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THE THREE-POINT FUNCTION OF GENERAL PLANAR MAPS

ERIC FUSY AND EMMANUEL GUITTER

ABSTRACT. We compute the distance-dependent three-point function of general planar
maps and of bipartite planar maps, i.e., the generating function of these maps with three
marked vertices at prescribed pairwise distances. Explicit expressions are given for maps
counted by their number of edges only, or by both their numbers of edges and faces. A
few limiting cases and applications are discussed.

1. INTRODUCTION

The statistics of distances in planar maps is a subject of constant interest, whose study
already produced a lot of remarkable results but still leaves many open questions. A key
ingredient in this study was the discovery by Schaeffer [I5 1] (giving a reformulation of
a bijection due to Cori and Vauquelin [12]) of a distance-preserving bijective coding of
planar quadrangulations (later generalized to planar maps with arbitrary face degrees [6])
by decorated trees, reducing de facto a number of distance statistics problems to the simpler
question of enumerating these trees. This approach was used to obtain the so-called two-
point function which, by enumerating maps with two marked vertices at a prescribed distance,
provides a measure of the statistics of distances between two random points in the map. In a
first stage, the explicit expression of the two-point function was derived in [5[10] for a number
of families of maps with controlled bounded face degrees (triangulations, quadrangulations,
...), corroborating the original prediction of Ambjgrn and Watabiki [3]. The restriction to
maps with bounded face degrees was lifted in a second, very recent, stage thanks to the
discovery by Ambjgrn and Budd [2] of yet another distance-preserving bijective coding of
planar quadrangulations, now by general planar maps with unbounded face degrees. This
latter coding, combined with the original Schaeffer bijection, allowed in turn to get an explicit
expression for the two-point function of general planar maps controlled by their number of
edges only or by both their numbers of edges and faces. This approach was then generalized in
[7] to obtain the two-point function of other families of maps and hypermaps with unbounded
face degrees, controlled by their number of edges or their numbers of hyperedges and faces.

The more involved question of the three-point function, now enumerating maps with three
marked vertices at prescribed pairwise distances, hence providing a refined information on
the correlations between mutual distances, was so far solved only in the simplest case of
planar quadrangulations [8]. The solution relies on a natural extension by Miermont [14]
of the original Schaeffer bijection and constituted so far the most advanced result on the
statistics of distances within maps at the discrete level.

In this paper, we show how to take advantage of the new Ambjgrn-Budd bijection to get
an explicit expression for the three-point function of general planar maps controlled by both
their numbers of edges and faces. We also obtain the three-point function of the subclass of
general planar maps made of bipartite planar maps.

The paper is organized as follows: Section 2 explains how to use the Ambjgrn-Budd bijec-
tion to obtain a bijective coding of bi-pointed and tri-pointed planar maps, i.e., maps with
respectively two and three marked vertices, which preserves the information on the distance
between the marked vertices. The coding involves what we call (s,t)- and (s,t,u)-well-
labelled maps, which are maps with respectively two and three faces, whose vertices carry
labels subject to a number of constraints involving the parameters s, ¢, and u, themselves
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2 ERIC FUSY AND EMMANUEL GUITTER

directly related to the prescribed pairwise distances between the marked vertices. The case
of bipartite planar maps is obtained by keeping only a subclass of these well-labelled maps,
which we call very-well-labelled. We then exploit this coding in Section 3 to derive explicit
expressions for the two-point (Sect. 3.1) and three-point (Sect. 3.2) functions of general pla-
nar maps controlled by their number of edges only. The case of bipartite planar maps is
addressed in Sect. 3.3. Our derivation relies on the preliminary knowledge of the generating
functions of a number of well-labelled or very-well-labelled objects, an information which
follows either from previously known expressions or from the resolution of new recursion
relations. We then repeat our analysis in Section 4 to obtain bivariate two- and three-point
functions, with a control on both the number of edges and the number of faces, in the case
of general maps (Sect. 4.1) or of bipartite maps (Sect. 4.2). We also discuss at this level the
limit of tri-pointed maps having a minimal number of faces (in practice one or two faces).
Section 5 is devoted to a number of applications of our results in the scaling limit of maps
with a large number of edges (and a fixed weight per face). This includes the average number
of vertices or edges lying on a geodesic path between two given far away vertices. We gather
our conclusions in Section 6.

2. BIJECTIVE CODING OF BI-POINTED AND TRI-POINTED MAPS

2.1. Definitions. A map denotes a connected graph embedded on the sphere. A bipartite
map is a map with all faces of even degree, and a quadrangulation is a map with all faces of
degree 4. A well-labelled map (resp. very-well-labelled map) is a map M together with an
assignment: ¢ : V — Z of integers to its vertices, such that for each edge e = {u,v} of M,
[¢(v) —L(u)| <1 (resp. [€(v)—£(u)|] =1). A very-well-labelled map is necessarily bipartite. A
vertex of a well-labelled map is called a local maz (resp. local min) if it is not smaller (resp.
not larger) than any of its neighbours. For a face f of a well-labelled map, denote by min(f)
(resp. max(f)) the minimum (resp. maximum) label over vertices incident to f. Denote by

e~

M the set of well-labelled maps and by Q the set of very-well-labelled quadrangulations.

2.2. The Ambjsrn-Budd bijection. Let ® be the mapping from @ to M such that, for
g€ 0, ®(q) is the map obtained from ¢ by applying the local rules of Figure (left-part)
to each face of ¢, then deleting all local max and all edges of ¢q. Similarly let ®~ be the
mapping from O to M such that, for ¢ € @, ®~(q) is the map obtained from ¢ by applying
the local rules of Figure [1| (right-part) to each face of ¢, then deleting all local mins and all
edges of ¢. Ambjgrn and Budd showed [2] that ® and &~ are bijections between 0 and M
that preserve several parameters, from which it follows (see Figure [2| for an example):

Theorem 1 (Ambjorn-Budd). The mapping A = ®~ o &~ is a bijection between M and
M that preserves the number of edges, such that for M € M and M’ = A(M), each local
min v of M corresponds to a face f' of M', with £(v) = min(f') — 1, and each face f of M
corresponds to a local max v of M', with max(f) + 1= £(v").

Remark 1. Note that each edge ¢’ of labels ¢ — i in M’ = A(M) is “dual” to an edge of
labels (i — 1) — (¢ — 1) in M, such that (when M and M’ are superimposed), €’ crosses e

(within the same face of the associated ¢ € @) This also ensures that A and A~! preserve
the property of being very-well-labelled.

We now state a useful lemma (in view of proving bijections for bi-pointed and tri-pointed
maps later on).

Lemma 1. Let M € M and M’ = A(M), considered as superimposed (via the associated
q € @) Consider two edges e1,ex of M’ incident to a vertex u of M', of label i, such that
the extremities v and w of ey and es have label i + 1. Let S be the clockwise angular sector
between ey and e around u. Then there is an edge of M leaving u in the sector S and ending
at a vertex of label i — 1.
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FIGURE 1. Local rules of the bijections ® (left) and &~ (right) applied
within each face of a very-well-labelled quadrangulation. The rules on the
right are those of the Schaeffer bijection [15] 1]

FIGURE 2. The Ambjgrn-Budd bijection on an example: each face f’ of
M’ = A(M) corresponds to a local min v of M (with ¢(v) = min(f’) — 1,
and with v within f’ when M and M’ are superimposed), and each face f
of M corresponds to a local max v’ of M’ (with £(v') = max(f) + 1, and
with v" within f when M and M’ are superimposed).

FI1GURE 3. The situation in the proof of Lemma [I]
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Proof. The situation is shown in Figure |3] Let ¢ be the very-well-labelled quadrangulation
associated to M (via ®) and to M’ (via ®7). The local rules of ®~ ensure that ¢ has an
edge from u to v (just to the left of e;), an edge from w to w (just to the left of ey), and
that the next edge of ¢ after e; in clockwise order around u leads to a vertex of label ¢ — 1;
denote by u’ this vertex. Starting from u’, let u” be the last neighbour of u of label ¢ — 1 (in
clockwise order around ) before w. Then the local rules of ® ensure that there is an edge
of M from u to w”, and this edge is in S. O

2.3. Bijection for bi-pointed maps. A bi-pointed map is a map with two (different and
distinguished) marked vertices, denoted v; and ve. The distance between vy and v is called
the two-point distance of M and is denoted dio(M). For s,t two positive integers, define
an [s,t]-well-labelled map as a bi-pointed well-labelled map such that v; and v, are the
only local min, and have respective labels —s and —¢. Define an (s, t)-well-labelled map as
a well-labelled map with exactly two faces (which are distinguished) f; and fo, such that
min(f1) = —s+ 1 and min(f2) = —t + 1. In such a well-labelled map, a border-vertex (resp.
border-edge) is a vertex (resp. an edge) incident to f; and fy. An (s,t)-well-labelled map is
said to be of type A if the minimum label over all border-vertices is 0, and none of the border-
edges has labels 0 — 0. An (s,t)-well-labelled map is said to be of type B if the minimum
label over all border-vertices is 0, and there is at least one border-edge with labels 0 — 0.

Proposition 1. For s,t > 1, the mapping A induces a bijection between [s, t]-well-labelled
maps and (s,t)-well-labelled maps. For M an [s,t]-well-labelled map and M’ = A(M), one
has di2(M) = s+t iff M' is of type A, and d12(M) = s+t — 1 iff M’ is of type B.

Proof. We just have to show the statements of the second sentence (the first sentence imme-
diately follows from Theorem . Let T" be the submap of M’ formed by the border-vertices
and border-edges (note that T' is a cycle). Denote by a the minimum label over all vertices
of I'. Let P be a path in M from vy to v, and let p be the first intersection of P with I'.
Two cases can occur: if p is at a vertex of T, of label ¢, then the portion of P before p (resp.
after p) has length at least s+ ¢ (resp. at least ¢ 4+ i) because the label-increment along each
edge is at most 1; hence P has length at least s +¢ + 2i. If p is at the middle of an edge €’
of T, of labels ¢ — i, then e’ is “dual” to an edge e of M of labels (i — 1) — (i — 1), and P
hits p when traversing e. Again, the portion of P before e (resp. after e) has length at least
s+1i—1 (resp. at least t+14—1), so that P has length at least s+t 4 2i — 1. This observation
ensures that if dio(M) = s+t then the labels i on I' cannot all be positive, hence a < 0, and
if di2(M) = s+t — 1 then there exists on I' a vertex with label ¢ < 0 or an edge with labels
0 — 0, hence either we have a < 0 or we have a = 0 and there is at least one border-edge of
labels 0 — 0.

We now aim at obtaining an upper bound for di2(M) in terms of a. Observe that two
cases can arise: (i) no border-edge has labels a — a, (ii) at least one border-edge has labels
a — a. In case (i), let v be a border-vertex of label a. Its neighbours on I" have label a + 1,
so by Lemma [I} v has (in M) a neighbour w of label a — 1 that belongs to f1 (note that w
is strictly in f since all border-vertices have label at least a). Let v; be the local min of
M in f1. If w # v1, then w is not a local min of M, so that w has (in M) a neighbour of
label a — 2, strictly in f;. Continuing this way one builds a label-decreasing path (staying
strictly in f1) from v to v1, hence of length s+ a. Similarly one can build a label-decreasing
path from v to vy, of length ¢ + a. Hence dij2(M) < s+ ¢+ 2a. In case (ii), let ¢’ be a
border-edge of labels a — a, and let e € M be its dual edge, with labels (a — 1) — (a — 1).
Let wy be the extremity of e in f; and wsy the extremity of e in fo (note that w is strictly
in f; and we is strictly in f3). Again, if wy # vy, then wy has (in M) a neighbour of label
a — 2, and continuing this way one builds a label-decreasing path P; between w; and vy, of
length s 4+ a — 1. Similarly one can build a label-decreasing path P, between ws and vy, of
length ¢t + a — 1. Concatenating P;, e, and P, yields a path between v; and v of length
s+t+2a—1. Hence d12(M) < s+t + 2a — 1. Using the first paragraph of the proof, we
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FIGURE 4. Top: the left-part shows a bi-pointed map of two-point distance
3, endowed with its [1, 2]-well-labelling; the right-part shows the associated
(1,2)-well-labelled map of type A (and the middle-part shows both drawings
superimposed). Bottom: the left-part shows a bi-pointed map of two-point
distance 2, endowed with its [1,2]-well-labelling; the right-part shows the
associated (1,2)-well-labelled map of type B (and the middle-part shows
both drawings superimposed).

conclude that, if dj2(M) = s+ t, then a = 0 and we are in case (i), i.e., M’ is of type A; and
if dia(M) =s+t—1, then a = 0 and we are in case (ii), i.e., M’ is of type B.

Conversely, if M’ is of type A, then by the arguments of the first paragraph, di2(M) > s+t;
and by the arguments of the second paragraph, for each border-vertex v of label 0 one can
build a path of length s + ¢ from v, to vy passing by v at distance s from v;. Hence
di2(M) = s +t. And similarly if M’ is of type B, then by the arguments of the first
paragraph, di2(M) > s+t — 1; and by the arguments of the second paragraph, for each
border-edge €’ of labels 0 — 0 one can build a path of length s +¢ — 1 from v; to v, with e
as the sth edge along the path. Hence di2(M) = s+t — 1. O

The proposition then yields the following bijection (see Figure {4| for examples):

Theorem 2. Let s,t be two positive integers.

(A): the mapping A induces a bijection (via [s,t]-well-labelled maps) between bi-pointed
maps of two-point distance s+ t, and (s,t)-well-labelled maps of type A; the bi-pointed map
is bipartite iff the (s, t)-well-labelled map of type A is very-well-labelled E|

(B): the mapping A induces a bijection (via [s,t]-well-labelled maps) between bi-pointed
maps of two-point distance s+t — 1, and (s,t)-well-labelled maps of type B.

In both bijections (A) and (B), each face of the bi-pointed map corresponds to a local maz
in the associated (s,t)-well-labelled map.

Proof. Tt suffices to show that a bi-pointed map M of two-point distance s+t (resp s+t—1)
can be uniquely labelled as an [s,t]-well-labelled map, and then to apply Proposition
Consider the labelling-assignment £y(v) = min(d(v,v1)—s, d(v, va)—t), where d(u, w) denotes

INote that an (s, t)-well-labelled map which is very-well-labelled (for short an (s, t)-very-well-labelled
map) is of type A iff the minimum label over border vertices is 0.
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the distance (in M) between u and w. Clearly ¢y is a well-labelling and any vertex v ¢ {vy,v2}
is not a local min. And since |s — t| < s+t = d(v1,v2) (recall that s and t are positive),
it is easy to see that v; and vy are local min, of respective labels —s and —¢. This proves
the existence of such a labelling. To prove uniqueness, consider a labelling ¢ that makes
M (s,t)-well-labelled. For any vertex v of M which is not a local min, one can find a
label-decreasing path P to a local min, say v;. Then £(v) — £(vy) = |P| > d12(M), hence
L(v) > €o(v). Moreover, since the increments along edges are at most 1, one also has
(considering increments along the geodesic paths from v to v; and from v to va) £(v) < £y(v).
Hence £(v) = £y(v) and we have the uniqueness of such a labelling.

Finally note that, for a bi-pointed map M with di2(M) = s+t, £y is a very-well labelling
iff M is bipartite (indeed, if M is bipartite, for v a vertex of M, either both d(v,v;) — s and
d(v,v9) — t are even, or both d(v,v1) — s and d(v,v2) — t are odd, depending on whether v
is in one vertex-color or the other). O

Remark 2. The arguments of the proof of Proposition [[] imply that — M denoting the bi-
pointed map and M’ the corresponding (s, t)-well-labelled map — in case (A) of Theorem
each border-vertex of label 0 in M’ corresponds to a vertex v of M that belongs to a (not
necessarily unique) geodesic path from v; to vy, with v at distance s from vq, and in case
(B) of Theorem each border-edge of labels 0 — 0 in M’ corresponds to an edge e of M that
belongs to a (not necessarily unique) geodesic path from v to v, with e the sth edge along
the path.

2.4. Bijection for tri-pointed maps. A tri-pointed map is a map M with three (different
and distinguished) marked vertices, denoted vy, v, v3. Denote by dia,d;3, d2s the distances
between the marked vertices, i.e., d;; is the distance between v; and v;.

For s, t,u three positive integers, define an [s, t, u]-well-labelled map as a tri-pointed well-
labelled map such that vy, vo, v3 are the only local min, and have respective labels —s, —t, —u.
Define an (s, t, u)-well-labelled map as a well-labelled map with exactly three faces (which are
distinguished) f1, fa, f3, such that min(f;) = —s+1, min(f2) = —t+1, and min(f3) = —u+1.
For such a map, a border-verter is a vertex incident to at least two different faces, and a
border-edge is an edge incident to two different faces. More precisely, for 1 < i < 5 < 3,
an (i, j)-border vertex is a vertex incident to both f; and f; (and possibly also to the other
face), and an (4, j)-border edge is an edge incident to both f; and f;. An (s,t,u)-well-labelled
map is said to be of type A if the minimum label over all border-vertices is 0, there is no
border-edge of labels 0 — 0, and for all 1 < i < j < 3 there is at least one (i, j)-border vertex
of label 0. An (s,t,u)-well-labelled map is said to be of type B if the minimum label over
all border-vertices is 0, and for all 1 < i < j < 3 there is at least one (i, j)-border edge of
labels 0 — 0. Note in particular that, in an (s, ¢, u)-well-labelled map of type A or B, any of
the three faces is adjacent to the two others.

Proposition 2. For s,t,u three positive integers, the mapping A induces a bijection between
[s, t, u]-well-labelled maps and (s, t, u)-well-labelled maps. For M an [s,t, u]-well-labelled map
and M’ = A(M), the distances dya,dy3,dos of M satisfy
dlg :S+t, d13 :8+U, d23 =t+u

iff M' is of type A, and satisfy

digo=s+t—1, diz=s+u—1, dog=t+u—1
iff M' is of type B.
Proof. Again we just have to show the statements of the second sentence (the first sentence
immediately follows from Theorem. Let I' be the embedded subgraph of M’ formed by the
border-vertices and border-edges (I" cuts the sphere into 3 components, and at this point we

can not yet exclude the possibility that I consists of two disjoint cycles). For 1 <14 < j < 3,
let I';; be the subgraph of I' made of vertices and edges incident to f; and f;. Let a be the
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minimum label over all vertices of I'. By similar arguments as in the first paragraph of the
proof of Proposition [I} in case dis = s +t,d13 = s + u,d2z = t + u we must have a < 0, and
in case dip = s+t—1,dig=s4+u—1,dog =t + u— 1 we must either have a < 0 or have
a = 0 and there is an edge in I" of labels 0 — 0.

Next we prove an upper bound for the two-point distance between two of the marked
vertices in terms of a. Two cases can arise: (i) no border edge has labels a — a, (ii) at least
one border-edge has labels a — a. In case (i) let v be a border-vertex of label a, say without
loss of generality that v is incident to f; and fs. By the same arguments (using Lemmal[1]) as
in the proof of Proposition [1} there is a label-decreasing path in f; from v to vy, and there is
a label-decreasing path in f5 from v to vs, so that the concatenation of these two paths yields
a path of length s + ¢ + 2a between v, and ve. In case (ii) let e’ be a border-edge of labels
a—a, and let e be the edge of labels (a—1) — (a—1) in M that is dual to e’. Say without loss
of generality that ¢’ is incident to fi and fo. Again by the same arguments (using Lemma |1)
as in the proof of Proposition there is a path of length s+t+2a—1 (passing by e) between
v1 and vy. Hence, together with the first paragraph, we conclude that, if the distances satisfy
dio = s+ t,di3 = s+ u,dsg =t + u, then we must have a = 0 and there is no border-edge
of labels 0 — 0, and if the distances satisfy dio = s+t —1,dis=s+u—1,dog=t+u—1,
then we must have a = 0 and there is a border-edge of labels 0 — 0.

Assume dyo = s+ t,d13 = s + u,dsz =t + u. We now prove that, for any 1 <i < j < 3,
I';; contains a vertex of label 0. Take (without loss of generality) ¢ = 1 and j = 2, and
consider a path P of length s + ¢t between v; and vs. Assume for contradiction that P does
not meet I'15. Let p be the first point of intersection of P with I' and let p’ be the last
point of intersection of P with I'. Since P does not meet I'15, p is in I'y3 and not incident
to fo, and p’ is in T's3 and not incident to fi; in particular p # p’. Note that p is either at
a vertex of label b with b > 0 or at the middle of an edge of I';3 of labels b — b with b > 1;
and similarly p’ is either at a vertex of label ¢ with ¢ > 0 or at the middle of an edge of
I'y3 of labels ¢ — ¢ with ¢ > 1. In all four cases it is easily checked that the length of P
is strictly larger than s + t, which yields a contradiction. Hence P has to cross I'1o, either
at a vertex of label b > 0, or at an edge of labels b — b with b > 1. In the second case, P
has length at least s + ¢+ 2b — 1 > s + t, which is impossible, and in the first case P has
length at least s 4+ ¢ 4+ 2b, so that b = 0. We conclude that I'15 (and more generally any
I';;) has a vertex of label 0. (Note that, in particular, all I';; are non empty, which excludes
the possibility that T is made of two disjoint cycles, hence T' is connected.) We have thus
shown that, if dig = s+ t,di3 = s +u,de3 = t + u, then M’ is of type A. Similarly, if
dig=s+t—1,dis=s+u—1,dog =t+u— 1, one can prove that, for any 1 <7 < j <3,
I';; contains an edge of labels 0 — 0 (again by considering a geodesic path from v; to v;, then
showing that P must have length larger than s+¢— 1 in all cases, except for the case where
P crosses I';; at an edge of labels 0 — 0). Hence M’ is of type B.

Conversely, if M’ is of type A, then one can check at first that the distances satisfy
dia > s+t,di3 > s+ u,dag > t+ u (by the arguments in the first paragraph of the proof of
Proposition . Then one can also check that dia < s+ t,d13 < s+ u,doz < ¢+ u (for dyo,
take a vertex of label 0 on I'15, and construct a label-decreasing path from v to v1, of length
s, and a label-decreasing path from v to vq, of length ¢). Hence if M’ is of type A, then the
distances satisfy dis = s +t,d13 = s + u,dog = t + u. Similarly, if M’ is of type B, then the
distances satisfy dio = s+t —1,di3=s4+u—1,dog =t +u—1. O

The proposition then yields the following bijection (see Figure [5| for examples):

Theorem 3. Let dyi2,d13,das be a triple of positive integers satisfying triangular inequalities.
(A): If dya + di3 + dag is even and dia,dy3,des satisfy strict triangular inequalities, let
s,t,u be the unique triple of positive integersﬂ such that

dig =84+t diz=s4+u, dog=t+u.

2given by s = (di2 4 di13 — d23)/2,t = (d12 + d23 — d13)/2,u = (d13 + da2z — d12)/2.
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FIGURE 5. Top: the left-part shows a tri-pointed map of distances di2 =
3,d13 = 3,d2s = 4, endowed with its [1,2,2]-well-labelling; the right-part
shows the associated (1,2, 2)-well-labelled map of type A (and the middle-
part shows both drawings superimposed). Bottom: the left-part shows a tri-
pointed map of distances di2 = 3,d13 = 2, da3 = 2, endowed with its [2, 2, 1]-
well-labelling; the right-part shows the associated (2, 2, 1)-well-labelled map
of type B (and the middle-part shows both drawings superimposed).

Then tri-pointed maps with distances di2,dy3,des are in bijection (via [s,t,u]-well-labelled
maps) with (s,t,u)-well-labelled maps of type A. The tri-pointed map is bipartite iff the
corresponding (s,t,u)-well-labelled map of type A is very-well-labelled.

(B): If dia +di3 +da3 is odd, let s,t,u be the unique triple of positive z'ntegersﬂ such that:

dig=s+t—1, dig=s+u—1, dog=t+u—1.

Then tri-pointed maps with distances dya,d13,das are in bijection (via [s,t,u]-well-labelled
maps) with (s,t,u)-well-labelled maps of type B.

In both bijections (A) and (B), each face of the tri-pointed map corresponds to a local max
in the associated (s, t,u)-well-labelled map.

Proof. Tt suffices to show that a tri-pointed map M with distances s + ¢, s + u, t + u (resp.
s+t—1,s+u—1,t+u—1) can be uniquely labelled as an [s, ¢, u]-well-labelled map, and then
to apply Proposition Consider the labelling-assignment ¢y(v) = min(d(v,v1) —s, d(v,v2) —
t,d(v,v3) — u), where d(v,w) denotes the distance (in M) between v and w. Clearly £, is a
well-labelling. Similarly as in the proof of Theorem [2]it can be checked that £y is indeed the
unique [s, ¢, u]-well-labelling of M.

Moreover, for a tri-pointed map M with distances s 4+ t,s + u,t + u, ¢y is a very-well
labelling iff M is bipartite (indeed, if M is bipartite, for v a vertex of M, either d(v,v1) —
s,d(v,v2) — t,d(v,v3) — u are all even, or d(v,v1) — s,d(v,v2) — t,d(v,v3) — u are all odd,
depending on whether v is in one vertex-color or the other). (Il

3given by s = (d12 + d13 — das + 1)/2,t = (d12 + d23 — d13 + 1)/2,u = (d13 + da3 — d12 + 1) /2.
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Remark 3. The case where the triangular inequalities on dy2, dy3, d2s are not strict is not
covered by Theorem [J] but by Remark [2] after Theorem [2] Indeed, let again s,t,u be the
values such that dyo = s+t,d13 = s+u, des = t+u. When the triangular inequalities are not
strict, exactly one of s,¢,u is zero (note that at most one of s,¢,u can be zero for the three
marked vertices to be distinct), say v = 0. In that case, v3 is a vertex on a geodesic path
between v, and wo, at distance s from v;. By Remark [2] tri-pointed maps with distances
dia = s+ t,d13 = s,da3 = t are in bijection with (s, t)-well-labelled maps of type A with a
marked border-vertex vs of label 0.

3. TWO- AND THREE-POINT FUNCTIONS

We shall now make use of Theorems [2| and 3] to derive explicit expressions for the two-
and three-point functions of general and bipartite planar maps. Recall that, by two-point
(resp. three-point) function, we mean, in all generality, the generating function of bi-pointed
(resp. tri-pointed) maps with a prescribed two-point distance dis (resp. with prescribed
pairwise distances dj2, di3 and das). We shall first concentrate on the two- and three-point
functions of general planar maps, enumerated with a weight g per edge , and then consider the
subclass of bipartite planar maps. Note that bi-pointed maps may have a k-fold symmetry
by “rotation” around their two marked vertices: as customary, these k-fold symmetric maps
receive an extra conventional weight 1/k (only with this convention is the two-point function
simple). In the following, we shall denote by Ga,, = Ga,,(9) and G, dys,dss = Gdys.dys.das (9)
(resp. by Ga,, and G,y 5.5 ) the two- and three-point functions of general (resp. bipartite)
planar maps.

3.1. Two-point function of general maps. The two- and three-point functions may be

expressed in terms of a number of generating functions for suitably defined well-labelled

objects which we will introduce along this paper as we need them. A first basic ingredient

is the generating function T = Ts(g) (s > 0) of (s)T-well-labelled maps, enumerated with a

weight g per edge, with a marked corner at a vertex labelled 0. Here, by (s)*-well-labelled

map, we mean a well-labelled map with a single face f (i.e., a tree) such that min(f) > —s+1.
Introducing the notation

(1) [s].=1—2a%,

the following expression for T has been known for quite a while, obtained by various tech-
niques [5] [10]

T — [S}x[5+3]ﬂﬂ
@) 8 [s + 1]z[s + 2]
where T — LAzt o l4ata?
14+ a2 9= (1+4x+22)2

In the above parametrization of g (which is symmetric under £ — 1/x) and in similar
expressions below, we always pick for  the solution having modulus less than 1 near g =0
(in particular z = O(g)). Note then that, for s > 0, Ts = 1 + O(g) with a first term 1
accounting for the “vertex-map” reduced to a single vertex with label 0. Note also that the
above expression for T may formally be extended to the case s = 0 as it yields Ty = 0,
which is the wanted result.

An explicit expression for the two-point function of general planar maps was already
obtained in [2] [7]. Tt follows from a bijective coding of maps with two marked vertices at
distance dys by (s)-well-labelled maps (well-labelled maps with a single face f satisfying
min(f) = —s + 1) with s = dy2, with a marked vertex labelled 0 which is not a local max.
It was found that, for dis > 1

(14 gT T\, (s +1.)%s + 3]
@ Gaw=tox () =os (S

> with s = d12 .
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labels > —s+1

T
Q9 Q0QQQQ
0/0 00 0 O

0

labels > —t+1

spine labels > 0
type A: no

type B: at least one

FIGURE 6. Schematic picture of an (s,t)"-well-labelled chain. The blobs
represent attached well-labelled subtrees. The labels of the spine-vertices
are 0 at the extremities of the spine and non-negative in-between. The chain
is of type A if it has no spine-edge with labels 0 —0, and of type B otherwise.

Our new bijections (A) and (B) of Theorem [2 provide two alternative routes to recover
this two-point function. This new approach is instructive as it will lead us to introduce
and evaluate new generating functions which will turn out to be useful to later compute the
three-point function.

The first generating function of interest is that, Ny = N.(g), of (s,t)"well-labelled
chains of type A, enumerated with a weight g per edge, defined as follows: by well-labelled
chain, we mean a well-labelled tree made of a distinguished linear (oriented) spine of some
arbitrary length, with additional subtrees attached to the spine-vertices (see Figure |§| for an
illustration). We have an (s, t)"-well-labelled chain if (i) the labels of the spine-vertices are
0 at the extremities of the spine and non-negative in-between and (ii) the vertices of the
subtrees attached to the first extremity of the spine and to the left of all inner spine-vertices
have a label > —s + 1 and the vertices of the subtrees attached to the last extremity of
the spine and to the right of all inner spine-vertices have a label > —t + 1. Finally an
(s,t)*-well-labelled chain is said to be of type A if there is no spine-edge with labels 0 — 0.
If the spine has length 0, i.e., reduces to a single vertex, we decide by convention not to
attach any subtree at all to this vertex: this configuration receives a weight 1 accordingly.
The above definition of N,; holds for s,t > 0 and we extend it for convenience by setting
Ngo= Nos = Nopo =1

Similarly, we may introduce the generating function Os; = O, +(g) of (s, t)"-well-labelled
chains of type B defined as (s,t)"-well-labelled chains with at least one spine-edge with
labels 0 — 0 (again this definition holds for s,¢ > 0 and we extend it by now setting O, ¢ =
Oo,t = Oo,o = 0).

From the bijection (A) of Theorem [2| when di5 > 2, G4,, is also the generating function
of (s,t)-well-labelled maps of type A, enumerated with a weight g per edge, for any pair
of positive integers s and t satisfying s + ¢t = djo. At this stage, it is useful to weaken
the definition of (s, t)-well-labelled maps of type A and consider instead what we shall call
(s,t)*-well-labelled maps of type A, satisfying now the weaker conditions min(f;) > —s+1
and min(fy) > —t + 1 for the labels incident to their faces f; and fo. In other words, an
(s,t)T-well-labelled map is an (s',')-well-labelled map with 0 < s’ < s and 0 < ¢/ < ¢.
Focusing on the cycle I' formed by their border-vertices and border-edges, we then remark
that (s,t)"-well-labelled maps of type A may be seen as cyclic sequences of elementary blocks
(which consist of (s,t)"-well-labelled chains of type A having no spine-label 0 between the
extremities of its spine) while (s,¢)"-well-labelled chains of type A correspond to (linear)
sequences of blocks of the same type. By a standard argument, we immediately deduce that
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the generating function for (s,t)*-well-labelled maps of type A is given by log(Ns:) and
consequently, that that of (s, t)-well labelled maps of type A is given by A A, log(Ns ). Here
A is the finite difference operator A, f(s) = f(s) — f(s—1). Applying A, on the generating
function log(N, ;) indeed selects those configurations satisfying —s +2 > min(f;) > —s+1,
hence min(f;) = —s + 1 and similarly, applying A; imposes min(fs) = —t + 1. The finite
difference operators therefore ensure the passage from (s,t)*-well-labelled objects to (s,t)-
well-labelled ones. We shall use this standard trick in various occasions later in the paper.
We deduce the relation, for s,t > 0

Ns,th—l,t—l

stl,th,tfl

(note that this holds for s =1 and ¢ = 1 thanks to our convention Ny = Ny, = Ny = 1).
To evaluate Ny, we may rely on a known formula for the generating function X,; =

Nyt + O of (s,t)"-well-labelled chains of type A or B (i.e., with or without spine-edges of

labels 0 — 0). This later generating function was indeed computed in [8], with the result

[Blz[s + 1]z[t + 1]z[s +t + 3]

1]z[s + 3lz[t + 3la[s +t + 14

and satisfies the following recursion relation (obtained by decomposing the chain at its first

return at label 0 along the spine)

(6) Xst=14+9T T X, + g’ T X 4 Top1Ti1 Xot1,041 -

(4) Ga,, = AsAylog(Ng ) = log ( ) with s +t = di2

(5) XS,t =

Now, by a decomposition of the chain at the spine-edges with labels 0 — 0, we may write the
relation X, = Ny /(1 — gTsTyNs,t), or equivalently

Xs,t

Nyy=—28t
(7) ! 1 + gTsTth,t

Replacing X, , by its value above, this leads to the particularly simple (and remarkably
similar) expression

[3la[s + 2] [t + 2] [s +t + 3],
[2}1[3 + 3}1[15 + 3]30[3 +t+ 2]:5 .

Plugging this latter expression in , we get explicitely

- (s +t+1s)°[s +t+3s
(9) Gd1210g( [s +t]([s +1+2],)3

which reproduces precisely the previous formula , as wanted.

The knowledge of the generating function g, will be crucial in the derivation of the
three-point function in the next section. It is interesting to note that its above expression
may be obtained in several alternative ways, without recourse to the known expression for
X+ These alternative approaches will prove useful when we shall discuss similar generating
functions for which we cannot rely on known formulas.

First, we note that equating ab initio and provides in return a constructive way
of getting N, ;. Indeed, it allows us to write

NgiNs—14-1 R (12]2)% [u+ 1o [u+ 3]s

10 = ., Ry=14gT,Tyss = :
R N AP R N TTRE R (TR R

which is a double (in s and t) recursion formula. Together with the conditions N, o = Ny =
No,o =1, it leads to

(8) NS,t =

) With8+t:d12,

s+t

(11) Ns,tHRu/< : RuHRu) )

which yields immediately by replacing R,, by its value.
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Ts1 Ty 1 Noq1,041

1=gTs 11T 41 Nst1 141 N4

FIGURE 7. A schematic picture of the recursion relation for Ny ;, obtained
by decomposing an (s, t)T-well-labelled chain of type A at its first return at
label 0 along the spine.

A second alternative, but non-constructive way of getting N, ; is by solving yet another
recursion relation, which is the analog of @, obtained by a simple decomposition of an
(s,t)T-well-labelled chain of type A at its first return at label 0 along the spine. This
decomposition leads to (see Figure

9 To1Ti41Nog1,641

(12)  Now =149 TTeNoys 1—gTei1 i1 Nog1,041

Indeed, when not reduced to a single vertex (weight 1), an (s, t)"-well-labelled chain of type
A has a spine made of a first 0 — 1 edge (weight g T, including the attached subtree), a
portion of spine with labels larger than or equal to 1, then a first 1 — 0 edge (weight g T})
and a final portion which is itself an (s,t)*-well-labelled chain of type A (weight N ). The
portion of spine with labels larger than or equal to 1 is, after a simple shift of labels by —1, an
(s+1,t+1)T-well-labelled chain (of arbitrary type A or B) with two extra attached subtrees,
as enumerated by Ts+1Tt+1Xs+1 = Ts+1Tt+1Ns+1,t+1/(1 — gTs+1Tt+1Ns+1,t+1)- Note that
eq. (12) may equivalently be obtained by simply plugging X, = N, /(1 — ¢ TsT;Ns ) into
@. Knowing the expression of T, this equation determines entirely N, as a power series
in g. It is now a straightforward exercise to check that the above expression does indeed
solve this equation (and is such that Ny, = 1+ O(g)) hence provides the correct expression
for N, ;. In the following, we shall recourse in several occasions to this method, i.e., write
down a recursion relation and guess its (unique as a power series in g) solution.

We may now easily repeat the above arguments by using instead the bijection (B) of
Theorem [2} For di2 > 1, Gg,, is then identified with the generating function of (s,t)-well-
labelled maps of type B, enumerated with a weight g per edge, for any pair of positive
integers s and ¢ such that dio = s+t — 1. Now, focusing on the cycle I' formed by their
border-vertices and border-edges, (s, t)"-well-labelled maps of type B are nothing but cyclic
sequences where each elementary block is made of an edge with labels 0 — 0 (weight g)
followed by an (s, t)*-well-labelled chain of type A with two extra attached subtrees (weight
T Ty N ). This allows us to write immediately

1 Xt
= 1 ——————————— = 1 7’
Gd12 AsAt og (1 — QTSTth,t> AsAt 0g (Ns,t>

_ log (Xs,thl,thsl,th,t1>
X1, Xst-1NstNo_14-1)

(13)
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Replacing X ; and Ny, by their expressions, we deduce

_ ([s+1a)’ls +t+ 2
(14) Gy, = log ([S +t—1([s+t+1],)3

in agreement with , as wanted.

To end this section, let us finally give an expression for the generating function O,; of
(s,t)T-well-labelled chains of type B. It is obtained via Os; = X, ; — N ¢, from which we
deduce

) with s +¢t—1 =dj2

3] [slu [t ([s + + 3]:13)2
[2]:[s + 3]z[t + 3)z[s +t+ 1u[s +t+ 2],

(15) Os,t =T

labels
> —t+1

backbone labels > 1

(except at the 3 extremities)

labels > —u+1

FIGURE 8. Schematic picture of an (s, ¢, u)"-well-labelled Y-diagram. The
blobs represent attached well-labelled subtrees. The label of the backbone-
vertices are 0 at the extremities of the three branches and positive in-
between.

3.2. Three-point function of general maps. We shall now use the bijections of Theorem
to derive an explicit formula for the three-point function of general planar maps. As
a new tool, we shall need an expression for the generating function Y5;, = Y .(g) of
(s,t,u) " -well-labelled Y-diagrams defined as follows, for s,t,u > 0: by well-labelled Y-
diagram, we mean a well-labelled tree with a distinguished backbone made of three branches
(referred to as the first, second and third branch clockwise) of arbitrary lengths connected at
a central vertex, with additional subtrees attached to the backbone-vertices (see Figure 8| for
an illustration). The labels of the backbone vertices are required to be 0 at the extremities of
the three branches and strictly positive in-between. We have an (s, ¢, u)"-Y-diagram if, going
clockwise around the backbone, the vertices of the subtrees attached to backbone-corners
lying between the extremity of the first branch (extremity included) and that of the second
branch (extremity excluded) have a label > —s + 1, the vertices of the subtrees attached
to backbone-corners lying between the extremity of the second branch (extremity included)
and that of the third branch (extremity excluded) have a label > —t + 1 and, finally, the
vertices of the subtrees attached to backbone-corners lying between the extremity of the
third branch (extremity included) and that of the first branch (extremity excluded) have a
label > —u + 1. Note that an (s,t,u)*- well-labelled Y-diagram cannot contain edges with
labels 0 — 0 along its three branches since only the extremities of the branches carry a label
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0. Note also that the lengths of the three branches may be zero simultaneously in with case
the backbone of the Y-diagram reduces to a single vertex with label 0: as before, we then
decide for convenience not to attach any subtree at all to this vertex and this configuration
receives a weight 1 accordingly.

The generating function Y ;,, was already introduced in [§]. There it was shown that it
satisfies the following recursion relation, easily obtained by decomposing each branch of the
Y-diagram at its first passage (starting from the central vertex) at label 1 along the branch

(16)  Yerw =14+ TsTiTu X1 401 X st 1001 X 1wt To1 To1 Tuer Yot 41 utt -
Knowing T, and X, this equation determines Y, , entirely as a power series in g. The
following explicit solution was then found in [§]

[s 4+ 3]x[t + 3]a[u+ 3]a[s + 1 +u+ 3],

[Blals +t+ 3]t +u+3lz[u+s+3],

(17) }/;,t,u =

FIGURE 9. Schematic picture of an (s, t,u)"-well-labelled map. The blobs
represent attached well-labelled subtrees. The map is decomposed into five
pieces, two of them enumerated by Y; ., and the last three by Ny, Ns,
and Ny, respectively (see text).

We may now evaluate the three-point function Gg,, 4,5 4,5 Of general maps. Let us start
with the case where dio + di3 + dog is even and dyo, di3 and dog satisfy strict triangular
inequalities (we will return later to the case where triangular inequalities are not strict). As
in the statement of Theorem [3}(A), we then set

(18) d12=5+t, d13:s+u, d23:t+u,

where s, t and u are three positive integers. From the bijection (A) of Theorem Gdyp,dis,dos
is identified with the generating function of (s, t, u)-well-labelled maps of type A, which allows
us to write

(19) Gd12,d13,d23 = AsAtAuNs,th,uNt,uYQ

s,t,u *

Indeed, introducing (s, t,u)"-well-labelled maps of type A (defined as (s, t, u)-well-labelled
maps of type A except for the weaker constraints min(f;) > —s + 1, min(fs) > —t + 1
and min(f3) > —u + 1), these maps may be decomposed into five pieces by cutting their
“backbone” at the first and last occurrence of a label 0 along each border between their
three faces. More precisely, introducing as before the three subgraphs I';; of the map made

of vertices and edges incident to the faces f; and f; (1 <14 < j < 3), I'12, I'13 and I'y3 form
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a backbone made generically of three chains attached at their extremities to two “triple-
point” vertices (see Figure E[) Since the map is of type A, each I';; carries at least a label
0 by definition. Cutting the chains at its first and last occurrence of such a label 0 (as
encountered by going from one triple-point to the other) results in an (s, ¢, u)"-well-labeled
Y-diagrams and an (s, u, t)"-well-labeled Y-diagrams (both enumerated by Y ;) and three
chains: an (s,t)"-well-labeled chain, an (s, u)*-well-labelled chain and a (t, u)"-well-labelled
chain, all of type A, hence enumerated by N, N, and N, respectively. Finally, the
passage from (s, t, u)T-well-labelled maps to (s, t, u)-well-labelled maps is performed by the
action of the finite difference operators A;, A; and A,. As explained in [§] (in a similar
calculation for quadrangulations), degenerate situations where the border between two of
the three faces is reduced to a single vertex (so that the two triple-points coalesce) are
properly enumerated by this formula. For instance, configurations whose (1,2)-border is a
single vertex are enumerated by AgA¢Ay Ng Nt ,,. This contribution to Gg,,,dys,dss Properly
appears in by picking the first term 1 in the expansion of both N, ; and Y, ¢ ,,.
Replacing Y; ¢+, and N, by their explicit expressions, we obtain the following result:

Proposition 3 (Three-point function of general maps: even case). Given dis, diz and dag
three positive integers satisfying strict triangular inequalities, and such that dio + di3 + das
is even, the three-point function Gq,, d,s.d.s 5 given by
Gd12;d137d23 = ASAtAUFseft)i?
reven _ [3Jo ([s 42l [t+2]a [ut 2]u [s+1+ut3],)?
St ([2]2)3[s+t + 2] [t+u + 2]z [u+s + 2] [s+t+3], [t +u+3] [u+s+3],

(20)
with s,t,u as in .

Let us now discuss the case where triangular inequalities are not strict by setting for
instance © = 0 in , in which case di3 + d23 = d12 and v3 lies on a geodesic path between
vy and vy. As explained in Remark 3, such tri-pointed maps are in bijection with (s, t)-well-
labelled maps of type A with a marked border-vertex with label 0. This marking transforms
de facto (by a simple cut) the (s,t)-well-labelled map of type A into an (s, t)-well-labelled
chain of type A, as enumerated by A;A;N; ;. We deduce

(21)  Gayytdas,dis,des = DsAtNsy with s =dis, t =das .

Note that this latter expression is precisely that given by if we formally set F7Y"; =0
so that Ay Fyulu=0 = Fy = Nst.
Let us now come to the case where dis + di3 + dog is odd and, as in the statement of

Theorem [3}(B), set
(22) d12:$+t717 d13:S+U71, d23:t+U71

where s, t and w are positive integers. From the bijection (B) of Theorem 3} Ga,,.dys,des 1S
now identified with the generating function of (s,t,u)-well-labelled maps of type B, which
allows us to write

(23) Gdlz,dlg,dgg = ASAtAuOS,tOS,uOt,u}/SQ’tTu .
Replacing Y; ;. and O, by their explicit expressions, we deduce

Proposition 4 (Three-point function of general maps: odd case). Given dya, di3 and dag
three positive integers satisfying triangular inequalities, and such that dyo + dy3 + da3 is odd,
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the three-point function Gq,,.d,5.dyes 15 given by

dd
Gd12,d137d23 = AsAALEY

it _ 3 (bl s+t u 3L,
SR (210)3 st e[t ut 1] [ut s+ 1], [s+E+2] [+ u+2] [ut+s+2],

(24)

with s,t,u as in .

As a simple application of our formulas, let us compute for instance the first terms in
the small g expansion of G322 (three vertices at pairwise distances diz = di3 = do3z = 2)
and G111 (three vertices at pairwise distances dia = di3 = dog = 1). Both are obtained by
setting s = t = u = 1, respectively in and . From the relation between g and = in
, we deduce the expansion

(25)  x =g+ 7¢* + 599> + 544¢* + 5289¢° + 532564° + 549771g" + 5782105¢° + . ..

Plugging this expansion in and yields
Goo2 = 29° +39g" + 558¢° + 7123¢° + 86139¢" + 1011954¢° + . ..

(26) 3 4 5 6 7 8
G111 =g° + 15¢* +174¢° + 1867¢° + 19482¢" + 201450¢° + . ..

whose first terms (of order g® and g*) are easily recovered by a simple inspection.

3.3. Two- and three-point functions of bipartite maps. We may easily repeat the
arguments of Sects. and to obtain the two- and three-point functions of bipartite
planar maps. In practice, we simply have to consider the same generating functions as above
restricted to the subclass of very-well-labelled objects. Our first basic ingredient is therefore
the generating function Ty = Ts(g) (s > 0) of (s)T-very-well-labelled maps, enumerated with
a weight g per edge, with a marked corner at a vertex labelled 0. The following expression
for T, was derived in [5]

TS —F [sh[s + 4]1‘
[s + 1]z[s + 3]
(27) 9 )
here T (L+2) d m1+x
W = ———: frng S
11 22 I = Aot

As explained in [7], we may deduce from T, an explicit formula for the two-point function
of bipartite planar maps

1 +gTsTs+1> o (([s +1]2)%[s + 4]

) with s = d12 .

(28) édw = log <1 + g'j}_1Ts (8] ([s + 3]2)?

Let us now see how to recover this formula in the framework of bi-pointed maps. From
Theorem 2, Gg4,, with dyy = s + ¢ is identified with the generating function of (s, t)-very-
well-labelled maps of type A, enumerated with a weight g per edge. Note that being of type
A simply amounts here to demanding that the minimum label over all border vertices in the
map is 0, and that there are no (s, t)-very-well-labelled maps of type B. As for (s,t)*-very-
well-labelled chains, they are automatically of type A: if we insist in defining the very-well-
labelled analogs Ns,t, ONS,t and )~(S7t of Ng¢, Os+ and Ny, we must then set

(29) Ns,t = )N(S,t and Os,t =0

so that, in practice, we only have to deal with a single generating function )N(S,t, that of
(s,t)T-very-well labelled chains. By the same argument as in Sect. we may now write
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the two-point function as

Xs,th—l,t—l
Xsfl,th,tfl

Comparing with (28], this leads to the identification

(31) X, = ﬁ R“/ < S R, ﬁ Ru) . Ry=1+gT, Ty = [2}‘%[3% [ut1]o[u+4],

u=

(30) édw = ASAt IOg(Xs,t) = IOg ( ) with s + ¢ = d12 .

hence to the explicit expression
[Mlzls + 20t + 2l[s +t + 4],
[2]u[s + 4ult +4u[s +t+ 2],

(32) X4 =

As a check of consistency, we now argue that Xs)t is, alternatively, entirely determined as a
power series in g by the recursion

(33) Xs,t =1+g° TsTth,tTt+1Ts+1Xsl,t+1 )

obtained by decomposing the chain at its first return to 0 along the spine. It is a simple
exercise to check that actually solves this equation, as wanted.

Coming now to the three-point function édlzydlg,d% of bipartite planar maps, we set again
(recall that the sum dio + di3 + dog is necessarily even in a bipartite map)

(34) dig=s8+t, diz=s+u, dys=t+u

with s, ¢ and u positive integers (we assume here strict triangular inequalities). To get
G’dn,dw,d%, we now need an expression for the generating function YS,t’u = }N/S’t,u(g) of
(s,t,u)T-very-well-labelled Y-diagrams (which form the very-well labelled subclass of (s, t,u)™"-
well-labelled Y-diagrams). Since no expression was known so far for f@tw we had to recourse
to the same guessing approach as in [8]. It is easy to write down a recursion relation for
f/s,t,u of the same type as 7 obtained again by decomposing each branch of an (s, ¢, u)"-
very-well-labelled Y-diagram at its first passage at label 1. It is in practice the same as (|16))
with Ts and X, ; replaced by their tilde counterparts, i.e.,

(35) Yiruw=1+TTTuXst1,001 Xs4 1001 X101 Dot Top1 Tut1 Yo 1,04 1,01

and determines Ys’t,u entirely as a power series in g. We have been able to guess the solution
of this equation, which has the slightly more involved expression (now a sum of two terms)
~ [s + 4]z [t + 4)o[v + 4]2

Yot = B LG + 2+ Holut Aals + ALt +u+ Ao fut s+ 4T,

(36)

X (2[3x[s+1]a[t+1]s[u+1]s[s+t+u+5]s+[1]z[s+3]z[t+3]z[u+3]s[s+E+u+3]s) -
By the same argument as in Sect. we obtain directly:

Proposition 5 (Three-point function of bipartite maps). Given dia, dis and dag three
positive integers satisfying strict triangular inequalities, and such that di2 + diz + dag is
even, the three-point function Gq,, ds,dog 15 given by

éd127d13,d23 = AsAtAqu,t,u

n v Y " 2
Fs,t,u = Xs,th,uXt,uY

67) _ M3+ a4 a5+ (1o 8t + 8t s +4u 3], )
B (12]2)3([3]2)?[s+t+2]x [t+u+2]) o [u+s+2] s [s+E+4] o [tFut4] s [uts+4],

with s,t,u as in .
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As before, the case where triangular inequalities are not strict requires a special attention:
setting again u = 0 for instance, we now arrive at

(38) éd13+d23,d13,d23 = ASAtX&t with s = dy3, t = da3 .

Again this latter expression coincides with that given by if we formally set F st,—1 =10
so that Ay Fs i ylu=0 = Fs.1,0 = Xs.t- R

A simple application of is the small g expansion of G 22 (three vertices at pairwise
distances di2 = di3 = d23 = 2) obtained by setting s =t =u =1 in . From the relation
between g and z in (27)), we deduce the expansion

(39)  z=g+49® +21g> + 1249 + 782¢° + 51444° + 3484597 + 24119645 + . ..
Plugging this expansion in yields
(40)  Gono = 2¢° + 21g* + 174¢° + 13364¢° 4 994247 + 7296645 . . .

whose first terms (of order g3 and g*) are easily recovered by inspection.

4. BIVARIATE TWO- AND THREE-POINT FUNCTIONS

We can refine our analysis of the two- and three-point functions by keeping track of
both the numbers of edges and faces of the maps. More precisely, we may compute the
bivariate two- and three-point functions Gg,, (g, 2) and Ga,,.d,5.dss (9, 2) for general planar
maps (and their tilde analogs for bipartite maps) enumerated with both a weight g per edge
and a weight z per face (and with a factor 1/k in case of k-fold symmetry). As we did
before in the univariate case, we shall omit in the following the arguments g and z in all
the encountered generating functions, and write for instance Gg,, and Gg,, d,4,d»s fOr short.
All the generating functions discussed in this section are implicitly understood as bivariate
generating functions, depending on both g and z.

4.1. General maps. In the various bijections of Sect. 2, the faces of the bi- or tri-pointed
maps at hand are in one-to-one correspondence with local max of the associated well-labelled
maps. Recall that a local max is a vertex whose label is not smaller than that of any of its
neighbours. Such a local max will now be assigned an additional weight z. Our first input is
thus, for s > 0, the generating function Ts = Ts(g, 2) of (s)T-well-labelled maps, enumerated
with a weight g per edge and a weight z per local max, and with a marked corner at a
vertex (the root vertex) labelled 0. As was done in [2, [7], it is useful to also introduce the
generating function Us = Us(g, 2) of the same objects but where the root vertex is weighted
by 1 irrespectively of whether or not this vertex is a local max. Introducing the notation

(41)  [slpa=1—az®,
the following expressions for T and U, were obtained in [2] [7]
[s]m,l[s + 3]27,@2 [S]fc,l[s + 3]30701
[s 4+ Usals+ 2ea [s+ 1e1[s+2ea
a(l—2)2(1+ 2 +ax — 6ax? +ax®+a?2® + a?z?)
(1—az)?3(l—ax3) ’
U— l+z+azr—6az? +ax®+a?2® + a2t
(42) (1-—az)(l—azx?) ’
r(1—az)3(1—az?)
l+z+azr—6ax?+azd+ a2z’ +a224)?’
a(l —z)2(1 —a?2?)
1-—az)3(l—az3)

TszT Us:U

where T =

=1

z =
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The bivariate two-point function was then computed, with result

1+9U5Ts+1) (([5+1]ma)3[3+3]xa
43 Gg,, =1 — | =1 2 :
(43) iz o8 (1 +gUs—17T5 ¢ [S]I,a([s + 2]1',&)3

Alternatively, the bijection (A) of Theorem 2| allows us to identify Ggq,, with d1 = s+t with
the generating function of (s,t)-well-labelled maps of type A, enumerated with a weight g
per edge and z per local max. Introducing the bivariate generating function N, ; = N; (g, 2)
of (s,t)*-well-labelled chains of type A (with the convention that the configuration reduced
to a single spine vertex receives the weight 1), we note that, as before, (s,t)"-well-labelled
maps of type A are simply enumerated by log(N; ;). Indeed, (s,t)"-well-labelled chains of
type A and (s,t)"-well-labelled maps of type A correspond again to sequences and cyclic
sequences of the same elementary blocks, corresponding to (s, t)T-well-labelled chains of type
A having no spine label 0 between the extremities of their spine, now enumerated with the
additional weight z per local max. Here it is crucial to realize that, upon gluing (linearly
or cyclically) the blocks, the (local max or not) nature of the gluing vertices is not affected
since these vertices, with label 0, are never local max within objects of type A. This allows
us to write as before

> with s = d12 .

N tNs—1,-1
Ns_1Nsi—1
(with the convention Nso = Np; = Ny = 1) and, by comparing with the expression ,
to obtain the formula

[Blz,a[8 + 2]z,alt + 2208 + 1+ 30

2]2,al5 + 3lealt +3eals +t 4+ 200

(44)  Ga,p, = AgAplog(Ng ) = log ( ) with s 4+ ¢ = dio ,

(45) Ny, =

Ds+1,t+1
Us 1-9Ds41 141 Ns,t

FIGURE 10. Recursion relation for N ; obtained by decomposing an (s, ¢)"-
well-labelled chain of type A at its first return at label 0 along the spine
(see text).
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As a test of consistency, we may write down a recursion relation for Ny ., the bivariate
analog of , illustrated in Figure It now reads

9 D141
(46) Nei=1+g UsUth,tm
where
Us
1+ g U5T5+1 )

Indeed, when not reduced to a single spine vertex (weight 1), an (s,t)"-well-labelled chain
of type A has a spine made of a first 0 — 1 edge (weight g U, with the attached subtree since
the vertex labelled 0 on the spine is not a local max), a portion of spine with labels larger
than or equal to 1, then a first 1 — 0 edge (weight g U; since the vertex labelled 0 is not a
local max) and a final portion which is itself an (s, t)T-well-labelled chain of type A (weight
Ns). The portion of spine with labels larger than or equal to 1 is, after a simple shift of
labels by —1, an (s + 1,¢ + 1)T-well-labelled chain of type A or B with two extra attached
subtrees. By a simple decomposition of this chain at each edge with labels 1 — 1, it is now
enumerated by Dy +41/(1 — g Dsi1¢41) where Dy ¢ enumerates (s, t)t-well-labelled chains
of type A with two extra attached trees, with the slight modification that, when the chain
is reduced to a single spine vertex, and when the two extra attached trees are such that this
spine vertex is a local max, then the spine vertex should receive a weight z instead of 1. This
leads to the above expression for D, ; with a first term U,U; N, giving a weight 1 to
the chain reduced to a single spine vertex, then corrected by a term (z — 1)W;W; accounting
for the case where the single spine vertex in a local max. Here W enumerates (s)"-well-
labelled maps with a marked corner at a vertex (the root vertex) having label 0 and being
a local maz. By a simple canonical decomposition of an arbitrary (s)T-well-labelled map
with a marked corner at a vertex labelled 0 (this map is a planted tree enumerated by Us)
by marking each of its descending subtrees with root label 1 (each such descending subtree
is enumerated by ¢g7s+1 and the part between two such subtrees is enumerated by W), we
have Us = W, /(1 — g Ts4+1 W), hence the expression for Ws.
Using the explicit forms , we arrive at

ax [z 1[s]e1(tle1[s + 1+ 3502
2]z.als + Nealt + 1zals + 4 2]za

and it is a straightforward exercise to check that actually solves .

We may alternatively evaluate the two-point function by using instead the bijection (B)
of Theorem [2} writing now di2 = s+t — 1 and identifying Gg,, with the bivariate generating
function of (s, t)-well-labelled maps of type B enumerated with a weight g per edge and z per
local max. As before, (s,t)"-well-labelled maps of type B are cyclic sequences where each
elementary block consists of an edge with labels 0 — 0 (weight g) followed by an (s, t)™-well-
labelled chain of type A with two extra attached subtrees, as enumerated by D ; (again if
the chain is reduced to a single vertex and the two extra attached trees are such that this
vertex is a local max, then it should receive the weight z). This leads immediately to

(47) Dsﬂg = UsUtN&t + (Z — 1)W5Wt , Ws =

(48) gDs,t -

Gd12 = AsAt log <1—gl)s,t>

2)z,als + Uz alt + 1eals+t+ 2]M>
Mz.als + 2salt + 2sals +t+ 1sa

)

(49) = AsA;log <

( ([s + t]r,a)g[s +t+ 20
=lo

[s+t—1]za([s+t+1]za)?
in agreement with , as wanted.

Let us now compute the bivariate three-point function G, dys.des = Gdis.dis.das(9s 2),
starting with the case where dis + di3 + daoz is even (and dia, diz and dag satisfy strict

With8+t—1:d12.
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triangular inequalities), using the parametrization . In this case, we have as before

(50) Gd127d13,d23 = ASAtAu]\[s,tjvs,u]\[t,u)/2

s,t,u

with N, as in and where Y, ,, is now the bivariate generating function for (s,t, u)+-
well-labelled Y-diagrams (here again we use the convention that the Y-diagram reduced to a
single backbone vertex receives the weight 1). Once more, it is crucial to realize that, upon
gluing the different pieces to get an (s, ¢, u)"-well-labelled map of type A, the (local max or
not) nature of the gluing vertices is not affected since these vertices, with label 0, are never
local max. To evaluate Y, ;,, we can write a recursion relation analog to , obtained by
decomposing each branch of the Y-diagram at its first passage at label 1 (from the central
vertex) along the branch. It reads

1 1 1
Yoiu =14+ g UUU x
b MY g Dgy1011 = 9Dsi1up1 1 — g Digtutn
(51) X (Ns+l,t+1Ns+1,u+1Nt+1,u+1Us+1Ut+1Uu+1}/;+1,t+1,u+1

+ (2= D)W Wi Wyga)

with the following interpretation: going towards the central vertex, each branch is formed
of a first 0 — 1 edge (weight gUs, gU; and g U, respectively for the three branches, the
three vertices with label 0 being not local max) followed by a portion of backbone until
we reach the last 1 — 1 edge on the branch (if there is no 1 — 1 edge on the branch, this
portion is empty). This portion is enumerated by 1/(1 —¢g Ds41,4+1), 1/(1 — g Ds41,u+1) and
1/(1 — g Dyt1,u+1) respectively on the three branches. After this last 1 — 1 edge (or after
the first 0 — 1 edge if the portion is empty), the branch continues with a portion without
1 —1 edges, as enumerated by Uiy1Nsy1 141, Uut1Ni41,u41 a0d Usy1 Noj1 441 Tespectively
until the vertex with label 1 closest to the central vertex is reached (note the presence of the
terms Uyy1, Uyt1 or Usyq accounting for the tree attached to the right of the first vertex in
this portion). The remaining part is (by shifting the labels by —1) an (s +1,¢+ 1,u+ 1)*-
well-labelled Y-diagram, enumerated by Y1 t41,4+1, hence the first term in the parentheses
in . In the above enumeration, we have assumed that the extremities of the last portion
without 1 — 1 edge were not local max. This is true except when the central vertex itself has
label 1, when the last portion without 1 —1 edge is of length 0 for each branch, and when the
trees attached to the central vertex are such that this vertex has no neighbours with larger
labels. This explains the correction (z — 1)W1 Wi 11 Wy, 11 in the parentheses.

Although equation may appear slightly involved, its solution is, remarkably, the
simplest possible generalization of that we may think of, namely

[s +3]z.alt+3]lzalt+3lzals+t+u+3sa
Bloals +t+3ealt+u+3lualu+s+3a

Plugging this expression in , we obtain:

(52) }/;,t,u =

Proposition 6 (Bivariate three-point function of general maps: even case). Given dia,
di13 and doz three positive integers satisfying strict triangular inequalities, and such that
dy2 + diz + da3 is even, the bivariate three-point function Gq,,.d,5.dys 15 given by

Gd127d13,d23 = AANAFS

s,t,u
Freven _ [3]m,a([s+2]z,a[t+2]z,a[u+2]z,a[S+t+u+3]z,a)2

(53) o ([2]z,0)2[s+t+2]0 0t +u+2]y o[ut+5+2]z a[s+E 43z a[t+u+3]saluts+3]za

with s,t,u as in .
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This formula deals with situations where the dis, dog and ds; satisfy strict triangu-
lar inequalities. If not, say diz + dos = dy2, one may easily verify that the relation
Gys+das,dis,dss = DsA¢Ngy (with dig = s and dog = t) remains valid in the bivariate
case, now with Ny, given by .

The case where dq2 + d13 + dag is odd requires the bivariate generating function of (s, ¢, u)-
well-labelled maps of type B, with s, ¢ and u as in . The generating function of (s, ¢, u)"-
well-labelled maps of type B is easily obtained by decomposing these maps into five pieces
upon cutting their backbone at the first and last occurrence of an edge with labels 0 — 0
along each border between their three faces. This yields
3 1 1 1

l_g Ds,t 1_gDs,u 1_th,u
We leave the proof of this formula to the reader, who will recognize the same basic building
blocks as in the derivation of . This leads to:

(54) FO¥, =g

s,t,u

(Ns,th,uNt,uUsUtUuYs,t,u+(Z_1)WsWth)2 .

Proposition 7 (Bivariate three-point function of general maps: odd case). Given dja, di3
and do3 three positive integers satisfying triangular inequalities, and such that dyo + dy3 + da3
is odd, the bivariate three-point function Gy, dys.ds5 5 given by

dd
Gd127d137d23 = AsAALFY

s,t,u
podd _ 3 Blo.a(@lsloaltle[uoa[s+itut3]s,a2)?
g5y Eeallsrttealitutloalutstileals ti4 e olttut 2ealutst2ea

with s,t,u as in .

Again, as a simple application of our formulas, let us revisit the small g expansion of G 22
and G11,1 . From the relation between g, z, z and « in , we deduce the expansions

T = g+(24+52)g* +(54+312+232%) g% + (14+1532+2752% +10223) g+
4 (4246962217022 +19382° +4432")
+ (132430422 41421222 +2193723 + 1203524 +-189825) g% +. ..
(56) a=z+32(1-2)g+32(1—2)(4+2)g° +2(1—2) (494512 +42%) g
+32(1—2) (674150246222 +22%)g*
+32(1—2)(275+10382+9552% +21923+32%) g°
+2(1—2)(3384+1896524-297472% +156512° +23102* +112°) g% +. . .
and consequently
Gooo = 220° +32(4+92)g* +182(3+152+132%)g° +2(2204+17952+34532% +165523) g5 +. ..
(57)
Gii1 = 22g3+32%(2+32)g* +32%(9+302+192%)g° + 2% (11046002 +8452% +3122%)g® +. ..

whose first terms (of order g® and g*) may be checked by a simple inspection.

It is interesting to look at the z — 0 limit of our three-point function. From , this
limit is reached by letting a@ — 0, in which case
__Z _ 3 2

Expanding Fg}% at first order in «, we find

(59) Fover — x? (3—x—2x8—2xt—2x“+ (14z) (xS Tt attuputs) —2x$+t+"+1)
s,t,u T (1 _ 95)3

z+0(2%)
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FI1GURE 11. Schematic picture of a tri-pointed tree with pairwise distances
dis = s+ t, di3 = s+ u and dag = t + u. The blobs represent attached
subtrees.

so that, from , in the case where dio + di3 + do3 is even
z+0(2%)

dio+di3+dog
Gd127d13,d23 = 2%t + O(ZQ) =2z 2

2
1—-y1—4
(60) with =z =g <g> .
29

This corresponds, as it should, to the three-point function of planar trees enumerated with
a weight ¢ per edge. It enumerates tri-pointed trees of the form displayed in Figure [T1]
with a backbone made of three branches of respective lengths s, ¢t and u as in . A
weight g is attached to each backbone edge and a weight Cat(g) = (1 — /1 —4g)/(2¢) (the
Catalan function) to each backbone corner, to account for the possible subtrees attached
to the backbone. This leads to the above formula since the backbone has s + ¢t + u edges
and 2(s + t + u) corners. The prefactor 2 in comes from the two possible (clockwise or
counterclockwise) cyclic orders in which the three distinguished vertices vy, vo and vs may
appear in the plane.
If di2 + di3 + das3 is odd, we obtain from

2 (1 —2%)(1 —a")(1—2")* ,

(61) Fodd — 2+ 0(2%)

s,t,u (1 . LIZ‘)G
the leading order in z
2— g% — s (2 — ot — 1) (2 — g% — gu!
Gd12,d137d23 = xs+t+u( )( (1 — .’L’)?’ )( ) 22 + O(Zg)

2
1—-+1-4
with 2 =g <2g> and s,t,u as in (22)) .
g

(62)

This now corresponds, as it should, to the enumeration of configurations of tri-pointed maps
having two faces, which is the minimal number of faces in this case since the map cannot
be bipartite. As displayed in Figure such configurations are characterized by a backbone
which forms a “geodesic triangle” between the three marked vertices and is made of an open
triangular part with three attached “legs”. The backbone is then completed by subtrees
attached to all its corners and, as in the even case, the number of corners of the backbone
is twice its number of edges so the correct enumeration is performed by simply assigning a
weight ¢ = gCatQ(g) to each backbone edge. The lengths of the different portions of the
backbone are constrained by the pairwise distances and we may distinguish three parts: a
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FIGURE 12. Schematic picture of a tri-pointed map with two faces and
pairwise distances dis = s+t—1,di3=s+u—1and dog =t+u—1. The
blobs represent attached subtrees. Suppressing the three edges marked by an
open arrow cuts the map into three parts, corresponding to those backbone
edges and vertices at distance < s — 1 from vertex vy (resp. < ¢t — 1 from
vg, < u—1 from v3). Each of these parts is partially unzipped, the zipped
portion lying either inside or outside the open triangular part.

part made of those backbone-edges and vertices at distance less than or equal to s — 1 from
vertex v1, a part made of those backbone-edges and vertices at distance less than or equal to
t — 1 from vertex vo, a part made of those backbone-edges and vertices at distance less than
or equal to u — 1 from vertex vz. The backbone is then the union of these three parts and of
three remaining edges. Each part is partially unzipped, the zipped portion corresponding to
one of the legs of the backbone. This allows us to write the generating function as 237,72, 7,
where Z properly enumerates the first part. If we call ¢ the length of its zipped portion, we
find

»
|
-

d ) ) 9 S s—1
(63)  Zo=Y (2502t = xs—l%
N — X

S
I
=)

Note the factor of 2 whenever ¢ > 0. Indeed, having distinguished the three marked vertices,
we may canonically differentiate between the two faces in the map and call one, say the
interior and the other the exterior. Whenever the zipped portion has a non-zero length, we
then must decide whether it lies in the interior or the exterior. There is no such choice for
1 = 0. With this expression of Z,, we recover the formula .

4.2. Bipartite maps. Let us now come to the bivariate two- and three-point functions
Gay»(9,2) and G, ,.dy5.ds5 (9, 2) Of bipartite planar maps. As a first building block, we con-
sider, for s > 0, the bivariate generating function T, = Ts(g,z) of (s)*-very-well-labelled
maps, enumerated with a weight g per edge, z per local max, and with a marked corner at a
vertex labelled 0. As before, we also introduce the generating function U, = U, (g,2) of the
same objects, but with a weight 1 for the root vertex even if it is a local max. Expressions
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for T, and U, were given in [7]

~ ~ T 49:(12 7 s
7 - [sleals +4la, U=
[$+ 1aw.als + 3aa
a(l—22)2(1 — ax?)
(1—az)?2(l—az?)’

~ (14+2)(1—-az?)?

[8]z,1[5 + 4}%&
[s+1]z1[s+ 3)za

where T =

(64) 1-—az)(l—az?)’
Cz(l—ax)*(1—ax?)
(1+2)2(1 —az?)3 ~’
a(l—2)2(1 —22)(1 + az?)
(1—ax)?(1 —az?)

z =

As explained in [7], the two-point function of bipartite planar maps is then

1 + g U5T5+1 _ log (([S + l]ma)Q[S + 4]1,04
14+gUs1Ts [s]z,a([s+3]r,a)2

(65) édm = log < ) with s = d12 .

This formula may be recovered via Theorem [2] as C:'d12 is also, for any pair of positive s
and ¢ with s + ¢t = dj, the generating function of (s,t)-very-well-labelled maps of type A,
enumerated with a weight g per edge and z per local max. Consider the bivariate generating
function Xs’t = Xs’t(g, 2) of (s,t)T- very-well-labelled chains, we now have again the relation
(30), which leads to the identification

= [aals +2palt +2uals +1 4+ 400
(06) Xt = L T Aol Aol 111 2n -

As easily checked, X’S’t now solves the following recursion relation

(67) Xs,t =1+ 92 UsUtX&t (Ut+lﬁs+lel,t+l + (Z — 1)W5Wt) 5

with
- U,
68) Wy=— 2.
1+ gUTiq
The bivariate generating function ffétu = Ns,m(g,z) of very-well-labelled (s,#,u)"-Y-

diagrams, with a weight g per edge and z per local max, may be obtained by solving the
bivariate analog of . It now reads

g . - U
Yot =14 ¢ UsUUpu(Xst1,041 X s 41,041 Xt 1ut 1 Ust 1 Ur 1 U1 Yo 1,041 041

(69) + (Z — 1)Ws+1Wt+1Wu+1) .

Again we were able to guess the (slightly involved) solution of this equation

- _ [S +4]w,a[t+4]w,a[u+4]mao‘ X
Ble.a(dlz.als + 2zalt + 2ol + 2zals +t + 4o alt +u+4eafu+s+4]ea

X (az[3]gals+1]z1[t+ 11 [ut1]g1[s+E+u+5], o2
+[1]z,0[s43]s,at+3e,alt+3])sals+t+u+3]s.0) -
This yields
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Proposition 8 (Bivariate three-point function of bipartite maps). Given di2, di3 and das
three positive integers satisfying strict triangular inequalities, and such that di2 + di3 + da3
is even, the three-point function Gg,, dis,dss 1S given by

Gd127d13,d23 = AsAtAqu,t,u

n " % " 2
Fs,t,u = Xs,th,uXt,uY

s,t,u

4]z o
(2o Blo.c 2[5+t 2o [f+ut 2[5+ 2[5+t Alp o [t+ut Ay o ut st doa

(71)
X (az[3]zals+1]p1[t+1]z1[ut1]z1[s+t+u+5], 02
+[U.als+3]e.alt+3]z.alu+3ealsHt+u+3]:a0)?

with s,t,u as in .
In a situation where, say v = 0, éd127d13,d23 is still obtained via , now with the

bivariate Xs,t.

From (71)), we can get for instance the small g expansion of 62,272 (three vertices at
pairwise distances dio = d13 = dog = 2) by setting s =t =u =11in . From , we
have the expansion

r=g+2(14+2)g? +(5+1324+322)g> + (144662 +402% +42%) g*+-

+ (4243062433922 4902 +524) g5 +-2(66+6782+ 11682 +5722° + 8524 +32°)¢% +. ..
(72)
a=2+22(1-2)g+2(1-2)(8—2)g? +322(1—2)¢> + 32(1—2)(434+142)g*
+22(1—2)(261+2142+262%)g° +2(1—2)(2116 430932+ 95822 +-6223) g° +. ..
and consequently
(73)  Gogo =229 +32(4+32)g* +62(94162+42%)g° +2(220 46672439922 +502) g5 +. ..
whose first terms may be checked by a simple inspection.

As a final exercise, let us look at the z — 0 limit of Gy, .4, 45+ Letting o — 0 in (64),

we have

(T4 g= —

(1+2)?

and we find for Fs’t,u the same leading term (linear in z) as we found in the previous section

even 3
for F{y%, so that again

+O(a) , z=(1—-2)1+2z)a+0(?) .

dig+di3+dog
2

éd127d13,d23 =pstitu 4 O(zz) =2z z+ 0(22)

2
1-/1—-4
(75) with =g <g> .
29

We recover the three-point function of planar trees, which is of course not a surprise since
trees are automatically bipartite.

5. APPLICATIONS

5.1. Critical line. Throughout this section, we will enumerate maps with a fized value of z,
ranging from 0 to co. The limit of maps with a large number of edges may then be captured
by looking at the singularities in the variable g of the various generating functions at hand.
More precisely, these generating functions become singular when ¢ reaches a critical value
Jerit = Yerit(2) depending on z. The points (z, gerit(2)) define the so-called critical line in the
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(2, g) plane. In the case of general planar maps, this critical line may be found by looking for
instance at the singularities of the generating functions 7" and U introduced in . These
functions satisfy the following recursion relations (which follow directly from the definition of
Ty and Uy as generating functions for (s)*-well-labelled maps, which are particular instances
of trees)

(716) Fy=T—2—-—gQRUT+T* =0, E=U-1-gQRUT+U*=0.

The location of their singularities is obtained by writing

8TE1 8TE2
(9UE1 8UE2

which upon setting U = v/g and T = 7/g reads
(78) 4?4 +4ur —4dv —474+1=0.

(77) Ozdet( ):492U2+492T2+492UT—4gU—4gT+17

The values of g..it and z are then recovered by writing F; = Es = 0, namely
L T(1—7—2v)

v(l—v—271)
The ellipse may be parametrized as

(79) Jerit = v(l—v—27) ,

22 (r—3)2
80 =— =
B0 v=3mTE T epr 1)
which yields the following parametrization of the critical line
(B—r)3(r+1) 493
81 = cri =
(81) ‘ 1673 Gerit (2) 3(r? +3)2

with r varying from 3 down to 0 when z varies from 0 to co (and in particular » = 1 for
z = 1). Note that going from z to 1/z corresponds in the parameter r to performing the
involution r — (3 — r)/(1 + r), and that geit(1/2) = 2 genit(2). This property is a direct
consequence of the trivial bijection which associates to each map its dual map. For z — 0,
we find gepit(0) = 1/4, consistent with a number of trees with n edges growing like 4", while
for z = 1, we find geit(1) = 1/12, consistent with a number of planar maps with n edges
growing like 12™. Finally, for z — oo, we find geit(2) ~ 1/(42) as expected by duality with
the z — 0 limit (the dominant configurations at large z are dual to trees).

5.2. Scaling limit. All the generating functions for general maps introduced in this paper
are singular, for a fixed z, when g — geit(2). The so-called scaling limit is then obtained by
letting, for a fixed z, the weight g tend to geit(z) as
(82)  g=gau(2)(1—€"), €—0
and letting simultaneously all the distances between the marked vertices tend to oo as 1/e.
In other word, it amounts to write, in addition to ,
(83) d12=% d13:% d23:% S:§ t:I UZg

€ € €
with Dis, D13, Da3, S, T and U remaining finite when ¢ — 0. The leading order in € of the
various generating functions then defines what we shall call continuous scaling functions. The
computation of these continuous scaling functions is in principle only a first step in getting
the asymptotics of large maps. Some extra step is indeed required to extract from these
functions properly normalized continuous canonical scaling functions corresponding now to
genuine probability densities for renormalized distances D;; = d;; /n'/* in an ensemble of
maps with a fixed number n of edges, in the limit n — oco. The reader is invited to consult
[5] for instance for an explicit example of how to perform this second step. Still, as we shall
now see, a number of large n asymptotic results are directly readable from the continuous
scaling functions themselves.
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From , fixing simultaneously the parameters z as in and g as in is achieved
by adjusting simultaneously x and « as functions of r and e. When ¢ — 0, both = and «
tend to 1 and we find in particular

(81) z=1-2yc+0(e), 2r(r + 3)

. \/3(3 —PWrZ 13

The quantity v will be referred to as the scaling factor in the following, as it fixes the scale for
distances in the various continuous generating functions that we shall encounter. Its value
at z =1 (r =1) is \/3/2. Letting ¢ — 0, we find the expansions (these expansions require in
practice expanding both = and « at a sufficiently large order in €, we skip the details here)
1 3+
"1—gDs;  2r
5 cosh(y(S+T))
sinh*(y(S+ 7))

Both expressions lead, via and , to

— 36(D 4 D -9 3% .
(86) Gd12 € g( 12)+O(E ) ) g( 12) v Sinhg(’)’Du)

Nov = 2o (rex(s. 1)} +0()

31, {1+€X(S,T)}+O(€2)

(85)
where x satisfies 9507 x(S,T) = 2y

Here we recognize the continuous two-point function G(Di3) found in [B] for quadrangu-
lations, up to the z-dependent scaling factor -y, which appears both in the argument of
the function, hence fixes the scale for Dio, and in its normalization. Note that at r = 1
(v = 1/3/2), this normalization differs by a factor of 2 from that of quadrangulations. This
is because there are asymptotically twice as many bi-pointed quadrangulations with n faces
as bi-pointed planar maps with n edges. More generally, the normalization is simply in-
herited from the asymptotics of bi-pointed maps in the fixed z ensemble. It is wiped out
when extracting from G(Dj2) the continuous canonical two-point function (the probability
density for Dyy = di2/ n'/4 for maps with a fixed, large n), which thus differs from that of
quadrangulations found in [5] only by the change of scale D1y — vD;s.
From , we also deduce

1 _3 3+r
1—gDgs, o 2r

6
AAN =€ ?T_rg(plz) +0(eY), A G(Dy2) +0(eh)

(87)

Without any further calculation, we immediately deduce from these equations that AgA; N ¢
and A;A41/(1—g D) have, up to an explicit normalization factor, the same large n asymp-
totics as the two-point function Gg4,,. From Remark 2, the reader will realize that, as bi-
pointed map generating functions, A;A; N, with s+t = dyo (resp. AgA1/(1—g Ds ) with
s+t —1 = dyz) differs from the two-point function Gg4,, only by the marking of an extra
vertex (resp. an extra edge) belonging to a geodesic path between the two marked vertices,
this extra vertex being at distance s from the first vertex (resp. this extra edge being the
s-th edge along the path). We may therefore interpret

6 3+r
o d Neo edges — —5
3+r an geod edg 2r

as the average numbers of geodesic vertices and geodesic edges between two far-away (in
practice at a distance of order n'/4) vertices, at a fixed distance (itself of order n'/4) from
the first vertex, in the ensemble of bi-pointed general planar maps with n edges, in the limit
n — o0o. Note that these numbers do not depend on the position along the geodesic path in
this limit. For z =1 (r = 1), we find Ngeod vertices = 3/2 and Ngeod edges = 2. For z — 0
(r — 3), we find Ngeod vertices = Ngeod edges = 1, in agreement with the fact that the map
then degenerates into a tree, with a single geodesic path between two given vertices.

(88) Ngeod vertices —
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As for the three-point function, we find that both F{Y5} and F, So‘ti% behave at leading order
in € as € 2F(S,T,U) where

3(3—7)? <2 sinh(y(S+7 +U)) sinh(y S) sinh(y T) sinh(yU) ) 2
2847392\ sinh(y(§+T)) sinh(y(7+U)) sinh(y(U+S))

(89) F(S,T.U) =

so that

Gy dis.dos = G(D12, D13, Dag) €+O(62) with G = 95070, F (S, T,U)
(90)

and Do =8S+7T ,Di3=8S+U . ,Dys=T +U .

Here again we recognize the continuous three-point function G(Dia, D13, Da3) found in [§]
for quadrangulations, now however with a new scale for the distances D;;, fixed by the z-
dependent scaling factor -y, and with a new normalization. This normalization is inherited
from the asymptotics of tri-pointed maps and we may understand it as follows: when s, ¢
and u tend to oo, FEYr + F29, tends to the generating function of tri-pointed planar maps,
in the fixed z ensemble, with no constraint on the pairwise distances between the three
marked vertices. Letting accordingly S, 7 and U tend to oo in 2F(S,T,U) (in which case
the term within the big parentheses in tends to 1), the normalization in front measures
the €2 = 1/1/1 — g/geis singularity of the generating function of tri-pointed planar maps,
hence leads to the following asymptotics, at large number n of edges, of the “number” of
tri-pointed maps (enumerated with a weight z per face)

3B3-7)%  Gerit
(3+7)3y2 /mnt/2 "
Understanding the normalization in is therefore equivalent to understanding this asymp-
totics.

Now, from the expansions (see [7] for a precise meaning of these functions as map gener-
ating functions)

(91) #tri-pointed maps ~

2
log(1+ gUT) = const. — %62 +0(e%)
(92) (B+7)(3+1r%)y?
14+29UT + gT? = const. — 12,2 762—1—0(63),
r

we read the asymptotics of the numbers of bi-pointed and pointed-rooted (with a marked
vertex and a marked oriented edge) planar maps at large number n of edges

2 -n
. . v g rit
bi-pointed maps ~ — —<% |
#hi-p NN TP
BANB+) Yot

12r2 2y/mn3/2 "

Both could have been obtained by starting from simply pointed maps and choosing an extra
vertex in the first case or an extra oriented edge in the second case. Since there are 2n choices
of oriented edges, we deduce by comparison that, in an ensemble of planar maps with a fixed
number of edges n, and with a fixed weight z per face, the average number n, = n,(z) of

vertices and that, ny = ny(v) = n+2 —n,, of faces are, asymptotically at large n, given by
82 (1+7)(3—r)?

BrrGrm ™ MY EIaGE "

B+r)(3+12) B+1r)(3+12)

(these asymptotics should not depend on the precise ensemble, namely whether the maps are

simply pointed, as in the above argument, multiply pointed, rooted or not). For z =1, (r =

1), ny, ~ ny ~ n/2 as expected since by duality, there are on average as many faces as vertices.

More generally, the expressions for n, and ny are exchanged under r — (3 —r)/(1 4 7)
(corresponding to z — 1/z) as a consequence of duality. For z — 0 (r — 3), n, ~ n

(93)

#pointed-rooted maps ~

(94) gy~
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as expected for trees (or more generally maps with a finite number of faces) which have
asymptotically as many vertices as edges.

Returning to tri-pointed maps, they may be obtained similarly from bi-pointed maps by
choosing an extra third vertex. This explains eventually their asymptotics via the identity
@) L e 3B e

(B4+7)(3+r2) 3 2y/mnd/2  (341)342 /mnl/?

To conclude, if we now extract from the continuous canonical three-point function
(corresponding, in an ensemble of maps with a large fixed number n of edges and with three
marked vertices, to the probability density for prescribed pairwise renormalized distances
Dy = dlg/n1/4, Dis = dlg/n1/4 and Do3 = d23/n1/4), all prefactors are wiped out by
normalization so that this canonical continuous three-point function is exactly the same as
that found in [§] for quadrangulations apart from a global change of scale of the renormalized
distances D — vD. In particular, its z-dependence is entirely contained in the scaling factor

v via .

5.3. Bipartite maps. Let us repeat our derivation of the critical line in the (z,g) plane,
now in the case of bipartite planar maps. To this end, we now look at the singularities of
the generating functions 7' and U introduced in . These functions satisfy the recursion
relations

96) By=T—2-g20T=0, E=U0-1-g0T+0%=0

and the location of their singularities is obtained from
OpE1  07F

= ~ 22 ) =4¢g°U? —4gU —gT + 1
97) 0 det((,))UE1 8UE2) g U gU —gT +1,

which upon setting U = 0/g and T = 7/g reads
(98) 40° —40—-F+1=0.
Writing Ey=FEy = 0, the values of g.i; and z follow

~\3
(99) z = m 5 YGerit = (3 - 46)772 )
with O varying from 1/2 down to 0 when z varies from 0 to co (and in particular © = 1/4 for
z=1). For z — 0, we find again g.it(0) = 1/4, consistent with the fact that we enumerate
trees, while for z = 1, we find geit(1) = 1/8, consistent with a number of planar bipartite
maps with n edges growing like 8”. Finally, for z — oo, we find geyit(2) ~ 1/z. Note that
there is no duality symmetry for bipartite maps.

The scaling limit is again reached, for a fixed value of z, by letting g tend to its critical
value exactly as in (82 and letting simultaneously all the distances between the marked
vertices tend to co as in‘ From , this amounts to again adjust x and « as functions
of © and e and, when ¢ — 0, we now find

3(1 —20
(100) z=1-2ye+0(e?), v = M
24/0(1 — )
The value of the scaling factor at z =1 (0 = 1/4) is now v = 1. Letting € — 0, we find
the expansion

Koy = (3= 40){(1+ex(S, T) } +0(e2)

(101) cosh(y(S+ 7))
here ¥ satisfies ds07(S, T) = dy* RO T 1))
where ¥ satisfies 9s07X(S, T) = 4v S (1(S 1+ 7))
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and consequently

. 4 5 _ 4o3.0080(yD12)
(102)  Gyg,, = €G(D12)+0(e*) G(D12) = 47 sinh®(yD1,)

where we recognize again the continuous two-point function of [5], up to the z-dependent
scaling factor ~.

Looking at the prefactor in , we deduce also the average number of geodesic vertices
between two far-away vertices, at some arbitrary but fixed distance from the first vertex

(103) Ngeod vertices — 3—4v.
The formula gives Ngeod vertices = 2 for z =1 (0 = 1/4) and Ngeod vertices = 1 for z — 0
(0 — 1/2), as expected for trees.

From the expansions (see [7] for the interpretation of these functions as bipartite map
generating functions)

N 27% 5 3
log(1+gUT) = const. — —¢“ + O(€’) ,
(104) 1= )y
1429UT = t— > 3
+29U cons 36(3—46)6 + 0(€)

we read the asymptotics of the numbers of bi-pointed and pointed-rooted bipartite planar
maps at large number n of edges
2% 9o,
bi-pointed bipartite maps ~ —— —Zt__
#bi-p p P 3 2 /mn?
A1-9)7  Garit
30(3 — 40) 2/7n3/2 ’
with geri¢ as in and, by comparison, the asymptotics of the average numbers n, = n,(z)
of vertices and ny = ns(z) of faces
_3—4v (1 —20)2

106)  ny ~ , ~oZ2Y
(106) mn, ~ 0 n ny T "

(105)

#pointed-rooted bipartite maps ~

1—-9o
For z =1 (0 =1/4), n, ~ 2n/3 and ny ~ n/3, as expected since, via a trivial bijection with
Eulerian triangulations, bipartite maps have equally distributed numbers of faces, of vertices
of even color and of vertices of odd color. For z — 0 (0 — 1/2), n, ~ n, as expected.
Using
3 —4v 2v2 I 1—20)%(3 — 40 I
(107) O ~U n x l gcrlt — ( U) E U) gcrlt ,
1-90 3 2/mn3/? 4(1—0)242  /anl/2
for v as in (100)), the asymptotics of tri-pointed maps is then
(1-20)°(3—40) gay
4(1—0)242 /ant/2
This is consistent with the expansion Fy ;,, ~ ¢ 2F(S,T,U) for which we find
(1—20)2(3—40) [ 2sinh(y(S+T +U)) sinh(y ) sinh(y T) sinh(yU) \ >
4(1—0)%42 sinh(y(S+7)) sinh(y(7 +U)) sinh(y(U+S))
Note that the continuous three-point function is now

(108)  #tri-pointed bipartite maps ~

(109) F(S, T, U) =

1 _
G(D12,D13,Da3) = 53557814]:(37T,U)
(110)

where D1o =8+7 ,Di3s=8+U ,Dys=T +U,

with a 1/2 factor arising from the parity constraint on the sum of the three pairwise distances.
Again, the (normalized) continuous canonical three-point function is exactly the same as that
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for quadrangulations or general maps except for the global change of scale of the renormalized
distances through the scaling factor v of (100)).

6. CONCLUSION

In this paper, we established several bijections between bi-pointed or tri-pointed, gen-
eral or bipartite, planar maps with prescribed distances between their marked vertices and
suitably defined well-labelled or very-well-labelled objects. From the generating functions of
these latter objects, we were able to recover known formulas for the two-point function of
maps and to derive new explicit expressions for their three-point function, with a control on
both their numbers of edges and faces.

The techniques that we used are in all respects similar to those used in [8] where the same
questions were addressed in the context of planar quadrangulations. The intermediate well-
labelled building blocks are essentially the same, with only slight differences in the game
rules: for instance, while the three-point function of quadrangulations involves (s,t,u)"-
well-labelled maps enumerated by Xs7th,uXt7u}/52)t,u7 that of general maps is restricted to
the subclass of those maps being of type A, enumerated by Ns,tN&uNt,uYﬁt,u
enumerated by Os7t057u0t7uY327t,u.

These small differences, although crucial at the discrete level, turn out to disappear in
the scaling limit of large maps. In particular, the continuous canonical two- and three-point
functions of general planar maps with a large number n of edges are ezxactly the same as
those of planar quadrangulations with a large number n of faces. As a consequence, all the
different limiting situations discussed in [§] are recovered for general maps.

As for general or bipartite planar maps enumerated with a fixed value of the weight z per
face, their continuous canonical two- and three-point functions at large number n of edges
are again the same as for quadrangulations up to a global, z-dependent, change of scale in the
distances by the scaling factor v of or . In this sense, these functions are universal
and this corroborates the belief that all the families of maps considered here lie in the same
universality class, that of so-called “pure gravity”. In another, more probabilistic direction,
this universality is also confirmed, for z = 1, by the fact that the so-called Brownian map
[13] is the universal scaling limit of general and bipartite maps counted by their number of
edges [4} [].

Note that the universality class of pure gravity is reached provided < is finite and non-
zero, which therefore excludes the cases z — 0 (v — 0) and z — oo (7 — o0), which are thus
in a different universality class. For z — 0, one finds (omitting prefactors) that, for both
general and bipartite maps, v =~ 2'/¢ and n;/n ~ 22/3, and therefore v ~ (ns/n)'/4. This
suggests that, when dealing with an ensemble where we impose that ny ~ n? for some b,
with 0 < b < 1, the statistics of distances should be describable by an effective n-dependent
scaling factor v satisfying v ~ n(®=1/4 This would indicate that the typical (discrete)
distance d, of order 711/4/77 would scale as d ~ n(2=/4 For b = 0 (i.e., with a finite
number of faces), this gives d ~ n'/2 as expected. For b — 1, the exponent tends to 1 /4 as
expected. For z — oo instead, one finds for general maps v ~ 2*/% and n,,/n ~ 2=2/3, and
for bipartite maps v ~ 2'/8 and n,/n ~ z~'/2. Therefore v ~ (n,/n)~'/* in both cases.
Hence, in an ensemble where we impose that n, ~ n° for some ¢, with 0 < ¢ < 1, we expect
that the statistics of distances should be governed by an effective n-dependent scaling factor
v ~ n(1=9/4 " This would indicate that the typical (discrete) distance d, of order n'/*/~,
would now scale as d ~ n®/*. For ¢ = 0 (i.e., with a finite number of vertices), this gives
d ~ n? as expected, since distances remain finite in maps with a finite number of vertices.
For ¢ — 1, the exponent tends to 1/4 as expected. All these conjectures require careful
calculations to be confirmed.

Even in the scaling limit, some non-universal quantities (other than the scaling factor)
can be read off the normalizations of the various scaling functions: we discussed for instance
the asymptotic average numbers of vertices and faces in maps with a fixed weight z per face,

or of type B,
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as well as the number of geodesic vertices and edges between two points far away. Many
other non-universal quantities follow from our formulas: in particular, we could also easily
explore the (non-universal) so-called local limit, corresponding to vertices at a finite discrete
distance in large (potentially infinite) maps.

To conclude, let us mention that, in the context of quadrangulations, several refinements
of [8] led to a more precise description of the “geodesic triangle” formed by three random
points (with in particular a measure of the so-called “confluence phenomenon” for geodesics)
as well as to an evaluation of the distance properties of “separating loops” [9]. There should
not be any difficulty to apply the same refinements to our calculations and address similar
questions now in the context of general or bipartite planar maps.
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