn @, j 0,12, at y 0.45, —

as a function of the twist. It was established that for ¢ small all the co, j s are part of the
continuum, namely with effective central charge c*. What we observe here for co0 and Co1
gives a support for the following scenario.
- For¢ < (2j+ 1)y thelevel (0, j) is part of the continuum. Its effective central charge
is c*.
« For ¢ > (2j + 1)y it pops out of the continuum, with an effective central charge czj+1.
We conclude by summing up what we found about the excitations (0, j).
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Figure C11. Effective central charges measured for the first few excitations inthe S; _ 0

sector, for y = 0.45, as a function of the twist. We also plotted the predicted values c*,
Ci, C3.

+ The roots configurations undergo qualitative transformations from ¢ = 0to ¢ = 2jy.
- There is a change of the effective central charge from c* to c;j+1 for ¢ = (2] + 1)y.

C.3.2. Excited winding modes. At ¢ — 2m _ y, we expect the ground state to return
to the continuum, the continuum now corresponding to the addition of an electric charge
to the previous continuum. The same should happen with the excited states (O, j) at
¢ =2m (2 j 4+1)y . Obviously for j large enough the corresponding levels never leave
the continuum, but one can see more and more discrete states by taking small enough values
of y. More precisely for a fixed value of y, the discrete states that leave the continuum are
those such that (2j + 1)y < , the number of which is therefore—% ,+ * 5

At the level of roots configurations, similar mechanisms as those described above should
take place as the states fall back into the continuum, but we refrain from going into more
details about this here.

C.3.3. Sectors of non zero magnetization.  We now consider sectors of nonzero magnetization
n . The states are labeled, in the same way, (n, j). Remember that the effective central
charges (their compact parts) of the untwisted chain were found to be (47) that we rewrite here
as

3yn?
i =0 =2- — €12
Let us describe the roots configuration for such states as ¢ is varied, observed at size
L =
n= =0.

J
<¢<2y: '2;— 1 2-strings + one root with imaginary part 2? labeled r.
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@

Figure C12. Effective central charge measured for the ground state in the sector S; = 1,
for y = 0.45. The two plotted curves correspond to the prediction (C.13).

+ ¢ =2y :rigoesto oo+ i7.
+ 2y < ¢: r1 has jumped to the real axis.

n=1j=1

L 0=<¢<2y: ; 2 2-strings + 3 roots with imaginary part Hz labeled ry, r2, r3 by order
of increasing real parts.

+ 0 <¢ < 3y: rzundergoes the same process as ry inthen = 1,i = 0 case.
+ ¢ =3y :rzand rs3 go to oo and co + i J'respectively
+ 3y < ¢ <4y:r;now has a larger real part than rs.

+ ¢ = 4y: . and r, get infinitely close. Their real parts also get infinitely close to rs, as the
three go to oo.

+ 4y < ¢: rp and ro now form a 2*-string, rs is back on the axis of imaginary part .

n=2,j=0. %5— 12-strings, no qualitative change when ¢ is varied.

n=2j=1
+ 0 < ¢ <3y :1antistring. We label the associated roots r1, r» by order of increasing real
parts.
+ ¢ =23y :rygoesto o+ ij.
+ 3y < ¢ <4y :r, has jumped to the real axis.
+ ¢ =4y :riand r; go to co and co + i 'respectively.
+ ¢ >4y : now rq is the one with larger real part.
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Figure C13. Effective central charge c1,1 measured for y = 0.45 in the region ¢ > 4y.

General pattern. The general pattern is quite easily understandable from what we observe
here and from the conclusions in the n_0 case. Trying to be quite general, we can say
that the roots of the (n, j) excitations undergo the same transformations as those of the (0, j)
excitations, but the values of the twist at which these happen is shifted by n y.

Now we turn to theﬁ:orresponding central charges. We checked numerically the following,

* %  3yn?

for ¢ < (In|+ Ly (C.13)
Cho = | g T @—@+In)yy for ¢ = (Inl+ 1)y,

X
see figure C12 for a dispclré;roflme reyltsatn 1.

Now consider the first excitation in the n=1 sector, (1, 1). For ¢ small it is part of
the continuum, namely ¢11 = cj,. With our experience of the n = 0 case, we now expect
it to leave the continuum at ¢ 4y . See figure C13, where the corresponding effective
central charge is plotted for ¢ > y . We indeed that at ¢-4y it lifts off the continuum, and
becomes

C;‘ + ; (¢ — 4y)?. (C.14)
y(m—vy)
This observation gives some confidence in the following conjecture: the effective central
charge of the excitation (n, j) is given (as long as we do not intersect the excited winding
modes) by

cr—Y_p_ge ¥ for g < (In[+2j+ 1y
Cnj = ¢k - AT —3 g - (rnl +2j+y? for ¢ > (Inl +2j+1)y. (C19)
m vy (T—Y)
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