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We develop techniques for computing and analyzing multiple unitarity cuts of Feynman integrals, and reconstructing the integral from these cuts. We study the relations among unitarity cuts of a Feynman integral computed via diagrammatic cutting rules, the discontinuity across the corresponding branch cut, and the coproduct of the integral. For single unitarity cuts, these relations are familiar. Here we show that they can be generalized to sequences of unitarity cuts in different channels. Using concrete one-and two-loop scalar integral examples we demonstrate that it is possible to reconstruct a Feynman integral from either single or double unitarity cuts. Our results offer insight into the analytic structure of Feynman integrals as well as a new approach to computing them.

Introduction

The precise determination of physical observables in quantum field theory involves computing multiloop Feynman integrals. The difficulty of these integrals has led to their extensive study and the development of various specialized integration techniques.

One approach to computing Feynman integrals has been to analyze the discontinuities across their branch cuts. Like the integrals themselves, their discontinuities can be computed by diagrammatic rules [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF]. According to these rules, a given cut diagram is separated into two parts, with the intermediate particles at the interface of the two parts restricted to their mass shells, resulting in a cut Feynman integral. This on-shell restriction can simplify the integration, and its result, considerably. The discontinuity with respect to a particular Mandelstam invariant s i is then recovered by the unitarity cut, which is the sum over all diagrams that are cut in this channel. The original uncut integral may then be reconstructed directly from one of its discontinuities by a dispersion relation [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF][START_REF] Landau | On analytic properties of vertex parts in quantum field theory[END_REF][START_REF] Remiddi | Dispersion Relations for Feynman Graphs[END_REF]. Alternatively, modern unitarity methods [START_REF] Bern | One loop n point gauge theory amplitudes, unitarity and collinear limits[END_REF][START_REF] Bern | Fusing gauge theory tree amplitudes into loop amplitudes[END_REF][START_REF] Britto | Generalized unitarity and one-loop amplitudes in N=4 super-Yang-Mills[END_REF][START_REF] Britto | One-loop amplitudes of gluons in SQCD[END_REF][START_REF] Buchbinder | Two-loop amplitudes of gluons and octa-cuts in N=4 super Yang-Mills[END_REF][START_REF] Forde | Direct extraction of one-loop integral coefficients[END_REF][START_REF] Britto | Integral coefficients for one-loop amplitudes[END_REF][START_REF] Mastrolia | Double-Cut of Scattering Amplitudes and Stokes' Theorem[END_REF][START_REF] Kosower | Maximal Unitarity at Two Loops[END_REF] make use of discontinuities to constrain an integral through its expansion in a basis of Feynman integrals. The goal of this paper is to extend the study of discontinuities of Feynman integrals and their relation with cut diagrams, in the light of modern mathematical tools.

A large class of Feynman integrals can be expressed in terms of transcendental functions called multiple polylogarithms, which are defined by certain iterated integrals and include classical polylogarithms as a special case. Multiple polylogarithms, and iterated integrals in general, carry a lot of unexpected algebraic structure. In particular, they form a Hopf algebra [START_REF] Goncharov | Galois symmetries of fundamental groupoids and noncommutative geometry[END_REF][START_REF] Goncharov | Multiple polylogarithms and mixed Tate motives[END_REF], which is a natural tool to capture discontinuities. By now, there is considerable evidence that the coproduct (and the symbol) of a Feynman integral of transcendental weight n, with massless propagators, satisfies a condition known as the first entry condition [START_REF] Gaiotto | Pulling the straps of polygons[END_REF]: the terms in the coproduct of transcendental weight (1, n -1) can be written in the form

i log(-s i ) ⊗ f s i , (1.1) 
where the sum ranges over all Mandelstam invariants s i , and f s i is the discontinuity of the integral with respect to the variable s i . The deeper structure of the coproduct contains information about sequential discontinuities.

While it is known that the function f s i is related to the unitarity cut on the corresponding channel [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF], here we generalize this relation and show that multiple unitarity cuts correspond to certain sequential discontinuities, which are in turn related to entries of the coproduct. We find that cuts and discontinuities taken in physical channels corresponding to Mandelstam invariants are encoded into specific terms in the coproduct characterized by a set of simple logarithms that have the same set of discontinuities. It is noteworthy, however, that the arguments of these logarithms are in general not simple Mandelstam invariants, but they are related to the latter through algebraic relations specific to each Feynman integral. In this way we obtain a correspondence among three a priori unrelated concepts in the case of Feynman integrals: the computation of cut integrals, the mathematical operation of computing the discontinuity across a branch cut and the coproduct of the integral.

The aforementioned correspondence among cuts, discontinuities, and coproducts are the main result of this paper. In order to formulate it precisely, however, we need to define all the operations rigorously. We begin by extending the diagrammatic cutting rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF], which have only been formulated for single unitarity cuts so far, to allow for sequential unitarity cuts in multiple channels. Similarly to the case of a single unitarity cut, we restrict the computation to real kinematics. Beyond single unitarity cuts, the results depend crucially on the phase-space boundaries imposed by the kinematic region where each cut diagram is computed, and not only on the set of cut propagators. We conjecture relations between sequential discontinuities, entries of the coproduct and multiple unitarity cuts. To support these conjectures, we analyze them in the context of several non-trivial examples at one loop, as well as the three-point ladder at two loops.

Because the techniques for computing cut diagrams are less well developed compared to standard Feynman diagrams, we proceed to establish such techniques. Working in real kinematics allows us to use explicit real phase-space parametrizations. Furthermore, we show that at the multi-loop level one can efficiently use lower-order information by identifying subdiagrams whose external legs are cut propagators of the original integral. The calculations are checked in several different ways. First we verify that the unitarity cut in the s i channel does indeed correspond to the expected function f s i in eq. (1.1). Further checks are provided by the nontrivial cancellation of infrared singularities. Indeed, even if the original Feynman integral is finite in D = 4 dimensions, it is often necessary to regularize the corresponding cut integrals; we use dimensional regularization. Although individual cut diagrams can be infrared divergent, their sum is finite, through a mechanism similar to the cancellation of infrared divergences in a total cross section. Having established the techniques, we apply them to the calculation of multiple cuts in several one-and two-loop examples. These in turn are used to verify the relations discussed above between multiple unitarity cuts, sequential discontinuities and the coproduct.

Finally, we discuss the possibility to reconstruct the full uncut integral from the knowledge of its cuts, either through dispersion relations or through algebraic manipulations based on the Hopf algebra structure. Using the three-mass triangle and the two-loop three-point ladder as examples, we show that single and double dispersive integrals can be recast into the form of iterated integrals which greatly simplifies their evaluation. Alter-natively, we demonstrate how to reconstruct first the symbol and then the full function from the knowledge of its (multiple) cuts, by means of simple algebraic manipulations on the symbol tensor. We thus see the computation of multiple unitarity cuts as a promising approach to computing Feynman integrals in the future.

The paper is organized as follows. In section 2, we give a brief review of multiple polylogarithms and their Hopf algebra, and we discuss the class of pure transcendental functions that we expect to be able to analyze.

In section 3, we present definitions of the three types of discontinuities that we consider: Disc is the difference in value as a function crosses its branch cut; Cut is the value obtained by cutting diagrams into parts; and δ is a function identified algebraically inside the coproduct. Each of these discontinuities is defined not just for a single cut, but for sequences of unitarity cuts in different Mandelstam invariants or related variables. We conjecture a precise relation between Cut and Disc, and one between Disc and δ. By combining the two relations, we claim that diagrammatic cuts correspond to functions within the coproduct. We close this section by presenting several consequences of the correspondence in the case of ladder-type three-point functions.

In section 4, we give examples of our relations at one-loop and present our technique for evaluating cut integrals. We discuss in detail the examples of the three-mass triangle, the four-mass box and the two-mass-hard box, and we show that the conjectured relations holds for these examples.

Sections 5 and 6 contain the main example of this paper, namely the two-loop threepoint ladder integral with massless propagators. We discuss techniques used in multi-loop cut calculations. In section 5, we compute single unitarity cuts and show that the relations conjectured in section 3 are satisfied. In section 6, we compute sequences of two unitarity cuts, and we show that the conjectured relations still hold.

In section 7, we discuss the reconstruction of Feynman integrals from their cuts, based on the examples of the one-loop triangle and the ladder diagram. We show how dispersion relations can be recast into simple iterated integrals which allows to easily evaluate these integrals from the knowledge of their cuts. We then show how their symbols can be reconstructed from even limited knowledge of their cuts by using the integrability condition, and how to obtain the full functions from the knowledge of their symbols. In section 8, we close with discussion of outstanding issues and suggestions for future study. Appendix A summarizes our key conventions for evaluating Feynman diagrams and cut diagrams. Appendix B collects results of one-loop diagrams, cut and uncut, that are used throughout the paper. In appendix C we give explicit results for single unitarity cuts of the two-loop ladder. Finally, in appendix D we summarize the calculation for two sets of double cuts of the two-loop ladder, and give explicit expressions for their result.

The Hopf algebra of multiple polylogarithms

Feynman integrals in dimensional regularization usually evaluate to transcendental functions whose branch cuts are related to the physical discontinuities of S-matrix elements. Although it is known that generic Feynman integrals can involve elliptic functions [START_REF] Caffo | The Master differential equations for the two loop sunrise selfmass amplitudes[END_REF][START_REF] Müller-Stach | A Second-Order Differential Equation for the Two-Loop Sunrise Graph with Arbitrary Masses[END_REF][START_REF] Caron-Huot | Uniqueness of two-loop master contours[END_REF][START_REF] Adams | The two-loop sunrise graph with arbitrary masses[END_REF][START_REF] Bloch | The elliptic dilogarithm for the sunset graph[END_REF][START_REF] Remiddi | Schouten identities for Feynman graph amplitudes[END_REF], large classes of Feynman integrals can be expressed through the classical logarithm and polylogarithm functions,

log z = z 1 dt t and Li n (z) = z 0 dt t Li n-1 (t) with Li 1 (z) = -log(1 -z) , (2.1) 
and generalizations thereof (see, e.g., refs. [START_REF] Remiddi | Harmonic polylogarithms[END_REF][START_REF] Gehrmann | Two loop master integrals for γ * → 3 jets: The Planar topologies[END_REF][START_REF] Kalmykov | Single scale diagrams and multiple binomial sums[END_REF][START_REF] Kalmykov | Multiple (inverse) binomial sums of arbitrary weight and depth and the all-order epsilon-expansion of generalized hypergeometric functions with one half-integer value of parameter[END_REF][START_REF] Bonciani | On the Generalized Harmonic Polylogarithms of One Complex Variable[END_REF][START_REF] Ablinger | Harmonic Sums and Polylogarithms Generated by Cyclotomic Polynomials[END_REF][START_REF] Ablinger | Analytic and Algorithmic Aspects of Generalized Harmonic Sums and Polylogarithms[END_REF], and references therein). In the following we will concentrate exclusively on integrals that can be expressed entirely through polylogarithmic functions. Of special interest in this context are the so-called multiple polylogarithms, and in the rest of this section we will review some of their mathematical properties.

Multiple polylogarithms

Multiple polylogarithms are defined by the iterated integral [START_REF] Goncharov | Multiple polylogarithms and mixed Tate motives[END_REF][START_REF] Goncharov | Multiple polylogarithms, cyclotomy and modular complexes[END_REF] G(a 1 , . . . , a n ; z)

= z 0 dt t -a 1 G(a 2 , . . . , a n ; t) , (2.2) 
with a i , z ∈ C. In the special case where all the a i 's are zero, we define, using the obvious vector notation a n = (a, . . . , a n ),

G( 0 n ; z) = 1 n! log n z . (2.3) 
The number n of integrations in eq. (2.2), or equivalently the number of a i 's, is called the weight of the multiple polylogarithm. In the following we denote by H the Q-vector space spanned by all multiple polylogarithms. In addition, H can be turned into an algebra. Indeed, iterated integrals form a shuffle algebra,

G( a 1 ; z) G( a 2 ; z) = a ∈ a 1 a 2 G( a; z) , (2.4) 
where a 1 a 2 denotes the set of all shuffles of a 1 and a 2 , i.e., the set of all permutations of their union that preserve the relative orderings inside a 1 and a 2 . It is obvious that the shuffle product preserves the weight, and hence the product of two multiple polylogarithms of weight n 1 and n 2 is a linear combination of multiple polylogarithms of weight n 1 + n 2 . We can formalize this statement by saying that the algebra of multiple polylogarithms is graded by the weight,

H = ∞ n=0 H n with H n 1 • H n 2 ⊂ H n 1 +n 2 , (2.5) 
where H n is the Q-vector space spanned by all multiple polylogarithms of weight n, and we define H 0 = Q. Multiple polylogarithms can be endowed with more algebraic structures. If we look at the quotient space H = H/(π H) (the algebra H modulo π), then H is a Hopf algebra [START_REF] Goncharov | Galois symmetries of fundamental groupoids and noncommutative geometry[END_REF][START_REF] Goncharov | Multiple polylogarithms and mixed Tate motives[END_REF]. In particular, H can be equipped with a coproduct ∆ :

H → H ⊗ H, which is coassociative, (id ⊗ ∆) ∆ = (∆ ⊗ id) ∆ , (2.6) respects the multiplication, ∆(a • b) = ∆(a) • ∆(b) , (2.7) 
and respects the weight,

H n ∆ -→ n k=0 H k ⊗ H n-k . (2.8)
The coproduct of the ordinary logarithm and the classical polylogarithms are

∆(log z) = 1 ⊗ log z + log z ⊗ 1 and ∆(Li n (z)) = 1 ⊗ Li n (z) + n-1 k=0 Li n-k (z) ⊗ log k z k! . (2.9)
For the definition of the coproduct of general multiple polylogarithms we refer to refs. [START_REF] Goncharov | Galois symmetries of fundamental groupoids and noncommutative geometry[END_REF][START_REF] Goncharov | Multiple polylogarithms and mixed Tate motives[END_REF].

The coassociativity of the coproduct implies that it can be iterated in a unique way.

If (n 1 , . . . , n k ) is a partition of n, we define ∆ n 1 ,...,n k : H n → H n 1 ⊗ . . . ⊗ H n k .
(2.10)

Note that the maximal iteration of the coproduct, corresponding to the partition (1, . . . , 1), agrees with the symbol of a transcendental function F [32-36]

S(F ) ≡ ∆ 1,...,1 (F ) ∈ H 1 ⊗ . . . ⊗ H 1 . (2.11)
Since every element of H 1 is a logarithm, the 'log' sign is usually dropped when talking about the symbol of a function. Note that not every element in H 1 ⊗ . . . ⊗ H 1 corresponds to the symbol of a function in H. Instead, one can show that if we take an element

s = i 1 ,...,in c i 1 ,...,in log x i 1 ⊗ . . . ⊗ log x in ∈ H 1 ⊗ . . . ⊗ H 1 , (2.12) 
then there is a function F ∈ H n such that S(F ) = s if and only if s satisfies the integrability condition

i 1 ,...,in c i 1 ,...,in d log x i k ∧d log x i k+1 log x i 1 ⊗. . .⊗log x k-1 ⊗log x k+2 ⊗. . .⊗log x in = 0 , (2.13)
where ∧ denotes the usual wedge product on differential forms. While H is a Hopf algebra, we are practically interested in the full algebra H where we have kept all factors of π. Based on similar ideas in the context of motivic multiple zeta values [START_REF] Brown | On the decomposition of motivic multiple zeta values[END_REF], it was argued in ref. [START_REF] Duhr | Hopf algebras, coproducts and symbols: an application to Higgs boson amplitudes[END_REF] that we can reintroduce π into the construction by considering the trivial comodule H = Q[iπ] ⊗ H. The coproduct is then lifted to a comodule map ∆ : H → H ⊗ H which acts on iπ according to ∆(iπ) = iπ ⊗ 1. In the following we will, by abuse of language, refer to the comodule as the Hopf algebra H of multiple polylogarithms.

Let us conclude this review of multiple polylogarithms and their Hopf algebra structure by discussing how differentiation and taking discontinuities (see section 3 for precise definition of discontinuity in this work) interact with the coproduct. In ref. [START_REF] Duhr | Hopf algebras, coproducts and symbols: an application to Higgs boson amplitudes[END_REF] it was argued that the following identities hold:

∆ ∂ ∂z = id ⊗ ∂ ∂z ∆ and ∆ Disc = (Disc ⊗ id) ∆ . (2.14)
In other words, differentiation only acts in the last entry of the coproduct, while taking discontinuities only acts in the first entry. Since the discontinuities are proportional to iπ, which appears only in isolation in the first entry of the coproduct, it follows from the last relation that for an element f n of weight n in H,

Disc f n ∼ = µ [(Disc ⊗id) ∆ 1,n-1 f n ] (2.15)
where µ : H ⊗ H → H denotes the multiplication in H, i.e. we simply multiply the two factors in the coproduct, and ∼ = denotes equivalence modulo π 2 , because the weight (n -1) part of the coproduct in the right-hand side is only defined modulo π.

Pure Feynman integrals

In the rest of this paper we will be concerned with connected Feynman integrals in dimensional regularization. Close to D = 4 -2 dimensions, an L-loop Feynman integral F (L) then defines a Laurent series,

F (L) ( ) = ∞ k=-2L F (L) k k .
(2.16)

In the following we will concentrate on situations where the coefficients of the Laurent series can be written exclusively in terms of multiple polylogarithms and rational functions, and a well-known conjecture states that the weight of the transcendental functions (and numbers) that enter the coefficient F (L) k of an L loop integral is less than or equal to 2Lk. If all the polylogarithms in F (L) k have the same weight, the integral is said to have uniform (transcendental) weight. In addition, we say that an integral is pure if the coefficients F (L) k do not contain rational or algebraic functions of the external kinematical variables.

It is clear that pure integrals are the natural objects to study when trying to link Hopf algebraic ideas for multiple polylogarithms to Feynman integrals. For this reason we will only be concerned with pure integrals in the rest of this paper. However, the question naturally arises of how restrictive this assumption is. In ref. [START_REF] Arkani-Hamed | Local Integrals for Planar Scattering Amplitudes[END_REF] it was noted that if a Feynman integral has unit leading singularity [START_REF] Cachazo | Sharpening The Leading Singularity[END_REF], i.e., if all the residues of the integrand, obtained by integrating over compact complex contours around the poles of the integrand, are equal to one, then the corresponding integral is pure. Furthermore, it is well known that Feynman integrals satisfy integration-by-parts identities [START_REF] Chetyrkin | Integration by Parts: The Algorithm to Calculate beta Functions in 4 Loops[END_REF], which, loosely speaking, allow one to express a loop integral with a given propagator structure in terms of a minimal set of so-called master integrals. In ref. [START_REF] Henn | Multiloop integrals in dimensional regularization made simple[END_REF] it was conjectured that it is always possible to choose the master integrals to be pure integrals, and the conjecture was shown to hold in several nontrivial cases [START_REF] Henn | Analytic results for planar three-loop four-point integrals from a Knizhnik-Zamolodchikov equation[END_REF][START_REF] Henn | Analytic results for two-loop master integrals for Bhabha scattering I[END_REF][START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF][START_REF] Argeri | Magnus and Dyson Series for Master Integrals[END_REF]. Hence, if this conjecture is true, it should always be possible to restrict the computation of the master integrals to pure integrals, which justifies the restriction to this particular class of integrals.

Another restriction on the class of Feynman integrals considered in this paper is that we consider all propagators to be massless. In this case, it is known that the branch points of the integral, seen as a function of the invariants s ij = (p i + p j ) 2 , where p i are the external momenta (which can be massive or massless), are the points where one of the invariants is zero or infinite [START_REF] Landau | On analytic properties of vertex parts in quantum field theory[END_REF]. It follows then from eq. (2.14) that the first entry of the coproduct of a Feynman integral can only have discontinuities in these precise locations. In particular, this implies the so-called first entry condition, i.e., the statement that the first entries of the symbol of a Feynman integral with massless propagators can only be (logarithms of) Mandelstam invariants [START_REF] Gaiotto | Pulling the straps of polygons[END_REF]. This observation, combined with the fact that Feynman integrals can be given a dispersive representation, provides the motivation for the rest of this paper, namely the study of the discontinuities of a pure Feynman integral with massless propagators through the lens of the Hopf algebraic language reviewed at the beginning of this section.

The symbol alphabet

The most natural kinematic variables for a given integral might be more complicated functions of the momentum invariants. Indeed, it is known that the Laurent expansion coefficients in eq. (2.16) are periods (defined, loosely speaking, as integrals of rational functions), which implies that the arguments of the polylogarithmic functions are expected to be algebraic functions of the external scales [START_REF] Bogner | Periods and Feynman integrals[END_REF]. In practice it is more convenient to find a parametrization of the kinematics such that the arguments of all polylogarithmic functions are rational. More precisely, if we have a Feynman integral depending on n independent scales s i (e.g. Mandelstam invariants), we want to find n -1 independent variables z i such that

s i /s n = f i (z 1 , . . . , z n-1 ) , (2.17) 
where the f i are rational functions such that all the arguments of the polylogarithms are rational functions of the z i variables. While no general algorithm is known that allows one to find the parametrization (2.17), such a parametrization exists for all known examples of Feynman integrals that can be expressed in terms of multiple polylogarithms. We will therefore from now on assume that such a parametrization exists. The inverse relations to (2.17), expressing z i in terms of the Mandelstam invariants {s j }, are algebraic functions, often involving square roots of polynomials of the invariants {s j }. Concrete examples will be given in Section 4. If a parametrization of the type (2.17) has been determined for a given Feynman integral, it is easy to see that the entries of the symbol of this integral will be rational functions of the z i . Moreover, due to the additivity of the symbol, we can assume that the entries of the symbol are polynomials with integer coefficients 1 in the variables z i , which without loss of generality we may assume to be irreducible over Z. In other words, once a rational parametrization (2.17) has been determined, we can assign to every Feynman integral a set A ⊂ Z[z 1 , . . . , z n-1 ] of irreducible polynomials. In the following we call the set A the symbol alphabet of the integral, and its elements, which we generically denote by x i , will be called the letters of the alphabet. Some comments are in order: First, we note that the symbol alphabet A is not unique, but it is tightly connected to the choice of the rational parametrization (2.17). A different choice for the rational functions f i may result in a different symbol alphabet A. Second, we emphasize that although the parametrization (2.17) only involves the external scales, its form is in general dependent on the loop order and/or the order in the expansion in the dimensional regulator and the topology of the integral under consideration. Third, it is easy to see that once a symbol alphabet A is fixed, the symbol of a polylogarithmic function of weight k takes values in

Q ⊗ Z Z[A]
⊗k , the k-fold tensor product (with rational coefficients) of the free abelian group of rational functions whose generators are the polynomials in the set A. Finally, we note that it is expected that the arguments of the polylogarithms take values in a subset of the free abelian group Z[A], and an explicit (conjectural) construction of this subset was presented in ref. [START_REF] Duhr | From polygons and symbols to polylogarithmic functions[END_REF].

In practical applications it is often advantageous to know the symbol alphabet underlying a specific problem a priori. For example, if the alphabet is determined, it is possible to write ansätze for the symbols and/or the function spaces for Feynman integrals or amplitudes, which can then be fixed using additional physical information (e.g., behaviour in certain limits) [START_REF] Dixon | Bootstrapping the three-loop hexagon[END_REF][START_REF] Dixon | Analytic result for the two-loop six-point NMHV amplitude in N=4 super Yang-Mills theory[END_REF][START_REF] Drummond | Generalised ladders and single-valued polylogarithms[END_REF][START_REF] Chavez | Three-mass triangle integrals and single-valued polylogarithms[END_REF][START_REF] Dixon | Single-valued harmonic polylogarithms and the multi-Regge limit[END_REF][START_REF] Drummond | Leading singularities and off-shell conformal integrals[END_REF][START_REF] Dixon | Hexagon functions and the three-loop remainder function[END_REF][START_REF] Dixon | The four-loop remainder function and multi-Regge behavior at NNLLA in planar N=4 super-Yang-Mills theory[END_REF]. Unfortunately, as already mentioned, no general algorithm to determine a rational parametrization (2.17), and thus the letters x i ∈ A is known. One possible way to determine the alphabet is to analyze the differential equations satisfied by Feynman integrals [START_REF] Henn | Multiloop integrals in dimensional regularization made simple[END_REF][START_REF] Kotikov | Differential equations method: New technique for massive Feynman diagrams calculation[END_REF][START_REF] Kotikov | Differential equations method: The Calculation of vertex type Feynman diagrams[END_REF][START_REF] Kotikov | Differential equation method: The Calculation of N point Feynman diagrams[END_REF][START_REF] Gehrmann | Differential equations for two loop four point functions[END_REF], where the letters x i appear as the singularities of the differential equations. 2 In the rest of this paper we argue that another way of determining the letters x i consists in analyzing (iterated) unitarity cuts of Feynman integrals. Indeed, as we will argue in the next section, cut integrals are tightly connected to the entries in the coproduct (and hence the symbol) and the discontinuities of a Feynman integral, but they are sometimes easier to compute because the transcendental weight is reduced. The precise connection between (iterated) unitarity cuts, discontinuities and coproducts of Feynman integrals is the subject of the next sections.

Three definitions of discontinuities

In this section we present our definitions and conventions for the discontinuities of Feynman integrals with respect to external momentum invariants, also called cut channels. There are three operations giving systematically related results: a discontinuity across a branch cut of the Feynman integral, which we denote by Disc and define in section 3.1 below; unitarity cuts computed via Cutkosky rules and the diagrammatic rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF], which we extend here to multiple cuts and denote by Cut (section 3.2); and a corresponding δ operation on the coproduct of the integral (section 3.3). Discontinuities taken with respect to one invariant are familiar, but sequential discontinuities must be constructed with care in order to derive equivalent results from the three operations. In this section, we present these concepts in general terms and then close with a simple example. More concrete illustrations, which further support the conjectured connections among the three operations, appear in the following sections.

Let F be a pure Feynman integral, and let s and s i denote Mandelstam invariants (squared sums of external momenta), labeled by i in the case where we consider several of them. These invariants come with an iε prescription inherited from the Feynman rules for propagators. In the case of planar integrals, such as the examples we will consider in the following sections, the integral is originally calculated in the Euclidean region, where all Mandelstam invariants of consecutive legs are negative, so that branch cuts are avoided. It may then be analytically continued to any other kinematic region by the prescription s i → s i + iε.

Disc: Discontinuity across branch cuts

The operator Disc s F gives the direct value of the discontinuity of F as the variable s crosses the real axis. If there is no branch cut in the kinematic region being considered, or if F does not depend on s, then the value is zero. Concretely,

Disc s [F (s ± i0)] = lim ε→0 [F (s ± iε) -F (s ∓ iε)] , (3.1) 
where the iε prescription must be inserted correctly in order to obtain the appropriate sign of the discontinuity. For example, Disc s log(s + i0) = 2πi θ(-s). We will discuss the sign in more detail at the end of this section, when we relate Disc to the other definitions of discontinuities.

The sequential discontinuity operator Disc s 1 ,...,s k is defined recursively:

Disc s 1 ,...,s k F ≡ Disc s k Disc s 1 ,...,s k-1 F . (3.2)
Note that Disc may be computed in any kinematic region after careful analytic continuation, but if it is to be related to the value of Cut, it should be computed in the same region as the corresponding multiple cut. In particular, sequential Disc will be computed in different regions at each step. We will sometimes write

Disc s 1 ,...,s k ;R F (3.3)
to make explicit the region R in which Disc s 1 ,...,s k is to be computed, after having analytically continued F to this same region.

Cut: Cut integral

The operator Cut s gives the sum of cut Feynman integrals, in which some propagators in the integrand of F are replaced by Dirac delta functions. These propagators themselves are called cut propagators. The sum is taken over all combinations of cut propagators that separate the diagram into two parts, in which the momentum flowing through the cut propagators from one part to the other corresponds to the Mandelstam invariant s. Furthermore, each cut is associated with a consistent direction of energy flow between the two parts of the diagram, in each of the cut propagators. In this work, we follow the conventions for cutting rules established in refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF], and extend them for sequential cuts.

First cut. Let us first review the cutting rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF]. We start by enumerating all possible partitions of the vertices of a Feynman diagram into two sets, colored black (b) and white (w). Each such colored diagram is then evaluated according to the following rules:

• Black vertices, and propagators joining two black vertices, are computed according to the usual Feynman rules.

• White vertices, and propagators joining two white vertices, are complex-conjugated with respect to the usual Feynman rules.

• Propagators joining a black and a white vertex are cut with an on-shell delta function, a factor of 2π to capture the complex residue correctly, and a theta function restricting energy to flow in the direction b → w.

For a massless scalar theory, the rules for the first cut may be depicted as:

= i = -i (3.4) 
p = i p 2 + iε p = -i p 2 -iε (3.5) p = 2π δ p 2 θ (p 0 ) (3.6)
The dashed line indicating a cut propagator is given for reference and does not add any further information. We write Cut s to denote the sum of all diagrams belonging to the same momentum channel, i.e., in each of these diagrams, if p is the sum of all momenta through cut propagators flowing in the direction from black to white, then p 2 = s. Note that cut diagrams in a given momentum channel will appear in pairs that are black/white color reversals -but of each pair, only one of the two can be consistent with the energies of the fixed external momenta, giving a potentially nonzero result. We note that Cut s F (x 1 , . . . , x k ) is a function of the variables x i mentioned above, which we recall can be complicated algebraic functions of the Mandelstam invariants. Finding the correct x i in which to express a given Feynman integral is a nontrivial problem. Since cut Feynman integrals depend on the same variables as uncut diagrams but are simpler functions, the x i can be more easily identified by computing cuts, as illustrated in eq. (4.17). Sequential cuts. The diagrammatic cutting rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF] reviewed so far allow us to consistently define cut integrals corresponding to a single unitarity cut. The aim of this paper is however the study of sequences of unitarity cuts. The cutting rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF] are insufficient in that case, as they only allow us to partition a diagram in two parts, corresponding to connected areas of black and white vertices. We now present an extension of the cutting rules to sequences of unitarity cuts on different channels. At this stage, we only state the rules, whose consistency is then backed up by the results we find in the remainder of this paper. In a sequence of diagrammatic cuts, energy-flow conditions are overlaid, and complex conjugation of vertices and propagators is applied sequentially. We continue to use black and white vertex coloring to show complex conjugation. We illustrate an example in fig. 1, which will be discussed below.

θ(p 0 )θ(-p 0 ) = 0 θ(-p 0 )θ(p 0 ) = 0 θ(-p 0 )θ(-q 0 )θ(-r 0 ) {0, 1} {1, 0} {1, 1} first cut second cut p q r θ(p 0 )θ(q 0 )θ(r 0 ) {0, 0} {1, 1} {1, 0} first cut second cut p q r {1, 0} {0, 1} {0, 0} first cut second cut p q r {1, 1} {0, 0} {0 
Consider a multiple-channel cut, Cut s 1 ,...,s k I. It is represented by the sum of all diagrams with a color-partition of vertices for each of the cut invariants s i = p 2 i . Assign a sequence of colors (c 1 (v), . . . , c k (v)) to each vertex v of the diagram, where each c i takes the value 0 or 1. For a given i, the colors c i partition the vertices into two sets, such that the total momentum flowing from vertices labeled 0 to vertices labeled 1 is equal to p i . A vertex v is finally colored according to c(v) ≡ k i=1 c i (v) modulo 2, with black for c(v) = 0 and white for c(v) = 1. The rules for evaluating a diagram are as follows.

• Black vertices are computed according to the usual Feynman rules; white vertices are computed according to complex-conjugated Feynman rules.

• A propagator joining vertices u and v is uncut if c i (u) = c i (v) for all i. Then, if the vertices are black, i.e. c(u) = c(v) = 0, then the propagator is computed according to the usual Feynman rules, and if the vertices are white, i.e. c(u) = c(v) = 1, then the propagator is computed according to complex-conjugated Feynman rules.

• A propagator joining vertices u and v is cut if c i (u) = c i (v) for any i. There is a theta function restricting the direction of energy flow from 0 to 1 for each i for which c i (u) = c i (v). If different cuts impose conflicting energy flows, then the product of the theta functions is zero and the diagram gives no contribution.

• We exclude crossed cuts, as they do not correspond to the types of discontinuities captured by Disc and δ. 3 In other words, each new cut must be located within a region of identically-colored vertices with respect to the previous cuts. In terms of the color labels, this is equivalent to requiring that for any two values of i, j, exactly three of the four possible distinct color sequences (c i (v), c j (v)) are present in the diagram.

• Likewise, we exclude sequential cuts in which the channels are not all distinct. This restriction is made only because we have not found a general relation between such cuts and Disc or δ. In principle, there is no obstacle to computing these cut diagrams.

• We restrict ourselves to the use of real kinematics, both for internal and external momenta. This implies, in particular, that diagrams with on-shell massless threepoint vertices must vanish in dimensional regularization. The consistency of this choice will be verified in the examples considered in subsequent sections.

For massless scalar theory, the rules for sequential cut diagrams may then be depicted thus:

= i = -i (3.7) p = i p 2 + iε p = -i p 2 -iε (3.8) p u v = p u v = p u v = p u v =2π δ p 2 i:c i (u) =c i (v) θ ([c i (v) -c i (u)]p 0 ) (3.9)
Let us make some comments about the diagrammatic cutting rules for multiple cuts we just introduced. First, we note that these rules are consistent with the corresponding rules for single unitarity cuts presented at the beginning of this section. Second, using these rules, it is clear that sequential cuts are independent of the order of cuts. Indeed, none of our rules depends on the order in which the cuts are listed. Finally, the dashed line is an incomplete shorthand merely indicating the location of the delta functions, but not specifying the direction of energy flow, for which one needs to refer to the color indices. Our diagrams might also include multiple cut lines on individual propagators, such as p .

(3.10)

We also introduce notation allowing us to consider individual diagrams contributing to a particular cut, and possibly restricted to a particular kinematic region. When no region is specified, for the planar examples given in this paper, it is assumed that the cut invariants are taken to be positive while all other consecutive Mandelstam invariants are negative. We write

Cut s,[e 1 •••ew],R D (3.11)
to denote a diagram D cut in the channel s, in which exactly the propagators e 1 • • • e w are cut, and computed in the kinematic region R. Rules of complex conjugation and energy flow will be apparent in the context of such a diagram.

Examples of sequential cuts. We briefly illustrate the diagrammatics of sequential cuts. Consider taking two cuts of a triangle integral. At one-loop order, a cut in a given channel is associated to a unique pair of propagators. We list the four possible color partitions {c 1 (v), . . . , c k (v)} in fig. 1. The first graph is evaluated according to the rules above, giving

e γ E d D k π D/2 i 2 (-i)(2π) 3 δ(p 2 )δ(q 2 )δ(r 2 ) θ(p 0 )θ(q 0 )θ(r 0 ).
The second and third graphs evaluate to zero, since the color partitions give conflicting restrictions for the energy flow on the propagator labeled p. The fourth graph is similar to the first, but with energy flow located on the support of θ(-p 0 )θ(-q 0 )θ(-r 0 ). Just as for a single unitarity cut, in which only one of the two colorings is compatible with a given assigment of external momenta, there can be at most one nonzero diagram for a given topology of sequential cuts subject to fixed external momenta. In the examples calculated in the following sections of this paper, we will thus omit writing the sequences of colors (c 1 (v), . . . , c k (v)). We may also omit writing the theta functions for energy flow in the cut integrals.

We include an example of crossed cuts, which we do not allow, in fig. 2. Notice that there are four distinct color sequences in the diagram, while we only allow three for any given pair of cuts. 

δ: Entries of the coproduct

If F is of transcendental weight n and has all its symbol entries drawn from the alphabet A, then we can write without loss of generality

∆ 1,1,...,1 k times ,n-k F = (x i 1 ,...,x i k )∈A k log x i 1 ⊗ • • • ⊗ log x i k ⊗ g x i 1 ,...,x i k , (3.12) 
and we define

δ x j 1 ,...,x j k F ∼ = (x i 1 ,...,x i k )∈A k δ i 1 j 1 . . . δ i k j k g x i 1 ,...,x i k , (3.13) 
where the congruence symbol indicates that δ x j 1 ,...,x j k F can be defined only modulo π. If the integral contains overall numerical factors of π, they should be factored out before performing this operation. The definition of δ x j 1 ,...,x j k F is motivated by the relation eq. (2.15) between discontinuities and coproducts. In particular, if

δ x F ∼ = g x , then Disc x F ∼ = µ[(Disc x ⊗ id)(log x⊗g x )] = ±2πi g x .
The sign is determined by the iε prescription for x in F , and the precise form of the relation between the Disc and δ operations will be discussed in more detail in the following subsection.

Relations among Disc, Cut, and δ

Cut diagrams and discontinuities. The rules for evaluating cut diagrams are designed to compute their discontinuities. The fact that such a relation exists at all follows from the largest time equation. For the first cut, the derivation may be found in refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF]. The original relation is

F + F * = - s Cut s F, (3.14) 
where the sum runs over all momentum channels. In terms of diagrams with colored vertices, the left-hand side is the all-black diagram plus the all-white diagram. The righthand side is -1 times the sum of all diagrams with mixed colors. We can isolate a single momentum channel s by analytic continuation into a kinematic region where among all the invariants, only s is on its branch cut. Specifically, for planar integrals such as the examples given in this paper, we take s > 0 while all other invariants of consecutive momenta are negative. There, the left-hand side of eq. (3.14) can be recast4 as Disc s F , while the right-hand side collapses to a single term:

Disc s F = -Cut s F. (3.15) 
For sequential cuts, we claim that Cut s 1 ,...,s k F captures discontinuities through the relation

Cut s 1 ,...,s k F = (-1) k Disc s 1 ,...,s k F. (3.16)
We recall that no two of the invariants s 1 , . . . , s k should be identical, nor may any pair of them cross each other in the sense given in the cutting rules above. Eq. (3.16) is one of the main results of this paper: it generalizes the well-established relation between single unitarity cuts and the discontinuity of a Feynman integral across the branch cut associated with a given Mandelstam invariant [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF].

Eq. (3.16) holds in a specific kinematic region: Let R j denote the kinematic region in which F has branch cuts in the invariants s 1 , . . . , s j , but not in any of the other invariants on which F depends. The left-hand side of eq. (3.16) is evaluated in the region R k . 5 On the right-hand side, we proceed step by step according to the definition in eq. (3.2), and each Disc s i is evaluated after analytic continuation to the region R i .

In the case of planar integrals, R j is the region in which the s i are positive for i = 1, . . . , j while all other invariants are negative. For integrals that are finite in integer dimensions, at least one invariant must remain negative in order to distinguish R j from the original Euclidean region R 0 , in terms of the scales of eq. (2.17).

While sequential cuts are independent of the order in which the channels are listed, the correspondences to Disc are derived in sequence, so that the right-hand side of eq. (3.16) takes a different form when channels on the left-hand side are permuted. Thus, eq. (3.16) implies relations among the Disc s 1 ,...,s k F , which will in turn imply nontrivial relations among the δ x 1 ,...,x k F .

Coproduct and discontinuities. Recall from eq. (2.15) that for an element f of weight n of the Hopf algebra,

Disc f ∼ = µ [(Disc ⊗id)(∆ 1,n-1 f )] , (3.17) 
To be precise, f should not include overall factors of π. If it does, these are stripped out before performing the operation the operation on the right-hand side, and then reinstated. It follows from this relation that the discontinuity of any element of the Hopf algebra is captured by the operation δ as defined in eq. (3.13). To apply the relation, we must take great care with the sequential analytic continuation of the discontinuities and the locations of the branch cuts. Since the first entries of ∆ 1,n-1 f are of weight 1, the Disc operation on the right-hand side is computing discontinuities of ordinary logarithms. Let us specialize to the discontinuity computed in a specific channel s. We can expand the coproduct in terms of the full symbol alphabet by writing

(Disc s ⊗id)(∆ 1,n-1 f ) ∼ = (Disc s ⊗id) x∈A (log(±x) ⊗ δ x f ) (3.18)
This relation applies generally, so it is valid not just for the original Feynman integral F but also for its sequential discontinuities. We recall, as noted below eq. (3.17), that overall factors of π in f are handled separately: this is particularly noteworthy if f is a sequential discontinuity where powers of π will have been generated from previous discontinuities. In the relation with Cut, Disc is computed in a specific region. We require that the sign in the argument of the logarithm in eq. (3.18) be chosen so that the argument is positive and the expression is thus real-valued in the kinematic region for which f is away from its branch cut in s. Then, in taking Disc s , the coproduct will be analytically continued to the region in which there is a branch cut in s. In this new region, the arguments of the logarithms may become negative, and if the letter x depends on the invariant s, then there will be a nonzero contribution to Disc. Sequential discontinuities of a Feynman integral F are computed by the sequential use of eq. (3.18). We thus claim they are captured by δ in the relation

Disc s 1 ,...,s k F ∼ = Θ (x 1 ,...,x k )∈A k k i=1 a i (s i , x i ) δ x 1 ,...,x k F, (3.19) 
where the sum runs over all ordered sequences (x 1 , . . . , x k ) of k letters. We recall that the congruence symbol in eq. (3.19) indicates that despite the fact that the discontinuity function Disc s 1 ,...,s k F is unique, the right-hand side only captures terms whose coproduct is nonvanishing, and it therefore holds modulo (2πi) k+1 . Furthermore, since the coproduct is the same in all kinematic regions, we have inserted the schematic factor Θ to express the restriction to the region where the left-hand side is to be compared with Cut. Finally, the factors a i (s i , x i ) are related to the discontinuity of a real-valued logarithm after analytic continuation from one kinematic region (R i-1 ) to another (R i ). Specifically,

a i (s i , x i ) = Disc s i ;R i log(±x i ) R i-1 , (3.20) 
where the double-bracket means that the sign of the argument of the logarithm should be chosen so that the argument is positive in the region R i-1 , or equivalently,

log(±x i ) R i-1 = log(x i )| R i-1 ∩{x i >0} + log(-x i )| R i-1 ∩{x i <0} (3.21)
In the simplest cases, each a i (s i , x i ) will simply take one of the values ±2πi or 0. In more complicated cases, one might find a further division into nonempty subregions of phase space.

We note that although we focus on cut integrals, the mathematical relation between Disc and δ applies in a more general context. The essential requirement is that the function has no cut in s i in region R i-1 , but does in region R i .

In this paper, we give evidence for the validity of eq. (3.16) and eq. (3.19) by matching cut diagrams and coproduct entries directly, as well as by computing discontinuities in some cases.

Example of the relations

We close this section with a simple example of the proposed relations eq. (3.16) and eq. (3.19).

Consider a three-point planar Feynman integral in D = 4 dimension. After normalization to unit leading singularity, it will be a dimensionless function of two ratios of Mandelstam invariants,

F p 2 2 p 2 1 , p 2 3 p 2 1 . (3.22) 
Define variables z, z such that

p 2 2 p 2 1 = z z, p 2 3 p 2 1 = (1 -z)(1 -z), z > z. (3.23)
Suppose that we know that the symbol alphabet can be taken to be

A = {z, z, 1 -z, 1 -z}. (3.24)
This is, in fact, the alphabet of the three-point ladder in D = 4 dimensions with massless propagators and any number of rungs [START_REF] Drummond | Generalised ladders and single-valued polylogarithms[END_REF][START_REF] Usyukina | Exact results for three and four point ladder diagrams with an arbitrary number of rungs[END_REF], and thus illustrates the parametrization eq. (2.17). We will see in the examples of the following sections how the symbol alphabet may be deduced from explicit cut computations. The integral F is originally defined in the Euclidean region where all p 2 i < 0. In terms of real-valued z, z, there are three separate components of the Euclidean region [START_REF] Chavez | Three-mass triangle integrals and single-valued polylogarithms[END_REF]. For concreteness, we choose the component R 0,< = {z < z < 0}, but the relations work equally well starting from either of the other components.

Let us take the first cut in the channel s 1 = p 2 2 . We analytically continue F to the region R 1 of the first cut, where p 2 2 > 0 and p 2 1 , p 2 3 < 0. In terms of z and z, R 1 = {z < 0 < z < 1}. For each letter x 1 ∈ A , the logarithms log x 1 in the definition of a 1 (p 2 2 , x 1 ) are written with positive arguments in the region R 0,< . For example, in a 1 (p 2 2 , z) we compute the discontinuity of the analytic continuation of log(-z) rather than log(z). Since according to the usual Feynman rules the invariants have a positive imaginary part, p 2 2 + iε, we can deduce the corresponding imaginary parts in z + iε and ziε for the symbol alphabet, and we get:

a 1 (p 2 2 , z) = Disc p 2 2 ;R 1 log(-z -i0) = -2πi , a 1 (p 2 2 , z) = Disc p 2 2 ;R 1 log(-z + i0) = 0 , a 1 (p 2 2 , 1 -z) = Disc p 2 2 ;R 1 log(1 -z -i0) = 0 , a 1 (p 2 2 , 1 -z) = Disc p 2 2 ;R 1 log(1 -z + i0) = 0 . (3.25)
The discontinuities Disc have been computed directly according to the definition eq. (3.1). According to eq. (3.16) and eq. (3.19), our relations among the three kinds of discontinuites are then given by Cut

p 2 2 F = -Disc p 2 2 F ∼ = (2πi) Θ δ z F . (3.26)
Let us take the second cut in the channel s 2 = p 2 3 . We analytically continue F (for the cut) and Disc s 1 F (for the discontinuity) to the region R 2 where p 2 2 , p 2 3 > 0 and p 2 1 < 0. In terms of z and z, R 2 = {z < 0, z > 1}. The a 1 's are the same as above. To compute the a 2 (p 2 3 , x 2 )'s, we write the logarithms of the alphabet, x 2 ∈ A , with positive arguments in the region R 1 . According to our cutting rules, the imaginary part of p 2 3 was conjugated in the process of applying the first cut, so we deduce the signs of the imaginary parts in ziε and ziε from p 2 3iε.

a 2 (p 2 3 , z) = Disc p 2 3 ;R 2 log(z -i0) = 0 , a 2 (p 2 3 , z) = Disc p 2 3 ;R 2 log(-z + i0) = 0 , a 2 (p 2 3 , 1 -z) = Disc p 2 3 ;R 2 log(1 -z + i0) = 2πi , a 2 (p 2 3 , 1 -z) = Disc p 2 3 ;R 2 log(1 -z + i0) = 0 . (3.27)
The only surviving term is 2 , and the multiple cut and iterated discontinuity are then given by:

a 1 (p 2 2 , z)a 2 (p 2 3 , 1 -z) = -(2πi)
Cut p 2 2 ,p 2 3 F = Disc p 2 2 ,p 2 3 F ∼ = -(2πi) 2 Θ δ z,1-z F . (3.28) 
Finally, we consider cutting in all three channels with the operation Cut p 2 2 ,p 2 3 ,p 2 1 . The region in which we would hope to detect this triple cut has all p 2 i > 0. Because F is a function of ratios of the Mandelstam invariants, eq. (3.22), this region is indistinguishable from the branch cut-free Euclidean region in D = 4. Therefore the specified region of validity for the relation eq. (3.16) is empty.

For completeness and for future reference, we close with the full list of relations for single and double cuts of this class of integrals.

Cut p 2 1 F = -Disc p 2 1 F ∼ = -(2πi) Θ [δ z + δ 1-z ]F , (3.29a) Cut p 2 2 F = -Disc p 2 2 F ∼ = (2πi) Θ δ z F , (3.29b) Cut p 2 3 F = -Disc p 2 3 F ∼ = (2πi) Θ δ 1-z F , (3.29c) Cut p 2 1 ,p 2 2 F = Disc p 2 1 ,p 2 2 F ∼ = (2πi) 2 Θ [δ z,z + δ 1-z,z ]F , (3.30a) Cut p 2 2 ,p 2 1 F = Disc p 2 2 ,p 2 1 F ∼ = (2πi) 2 Θ [δ z,z + δ z,1-z ]F , (3.30b) Cut p 2 1 ,p 2 3 F = Disc p 2 1 ,p 2 3 F ∼ = (2πi) 2 Θ [δ z,1-z + δ 1-z,1-z ]F , (3.30c) Cut p 2 3 ,p 2 1 F = Disc p 2 3 ,p 2 1 F ∼ = (2πi) 2 Θ [δ 1-z,z + δ 1-z,1-z ]F , (3.30d) Cut p 2 2 ,p 2 3 F = Disc p 2 2 ,p 2 3 F ∼ = -(2πi) 2 Θ δ z,1-z F , (3.30e) Cut p 2 3 ,p 2 2 F = Disc p 2 3 ,p 2 2 F ∼ = -(2πi) 2 Θ δ 1-z,z F . (3.30f)
We now see concretely that because cuts act simultaneously in the various channels, there are nontrivial relations among entries of the coproduct. For example, Cut p 2 2 ,p 2 3 F = Cut p 2 3 ,p 2 2 F implies that δ z,1-z F ∼ = δ 1-z,z F . We discuss this point further in section 7.

One-loop examples

In this section, we present three simple examples of discontinuities of one-loop integrals to demonstrate the relations discussed in the previous section, with explicit computations of cuts, showing the natural appearance of the symbol alphabet. We first consider the threemass triangle in some depth, which is an illuminating introduction to the two-loop ladder example in the following section, as their kinematic analyses have many common features. The second example is the four-mass box, whose functional form is closely related to the triangle although the cut diagrams are quite different. Finally, we discuss the infrareddivergent "two-mass-hard" box, which demonstrates the validity of consistent dimensional regularization.

Three-mass triangle

The triangle in D = 4 dimensions. We begin by analyzing the three-mass triangle integral with massless propagators. According to our conventions, which are summarized in appendix A, the three-mass triangle integral in D = 4 -2 dimensions is defined by

T (p 2 1 , p 2 2 , p 2 3 ) ≡ -e γ E d D k π D/2 1 k 2 (p 2 -k) 2 (p 3 + k) 2 , (4.1) 
where γ E = -Γ (1) denotes the Euler-Mascheroni constant. As the focus of the paper will be the computation of cut diagrams, it is of utmost importance to keep track of all imaginary parts. We follow the conventions for massless scalar theory listed in the preceding section. In particular, until cuts are introduced, all vertices (denoted by a black dot, see fig. 3) are proportional to i, and all propagators have an explicit factor of i in the numerator and follow the usual Feynman +iε prescription. These factors lead to the explicit minus sign in eq. (4.1). Note that we do not include a factor of i -1 per loop into the definition of the integration measure. Many different expressions are known for the three-mass triangle integral, both in arbitrary dimensions [START_REF] Bern | Dimensionally regulated pentagon integrals[END_REF][START_REF] Anastasiou | Scalar one loop integrals using the negative dimension approach[END_REF] as well as an expansion around four space-time dimensions in dimensional regularization [START_REF] Chavez | Three-mass triangle integrals and single-valued polylogarithms[END_REF][START_REF] Usyukina | An Approach to the evaluation of three and four point ladder diagrams[END_REF][START_REF] Davydychev | New results for the epsilon expansion of certain one, two and three loop Feynman diagrams[END_REF][START_REF] Birthwright | Master integrals for massless two-loop vertex diagrams with three offshell legs[END_REF]. Note that the three-mass triangle integral is finite in four dimensions, and we therefore put = 0 and only analyze the structure of the integral in exactly four dimensions. We follow [START_REF] Chavez | Three-mass triangle integrals and single-valued polylogarithms[END_REF] in writing the result of the integral in the form

T (p 2 1 , p 2 2 , p 2 3 ) = - i p 2 1 2 z - z P 2 (z) + O( ), (4.2) 
where

P 2 (z) = Li 2 (z) -Li 2 (z) + 1 2 log(z z) log 1 -z 1 -z , (4.3) k p 2 -k p 3 + k p 3 p 1 p 2 (a) T (p 2 1 , p 2 2 , p 2 3 ) k p 2 -k p 3 + k p 1 p 2 p 3 (b) Cut p 2 2 T (p 2 1 , p 2 2 , p 2 3 ) p 1 p 2 p 3 k p 2 -k p 3 + k (c) Cut p 2 3 • Cut p 2 2 T (p 2 1 , p 2 2 , p 2 3 ) 
Figure 3: The triangle integral, with loop momentum defined as in the text; and with cuts in the p 2 2 and p 2 3 channels. and

z = 1 2 1 + u 2 -u 3 + √ λ , z = 1 2 1 + u 2 -u 3 - √ λ , (4.4 
)

λ ≡ λ(1, u 2 , u 3 ) , (4.5) λ(a, b, c) = a 2 + b 2 + c 2 -2ab -2ac -2bc , (4.6) 
where λ(a, b, c) is the well known Källén function and we have defined dimensionless ratios of Mandelstam invariants,

u i = p 2 i p 2 1 , i = 2, 3 . (4.7) 
Some comments are in order: we see that the three-mass triangle is of homogeneous transcendental weight two, i.e., it is only a function of dilogarithms and products of ordinary logarithms. It is, however, not a pure function in the sense of the definition in section 2, but it is multiplied by an algebraic function of the three external scales p 2 i (or equivalently, a rational function of z, z and p 2 1 ), which is the leading singularity. In the following we are only interested in the transcendental contribution, and we therefore define, for arbitrary values of the dimensional regulator ,

T (p 2 1 , p 2 2 , p 2 3 ) ≡ - i p 2 1 2 z - z T (p 2 1 , p 2 2 , p 2 3 ) , (4.8 
)

such that T (p 2 1 , p 2 2 , p 2 
3 ) = P 2 (z) + O( ) is a pure function at every order in the expansion. It is clear from eq. ( 4.3) that the symbol alphabet of the triangle in D = 4 may be taken to be

A = {z, z, 1 -z, 1 -z} .
(4.9)

The variables z, z correspond exactly to the ones introduced in eq. (3.23) for general planar three-point integrals, so that z, z, satisfy the relations

z z = u 2 , (1 -z)(1 -z) = u 3 . (4.10) 
Note that eq. (4.10) corresponds to the rational parametrization (2.17) in the case of the triangle integral. Without advance knowledge of the integrated expression, it seems difficult to guess the parametrization a priori. However, we will see in eq. (4.17) how these variables arise naturally in the calculation of cut diagrams. We note that, for positive values of λ, we always have z > z. Since eq. (4.10) is symmetric in z and z, there is a second solution in which z > z, which could be interpreted as taking the negative branch of the square root in eq. (4.4). In most of our calculations, we will indeed restrict ourselves to the region where z > z, for concreteness. In the regions where all p i have the same sign, there is a portion of kinematic phase space in which λ is negative, so that (z, z) take complex values. We remark that it is known that new letters appear in the three-mass triangle beyond the constant term in the -expansion in dimensional regularization [START_REF] Chavez | Three-mass triangle integrals and single-valued polylogarithms[END_REF].

Let us now consider the discontinuities of the triangle integral. The first-entry condition for Feynman integrals discussed in section 2 implies that the symbol of the three-mass triangle can be written in a form with only the combinations u 2 = z z and u 3 = (1-z)(1-z) appearing in the leftmost entry. The coproduct of the one-loop three mass triangle can be computed explicitly from eq. (4.8), with the result

∆ T (p 2 1 , p 2 2 , p 2 3 ) = P 2 (z) ⊗ 1 + 1 ⊗ P 2 (z) + 1 2 log(z z) ⊗ log 1 -z 1 - z + 1 2 log[(1 -z)(1 -z)] ⊗ log z z + O( ) = P 2 (z) ⊗ 1 + 1 ⊗ P 2 (z) + 1 2 log -p 2 2 ⊗ log 1 -z 1 - z + 1 2 log -p 2 3 ⊗ log z z + 1 2 log(-p 2 1 ) ⊗ log 1 -1/z 1 -1/z + O( ), (4.11) 
where in the second equality we have made the first entry condition explicit. Our aim is to interpret the coproduct of the one-loop three-mass triangle in terms of cut diagrams, through the relations of section 3. In the rest of this section we present, as a warm-up, the explicit computation of the unitarity cut of the one-loop three-mass triangle.

Unitarity cuts of the one-loop three-mass triangle. Cuts of the triangle are evaluated in kinematic regions in which the cut invariants are positive and the uncut invariants are negative. The correspondence between signs of Mandelstam invariants and values of z, z is given in Table 1.

In the following we review the cut integral calculation. This triangle is fully symmetric, so it is enough to demonstrate one single-channel cut and one double-channel cut. For concreteness, we choose the cuts illustrated in fig. 3b. Although it is not necessary in this example, we now work in D = 4 -2 dimensions, as a warmup to the two-loop integral where the D-dimensional formalism will be important at the level of cuts. We will work in the region which we denote by R * , where all the invariants are positive and λ < 0 (and thus z = z * ), because having z and z complex simplifies the calculation. The cut integral Name Region of the

p 2 i Region of z, z R 1 p 2 1 > 0, p 2 2 , p 2 3 < 0 z < 0, 1 < z R 2,3 p 2 1 < 0, p 2 2 , p 2 3 > 0 R 2 p 2 2 > 0, p 2 1 , p 2 3 < 0 z < 0 < z < 1 R 1,3 p 2 2 < 0, p 2 1 , p 2 3 > 0 R 3 p 2 3 > 0, p 2 1 , p 2 2 < 0 0 < z < 1 < z R 1,2 p 2 3 < 0, p 2 1 , p 2 2 > 0 R * p 2 1 , p 2 2 , p 2 3 > 0, and λ < 0 z * = z
Table 1: Some kinematic regions of 3-point integrals, classified according to the signs of the Mandelstam invariants and the sign of λ, as defined in eq. (4.5). In the first six rows, λ > 0, so that z and z are real-valued, and we take z > z without loss of generality.

we want to compute reads

Cut p 2 2 ,R * T = -(2π) 2 e γ E d D k π D/2 δ + (k 2 ) δ + (p 2 -k) 2 (p 3 + k) 2 , ( 4.12) 
with δ + (k 2 ) = δ(k 2 ) θ(k 0 ). Without loss of generality we can select our frame and parametrize the loop momentum as follows:

p 2 = p 2 2 (1, 0, 0 D-2 ), p 3 = p 2 3 (α, α 2 -1, 0 D-2 ), k = (k 0 , |k| cos θ, |k| sin θ 1 D-2 ), (4.13) 
where θ ∈ [0, π] and |k| > 0, and 1 D-2 ranges over unit vectors in the dimensions transverse to p 2 and p 3 . Momentum conservation fixes the value of α in terms of the momentum invariants to be

α = p 2 1 -p 2 2 -p 2 3 2 p 2 2 p 2 3 .
With this frame and parametrization, the cut integration measure becomes

d D k δ + (k 2 ) = dk 0 θ(k 0 ) d|k| d cos θ δ(k 2 0 -|k| 2 ) 2π 1- Γ(1 -) |k| 2-2 (sin θ) -2 . (4.14)
The D-dimensional cut triangle integral, with energy flow conditions suited for the p 2 channel, is

Cut p 2 2 ,R * T = -8πe γ E ∞ 0 dk 0 ∞ 0 d|k| 1 -1 d cos θ δ(k 2 0 -|k| 2 ) |k| 2-2 (sin θ) -2 Γ(1 -) × δ(p 2 2 -2k 0 p 2 2 ) p 2 3 + 2 p 2 3 (k 0 α -|k| cos θ √ α 2 -1) (4.15) = - 2 1+2 πe γ E Γ(1 -) 1 -1 d cos θ (sin θ) -2 p 2 2 - p 2 3 + p 2 1 -p 2 2 -cos θ λ(p 2 1 , p 2 2 , p 2 3 ) 
.

Performing the change of variables,

cos θ = 2x -1, x ∈ [0, 1], (4.16) 
and turning to the dimensionless variables (4.7) and (4.4), the cut integral becomes

Cut p 2 2 ,R * T = - 2π(p 2 1 ) -1-u - 2 e γ E Γ(1 -) 1 0 dx x -(1 -x) - 1 1 -z -x √ λ = - 2πe γ E Γ(1 -) Γ(2 -2 ) (p 2 1 ) -1-u - 2 1 - z 2 F 1 1, 1 -; 2 -2 ; √ λ 1 -z = 2π p 2 1 (z -z) log 1 -z 1 - z + O( ) . (4.17) 
It is now trivial to analytically continue to the region R 2 in which p 2 2 > 0 and p 2 1 , p 2 3 < 0. As anticipated, the variables z and z appear naturally in the calculation of the cut integral. We comment that while these variables are useful for expressing the uncut integral, it is harder to identify them through a direct computation of the latter. We see this as one of the advantages of a cut-based computation. The results for the cuts on different channels can be obtained in a similar way and are collected in appendix B. Taking the = 0 limit of eqs. (B.5), (B.6) and (B.7), we see that a minimal and complete choice for the symbol alphabet of the three-mass triangle in D = 4 is the set A = {z, z, 1z, 1 -z}, in accordance with eq. (4.9) derived from the known integrated expression.

Let us now consider a pair of cuts on the p 2 2 and p 2 3 channels, consistent with energy flow from leg three to leg two (see fig. 3c). We must work in a region where p 2 2 , p 2 3 > 0; we choose R 2,3 . The cut integral is

Cut p 2 2 ,p 2 3 T = i(2π) 3 e γ E d D k π D/2 δ + (k 2 ) δ + (p 2 -k) 2 δ + (p 3 + k) 2 .
(4.18)

Using the parametrization (4.13), we find

Cut p 2 2 ,p 2 3 T = 16π 2 ie γ E ∞ 0 dk 0 ∞ 0 d|k| 1 -1 d cos θ δ(k 2 0 -|k| 2 ) |k| 2-2 (sin θ) -2 Γ(1 -) × δ p 2 2 -2k 0 p 2 2 δ p 2 3 + 2 p 2 3 (k 0 α -|k| cos θ α 2 -1) θ -p 2 3 α -k 0 = 2 1+2 π 2 ie γ E (p 2 2 ) - Γ(1 -) 1 -1 d cos θ(sin θ) -2 δ p 2 3 + p 2 3 p 2 2 (α -cos θ α 2 -1) = 4π 2 ie γ E Γ(1 -) -p 2 1 -1-(u 2 u 3 ) -(z -z) -1+2 = - 4π 2 i p 2 1 (z -z) + O( ) . (4.19) 
Summary and discussion. We now interpret the results for the cuts of the triangle integral we just computed in terms of the coproduct. The relations eq. (3.16) and eq. (3. [START_REF] Müller-Stach | A Second-Order Differential Equation for the Two-Loop Sunrise Graph with Arbitrary Masses[END_REF] have already been applied to the triangle in section 3.5. For a single cut, we predicted in eq. (3.26) that Cut

p 2 2 T = -Disc p 2 2 T ∼ = (2πi) Θ δ z T . (4.20)
After proper accounting of the prefactors, we see now from the cut result eq. (4.17), from a direct calculation of the discontinuity of eq. ( 4.3) using the definition eq. (3.1), and from the coproduct eq. (4.11), that these three quantities do agree and are each equal to

iπ log 1 -z 1 - z .
For concreteness, we note that in this example Θ = θ(-

p 2 1 )θ(p 2 2 )θ(-p 2 3 ) = θ(-z)θ(z)θ(1-z).
Proceeding to a sequence of two discontinuities, 6 we predicted in eq. (3.28) that

Cut p 2 2 ,p 2 3 T = Disc p 2 2 ,p 2 3 T ∼ = -(2πi) 2 Θ δ z,1-z T . (4.21)
We take the cut result from eq. ( 4. [START_REF] Müller-Stach | A Second-Order Differential Equation for the Two-Loop Sunrise Graph with Arbitrary Masses[END_REF]) and the coproduct entry again from eq. (4.11). The direct discontinuity Disc p 2 3 (Disc p 2 2 T ) can be computed after having obtained the explicit result from the first discontinuity. Again, we find agreement, with the common value 2π 2 .

Here, we have Θ = θ(-

p 2 1 )θ(p 2 2 )θ(p 2 3 ) = θ(-z)θ(z -1).
In later examples we will not give explicit expressions for the Θ, as they are easily deduced from the discussion.

Four-mass box

The four-mass box is also finite in four dimensions, and may in fact be expressed by the same function as the three-mass triangle [START_REF] Usyukina | An Approach to the evaluation of three and four point ladder diagrams[END_REF]. If we label the momenta at the four corners by p 1 , p 2 , p 3 , p 4 , as in fig. 4a, and define s = (p 1 + p 2 ) 2 and t = (p 2 + p 3 ) 2 , then the box in the Euclidean region is given by

B 4m (p 2 1 , p 2 2 , p 2 3 , p 2 4 , s, t) ≡ 1 π 2 d 4 k 1 k 2 (p 2 -k) 2 (p 3 + k) 2 (p 3 + p 4 + k) 2 = -T (p 2 1 p 2 3 , p 2 2 p 2 4 , st) = i st 2 Z - Z P 2 (Z),
where we have introduced variables Z, Z defined as follows:

Z = 1 2 1 + U -V + λ (1, U, V ) and Z = 1 2 1 + U -V -λ (1, U, V ) .
Hence

Z Z = U = p 2 2 p 2 4 st and (1 -Z)(1 -Z) = V = p 2 1 p 2 3
st .

The (1, 1) component of the coproduct is

∆ 1,1 B 4m = i st 1 Z -Z log Z Z ⊗ log 1 -Z 1 - Z + log (1 -Z)(1 -Z) ⊗ log Z Z . (4.22) 
Let us now show how these variables appear naturally in the calculation of cuts. For the box topology, there are two different types of single unitarity cuts: cuts that isolate one vertex (in one of the p 2 i ), and cuts that isolate a pair of vertices (in either the s or the t channels). We will look at one example of each configuration: the cut in the p 2 3 channel and the cut in the s channel.

Following the cutting rules we established in the previous section, and working in D = 4, we have

Cut p 2 3 B 4m =4 d 4 k δ + k 2 δ + (k -p 3 ) 2 (k + p 2 ) 2 (k + p 1 + p 2 ) 2 =4 ∞ 0 da 1 ∞ 0 da 2 δ 1 - i∈S a i d 4 k δ + k 2 δ + (k -p 3 ) 2 ((a 1 + a 2 )k 2 + 2k • η + β 2 ) 2 , (4.23) 
where in the last line we combined the two uncut propagators using Feynman parameters, and we have defined the four-vector η and the invariant β 2 as

η = a 1 p 2 + a 2 (p 1 + p 2 ) , β 2 = a 1 p 2 2 + a 2 s .
Following the Cheng-Wu theorem, since the denominator of the integrand is homogeneous of degree 2 in (a 1 , a 2 ), we may take S to be any nonempty subset of {1, 2}. As far as the integration of the cut loop momentum is concerned, we are in a situation similar to the one of the three-mass triangle, and we thus use a similar parametrization of the momenta,

p 3 = p 2 3 (1, 0, 0 2 ), η = η 2 (α, α 2 -1, 0 2 ), k = (k 0 , |k| cos θ, |k| sin θ 1 2 ),
where now α and η 2 are functions of the Feynman parameters. Using eq. (4.14) for D = 4, the integration over the cut loop momentum can be done easily and we get

Cut p 2 3 B 4m = 2π ∞ 0 da 1 ∞ 0 da 2 δ 1 -i∈S a i p 2 3 η 2 + β 4 + 2β 2 p 3 • η = 2π ∞ 0 da 1 ∞ 0 da 2 δ 1 -i∈S a i a 2 1 p 2 2 t + a 2 2 p 2 4 s + a 1 a 2 st -p 2 1 p 2 3 + p 2 2 p 2 4 . (4.24) 
Choosing S = {2} so that a 2 = 1, and changing variables to y = a 1 As for the three-mass triangle, Z and Z appear naturally in the calculation of the cut of the four-mass box diagram, and it is fair to say that this calculation is simpler than the evaluation of the uncut diagram [START_REF] Usyukina | An Approach to the evaluation of three and four point ladder diagrams[END_REF].

p 2 2 s , Cut p 2 3 B 4m = 2π st ∞ 0 dy 1 (Z + y)( Z + y) = - 2π st 1 Z - Z log Z Z .
The cut in the s-channel can be computed following exactly the same steps. We only quote the result,

Cut s B 4m = 2π st 1 Z -Z log 1 -Z 1 - Z + log Z Z . ( 4 

.26)

Summary and discussion. As expected, we find that both cuts verify the relations we anticipated Cut

p 2 3 B 4m = -Disc p 2 3 B 4m ∼ = (2πi) Θ δ 1-Z B 4m , (4.27) 
and

Cut s B 4m = -Disc s B 4m ∼ = -(2πi) Θ δ Z B 4m + δ 1-Z B 4m . (4.28) 
Multiple cuts also reproduce the expected relation eq. (3.16) with Disc. Indeed, since the functional form is the same as for the three-mass triangle, most of the multiple cuts can be analyzed in exactly the same way. Because the transcendental weight is two, we are limited to a sequence of two discontinuities. This limitation is consistent with the one encountered when considering Cut, as any real-valued cut of all four propagators of the diagram vanishes. Now consider the relations between Disc and δ from eq. (3.19), for a sequence of two channels. In view of the permutation symmetry, we can say without loss of generality that the first cut is in the channel p 2 3 . For the second cut channel, we only need to distinguish two types: p 2 1 , or any of the others. Suppose we choose p 2 2 . Then, the analysis of discontinuities from direct analytic continuation and from the coproduct is exactly the same as in the triangle example. The corresponding cut integral, with three delta functions and one of the original propagators, is shown in fig. 4b and produces the leading singularity.

The truly new kind of multiple cut to consider is the discontinuity of Disc p 2 3 B 4m in the p 2 1 channel, shown in fig. 4c. In a region where p 2 1 , p 2 3 > 0, all other invariants are negative, and λ is real-valued, we must have Z/ Z > 0. So, either by considering the discontinuity directly, or from the coproduct, we find

Disc p 2 1 Disc p 2 3 B 4m = 0. (4.29)
Recalling the similarity of the functional form of this box to the triangle example, this calculation is analogous to trying to cut the triangle twice in the same channel. We note that for the box one can set up a cut integral on both the p 2 1 and the p 2 3 channels: cutting on these two channels amounts to replacing all four propagators by delta functions. This is the familiar "quadruple cut" [START_REF] Britto | Generalized unitarity and one-loop amplitudes in N=4 super-Yang-Mills[END_REF], which is evaluated at its complex-valued solutions. Here, however, we are considering iterated unitarity cuts, where real parametrization of the loop momentum is essential. Given that there is no real solution to the simultaneous on shell conditions of the four delta functions, we conclude that the cut integral vanishes, in agreement with eq. (4.29).

Two-mass-hard box

We close this section with the example of the two-mass-hard box, namely a box integral (having massless propagators) with two adjacent external massless legs p 2 1 = p 2 2 = 0, and two massive ones. This example illustrates several features different from the previous examples: because of the massless external legs we cannot work directly in four dimensions and the entire analysis is performed using dimensional regularization. A further feature is that the symbol alphabet will now consist exclusively of linear functions of the invariants (this is in contrast to the previous cases analysed where these were algebraic functions involving a square root). As we will see, despite this apparent simplicity, understanding the relations between Cut, Disc and δ requires some care regarding to the kinematic regions. We comment that the two-mass-hard box analysed here will also be needed for our two-loop calculations that follow, where it appears as a subdiagram in some cuts.

As explained above, because of the infrared divergences of the two-mass-hard box integral, we employ dimensional regularization. The coproduct structure requires that we work order by order in the regularization parameter. We use the result of ref. [START_REF] Bern | Dimensionally regulated pentagon integrals[END_REF], with an additional factor of ie γ E inserted to match our conventions. In the Euclidean region, the box is given by

B 2mh (p 2 3 , p 2 4 , s, t) ≡ e γ E π 2- d 4-2 k 1 k 2 (k + p 2 ) 2 (k + p 2 + p 3 ) 2 (k -p 1 ) 2 = i st 2 + i st log(-p 2 3 ) + log(-p 2 4 ) -log(-s) -2 log(-t) - i 12st π 2 -6 log 2 (-p 2 
3 ) -12 log(-p 2 3 ) log(-p 2 4 ) -6 log 2 (-p 2 4 ) + 12 log(-p 2 3 ) log(-s) + 12 log(-p 2 4 ) log(-s) -6 log 2 (-s) + 24 log(-p 2 3 ) log(-t) + 24 log(-p 2 4 ) log(-t)

-24 log(-s) log(-t) -24 log 2 (-t) -24Li 2 1 - t p 2 3 -24Li 2 1 - t p 2 4 + O( ) , (4.30) 
where s = (p 1 + p 2 ) 2 and t = (p 2 + p 3 ) 2 . In the following equations, we drop the O( ) terms. The coproduct is evaluated order by order in the Laurent expansion in . At order 1/ 2 , it is trivial and there is clearly no discontinuity. At order 1/ , the coproduct is simply the function itself,

∆ 1 B 2mh 1/ = i st log(-p 2 3 ) + log(-p 2 4 ) -log(-s) -2 log(-t) . (4.31)
At order 0 , we are interested in the ∆ 1,1 term of the coproduct, which is given by Up to order O( ), the symbol alphabet can then be chosen to be

∆ 1,1 B 2mh 0 = i st log(-p 2 3 ) ⊗ log(-p 2 4 ) + log(-p 2 4 ) ⊗ log(-p 2 3 ) -log(-p 2 3 ) ⊗ log(-s) -log(-s) ⊗ log(-p 2 3 ) -2 log(-p 2 3 ) ⊗ log(-t) -2 log(-t) ⊗ log(-p 2 3 ) -2 log t p 2 3 ⊗ log 1 - t p 2 3 + log(-p 2 3 ) ⊗ log(-p 2 3 ) -log(-p 2 4 ) ⊗ log(-s) -log(-s) ⊗ log(-p 2 4 ) -2 log(-p 2 4 ) ⊗ log(-t) -2 log(-t) ⊗ log(-p 2 
A 2mh = p 2 3 , p 2 4 , t, s, t -p 2 3 , t -p 2 4 . (4.33) 
Discontinuity in the t-channel. The discontinuity of B 2mh in the t-channel, with t > 0 and all other invariants negative, can be straightforwardly computed according to the definition (3.1) starting with the expression for the function B 2mh in (4.30), obtaining:

Disc t B 2mh = 4πe γ E r Γ (-p 2 3 ) (-p 2 4 ) t 1+2 (-s) 1+ 1 + log 1 - t p 2 3 + log 1 - t p 2 4 + O( ) = - 4π st 1 + log (-p 2 3 )(-p 2 4 ) (-s)t 2 + log 1 - t p 2 3 + log 1 - t p 2 4 + O( ) . (4.34) 
Considering instead the coproduct relation (3.19) and using the coproduct entry given in eq. (4.32), we find

δ t B 2mh ∼ = i st - 2 -2 log(-p 2 3 ) -2 log 1 - t p 2 3 -2 log(-p 2 4 ) -2 log 1 - t p 2 4 + 2 log(-s) + 4 log(-t) + O( ) , (4.35) 
and thus Disc t B 2mh ∼ = -2πi Θ δ t B 2mh , as expected.

Sequential discontinuities. Since the two-mass-hard box has four momentum channels, there are six pairs to consider as sequential discontinuities. Cutting any of the pairs of channels (s, p 2 3 ), (s, p 2 4 ), or (p 2 3 , p 2 4 ) cuts the same set of three propagators, as shown in fig. 5a, and gives the leading singularity. The result of the integral (in the respective kinematic regions) is -4π 2 i/(st), which matches the value computed from the coproduct, eq. (4.35), or the direct evaluation of discontinuities. Let us now consider the sequential discontinuities on the channel pair (t, p 2 i ), where i = 3 or 4. For concreteness we focus on the case i = 4. We first discuss the relation of the discontinuity to the coproduct as in eq. (3.19); finally we will verify that the result is consistent with the iterated cut integral in the region where the latter is defined.

Specializing (3.19) to the case of interest, we have

Disc t,p 2 4 ;R 2 B 2mh = Θ (x 1 ,x 2 )∈A 2 2mh a 1 (t, x 1 )a 2 (p 2 4 , x 2 )δ x 1 ,x 2 B 2mh , (4.36) 
where R 1 is the region where t > 0 and p 2 4 < 0 and R 2 is the one where both t > 0 and p 2 4 > 0. The relevant letters for x 1 can a priori be t and tp 2 i , however, by the first entry condition we know that δ t-p 2 i B 2mh = 0 so we only need to consider x 1 = t. We find: 

a 1 (t, t) = Disc t;t>0 log(-t -i0) = -2πi ( 
;R 2 B 2mh = -(2πi) 2 θ(p 2 4 -t)δ t,t-p 2 4 B 2mh = - 8π 2 i st θ(p 2 4 -t) . (4.39) 
Next consider the sequential discontinuity in the reverse order:

Disc p 2 4 ,t;R 2 B 2mh = Θ (x 1 ,x 2 )∈A 2 2mh a 1 (p 2 4 , x 1 )a 2 (t, x 2 )δ x 1 ,x 2 B 2mh , (4.40)
where R 1 is now the region where p 2 4 > 0 and t < 0 and R 2 is the one where both t > 0 and p 2 4 > 0. Taking into account the first entry condition, there is only one relevant letter for the first discontinuity: x 1 = p 2 4 , and we find:

a 1 (p 2 4 , p 2 4 ) = Disc p 2 4 ;p 2 4 >0 log(-p 2 4 -i0) = -2πi . (4.41)
For the second discontinuity x 2 can either be t or tp 2 i for i = 3 and 4. ). This cut involves an on-shell massless three-point vertex, as shown in fig. 5, diagrams (b) and(c). It is well known that this vertex, considered in real Minkowski space, requires collinear momenta. Let us see how this property manifests itself in the computation of the cut integral. Parametrize the loop momentum in fig. 5b by = xp 1 + yp 2 + w q, where q is integrated over all values satisfying q 2 = -1 and q • p i = 0 for i = 1, 2. Then

a 2 (t, t) = Disc t;R 2 log(-t + i0) = 2πi a 2 (t, t -p 2 i ) = Disc t;R 2 log(p 2 i -t + i0) = 2πi θ(t -p 2 i ) . ( 4 
d D δ( 2 ) δ(( -p 2 ) 2 ) f ( ) = s 2 dx dy w D-3 dw dΩ D-3 δ(xys -w 2 ) δ((x(y -1)s -w 2 ) f ( ) = 1 4 dy dΩ D-3 dw δ(w) w D-4 f ( ).
The delta functions set x = w = 0, so that = yp 2 , which is the familiar collinearity condition. For It should be emphasized that this result is in fact only valid for t > p 2 4 , which is consistent with real external momenta (the complimentary region is unphysical; it can only be realized for complex external momenta).

Given that the iterated cut Cut p 2 4 ,t is only defined for t > p 2 4 , where it was shown to vanish identically, and the discontinuities (4.39) and (4.43) also vanish in that region, we have verified that

Cut p 2 4 ,t B 2mh = Disc p 2 4 ,t B 2mh = -(2πi) 2 Θ δ p 2 4 ,t B 2mh + δ p 2 4 ,t-p 2 4 B 2mh = 0 . (4.46)
Exactly the same conclusion holds for the double discontinuity on p 2 3 and t. Finally, a comment is due concerning the channel pair (s, t). This double discontinuity is excluded because the cuts cross in the sense described in the cutting rules of the previous section. Indeed the relation between Cut and Disc does not apply for crossed cuts because the second Disc operation would not have an unambiguous iε prescription. Note however that in the coproduct, eq. (4.32), there are terms proportional to log(-s) ⊗ log(-t) and log(-t)⊗log(-s). If we were to compute the cut integral, it would be zero, not only because of the on-shell three-point vertices, but also because there is no real-valued momentum solution for any box with all four propagators on shell, even in D = 4.

We have seen that iterated cut integrals, sequential discontinuities, and entries of coproducts agree in the appropriate kinematical region also in the case of dimensionally regularized infrared-divergent Feynman integrals. An important consequence is that onshell three-point vertices force cut integrals to vanish. Having illustrated the relations of the previous section in a variety of one-loop examples we are now ready to proceed and study a more involved two-loop example.

Unitarity cuts at two loops: the three-point ladder diagram

The two-loop, three-point, three-mass ladder diagram with massless internal lines, fig. 6, is finite in four dimensions [START_REF] Usyukina | An Approach to the evaluation of three and four point ladder diagrams[END_REF]. In terms of the variables z, z defined in eq. ( 4.4), it is given by a remarkably simple expression:

T L (p 2 1 , p 2 2 , p 2 3 ) ≡ - i π 4 d 4 k 1 d 4 k 2 1 k 2 1 (p 3 -k 1 ) 2 (k 1 + p 1 ) 2 k 2 2 (p 3 -k 2 ) 2 (k 1 -k 2 ) 2 = i p 2 1 -2 1 (1 -z)(1 -z)(z -z) F (z, z) , (5.1) 
where we have defined the pure function

F (z, z) =6 Li 4 (z) -Li 4 (z) -3 log (z z) Li 3 (z) -Li 3 (z) + 1 2 log 2 (z z) Li 2 (z) -Li 2 (z) . (5.2)
Because the two-loop three-point ladder in four dimensions is given by weight four functions, its coproduct structure is much richer than the one-loop cases of the preceding section. Since one of our goals is to match the entries in the coproduct to the cuts of the integral, we list below for later reference all the relevant components of the coproduct, of the form ∆ 1, . . . , 1 k times

,n-k . We have

∆ 1,3 (F (z, z)) = log(z z) ⊗ [-3 Li 3 (z) + 3 Li 3 (z) + log(z z) (Li 2 (z) -Li 2 (z))] + log((1 -z)(1 -z)) ⊗ 1 2 log z log z log z z , (5.3) ∆ 1,1,2 (F (z, z)) = log((1 -z)(1 -z)) ⊗ log z ⊗ log z log z - 1 2 log 2 z -log((1 -z)(1 -z)) ⊗ log z ⊗ log z log z - 1 2 log 2 z -log(z z) ⊗ log(1 -z) ⊗ log z log z - 1 2 log 2 z + log(z z) ⊗ log(1 -z) ⊗ log z log z - 1 2 log 2 z + log(z z) ⊗ log(z z) ⊗ [Li 2 (z) -Li 2 (z)] ,
(5.4)

∆ 1,1,1,1 (F (z, z)) = log((1 -z)(1 -z)) ⊗ log z z ⊗ (log z ⊗ log z + log z ⊗ log z) -log((1 -z)(1 -z)) ⊗ log z ⊗ log z ⊗ log z + log((1 -z)(1 -z)) ⊗ log z ⊗ log z ⊗ log z + log(z z) ⊗ log 1 - z 1 -z ⊗ log z ⊗ log z + log(z z) ⊗ log 1 - z 1 -z ⊗ log z ⊗ log z -log(z z) ⊗ log(1 -z) ⊗ log z ⊗ log z + log(z z) ⊗ log(1 -z) ⊗ log z ⊗ log z -log(z z) ⊗ log(z z) ⊗ log(1 -z) ⊗ log z + log(z z) ⊗ log(z z) ⊗ log(1 -z) ⊗ log z . (5.5)
Notice that the first entry of ∆ 1,1,1,1 is (the logarithm of) a Mandelstam invariant, in agreement with the first entry condition.

In the rest of this section we evaluate the standard unitarity cuts of the ladder graph of fig. 6, which give the discontinuities across branch cuts of Mandelstam invariants in the time-like region. Our goal is, first, to relate these cuts to specific terms of ∆ 1,3 of

T L (p 2 1 , p 2 2 , p 2 
3 ), and, in the following section, to take cuts of these cuts and relate them to ∆ 1,1,2 .

In contrast to the one-loop case, individual cut diagrams are infrared divergent. Again, we choose to use dimensional regularization. Even though

T L (p 2 1 , p 2 2 , p 2 
3 ) is finite in D = 4 dimensions, its unitarity cuts need to be computed in

D = 4-2 dimensions. The finiteness of T L (p 2 1 , p 2 2 , p 2 
3 ) for = 0 imposes cancellations between -poles of individual cut diagrams. These cancellations can be understood in the same way as the cancellation of infrared singularities between real and virtual corrections in scattering cross sections.

The cut diagrams will be computed in the region R * , where z = z * and all the Mandelstam invariants are timelike. This restriction is consistent with the physical picture of amplitudes having branch cuts in the timelike region of their invariants. When comparing the results of cuts with δ, but particularly with Disc, we will be careful to analytically continue our result to the region where only the cut invariant is positive, as this is where Cut is to be compared with Disc.

Before we start computing the cut integrals, we briefly outline our approach to these calculations. We will compute the cuts of this two-loop diagram by integrating first over a carefully chosen one-loop subdiagram, with a carefully chosen parametrization of the internal propagators. We make our choices according to the following rules, which were designed to simplify the calculations as much as possible:

• Always work in the center of mass frame of the cut channel p 2 i . The momentum p i is taken to have positive energy.

• The routing of the loop momentum k 1 is such that k 1 is the momentum of a propagator, and there is either a propagator with momentum (p ik 1 ) or a subdiagram with (p ik 1 ) 2 as one of its Mandelstam invariants.

• The propagator with momentum k 1 is always cut.

• Whenever possible, the propagator with momentum (p ik 1 ) is cut.

• Subdiagrams are chosen so to avoid the square root of the Källén function as their leading singularity. This is always possible for this ladder diagram.

These rules, together with the parametrization of the momenta (5.6) where θ ∈ [0, π], |k 1 | > 0, and 1 D-2 ranges over unit vectors in the dimensions transverse to p i and p j , make the calculation of these cuts particularly simple. It is easy to show that

p i = p 2 i (1, 0, 0 D-2 ), p j = p 2 j α, α 2 -1, 0 D-2 , k 1 = (k 1,0 , |k 1 | cos θ, |k 1 | sin θ 1 D-2 ),
α p 2 i p 2 j = p 2 l -p 2 i -p 2 j 2 and p 2 i p 2 j α 2 -1 = 1 2 λ(p 2 i , p 2 j , p 2 l ) .
(5.7)

The changes of variables

cos θ = 2x -1 and k 1,0 = p 2 i 2 y , (5.8) 
are also useful (the y variable is useful mainly when (p ik 1 ) is not cut).

Unitarity cut in the p 2 3 channel

We present the computation of the cuts in the p 2 3 channel in some detail, in order to illustrate our techniques for the evaluation of cut diagrams outlined above. We follow the conventions of appendix A. We then collect the different contributions and check the cancellation of divergent pieces and the agreement with the term δ 1-z F (z, z) in eq. ( 5.3) as predicted in eq. (3.29c). There are four cuts contributing to this channel,

p 1 p 2 p 3 k 1 k 2 p 1 + k 1 p 3 -k 1 p 3 -k 2 k 2 -k 1 (a) Cut [45] p 1 p 2 p 3 k 2 k 1 p 1 -k 2 k 1 + k 2 p 3 + k 2 p 3 -k 1 (b) Cut [12]
Cut p 2 3 T L (p 2 1 , p 2 2 , p 2 3 ) = Cut p 2 3 ,[45] + Cut p 2 3 ,[12] + Cut p 2 3 ,[234] + Cut p 2 3 ,[135] T L (p 2 1 , p 2 2 , p 2 
3 ) , (5.9)

and our aim is to show that

Cut p 2 3 T L (p 2 1 , p 2 2 , p 2 3 ) = -Disc p 2 3 T L (p 2 1 , p 2 2 , p 2 3 ) ∼ = -Θ 2π p 4 1 1 (1 -z)(1 -z)(z -z) δ 1-z F (z, z).
(5.10)

Two-particle cuts.

There are two two-particle cut diagrams contributing to the

p 2 3 - channel unitarity cut, Cut p 2 3 ,[45] T L (p 2 1 , p 2 2 , p 2 3 ) and Cut p 2 3 ,[12] T L (p 2 1 , p 2 2 , p 2 
3 ), shown in fig. 7. We start by considering the diagram in fig. 7a, which is very simple to compute because the cut completely factorizes the two loop momentum integrations into a one-mass triangle and the cut of a three-mass triangle:

Cut p 2 3 ,[45],R * T L (p 2 1 , p 2 2 , p 2 3 ) = -i e γ E π 2- d 4-2 k 1 (2π) 2 δ k 2 1 δ (p 3 -k 1 ) 2 (k 1 + p 1 ) 2 -iε × e γ E π 2- d 4-2 k 2 1 k 2 2 + iε 1 (p 3 -k 2 ) 2 + iε 1 (k 1 -k 2 ) 2 + iε =i T 1m (p 2 3 ) Cut p 2 3 ,R * T (p 2 1 , p 2 2 , p 2 3 ) . (5.11) 
We substitute the following expressions for the one-loop integrals, which we have compiled in appendix B,

Cut p 2 3 ,R * T (p 2 1 , p 2 2 , p 2 3 ) = -2π e γ E Γ(1 -) Γ(2 -2 ) (p 2 1 ) -1-u - 3 z 2 F 1 1, 1 -; 2 -2 ; z - z z , T 1m (p 2 3 ) = ic Γ 1 2 (-p 2 1 ) -1-α -1- 13 = ic Γ 1 2 (e -iπ p 2 1 ) -1-α -1-

13

, where we have used p 2 1 = p 2 1 + iε to correctly identify the minus sign associated with p 2 1 in this region where p 2 1 > 0. As expected, the result is divergent for → 0: the origin of the divergent terms is the one-loop one-mass triangle subdiagram. Expanding up to O( ), we get

Cut p 2 3 ,[45],R * T L (p 2 1 , p 2 2 , p 2 3 ) = i (p 2 1 ) -2-2 (1 -z)(1 -z)(z -z) 1 2 f (-2) [45] (z, z) + 1 f ( -1) 
[45] (z, z) + f (0) [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] (z, z) + O( ) .

(5.12)

Expressions for the coefficients f (i) [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] (z, z) are given in appendix C. We now go on to fig. 7b. We can see diagrammatically that the integration over k 2 is the (complex-conjugated) two-mass-hard box we have already studied in section 4.3, with masses p 2 1 and p 2 2 . More precisely, we have

Cut p 2 3 ,[12],R * T L (p 2 1 , p 2 2 , p 2 3 ) = e γ E π 2-i d 4-2 k 1 (2π) 2 δ k 2 1 δ (p 3 -k 1 ) 2 B 2mh † (p 2 1 , p 2 2 ; p 2 3 , (p 1 + k 1 ) 2 ) . (5.13) 
To proceed, we parametrize the momenta as in eq. (5.6), with (i, j) = (3, 1). Then, we rewrite the momentum integration as

e γ E π 2- d 4-2 k 1 (2π) 2 δ k 2 1 δ (p 3 -k 1 ) 2 = = 4π Γ(1 -) dk 1,0 d |k 1 | 2 |k 1 | 1-2 δ(k 2 1,0 -|k 1 | 2 )δ(p 2 3 -2p 3 • k 1 ) 1 -1 d cos θ(1 -cos 2 θ) -.
The two delta functions allow us to trivially perform the k 1,0 and |k 1 | integrations. For the remaining integral, it is useful to change variables to cos θ = 2x -1, as in eq. (5.8), and we get,

(p 1 + k 1 ) 2 = p 2 1 (z -x(z -z)) . We finally have Cut p 2 3 ,[12],R * T L (p 2 1 , p 2 2 , p 2 3 ) = 2π c Γ Γ(1 -) (p 2 1 ) -2-2 e -iπ u 2 u -1-2 3 1 0 dx x -(1 -x) - (z -x(z -z)) 1+2 × 1 2 + 2Li 2 (1 -z + x(z -z)) + 2Li 2 1 - z -x(z -z) z z + O( ) . (5.14) 
The factor e -iπ was determined according to the iε prescription of the invariants. After expansion in , all the integrals above are simple to evaluate in terms of multiple polylogarithms. We write this expression as: and give the expressions for the coefficients f (i) [START_REF] Britto | Integral coefficients for one-loop amplitudes[END_REF] (z, z) in appendix C.

Cut p 2 3 ,[12],R * T L (p 2 1 , p 2 2 , p 2 3 ) = i (p 2 1 ) -2-2 (1 -z)(1 -z)(z -z) 1 2 f (-2) [12] (z, z) + 1 f (-1) [12] (z, z) + f (0) [12] (z, z) + O( ) , (5.15) 
p 1 p 2 p 3 k 1 p 3 -k 1 p 2 + k 1 k 2 p 3 -k 1 -k 2 k 1 + k 2 (a) Cut [234] p 1 p 2 p 3 k 1 k 2 k 1 + k 2 p 1 + k 1 p 3 -k 1 p 3 -k 1 -k 2 (b) Cut [135]
Three-particle cuts. There are two three-particle cut diagrams that contribute to the p 2 3 -channel unitarity cut, Cut

p 2 3 ,[234] T L (p 2 1 , p 2 2 , p 2 3 ) and Cut p 2 3 ,[135] T L (p 2 1 , p 2 2 , p 2 
3 ), shown in fig. 8. As these two cuts are very similar, we only present the details for the computation of the cut in fig. 8a, and simply quote the result for fig. 8b. In both cases, we note that the integration over k 2 is the cut in the (p 3k 1 ) 2 -channel of a two-mass one-loop triangle, with masses p 2 3 and (p 3k 1 ) 2 . More precisely, for the cut in fig. 8a we have

Cut p 2 3 ,[234],R * T L (p 2 1 , p 2 2 , p 2 3 ) = e γ E π 2- d 4-2 k 1 (2π)δ k 2 1 1 (p 2 + k 1 ) 2 -iε 1 (p 3 -k 1 ) 2 -iε ×Cut (p 3 -k 1 ) 2 T 2m (p 2 3 , (p 3 -k 1 ) 2 ) . (5.16) 
We take the result for the cut of the two mass triangle given in appendix B and insert it into eq. (5.16),

Cut p 2 3 ,[234],R * T L (p 2 1 , p 2 2 , p 2 3 ) = (2π) 2 e 2γ E π 2- Γ(1 -) Γ(1 -2 ) d 4-2 k 1 δ k 2 1 (p 2 + k 1 ) 2 θ (p 3 -k 1 ) 2 2p 3 • k 1 × 1 (p 3 -k 1 ) 2 1+ θ(k 1,0 ) , (5.17) 
where we have used the δ-function to set k 2 1 = 0, and we have dropped the ±iε. We have included the θ-functions because the cut of the two-mass triangle is only nonzero when the (p 3k 1 ) 2 -channel is positive. It is also important to recall that the positive energy flow across the cut requires k 1,0 > 0, so we have included this θ-function explicitly. We use the parametrization of eq. (5.6), with (i, j) = (3, 2) and both changes of variables in eq. (5.8), since the propagator with momentum (p 3k 1 ) is not cut. The two conditions imposed by the θ-functions imply that 0 ≤ y ≤ 1 .

(

where

δ p 2 2 F (z, z) = δ z F (z, z) , δ p 2 3 F (z, z) = δ 1-z F (z, z) , δ p 2 1 F (z, z) = -δ z F (z, z) -δ 1-z F (z, z) . (5.42) Explicitly, (-2πi)δ p 2 1 T L = - 2π(p 2 1 ) -2 (1 -z)(1 -z)(z -z) 3 Li 3 (z) -Li 3 (z) + log(-z z) Li 2 (z) -Li 2 (z) + 1 2 log z log z log z z , (5.43) 
which agrees with Disc p 2 1 T L from eq. (5.41) modulo π 2 .

Sequence of unitarity cuts

In the previous section we gave a diagrammatic interpretation of the δ z F (z, z) and δ 1-z F (z, z) terms of eq. ( 5.3) as unitarity cuts in p 2 2 and p 2 3 respectively. In this section we will take sequences of two unitarity cuts as defined in section 3.2 and match the result to entries of the coproduct as predicted in eqs. (3.30).

Unlike the single unitarity cuts, which could be computed in the kinematic region R * where √ λ is imaginary and thus z = z * , and then analytically continued back to the region in which Disc is evaluated, the calculation of double unitarity cuts (in real kinematics) has to be done in the region where z, z and √ λ are real in order to get a nonzero result. Moreover, we must work in the specific region in terms of z and z corresponding to positive cut invariants and negative uncut invariant.

We focus on the cases of Cut p 2 3 ,p 2 1 and Cut p 2 2 ,p 2 1 . We present our method to evaluate the necessary cuts. We check that we indeed reproduce the expected terms of the coproduct and satisfy the relations (3.30) that we expect, so that the relations (3.16) and (3.19) among Disc, Cut, and the coproduct components hold. We stress that the fact that we reproduce the expected relations between Disc, Cut and the coproduct components is a highly nontrivial check on the consistency of the extended cutting rules of section 3.2. In particular, we see that the restriction to real kinematics is justified. We observe that, unlike for the case of single unitarity cuts, it is insufficient to define cut diagrams only through the set of propagators that go on shell, as the results for the integrals strongly depend on the phase space boundaries which are specified by the correct choice of kinematic region. Finally, we comment on the triple discontinuity of the ladder.

Double unitarity cuts

In this section we describe the computation of the sequences of two unitarity cuts corresponding to Cut p 2 1 • Cut p 2 3 and Cut p 2 1 • Cut p 2 2 ; see fig. 11 and fig. 12. All the cut integrals can be computed following similar techniques as the ones outlined in section 5, so we will be brief and only comment on some special features of the computation. Details on how to compute the integrals can be found in appendix D.1, and the explicit results for all the cuts in fig. 11 First, we note that, since we are dealing with sequences of unitarity cuts, the cut diagrams correspond to the extended cutting rules introduced in section 3.2. In particular, in section 3.2 we argued that cut diagrams with crossed cuts should be discarded, and such diagrams are therefore not taken into account in our computation. (In this example, all possible crossed cut diagrams would vanish anyway, for the reason given next.)

1 p 2 p 3 k 1 p 1 -k 1 p 3 + k 1 k 2 k 1 + k 2 p 3 -k 2 (a) Cut [456] p 1 p 2 p 3 k 2 p 3 -k 2 k 1 + k 2 p 3 + k 1 k 1 p 1 -k 1 (b) Cut [1256] p 1 p 2 p 3 k 1 p 3 -k 1 k 2 k 1 + k 2 p 1 -k 2 p 3 + k 2 (c) Cut [1236] p 1 p 2 p 3 p 3 -k 1 -k 2 k 2 k 1 + k 2 k 1 p3 -k1 p 2 + k 1 (d) Cut [2346] p 1 p 2 p 3 (e) Cut [23456] p 1 p 2 p 3 p 1 + k 2 p 3 -k 1 -k 2 k 1 + k 2 p 2 + k 1 p 1 -k 1 k 1 (f) Cut [1356]
Second, some of the cut integrals vanish because of energy-momentum constraints. Indeed the cut in fig. 11e vanishes in real kinematics because it contains a three-point vertex where all the connected legs are massless and on shell. Hence, the cut diagram cannot satisfy energy momentum conservation in real kinematics with D > 4 (recall the example of the two-mass-hard box). We will set this diagram to zero, and we observe a posteriori that this is consistent with the other results, again supporting our approach of working in real kinematics.

We make one further remark on kinematic restrictions. Recall that the generalized cutting rules allow for all possible directions of energy flow across each cut (as illustrated in fig. 1 for the triangle). In this example of the ladder cut in channels p 2 1 and p 2 3 , all diagrams except fig. 11b would vanish if the energy components of p 1 and p 3 had the same sign. However, it follows from the conditions of the cut region (p 2 1 , p 2 3 > 0, p 2 2 < 0), in real kinematics, that the energy components of p 1 and p 3 must have opposite signs. Thus we will find that we always have nonvanishing contributions from all diagrams except fig. 11e.

p 1 p 2 p 3 k 2 p 3 + k 2 p 1 + k 1 p 2 -k 1 -k 2 p 2 -k 1 k 1 (a) Cut [456] p 1 p 2 p 3 p 1 + k 1 k 1 k 2 p 3 -k 2 p 1 + k 1 + k 2 p 2 -k 1 (b) Cut [2346] p 1 p 2 p 3 k 1 p 1 -k 1 p 2 + k 1 -k 2 p 3 + k 2 k 2 p 2 + k 1 (c) Cut [1356] p 1 p 2 p 3 k 1 p 3 + k 1 p 1 -k 1 + k 2 p 2 -k 2 p 1 + k 2 k 2 (d) Cut [1236]
It is important to be aware of these types of restrictions on the existence of the cut region, since they do not necessarily show up explicitly in the cut integrals.

Let us now focus on the cuts that do not vanish. As we mentioned previously, the cuts are computed by integrating over carefully chosen one-loop subdiagrams. In particular, for simplicity we avoid integrating over three-mass triangles, cut or uncut, because the leading singularity of this diagram is the square root of the Källén function, which leads to integrands that are not directly integrable using the tools developed for multiple polylogarithms. In Tables 2 and3 we summarize the preferred choices of subdiagrams for the first loop integration. We observe that it is insufficient to define a cut integral by the subset of propagators that are cut. Indeed, some cut integrals in the two tables have the same cut propagators, but are computed in different kinematic regions due to the rules of section 3, leading to very different results. 9Finally, depending on the cut integral and the kinematic region where the cut is computed, the integrands might become divergent at specific points, and we need to make sense of these divergences to perform the integrals. In the case where the integral develops an end-point singularity, we explicitly subtract the divergence before expanding in , using the technique known as the plus prescription. For example, if g(y, ) is regular for all y ∈ [0, 1], then, for < 0, we have:

1 0 dy g(y, ) (1 -y) 1+ = g(1, ) + 1 0 dy g(y, ) -g(1, ) (1 -y) 1+ . (6.1)
its discontinuities and cut integrals. While these results are interesting in their own right, in this section we take a step further and put them to use: we present several ways of using the knowledge of (sequences of) cut integrals to reconstruct the original Feynman integral based on the knowledge of its cuts.

It is obvious from the first entry condition that if all cuts are known, we can immediately write down the coproduct component of weight (1, n-1) of a pure integral of weight n. In particular, for the one-and two-loop triangle integrals investigated in previous sections, we immediately obtain

∆ 1,1 (T (z, z)) = log(z z) ⊗ δ z T (z, z) + log((1 -z)(1 -z)) ⊗ δ 1-z T (z, z) , ∆ 1,3 (F (z, z)) = log(z z) ⊗ δ z F (z, z) + log((1 -z)(1 -z)) ⊗ δ 1-z F (z, z) , (7.1) 
and the quantities δ z T (z, z), δ 1-z T (z, z), δ z F (z, z) and δ 1-z F (z, z) are directly related to the discontinuities of the integral through eqs. (3.29). These components of the coproduct in term determine the functions T (z, z) and F (z, z) up to terms that vanish when acting with ∆ 1,1 and ∆ 1,3 . We will see how this information can be recovered in the following. Similarly, in eq. (3.30) we have shown how the double discontinuities of the two-loop ladder triangle are related to the entries in the coproduct. We can then immediately write

∆ 1,1,2 (F (z, z)) = (x 1 ,x 2 )∈A 2 log x 1 ⊗ log x 2 ⊗ δ x 1 ,x 2 F (z, z) , (7.2) 
and the values of δ x 1 ,x 2 F (z, z) can be read off from eq. (3.30). 10 Thus, we see that the knowledge of all double discontinuities enables us to immediately write down the answer for the (1,1,2) component of the two-loop ladder triangle. Just as in the case of a single unitarity cut, this component of the coproduct determines F (z, z) up to terms that vanish when acting with ∆ 1,1,2 . In the following, we show how this ambiguity can be lifted. While the previous application is trivial and follows immediately from the first entry condition and the knowledge of the set of variables that can enter the symbol in these particular examples, it is less obvious that we should be able to reconstruct information about the full function by looking at a single unitarity cut, or at a specific sequence of two unitarity cuts. In the rest of this section we give evidence that this is true nevertheless.

The classic tool for determining a Feynman integral from its cuts is the dispersion relation, which expresses a given Feynman integral as the integral of its discontinuity across a certain branch cut. Traditionally used in the context of the study of strongly interacting theories, dispersion relations appear more generally as a consequence of the unitarity of the S-matrix, and of the analytic structure of amplitudes [START_REF] Eden | The Analytic S-Matrix[END_REF]. These relations are valid in perturbation theory, order by order in an expansion of the coupling constant. It was shown in refs. [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF][START_REF] Landau | On analytic properties of vertex parts in quantum field theory[END_REF][START_REF] Remiddi | Dispersion Relations for Feynman Graphs[END_REF] that individual Feynman integrals can also be written as dispersive integrals. The fundamental ingredient in the proof of the existence of this representation is the largest time equation [2], which is also the basis of the cutting rules. In the first part of this section we review dispersion relations for Feynman integrals, illustrating them with the examples of the one-loop three-mass triangle integral and the two-loop three-point three-mass ladder integral.

We then show that, at least in the case of the integrals considered in this paper, we can use the modern Hopf algebraic language to determine the symbol of the integrals from either a single unitarity cut or a single sequence of unitarity cuts. We note however that the reconstructibility procedure presented here works for the full integral, and not for individual terms in the Laurent expansion in . 11 We therefore focus on examples which are finite in four dimensions, so that we can set = 0.

Dispersion relations

Dispersion relations are a prescription for computing an integral from its discontinuity across a branch cut, taking the form 

F (p
provided the integral on the right hand side is well defined, and where for simplicity we assumed ρ(p 2 1 , s, . . .) has no poles in the integration region (if this is not the case, we need to add the contribution of the residues at those poles, as dictated by the residue theorem). Eq. ( 7.3) can be seen as a particular case of eq. (7.4), with r(p 2 i ) = 1. If the integral in eq. (7.3) is not well defined, typically by becoming divergent at some end 11 An example of an IR divergent integral where the reconstructibility of individual terms in the Laurent expansion would fail is the two-mass-hard box: it is clear from eq. (4.34) that a cut in a single channel does not capture all terms of the symbol.

integration is trivial to perform in terms of multiple polylogarithms. The result will already be expressed as a function of the variables in terms of which this diagram is known to be most simply written.

We believe a deeper understanding of the connection between multiple cuts and sequential discontinuities as defined in this paper can provide a way to prove the existence of multiple dispersive representations. We expect they will in turn be useful in the actual calculation of Feynman integrals in cases where more traditional techniques fail.

Reconstructing the coproduct from a single unitarity cut

As discussed above, Feynman diagrams can be fully recovered from unitarity cuts in a given channel through dispersion relations. These relations rely on two ingredients: the discontinuity of a function across a specific branch cut, and the position of that particular branch cut. Given the relations between the (1, n -1) entries of the coproduct, discontinuities, and single unitarity cuts established in previous sections, it is clear that the full information about the Feynman integral is encoded in any one of these entries of the coproduct, since it contains the same information about the function as a dispersive representation. We should thus be able to reconstruct information about the full function by looking at a single cut in a given channel.

For simplicity, we work mainly at the level of the symbol in the rest of this section, keeping in mind that we lose information about terms proportional to π and zeta values in doing so. We will find that this information can easily be recovered in our examples. In a nutshell, we observe that if we combine the first entry condition and the results for the discontinuities with the integrability condition (2.13), we immediately obtain the symbol of the full function. In the following, we illustrate this procedure in the examples of the oneloop triangle and two-loop three-point ladder. Starting from the result for the unitarity cut in a single channel, the procedure to obtain the symbol of the full function can be formulated in terms of a simple algorithm, which involves two steps:

(i) Check if the tensor satisfies the integrability condition, and if not, add the relevant terms required to make the tensor integrable.

(ii) Check if the symbol obtained from the previous step satisfies the first entry condition, and if not, add the relevant terms. Then return to step (i).

We start by illustrating this procedure on the rather simple example of the three-mass triangle of section 4.1. From eq. (4.17), the symbol of the cut on the p 2 2 channel is

1 2 1 -z 1 - z ,
where we emphasize that the rational function is to be interpreted as the symbol of a logarithm. Since we considered a cut in the p 2 2 channel, the first entry condition implies that we need to prepend u 2 = z z to the symbol of the discontinuity. Thus we begin with the tensor 1 2 (z z) ⊗ 1z 1z . We then proceed as follows.

• Step (i): This tensor is not the symbol of a function, as it violates the integrability condition. To satisfy the integrability condition, we need to add the two terms

1 2 (1 -z) ⊗ z - 1 2 (1 -z) ⊗ z .
The full tensor is not the symbol of a Feynman diagram, since the two new terms do not satisfy the first entry condition.

• Step (ii): To satisfy the first entry condition, we add two new terms:

1 2 (1 -z) ⊗ z - 1 2 (1 -z) ⊗ z .
At this stage, the sum of terms obeys the first entry condition and the symbol obeys the integrability condition, so we stop our process.

Putting all the terms together, we obtain

S(T (z, z)) = 1 2 z z ⊗ 1 -z 1 - z + 1 2 (1 -z)(1 -z) ⊗ z z , (7.15) 
which agrees with the symbol of the one-loop three mass triangle in D = 4 dimensions, eq. (4.11). Note that we can easily integrate this symbol to the full function. Indeed, the cut computation has allowed us to determine the symbol, and hence also the symbol alphabet A = {z, z, 1z, 1 -z}. It is well known that the most general class of functions giving rise to this symbol alphabet and satisfying the first entry condition are the single-valued harmonic polylogarithms [START_REF] Brown | Single-valued multiple polylogarithms in one variable[END_REF]. Up to overall normalization, there is a unique single-valued harmonic polylogarithm of weight two that is odd under the exchange of z and z, namely the function P 2 (z) defined in eq. (4.3). We therefore immediately recover the analytic expression for T (z, z) given in Section 4.

While the previous example might seem too simple to be representative, we show next that the same conclusion still holds for the two-loop ladder. In the following we use our knowledge of the cut in the p 2 3 channel, eq. (5.26), and show that we can again reconstruct the symbol of the full integral F (z, z). Combining eq. (5.26) with the first entry condition, we conclude that S(F (z, z)) must contain the following terms:

(1 -z)(1 -z) ⊗ [z ⊗ z ⊗ z + z ⊗ z ⊗ z + z ⊗ z ⊗ z -z ⊗ z ⊗ z -z ⊗ z ⊗ z -z ⊗ z ⊗ z] .
If we follow the same steps as in the one-loop case, we can again reconstruct the symbol of the full function from the knowledge of the symbol of the cut in the p 2 3 channel alone. More precisely, we perform the following operations:

• Step (i): To obey the integrability condition, we must add to the expression above the following eight terms:

+ z ⊗ (1 -z) ⊗ z ⊗ z + z ⊗ z ⊗ (1 -z) ⊗ z + z ⊗ (1 -z) ⊗ z ⊗ z + z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ z ⊗ (1 -z) ⊗ z .
• Step (ii): The terms we just added violate the first entry condition. To restore it we must add eight more terms that combine with the ones above to have Mandelstam invariants in the first entry,

+ z ⊗ (1 -z) ⊗ z ⊗ z + z ⊗ z ⊗ (1 -z) ⊗ z + z ⊗ (1 -z) ⊗ z ⊗ z + z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ (1 -z) ⊗ z ⊗ z -z ⊗ z ⊗ (1 -z) ⊗ z .
• Step (i): The newly added terms violate the integrability condition. To correct it, we must add two new terms,

z ⊗ z ⊗ (1 -z) ⊗ z -z ⊗ z ⊗ (1 -z) ⊗ z .
• Step (ii): We again need to add terms that combine with the two above to have invariants in the first entry,

z ⊗ z ⊗ (1 -z) ⊗ z -z ⊗ z ⊗ (1 -z) ⊗ z .
At this point the symbol satisfies both the first entry and integrability conditions, and we obtain a tensor which agrees with the symbol for F (z, z) in eq. (5.5). Note that we can again easily promote the symbol to the full function. Indeed, the symbol alphabet A = {z, z, 1z, 1 -z} combined with the first entry condition again implies that F (z, z) can be expressed in terms of single-valued harmonic polylogarithms. Taking into account the antisymmetry under exchange of z and z we find that there is a one-parameter family of functions with the correct symbol,

F (z, z) = 6 Li 4 (z) -Li 4 (z) -3 log (z z) Li 3 (z) -Li 3 (z) + 1 2 log 2 (z z) Li 2 (z) -Li 2 (z) + c P 2 (z) , (7.16) 
where c is a real constant (of weight two). This constant can be fixed by explicitly computing the discontinuity of the function F (z, z) in the variable p 2 3 , and imposing that the discontinuity agrees with the result for the cut integral (5.26), i.e., by requiring that (cf. eq. (5.27)),

Disc p 2 3 F (z, z) = i (p 2 1 ) 2 (1 -z)(1 -z)(z -z) Cut p 2 3 ,R 3 T L (p 2 1 , p 2 2 , p 2 
3 ) . (7.17)

It is easy to check that we must have c = 0. Note that if the free parameters in the solution multiply functions that vanish when a discontinuity in a given channel is taken, we can supplement this procedure by considering cuts in other channels. In this way we can fix the initial condition up to a polylogarithmic function that does not have any discontinuities, and must thus be a constant. This constant can easily be fixed by computing the value of the original Feynman integral numerically in a single point. We note that for both examples considered above, the same exercise could have been done using the results for cuts in other channels.

Reconstructing the coproduct from double unitarity cuts

While the possibility of reconstructing the function from a single cut in a given channel might not be surprising, due to the fact that Feynman integrals can be written as dispersive integrals over the discontinuity in a given channel, we show in this section that in this particular case we are able to reconstruct the full answer for ∆ 1,1,2 F from the knowledge of just one sequential double cut, along with the symbol alphabet. Note that ∆ 1,1,2 F is completely equivalent to the symbol S(F ). Indeed, the weight two part of ∆ 1,1,2 F is defined only modulo π, which is precisely the amount of information contained in the symbol.

Assuming that the symbol letters are drawn from the set A = {z, z, 1z, 1 -z}, we can write ∆ 1,1,2 F in the following general form:

∆ 1,1,2 F = (x 1 ,x 2 )∈A 2 log x 1 ⊗ log x 2 ⊗ f x 1 ,x 2 ,
where the f x 1 ,x 2 denote 16 a priori unknown functions of weight two (defined only modulo π 2 ). Imposing the first entry condition and the integrability condition in the first two entries of the coproduct gives the following constraints among the f x 1 ,x 2 :

f z,z = f z,z = f z,z = f z,z , f 1-z,z = f 1-z,z = f z,1-z = f z,1-z , f z,1-z = f z,1-z = f 1-z,z = f 1-z,z , f 1-z,1-z = f 1-z,1-z = f 1-z,1-z = f 1-z,1-z , (7.18) 
which reduces the number of unknown functions to 4. Defining F (z, z) = F (z, z), we must require in addition that F (z, z) = -F (z, z) (because its leading singularity is likewise odd under this exchange), which gives further constraints. For instance,

f 1-z,z = -f1-z,z . (7.19) 
We can thus write

∆ 1,1,2 F = log(z z) ⊗ log(z z) ⊗ f z,z + log((1 -z)(1 -z)) ⊗ log((1 -z)(1 -z)) ⊗ f 1-z,1-z + [log(z z) ⊗ log(1 -z) + log((1 -z)(1 -z)) ⊗ log z] ⊗ f 1-z,z -[log(z z) ⊗ log(1 -z) + log((1 -z)(1 -z)) ⊗ log z] ⊗ f1-z,z . (7.20) 
Notice that up to this stage all the steps are generic: we have not used our knowledge of the functional form of any of the double cuts which determine the f x 1 ,x 2 , but only the knowledge of the set of variables entering its symbol and the antisymmetry of the leading singularity under the exchange of z and z.

We now assume that we know the value of Cut Next, we have to require that eq. (7.20) be integrable in the second and third component. Assuming again that we only consider symbols with letters drawn from the set A ,

Discussion

In this paper we have studied the analytic structure of Feynman integrals revealed by their unitarity cuts. The final objective of our investigation is the reconstruction of Feynman integrals through the knowledge of their cuts. For the class of Feynman integrals with massless propagators that may be expressed in terms of the iterated integrals known as multiple polylogarithms, we have formulated precise relations between discontinuities across their physical branch cuts, their unitarity cuts, and their coproduct. We have proposed that the structure of iterated integrals and their Hopf algebra form a natural framework for constructing Feynman integrals from their cuts. Furthermore, we have presented techniques to be used in the analytic evaluation of cut integrals.

The ultimate advantage of a cut-based computation is that multi-loop cut diagrams reduce to integrals over products of simpler lower-loop integrals with on-shell external legs. Techniques for direct computation of cut integrals in D spacetime dimensions are far less developed than those for ordinary (uncut) loop integrals. A well established technique for the calculation of multi-loop diagrams is the integration over an off-shell subdiagram. This was seen here for cut integrals at the two-loop level, where different cuts were computed using one-loop triangle and box integrals with massless or a limited number of massive external legs. This method has the potential to be applied to more complicated multi-loop and multi-leg cut integrals.

In this paper we took D = 4 -2 -dimensional cuts. This is a necessity when dealing with infrared-divergent cut integrals: notably, individual cuts of (multi-loop) integrals that are themselves finite in four dimensions may be divergent when the internal propagators that are put on shell are massless. The sum of all cuts in a given channel corresponds, according to the largest time equation [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF], to the discontinuity of the uncut integral; given that the latter is finite, one expects complete cancellation of the singularities among the different cuts. This situation was encountered here upon taking unitarity cuts of the two-loop ladder graph, where we saw that the pattern of cancellation is similar to the familiar real-virtual cancellation mechanism in cross sections, although this example does not correspond to a cross section. Understanding this pattern of cancellation is useful for the general program of developing efficient subtraction procedures for infrared singularities, and it would be interesting to explore how this generalizes for other multi-loop integrals.

Taking a step beyond the familiar case of a single unitarity cut, we developed the concept of a sequence of unitarity cuts. To define this notion consistently, we extended the cutting rules of refs. [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF] to accommodate multiple cuts in different channels in an appropriately chosen kinematic region. The cutting rules specify a unique prescription for complex conjugation of certain vertices and propagators, which is dictated by the channels on which cuts are taken. Importantly, the result does not depend on the order in which the cuts are applied. The kinematic region is chosen such that the Mandelstam invariants corresponding to the cut channels are positive, corresponding to timelike kinematics. In its center-of-mass Lorentz frame, this invariant defines the energy flowing through the set of onshell propagators. The energy flow through all these propagators has a consistent direction that is dictated by the external kinematics; for any given propagator, this direction must be consistent with the direction of energy flow assigned to it by any other cut in the sequence. We further exclude crossed cuts, as well as iterated cuts in the same channel since they are not related to discontinuities as computed in this paper. Finally, we restrict ourselves to real kinematics. These cutting rules pass numerous consistency checks and they form a central result of the present paper. In the future, it will of course be interesting to study what information is contained in crossed cuts and in iterated cuts in the same channel, as well as what can be obtained by allowing for complex kinematics. It will also be important to study nonplanar examples, in which it is less obvious how to identify suitable kinematic regions.

Having specified the definition of a sequence of unitarity cuts, we find the following correspondence, which we conjecture to be general, among (a) the sum of all cut diagrams in the channels s 1 , . . . s k , which we denote by Cut s 1 ,...,s k ;

(b) a sequence of discontinuity operations, which we denote by Disc s 1 ,...,s k ;

(c) the weight nk cofactors of the terms in the coproduct of the form ∆ 1,1,...,1,n-k , where each of the k weight one entries of a specific term in ∆ 1,1,...,1,n-k is associated with the s i in a well defined manner.

The correspondence is formulated in eqs. (3.16) and (3.19). We illustrated it using the three-mass triangle and the two-loop three-point ladder examples where one may take up to two sequential cuts with any combination of channels, obtaining nontrivial results; the relations are summarized by eqs. (3.30). In examples with more loops and legs, we expect that a deeper sequence of unitarity cuts may be attainable. The entries of the symbol (or equivalently of the ∆ 1,...,1,n-k terms in the coproduct) are drawn from a list {x i } of algebraic functions of the Mandelstam invariants, which we have referred to as the symbol alphabet A. These are also the natural variables appearing as arguments of logarithms and polylogarithms in both cut diagrams and the original uncut one. For example, in the two-loop ladder triangle considered through O( 0 ), the alphabet consists of four letters {z, z, 1z, 1 -z} defined in eq. (4.4). The letters in the symbol are the solutions of quadratic equations which emerge upon solving the simultaneous onshell conditions imposed by cuts. Consequently, cuts may be used to identify the relevant variables in terms of which the uncut integral can be most naturally expressed.

Because the arguments of polylogarithms, and equivalently the entries of the coproduct ∆ 1,1,...,1,n-k terms, are not the Mandelstam invariants themselves, while any unitarity cut is defined by a channel that does correspond to a Mandelstam invariant s i , it is not immediately obvious how to formulate the relation to the coproduct, eq. (3.19). Here, we have given a precise correspondence in terms of discontinuities of ordinary logarithms, analytically continued between two kinematic regions corresponding to those before and after the cut in each invariant s i . The iε prescription of x i is inherited from that of s i , and the relation eq. (3.19) is thus precise.

We verified that the expected relations between sequences of cuts, sequences of discontinuities and the relevant terms of the coproduct hold in the cases of the double cut of the one-loop triangle, the four-mass box and the two-mass-hard box. We then explored in detail the much less trivial two-loop three-mass ladder diagram, and also there we found complete agreement with the expected relations.

Given that cut diagrams may be simpler to compute (because they reduce to integrals over products of simpler lower-loop amplitudes) and may identify the most convenient variables, it is natural to ponder whether the result of a cut diagram can be uplifted to obtain the uncut function. In the case of a single unitarity cut, this can always be done through a dispersion relation [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][2][START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF][START_REF] Landau | On analytic properties of vertex parts in quantum field theory[END_REF][START_REF] Remiddi | Dispersion Relations for Feynman Graphs[END_REF]. In the case of a sequence of unitarity cuts, this requires a multiple dispersion relation, and the general conditions for these to exist are not known.

In section 7, we made progress in developing methods for the reconstruction of a Feynman integral from its cuts. Our first observation, considering the reconstruction of the one-loop three-mass triangle from either its single or double cut, was that while dispersion relations may appear as complicated integrals, they become simple when expressed in terms of the symbol alphabet A. The dispersion integral then falls into the class of iterated integrals amenable to Hopf algebra techniques. This is of course consistent with the fact that each dispersion integral is expected to raise the transcendental weight of the function by one: it is the opposite operation to taking the discontinuity of the function across its branch cut. It is clearly important to study this connection between dispersion integrals and iterated polylogarithmic integrals for other examples.

We next presented algebraic ways to reconstruct information about the full function from the knowledge of a single set of cuts, along with the symbol alphabet. This was achieved by using two main constraints: the integrability of the symbol and the first entry condition. More precisely, we showed how to reconstruct the symbol of the full integral from the knowledge of a single unitarity cut in one of the channels. We believe that our approach to reconstruction is valid generally, provided the existence of a dispersive representation of Feynman integrals. We also showed that in the case of the two-loop ladder (and the much simpler one-loop triangle) it is possible to reconstruct all the terms of the ∆ 1,1,2 component of the coproduct, and then the full function, of the uncut integral from the knowledge of a single sequence of double cuts. How general this procedure is is less obvious to us, and it is certainly worth investigating.

Another very intriguing observation based on the examples at hand concerns the connection between the integrability condition of the symbol and the equality of sequences of unitarity cuts in which the order is permuted. As mentioned above, the result of a sequence of unitarity cuts does not depend on the order in which the cuts are applied. Therefore the double cut relations summarized in eqs. . This in turn implies highly nontrivial relations among different ∆ 1,1,2 components; for example the r.h.s. of eq. (3.30a) must be the same as the r.h.s. of eq. (3.30b), and similarly for the other pairs. The crucial observation is that these relations indeed hold owing to the integrability constraints as summarized in eq. (7.18). Note that the latter are based solely on the symbol alphabet and the integrability condition of eq. (2.13). We leave it for future study to determine how general the connection is between integrability and permutation invariance of a sequence of cuts.

In conclusion, we developed new techniques to evaluate cut Feynman integrals and relate these to the original uncut ones. In dealing with complicated multi-loop and multi-leg Feynman integrals there is a marked advantage to computing cuts, where lower-loop information can be systematically put to use. While cut integrals are simpler than uncut ones, they depend on the kinematics through the same variables, the symbol alphabet A, which characterize the analytic structure of the integral. Identifying this alphabet is crucial in relating cuts to terms in the coproduct, and then either integrating the dispersion relation or reconstructing the symbol of the uncut integral algebraically. We have demonstrated that the language of the Hopf algebra of polylogarithms is highly suited for understanding the analytic structure of Feynman integrals and their cuts. Finally, we have shown that there is great potential for computing Feynman integrals by using multiple unitarity cuts, and further work in this direction is in progress.

uncut one-loop triangle with one mass (p 2

3 ) and the double cut of a three-mass triangle, with masses p 2 1 , p 2 2 and p 2 3 , in the channels p 2 1 and p 2 3 .

Cut The integrand has a simple pole inside the integration region. We can still make sense of the integral by keeping track of the iε prescription associated to the propagators and the invariants, and we obtain 

Cut [1256],R
= -4π 2 i e 2γ E Γ(1 -2 ) (p 2 1 ) -2-2 u - 3 1 0 dx x -(1 -x) - (u 3 + z -1 -x(z -z) -iε)(z -1 -x(z -z) -iε) , (D.2)
where in each line we were careful to keep the ±iε prescription associated with propagators and invariants. For ε = 0, the integrand in the last line has poles at 0 < x p ≡ (1z)(-z) zz < 1 and x = z -1 zz < 0 .

While the location of the second pole lies outside the integration region, the first singularity lies inside, and we must hence split the integral into its principle value and imaginary part,

lim ε→0 1 a ± iε = PV 1 a ∓ iπδ(a) .
which is valid in a distribution sense. We then obtain

1 0 dx x -(1 -x) - (u 3 + z -1 -x(z -z) -iε)(z -1 -x(z -z)) = PV 1 0 dx x -(1 -x) - (u 3 + z -1 -x(z -z))(z -1 -x(z -z)) + iπ 1 0 dx x -(1 -x) - (z -1 -x(z -z))
δ(u 3 + z -1x(zz)) .

(D.3)

Both integrals are finite and can easily be performed order by order in in terms of polylogarithms.

Figure 1 :

 1 Figure 1: Sequential cuts of a triangle diagram, whose vertices v are labelled by all possible color sequences (c 1 (v), c 2 (v)) encoding the cuts. Energy flows from 0 to 1 for each cut, giving the restrictions listed below each diagram.

Figure 2 :

 2 Figure 2: An example of crossed cuts, which we do not allow.

Figure 4 :

 4 Figure 4: The four-mass box integral, with pairs of unitarity cuts.

Figure 5 :

 5 Figure 5: Cut integral diagrams for sequential discontinuities of the two-mass-hard box, where legs 1 and 2 have null momenta. Here, we do not need the detailed information of physical cut channels or conjugated Feynman rules, since it makes no difference to the results. (a) Channel pairs (s, p 2 3 ), (s, p 2 4 ), or (p 2 3 , p 2 4 ). (b) Channel pair (t, p 2 3 ). (c) Channel pair (t, p 2 4 ). (d) Channel pair (s, t).

Figure 6 :

 6 Figure 6: Two-loop three-mass ladder.

Figure 7 :

 7 Figure 7: Two-particle cuts in the p 2 3 -channel.

Figure 8 :

 8 Figure 8: Three-particle cuts in the p 2 3 -channel.

  and fig. 12 are given in appendices D.2 and D.3 respectively.
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Figure 11 : 1 •

 111 Figure 11: Cut diagrams contributing to the Cut p 2 1 • Cut p 2 3 sequence of unitarity cuts.

Figure 12 : 1 •

 121 Figure 12: Cut diagrams contributing to the Cut p 2 1 • Cut p 2 2 sequence of unitarity cuts.

p 2 3 ,p 2 2 F

 22 , and thus by eq. (3.30f) we have determined that δ 1-z,z F =log z log z

2 i ,p 2 j= Cut p 2 j ,p 2 i

 2222 (3.30) must satisfy Cut p

π 2 - 2 δ (p 1 + k 1 ) 2 T 1m (p 2 3 )= -4π 2 i c Γ e γ E 2 Γ 3 e(D. 1 )

 221123231 (2π) 3 d 4-2 k 1 δ k 2 1 δ (p 3k 1 ) iπ z -(-z) - (zz) 1-2 .Cut [1256], R 1,3 , fig.11b:

  as computed with eq. (3.1), and the integration contour C goes along that same branch cut. The above relation can be checked using eqs. (3.1) and (6.2).We start with a simple generalisation of the above expression. Let

		2 1 , p 2 2 , . . .) =	1 2πi C	ds s -(p 2 2 + iε)	ρ(p 2 1 , s, . . .) ,	(7.3)
	where				
		ρ(p 2 1 , s, . . .) = Disc p 2 2 F (p 2 1 , p 2 2 , . . .) p 2 2 =s ,
			G(p 2 i ) = r(p 2 i )F (p 2 i ) ,
	where r(p 2 i ) is a rational function of the Mandelstam invariants p 2 i . Then, because G(p 2 i )
	and F (p 2 i ) have the same branch point and branch cut structure, G(p 2 i ) itself has a dispersive
	representation of the form eq. (7.3). This in turn provides an alternative representation
	for F (p 2 i ). Indeed, using that		
	Disc p 2 2 G(p 2 1 , p 2 2 , . . .) = r(p 2 1 , p 2 2 , . . .) Disc p 2 2 F (p 2 1 , p 2 2 , . . .) ,
	one gets:				
	F (p 2 1 , p 2 2 , . . .) =	1 2πi	1 1 , p 2 r(p 2 2 , . . .) C	ds s -(p 2 2 + iε)	r(p 2 1 , s, . . .)ρ(p 2 1 , s, . . .) ,

  1,3 T L (p 2 1 , p 2 2 , p 2 3 ) =i e γ E π 2-(2π) 2 d 4-2 k 1 δ k 2 1 δ (p 1k 1 ) 2 (p 3 + k 1 ) 2iε Cut p 2 3 T 2m p 2 3 , (p 3 + k) 2

	=i	e 2γ E π 2-	Γ(1 -) Γ(1 -2 )	(2π) 3 d 4-2 k	δ k 2 δ (p 1 -k) 2 (p 3 + k) 2 -iε	(p 2	(p 2 3 + iε) -

3 + iε) -((p 3 + k) 2iε)

We allow the polynomials to be constants.

We note, however, that also in that case a rational parametrization has to be determined by independent means.

A similar restriction was proposed in refs.[START_REF] Steinmann | Über den Zusammenhang zwischen den Wightmanfunktionen und der retardierten Kommutatoren[END_REF][START_REF] Steinmann | Wightman-funktionen und retardierten kommutatoren[END_REF][START_REF] Stapp | Inclusive cross-sections are discontinuities[END_REF].

The apparent difference in relative sign between eq. (3.1) and eq. (3.14) is due to an explicit overall factor of i in every diagram, due to the Fourier transform from position to momentum space. Note therefore that eq. (3.1) should not be interpreted as the imaginary part of the function, and is in fact typically real-valued.

We sometimes find it convenient to evaluate the cut integral in a different kinematic region and then perform an analytic continuation back to the region R k .

For one-loop integrals, a three-propagator cut has previously been interpreted as a discontinuity of a diagrammatic unitarity cut. In ref.[START_REF] Ball | Form-factors of semileptonic D decays from QCD sum rules[END_REF], it was used in a double dispersion relation to verify the region of integration in phase space for semileptonic D decay. More recently, in ref.[START_REF] Mastrolia | On Triple-cut of scattering amplitudes[END_REF], a similar interpretation was given, in the spirit of the Feynman Tree Theorem[START_REF] Feynman | Quantum theory of gravitation[END_REF][START_REF] Feynman | Problems in quantizing the gravitational field, and the massless yang-mills field[END_REF][START_REF] Feynman | Closed loop and tree diagrams[END_REF], capitalizing on progress in unitarity methods for one-loop amplitudes.

We comment that for D = 4 exactly one obtains a finite result for the double cut integral: it yields the leading singularity, -4π 2 i/(st).

One might think that the results would be related by analytic continuation, but this is not generally true.

As written, eq.(3.30) gives solutions for four of the sixteen functions, δx 1 ,x 2 F (z, z). The remaining ones can be obtained trivially by imposing the first entry condition, so that δzF (z, z) = δzF (z, z) and δ1-zF (z, z) = δ1-zF (z, z), and by extending the kinematic analysis to regions in which z > z, thus restoring the symmetry of the full function under exchange of z and z.

Acknowledgments

We have benefitted from discussions with Leandro Almeida, Vladimir Braun, Hanna Grönqvist, Gregory Korchemsky, and Edoardo Mirabella. S.A. and C.D. were supported by the Research Executive Agency (REA) of the European Union under the Grant Agreement number PITN-GA-2010-264564 (LHCPhenoNet). S.A. acknowledges support from Fundação para a Ciência e a Tecnologia, Portugal, through a doctoral degree fellowship (SFRH/BD/69342/2010). R.B. was supported in part by the Agence Nationale de la Recherche under grant ANR-09-CEXC-009-01 and is grateful to the BCTP of Bonn University for extensive hospitality in the course of this project. R.B. and C.D. thank the Higgs Centre for Theoretical Physics at the University of Edinburgh for its hospitality. E.G. was supported in part by the STFC grant "Particle Physics at the Tait Institute" and thanks the IPhT of CEA-Saclay for its hospitality.

We then get

(5. [START_REF] Müller-Stach | A Second-Order Differential Equation for the Two-Loop Sunrise Graph with Arbitrary Masses[END_REF] We can now expand the hypergeometric function into a Laurent series in using standard techniques [START_REF] Huber | HypExp 2, Expanding Hypergeometric Functions about Half-Integer Parameters[END_REF], and we then perform the remaining integration order by order. As usual, we write the result in the form

[234] (z, z) + f (0)

[234] (z, z) + O( ) .

(5.20)

The diagram of fig. 8b can be calculated following exactly the same steps, the only difference being that when using the parametrization of eq. (5.6) we have (i, j) = (3, 1). The result is

[135] (z, z) + 1 f

(-1)

[135] (z, z) + f (0)

[135] (z, z) + O( ) .

(5.21)

Explicit expressions for the f (i)

[234] (z, z) and f (i)

[135] (z, z) are given in appendix C.

Summary and discussion. Let us now combine the results for each p 2 3 -channel cut diagram and compare the total with Disc and the relevant terms in the coproduct. We observe the sum is very simple, compared to the expressions for each of the cuts.

Note that, as imposed by the fact that the two-loop ladder is finite in four dimensions, the sum of the divergent terms of each diagram vanishes. In fact, this cancellation happens in a very specific way: the sum of the two-particle cuts cancels with the sum of the threeparticle cuts. If we write f (-2) [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] + f

[45] + f (-1) [12] ≡ f

[234] + f

[234] + f (-1) [135] ≡ f (5.24)

We call the divergent contribution of two particle cuts a virtual contribution because it is associated with divergences of loop diagrams, whereas the divergent contribution of three particle cuts, the real contribution, comes from integrating over a three-particle phase space. This cancellation is similar to the cancellation of infrared divergences for inclusive cross sections, although in this case we are not directly dealing with a cross section, but merely with the unitarity cuts of a single finite Feynman integral. A better understanding of these cancellations might prove useful for the general study of the infrared properties of amplitudes, and it would thus be interesting to understand how it generalizes to other cases.

As expected, the sum of the finite terms does not cancel. We get f (0) [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] (z, z) + f (0) [START_REF] Britto | Integral coefficients for one-loop amplitudes[END_REF] (z, z) + f (0)

[234] (z, z) + f (0)

[135] (z, z) = iπ log z log z log z z .

(5.25)

Since all divergences have cancelled, we can set = 0 and write the cut-derived discontinuity of the integral as

For comparison with Disc, we now analytically continue this result to the region R 3 where only the cut invariant is positive: p 2 3 > 0 and p 2 1 , p 2 2 < 0. In terms of the z and z variables, the region is: z > 1 > z > 0. None of the functions in eq. (5.26) has a branch cut in this region, and thus there is nothing to do for the analytic continuation and the result is valid in this region as it is given above,

3 ) . This is consistent with the expectation that the discontinuity function would be real in the region where only the cut invariant is positive [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF]. The relations with Disc and δ are now easy to verify. As expected, we find,

We can write this equation diagrammatically as 

3 ) entry of the coproduct in eq. ( 5.3) as in eq. (3.29b). Only two cut diagrams contribute to this channel,

3 ) .

(5.28)

The computation of the two cuts diagrams follows the same strategy as before, i.e., we compute the cut of the two-loop diagram by integrating over a carefully chosen one-loop subdiagram.

Computation of the cut diagrams. We start by computing Cut

3 ). As suggested by the momentum routing in fig. 9a, we identify the result of the k 2 integration with the complex conjugate of an uncut two-mass triangle, with masses (p 3 + k 1 ) 2 and p 2 3 :

(5.29)

Using the result for the triangle given in appendix B and proceeding in the same way as with the p 2 3 -channel cuts, we get (setting (i, j) = (2, 3) in eq. (5.6))

3 ) is slightly more complicated. Using the routing of loop momenta of fig. 9b, we look at it as the k 1 -integration over the cut of a three-mass box,

where Cut t B 3m (l 2 2 , l 2 3 , l 2 4 ; s, t) is the t-channel cut of the three-mass box with masses l 2 i , for i ∈ {2, 3, 4}, l 2 1 = 0, s = (l 1 + l 2 ) 2 and t = (l 2 + l 3 ) 2 . In our case:

The result for the t-channel cut of the three-mass box is given in appendix B in the region where the uncut invariants are negative, and t is positive. Since we work in the region where all the p 2 i are positive, some terms in the expression (B.12) need to be analytically continued using the ±iε prescriptions given above. Using eq. (5.6) with (i, j) = (2, 3) and introducing the variables x and y according to eq. (5.8), we have:

Combining everything, Cut

3 ) is given by

Explicit results for f (i) [START_REF] Argeri | Magnus and Dyson Series for Master Integrals[END_REF] (z, z) and f (i)

[136] (z, z) are given in appendix C. 8 Strictly speaking, this analytic continuation is valid for z = z * , with Re(z) < 1. For the case of Re(z) > 1, the factors of iπ are distributed in other ways among the different terms, but the combination of all terms is still the same.

Summary and discussion. Similarly to the p 2 3 -channel cuts, we first analyze the cancellation of the singularities in the sum of the two cuts contributing to the p 2 2 channel, and check the agreement with δ z T L (p 2 1 , p 2 2 , p 2 3 ) given in eq. (5.3). In this case we only have single poles, and we see that the poles cancel, as expected:

[136] (z, z) = 0 .

(5.34)

This cancellation can again be understood as the cancellation between virtual (from cut [START_REF] Argeri | Magnus and Dyson Series for Master Integrals[END_REF]) and real contributions (from cut [136]).

Adding the finite contributions, we find f (0) [START_REF] Argeri | Magnus and Dyson Series for Master Integrals[END_REF] (z, z)+f

Hence, the cut of the two-loop ladder in the p 2 2 channel is

(5.36)

Since this result was computed in the region where all invariants are positive, we now analytically continue to the region R 2 where p 2 2 > 0 and p 2 1 , p 2 3 < 0. For the z and z variables, this corresponds to 1 > z > 0 > z. The analytic continuation of the Li 2 and Li 3 functions is trivial, because their branch cuts lie in the [1, ∞) region of their arguments. However, the continuation of log(z z) needs to be done with some care, since (z z) becomes negative. We can determine the sign of the iε associated with (z z) by noticing that log -

where we associate a -iε to p 2 1 because it is in the complex-conjugated region of the cut diagrams. We thus see that the -iπ term in eq. (5.36) is what we get from the analytic continuation of log (-z ziε) to positive (z z). In region R 2 , we thus have

(5.37)

This agrees with the expectation that the discontinuity function should be real in the region where only the cut invariant is positive [2,[START_REF] Veltman | Diagrammatica: The Path to Feynman rules[END_REF]. Furthermore, we again observe the expected relations with Disc and δ, 

(5.39)

5.3 Unitarity cut in the p 2 1 channel Given the symmetry of the three-point ladder, the cut in the p 2 1 channel shown in fig. 10 can be done in exactly the same way as the p 2 2 channel, so we will be brief in listing the results for completeness.

For the sum of the two cut integrals, the reflection symmetry can be implemented by exchanging p 1 and p 2 in eq. (5.36), along with transforming z → 1/z and z → 1/z. The total cut integral is then

(5.40)

We now analytically continue p 2 2 and p 2 3 to the region R 1 where we should match Disc. In this region, we have z < 0 and z > 1. Similarly to the previous case, we take p 2 2iε to find that log(z ziε) → log(-z z)iπ, and thus

3 ).

(5.41)

In the last line, we have confirmed that the cut result agrees with a direct evaluation of the discontinuity of T L (p 2 1 , p 2 2 , p 2 3 ) in the region R 1 . The δ discontinuity evaluated from the coproduct is simply related to the discontinuities in the p 2 2 and p 2 3 channels. Indeed, we can rewrite eq. (5.3) as The remaining integral is manifestly finite, and we can thus expand in under the integration sign. However, we also encounter integrands which, at first glance, develop simple poles inside the integration region. A careful analysis however reveals that the singularities are shifted into the complex plane due to the Feynman iε prescription for the propagators. As a consequence, the integral develops an imaginary part, which can be extracted by the usual principal value prescription,

where PV denotes the Cauchy principal value, defined by PV 

where g(y) is regular on [0, 1] and y 0 ∈ [0, 1]. Note that the consistency throughout the calculation of the signs of the iε of uncut propagators and subdiagram invariants, as derived from the conventions of the extended cutting rules of section 3.2 (see also appendix A), is a nontrivial consistency check of these cutting rules.

Summary and discussion

Let us now look at explicit results for Cut

and 

Cut two-mass triangle, masses p 2 3 and Comparing with the coproduct in eq. ( 5.4), we verify from these results that the relations (3.16) and (3.19) between Cut and δ, as written in eqs. (3.30), are satisfied. We have confirmed by direct calculation from the original ladder function (5.1) that the Disc operation gives the expect results as well.

Diagrammatically, for the specific cuts considered above, we have

, and,

.

One could wonder about a sequence of three unitarity cuts in the three distinct channels of the ladder. As argued in Section 3.5, the region where one would hope to compute this triple cut has all p 2 i > 0. Since F is only a function of the ratios of the p 2 i , this region is indistinguishable from the Euclidean region, so the triple cut must vanish and contains no nontrivial information on the analytic structure of the function.

From cuts to dispersion relations and coproducts

In previous sections we introduced computational tools to compute cut integrals, and we showed that extended cutting rules in real kinematics lead to consistent results. Furthermore, we argued that the entries in the coproduct of a Feynman integral can be related to point of the integration region, a judicious choice of r(p 2 i ) can in fact be made to find a dispersive representation for F (p 2 i ). These are called subtracted dispersion relations (see e.g. Appendix B in [START_REF] Van Neerven | Dimensional Regularization Of Mass And Infrared Singularities In Two Loop On-Shell Vertex Functions[END_REF] for an example in the context of dispersive representations of Feynman integrals).

In light of the relation between discontinuities and cuts presented in the paper, if F (p 2 1 , p 2 2 , . . .) is a Feynman integral eq. ( 7.4) can also be written as:

.

(7.5) In order to illustrate the use of dispersion relations, we first look at the case of the scalar three-mass triangle. Its p 2 2 -channel cut was computed in eq. ( 4.17), and we recall it here expressed in terms of Mandelstam invariants,

This leads to a dispersive representation for the three-mass triangle of the form (r(p 2 i ) = 1)

.

(7.7) Note that the integration contour runs along the real positive axis: it corresponds to the branch cut for timelike invariants of Feynman integrals with massless internal propagators. Already for this not too complicated diagram we see that the dispersive representation involves a rather complicated integration.

The main difficulty in performing the integral above comes from the square root of the Källén function, whose arguments depend on the integration variable. However, defining x = s/p 2 1 , and introducing variables w and w similar to eq. (4.10), which are are a particular case of the more general eq. (2.17), defined as

or equivalently,

we can rewrite the dispersive integral as,

where the integration region for w and w is deduced from the region where the discontinuity is computed (see, e.g., table 1). Written in this form, the remaining integration is trivial to perform in terms of polylogarithms, and we indeed recover the result of the three-mass triangle, eq. (4.2).

For the three-mass triangle, we can in fact take a second discontinuity and reconstruct the result through a double dispersion relation because the discontinuity function, eq. (7.6), has a dispersive representation itself [START_REF] Cutkosky | Singularities and discontinuities of Feynman amplitudes[END_REF][START_REF] Ball | Form-factors of semileptonic D decays from QCD sum rules[END_REF]. Note that this representation falls outside of what is discussed in ref. [START_REF] Remiddi | Dispersion Relations for Feynman Graphs[END_REF], and we are not aware of a proof of its existence from first principles. The double discontinuity is simply given, up to overall numerical and scale factors, by the inverse of the square root of the Källén function, see eq. (4.19). We obtain

The integral is trivial to perform 12 and leads to the correct result. We now turn to the case of the two-loop ladder. As long as we are using suitable variables, from the point of view of dispersion relations it is trivial to go from the threemass triangle to the two-loop ladder. The only new feature we need to deal with is a more complicated rational prefactor: instead of just having the inverse of the square root of the Källén function, it appears multiplied by 1/u 3 . This makes the dispersive integral over p 2 3 as written in eq. ( 7.3) non convergent. However, we can easily overcome this difficulty by setting r(p 2 i ) = p 2 3 /p 2 1 = u 3 in eq. (7.5). When considering a dispersive integral over p 2 2 this is not necessary for the convergence of the integral, but the same choice of r(p 2 i ) still simplifies the integrand and makes de calculation simpler. Having made this choice, and proceeding as with the three-mass triangle, the remaining integral is trivial to perform in terms of polylogarithms.

As an example, we consider the dispersive integral over p 2 3 :

3 )

where the variables w and w are similar to the ones defined in eq. (7.9) but with x replaced by u 2 and u 3 by y, and we used Cut

3 ) as obtained from eq. (5.26). This integral does indeed reproduce the expected result, eq. (5.1). 12 We have redefined w and w by replacing u3 by y in eq. (7.9). Just as for the single dispersion integral, the integration region is deduced from the region where the double discontinuity is computed, R2,3 in this case. Changing variables to β = 1 w and γ = 1 1-w makes the integral particularly simple to evaluate.

Similarly to the one-loop three-mass triangle, the two-loop three-mass ladder also has a representation as a double dispersive integral. Given the variables we chose to work with it is more convenient to consider the double unitarity cut on p 2 2 and p 2 3 . Using eq. (3.30), with the necessary prefactors as in eq. (5.1),

3 ) = -

from which we get:

)

where we again used r(p 2 i ) = u 3 and exactly the same comments as the ones accompanying eq. ( 7.11) apply. The remaining integrals are trivial to perform, and we indeed recover the correct result, eq. (5.1). As far as we are aware, this is the first time such a representation of the two-loop three-mass ladder has been given.

We see that we can obtain the full result for the one-loop three-mass triangle and the two-loop three-point three-mass ladder from the knowledge of either its single or double cuts. A fundamental ingredient necessary to perform the dispersive integral was the choice of variables in which to write the dispersive integral. While for the one-loop example we studied one might still consider performing the integration in terms of the Mandelstam invariants, for the two-loop ladder this does not seem feasible anymore given the complexity of the expression for the discontinuity in any of the channels when written in terms of the Mandelstam invariants. Choosing the variables of the type given in eq. (7.9), which we showed are naturally found by computing cuts, the increase in complexity in going from the one-loop diagram to the two-loop is not as great as one might naively expect.

We finish with a comment: we believe the dispersive representation for the three-mass triangle provides one of the simplest ways to compute the diagram to any order in the expansion of the dimensional regularization parameter . While we only considered the leading order in eq. (7.10), following the same arguments we could as easily have written

where we used the D-dimensional result for the cut given in eq. (B.6). Integration over w and expansion in on the right hand side commute, and we are left at any order with one integration to perform. The expansion in of the hypergeometric function, although not trivial, has been automatised [START_REF] Huber | HypExp 2, Expanding Hypergeometric Functions about Half-Integer Parameters[END_REF]. Aside from one overall rational prefactor that cancels the one remaining in the integrand, it will only produce polylogarithms and thus the remaining we use eq. ( 7.21) and impose the integrability condition eq. (2.13), and we see that the symbols of the two unknown functions in eq. (7.20) are uniquely fixed,

in agreement with eq. (5.4).

Note that once again we can easily integrate the symbol to the full function by an argument similar to the one presented in Section 7.2: the most general function having the correct symbol is again given by eq. ( 7. [START_REF] Goncharov | Multiple polylogarithms and mixed Tate motives[END_REF]), and the constant c can easily be shown to vanish by requiring the function to have the correct double discontinuity, i.e., by imposing that

We stress that the fact that we can reconstruct ∆ 1,1,2 F from a single sequence of cuts is not related to the specific sequence we chose. For example, if we had computed only Cut p 2 1 ,p 2 2 F and thus determined that -f z,z -f 1-z,z = -Li 2 (z)+Li 2 (z)+log z log z -1 2 log 2 z, the integrability condition would fix the remaining two free coefficients in a similar way. Finally, we could consider Cut p 2 3 ,p 2 1 F , but since this cut is obtained by a simple change of variables from Cut p 2 3 ,p 2 2 F through the reflection symmetry of the ladder, it is clear that integrability fixes the full symbol once again.

Let us briefly consider the analogous construction for the one-loop triangle, where the f x 1 ,x 2 are simply constant functions. The analog of eq. (7.20) above is

A specific double cut, without loss of generality say Cut p 2 3 ,p 2 2 , gives a constant value for f 1-z,z , as seen from eq. (4.19) and eq. (3.30f). We have a consistent solution with f 1-z,z = -f 1-z,z = 1/2 and f z,z = f 1-z,1-z = 0, which is indeed the ∆ 1,1 of the triangle, obtained by a consistent completion algorithm as in the previous subsection.

While it is quite clear that the reason why the algorithm of section 7.2 converged was the existence of a dispersive representation of Feynman integrals, we do not know whether the existence of a double dispersive representation is a necessary condition for the reconstruction based on the knowledge of ∆ 1,1,2 done in this section to work, although it does seem reasonable that it would be the case.

In closing, we notice that in this example, the integrability condition eq. (7.18) implies that Cut p 2 i ,p 2 j = Cut p 2 j ,p 2 i , through the relations listed in eq. (3.30). It would be interesting to see whether there is a general link between the integrability of the symbol and the permutation invariance of a sequence of cuts.

A Notation and conventions

Feynman rules. Here we summarize the Feynman rules for cut diagrams in massless scalar theory. For a discussion of their origin, as well as the rules for determining whether a propagator is cut or uncut, see section 3.

• Complex conjugated vertex:

• Propagator:

• Cut propagator:

There can be multiple dashed lines, indicating cuts, on the same propagator, without changing its value. There is a theta function restricting the direction of energy flow on a cut propagator, whose origin is detailed in Section 3.

In the examples, we omit writing the theta function, as there is always at most one nonvanishing configuration.

• Loop factor (for loop momentum k):

Kinematic regions. For the three-point triangle and ladder, we use the following shorthand for different kinematic regions, with variables z, z as defined in eq. ( 4.4),

R i,j : p 2 i , p 2 j > 0, and p 2 k < 0 for all k = i, j. (A.9)

B Some explicit results of one-loop diagrams and one-loop cut diagrams

All the results are computed according to the conventions of appendix A. Unless indicated otherwise, expressions are given for spacelike invariants.

B.1 Three-point functions

One mass

Two masses

Three masses

B.2 Four-point functions

The results for the uncut diagrams are taken from ref. [START_REF] Bern | Dimensionally regulated pentagon integrals[END_REF]. Cuts are computed using Cut s = -Disc s .

Two masses, hard (p

(B.12)

C Explicit results for the single unitarity cuts

We present the results we obtained for the single unitarity cuts. These results were computed and numerically checked in the region where z = z * . For cut [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] the hypergeometric function was expanded using HypExp [START_REF] Huber | HypExp 2, Expanding Hypergeometric Functions about Half-Integer Parameters[END_REF]. We write everything in terms of multiple polylogarithms as defined in section 2 to simplify the comparison between different terms.

C.1 Unitarity cuts in the p

[135] (z, z) = 1 2 log 2 z z .

(C.6)

[234] (z, z) = 1 2 log 2 z z .

(C.8)

[136] (z, z) = 0 . (C.12)

D Computation and explicit results for double unitarity cuts

We briefly outline our approach to the calculation of the double unitarity cuts of fig. 11 and fig. 12. We then give explicit results for these integrals, written in terms of multiple polylogarithms to simplify the comparison between different terms.

D.1 Calculation of double unitarity cuts

Cut [456], R 1,3 , fig. 11a: Because cut [START_REF] Henn | Evaluating single-scale and/or non-planar diagrams by differential equations[END_REF] factorizes the two loop integrations, this cut is just the product of an Cut [1236], R 1,3 , fig. 11c: Using the strategy outlined in section 6.1, we immediately obtain

Inserting the analytic expression for the cut box (see appendix B) and parametrizing the remaining cut integration, we obtain an integral with an endpoint singularity. After subtraction of the singularity, all the integrals are finite and can be expanded under the integration sign. We obtain

The remaining integral is easy to perform.

Using the routing of the loop momenta shown in fig. 11d, we compute this cut by integrating over the cut of a two-mass triangle. However, when using the result for the cut triangle, we need to correct for the fact that the vertex attached to propagators 2, 3 and 5 has a different color, compared to the usual cut triangle. Note also that it is convenient to introduce the variable y defined in eq. (5.8). We obtain

The integral has an endpoint singularity that needs to be subtracted before expansion in under the integration sign. The y variable is restricted to the interval [0, 1] because of the θ-function of the cut triangle subdiagram. We find it simpler to use the δ-function associated with the cut on (p 2 + k 1 ) 2 to perform the y integration, which in turn imposes some limits on the range of integration of x.

The integral is

The restriction on the integration range of x is imposed by the θ-function of the cut triangle subdiagram. After subtracting the singularity, the integral can be performed oder by order in .

The calculation of this cut in region R 1,2 is done in exactly the same way as in region R 1,3 . However, we write the result differently so that we are away from the branch cuts in this region:

(D.8)

The calculation of this cut in R 1,2 is simpler than in region R 1,3 . We get

(D.9)

After subtraction of the singularity, the integral is easy to perform.

The computation of this cut is very similar to the previous one. We have

(D.10)

The restriction on the integration range of x is imposed by the θ-function of the cut triangle subdiagram. The endpoint singularity is dealt with as before.

This cut is slightly harder to compute in region R 1,2 than in region R 1,3 . We follow the same technique of integrating over the cut of a two-mass hard box, although we have to be careful to correct for the different factors of ±i between the subdiagram entering in fig. 12d and a standard cut box that would have black vertices on one side of the cut and white vertices on the other side. It is also useful to introduce the y variable defined in eq. (5.8), and to integrate over it with the δ-function on propagator (p 3 + k). The y variable is restricted to the interval [0, 1] because of the θ-function on (p 1k) 2 :

The restriction on the integration range of x is imposed when integrating over y. The endpoint singularity is dealt with as before.

D.2 Double unitarity cuts in the p 2 1 and p 2 3 channels in region R 1,3 In this section we present the analytic results for all the nonvanishing cuts in the p 2 1 and p 2 3 channels in region R 1,3 , where z < 0 < z < 1.

(D.17)