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ABSTRACT

We consider M-theory and type ITA reductions to four dimensions with N = 2 and
N = 1 supersymmetry and discuss their interconnection. Our work is based on the frame-
work of Exceptional Generalized Geometry (EGG), which extends the tangent bundle to
include all symmetries in M-theory and type II string theory, covariantizing the local U-
duality group Fr(7). We describe general N = 1 and N = 2 reductions in terms of SU(7)
and SU(6) structures on this bundle and thereby derive the effective four-dimensional
N =1 and N = 2 couplings, in particular we compute the Kahler and hyper-Kahler po-
tentials as well as the triplet of Killing prepotentials (or the superpotential in the N =1
case). These structures and couplings can be described in terms of forms on an eight-
dimensional tangent space where SL(8) C FE; acts, which might indicate a description
in terms of an eight-dimensional internal space, similar to F-theory. We finally discuss
an orbifold action in M-theory and its reduction to O6 orientifolds, and show how the
projection on the N = 2 structures selects the N = 1 ones. We briefly comment on new
orientifold projections, U-dual to the standard ones.
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1 Introduction

It has been a long-standing problem to understand more general flux backgrounds in
string theory. The most successful tool for this task has been supersymmetry, since it
reduces the second-order equations of motion to first-order supersymmetry equations
that are much simpler to solve and provides non-renormalization theorems for certain
sets of couplings. The simplest string backgrounds are Ricci-flat geometries that admit a
number of covariantly constant spinors. However, in the presence of fluxes, the first-order
supersymmetry equations become more involved, as all bosonic fields of string theory
appear in these equations. The global bosonic symmetries of the massless string spectrum
then can help to write these first-order equations in a simpler form. This is the approach
of generalized geometry. The introduction of a generalized tangent bundle covariantizes
these symmetries by combining the diffeomorphisms and gauge transformations of the
gauge fields into a single vector bundle. The metric on this bundle then includes, besides
the metric, the other massless bosonic fields. The idea was first applied to the T-duality
group that transforms the metric and the B-field into each other. This description goes
by the name of Generalized Complex Geometry [1].

More recently, the formalism was extended to the U-duality group of type II string
theory to also include its Ramond-Ramond fields and to M-theory, covariantizing its
three-form gauge field [2H5]. In both cases the covariantized symmetry group relevant to
compactify to four dimensions is (), and the generalized tangent bundle of type IIA
is recovered from the one of M-theory by dimensional reduction. All possible supersym-
metric backgrounds of type II and M-theory can then be understood as (generalized)
G-structure backgrounds, where G is, depending on the number of supercharges, a sub-
group of SU(8) (the maximal compact subgroup of E7(7)) The first-order supersym-
metry equations can then be written in a covariant way [6Hg]. Furthermore, G-structure
backgrounds that solve the equations of motion but not the first-order supersymmetry
conditions can usually be understood as backgrounds with spontaneously broken super-
symmetry. In this sense, generalized geometry serves as an off-shell supersymmetric
formulation for general G-structure backgrounds.

Generalized G structures are characterized by fundamental objects (defined by bi-
spinors) in certain representations of Fr(;) such that their common stabilizer is exactly
G. These fundamental objects determine the generalized metric (which is stabilized
by SU(8)) and thereby the entire bosonic supergravity background. The first-order
supersymmetry conditions are resembled by first-order differential equations on them.
Moreover, the couplings of the off-shell supersymmetric formulations are given in terms
of tensorial combinations of these fundamental objects into Er(7) singlets.

A major aim of this work is to understand SU(7) and SU(6) structures in M-theory
and type II, as they correspond to backgrounds with the off-shell structure of four-
dimensional N =1 and N = 2 supergravity. SU(7) structures in M-theory have already
been discussed to some extend in [3], SU(6) structures in type IIA have already been
discussed in [4]. Of particular interest in our discussion will be the existence of an
eight-dimensional intermediate bundle between the tangent and the generalized tangent
bundle that admits the action of SL(8) C FErr). This might indicate the existence of

LOften these are called generalized G-structures as they are structures on the generalized tangent
space, as opposed to usual G-structures on the tangent space.



a twelve-dimensional theory (similar to F-theory) in which some of the charges will be
geometrized. SU(7) and SU(6) structures are related to Spin(7) and SU(4) structures
in SL(8).

After we briefly review the E7()-covariant formalism of exceptional generalized geom-
etry in Section 2, we will discuss SU(7) and SU(6) structures in M-theory in Section[3l In
particular, we will discuss all classical couplings in these backgrounds. Subsequently, we
will relate these results to the equivalent structures in type IIA string theory in Section [4l
While SU(6) structures descend in a straight-forward way, SU(7)-structures are related
to O6-orientifold backgrounds in type IIA. Moreover, SU(6) and SU(7) structures should
be related by involutions that project out half of the supersymmetry, such as orbifolding
and orientifolding in M-theory and type II string theory. In Section B we will show how an
SU(T) structure is obtained from an SU(6) structure via such involutions. In particular,
we will determine the N = 1 couplings in terms of the N = 2 parent theory. Finally, we
will identify the involutions given by standard orbifolding and orientifolding in M-theory
and type II string theory and discuss a few new involutions, for instance an involution
creating objects with tension and charge opposite to those of NS5-branes. We conclude
with a summary of the results and some outlook. Appendix [Al contains all the relevant
formuli concerning FEr(7) representations, and Appendix [B] presents the details of some of
the calculations done along the paper.

2 Exceptional Generalized Geometry (EGG)

In this section we review the basic concepts of Exceptional Generalized Geometry (EGG),
emphasizing the role of the eight-dimensional intermediate tangent bundle Tg. The idea
of EGG is to covariantize the U-duality group Er(7) in M-theory and type II compactifica-
tions to four dimensions. Though only torus compactifications admit globally the action
of the U-duality group, locally any background admits it, as the tangent space is isomor-
phic to R” (R®). In EGG the internal seven- (or six-)dimensional tangent bundle of an
M-theory (type II) compactification to four dimensions is enlarged to a 56-dimensional
exceptional generalized tangent bundle such that the U-duality symmetry group FEr
acts linearly on it. Thereby, the U-duality group promotes to a geometric action on this
bundle. As the U-duality group maps all bosonic supergravity degrees of freedom into
each other, EGG gathers them all in a metric on this exceptional generalized tangent
bundle. The patching of the exceptional generalized tangent bundle [3] resembles the
global aspects of the compactification. More details can be found in [2H5].

2.1 An eight-dimensional tangent space Tj

In the case of compactifications of type II, the exceptional tangent bundle combines the
string internal momentum and winding charges (646 elements), their magnetic duals
(another 6+6) as well as all the D-brane charges (32 elements). These together form the
fundamental 56 representation of E;. In M-theory, it is a result of combining momentum
and its dual (Kaluza-Klein monopole charge) (7+7) together with M2 and Mb5-brane
charges (214+21). These charges can be combined into SL(8,R) representations. We can
think of this group as acting on an 8-dimensional tangent bundle T3, which will be split



into 7+ 1 for M-theory, and further split into 6 + 1 + 1 for type ITA. Of course there is a
priori no eight-dimensional manifold with a tangent bundle Ty appearing in M-theory or
type ITA. Therefore, Ty should be seen as some kind of generalized tangent bundle. In
terms of SL(8,R) representations, the fundamental of E; decomposes as

E =N*Ty ® N°Ty |

(2.1)
56 =28 @ 28 .

Similarly, for the adjoint we have
A=(Ty@T) ® AT},

(2.2)
133 =633 70 ,

where the subscript 0 denotes traceless. We will also need the 912 representation, which
splits according to

N =S*Ty @ (N Ty @ Ty)o ® S°Ty @ (A*Ty @ Tx)o

} , / (2.3)
912 =36 ¢ 420 ¢ 36" ¢ 420" ,

where S? denotes symmetric two-tensors.

When we later consider spinors it is also useful to use the maximal compact subgroups
of the groups that are involved. The maximal compact subgroup of F; is SU(8), and the
group-theoretical decompositions are completely analogous to the SL(8,R) case and are
given by (2IH23). Note though that the SU(8) that transforms the spinors is not the
compact subgroup SU(8) of SL(8) that acts on Ts. Nevertheless the two SU(8) subgroups
are related by some Er() transformation and the decomposition of E7(7) representations
is the same in both cases. More details can be found in Appendix [A.2l When we then
consider SL(8,R), spinors transform under the corresponding spin group Spin(8) and its
maximal compact subgroup SO(8). Note that for Spin(8), we can impose a Majorana-
Weyl condition on the spinor. The Weyl-spinors are in one-to-one correspondence to
Spin(7) spinors that are considered in the M-theory compactification.

2.2 M-theory and GL(7) decompositions

For compactifications of M-theory on seven-dimensional manifolds, we should decompose
further the SL(8) into GL(7) representations, or in other words split the 8-dimensional
dual vector bundle 7§ into a 7-dimensional one 77, plus a scalar piece. Choosing an
overall power of the 7-dimensional volume form to get the correct embedding in SL(8)
(see more details in [3]), we get

T = (AT V4@ (Tr @ ATTY)

8=7d1 (2.4)
Pa = (Pm> P3)
where p is some one-form, and ¢« = 1,...,8, m = 1,...,7. Note that the eight-form

p1 A\ -+ A pg is just one on Tg. This fits nicely with the fact that only SL(8) acts on this
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bundle. This implies that the fundamental 56 representation (2.I)) decomposes as

Ey = (A"TH)V2 @ (Ty @ AT @ AT @ (T @ A'T3))
56 =73021302107

(2.5)

corresponding respectively to momentum, M2- and M5-brane charge, and KK monopole
charge.

In turn, the adjoint (2.2)) decomposes into

A=T, Ty @ AT, © A°TF © N*Ty @ AT 2.6
2.6
133 =48 1® 7D T7®35d 35

We recognize here the GL(7) adjoint (first term), and the shifts of the M-theory 3-
form potential A; (last term) and its 6-form dual Ag (fourth term). These build up
the geometric subgroup of transformations that are used to patch the exceptional tan-
gent bundle. The other pieces correspond to “hidden symmetries”, very much like the
[-transformations in generalized geometry. Note that A3 and Ag come respectively from
the 70 and 63 representations of SL(8) in (2.2), i.e. they embed into the SL(8) repre-
sentations in (22) as

Ashifts = (A @ ps, A4> ) (2.7)
where we defined the four-form
A4 = Ag N Ps (28)
and the vector )
A = (voly) 'L Ag (2.9)

with L meaning the full contraction of Ag with (voly)™'.

3 Supersymmetric reductions of M-theory in EGG

In this section we review reductions of M-theory preserving N = 2 and N = 1 supersym-
metry in the language of Exceptional Generalized Geometry following [3l4]. In the N = 2
case, we show how an SU(4) structure on Ty emerges, and write the EGG structures in
terms of the complex and symplectic structures on this space.

To get a supersymmetric effective four-dimensional theory, there should exist nowhere-
vanishing spinors 7; on the seven-dimensional internal space such that the eleven dimen-
sional spinor can be decomposed as (for spinor conventions, see [3])

e=& e+, (3.1)

where £} are four-dimensional Weyl spinors, 7; are complex Spin(7) spinor and ¢ = 1,.., N
determines the amount of 4D supersymmetry. When we embed Spin(7) into Spin(8), we
can choose 7; to be of positive chirality with respect to Spin(8), which means that we
can take n; to transform in the 8 of SU(8). Note that there exists a Majorana condition
for Spin(7) (and also for Spin(8)) so that actually the real and imaginary parts of 7;
are independent spinors. Both the real and imaginary part of 7; are stabilized by a
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Spin(7) subgroup in SL(8,R), respectively. Therefore, inside SL(8,R) each complex
spinor 7; defines a pair of Spin(7) structures. Inside Er though, each n transforms in
the fundamental of SU(8) and its real and imaginary parts are not independent any more,
as they transform into each other under SU(8). Consequently, a single 1 defines an SU(7)
structure [3], and in general N non-mutually parallel spinors define an SU(8—N) C Exr )
structure.

3.1 N =2 reductions and SU(6) x SU(6) structures

For reductions with N = 2 supersymmetry in four-dimensions, there should be a pair
of globally defined no-where vanishing (and nowhere parallel) SU(8) spinors 7y, 7. As
explained above, each of these spinors can be complex so that Ren; and Im n; each define
an SU(6) structure. Without loss of generality, we can take them to be orthogonal and
having the same norm, namely

ﬁinj = e_KL/25,-j s (32)

where i, 7 = 1,2 is an SU(2)g index, and we introduced an arbitrary normalization factor
e K1/2 which we will further discuss below. On the other hand, we have in general the
following inner products

nin; = cij , (3.3)
for some complex 2 X 2 matrix C' = (Cij)E

The scalar degrees of freedom of N = 2 theories, coming from vector and hypermulti-
plets, are encoded respectively in an SU(2) g singlet and an SU(2) g triplet of bispinors [4].
The former embeds in the 28 representation of SU(8), which appears in the fundamental
56 representation of Fr, and in terms of the decomposition (2.]) reads

LO =Ly @n, g en),  LO=3(—ien n;, i), (3.4)
where for later convenience we have defined two real bispinors in the 28 and 28 that

are related to L by L = LO 4+ iLO From LO we can define also the almost complex
structure Jp, that relates real and imaginary parts of L, given by

JL =2 j/ X f/ =L x E = (e_KL/25ijm &® ’f_]j - ie_KLl, 0) . (35)

where 1 is the identity matrix with Spin(8) spinorial indices, §§.

Furthermore, the SU(2) triplet transforms in the 63 adjoint representation of SU(8),
which is embedded in the 133 adjoint representation of E;, and reads in terms of the
decomposition (2.2)

K = (relt0,! 0% @ 75, 0) (3.6)

where o, are the Pauli sigma matrices and we introduced another normalization factor
k. Note that the product of L and K in the 56 vanishes, i.e.

KO . L0 _¢ (3.7)

a

2The matrix C is complex symmetric and in general not diagonalizable.



which means that the stabilizers of L (B C FEyr) and K (SO*(12) C Exx)
intersect in SU(6). General L and K, are then constructed by acting with the shift
matrix Agpis in the adjoint of Er(7) on them, i.e.

L = eAsnifis [ (0) ’ Jp = e Ashifts JI(,O) ’ K, = eAshiftsK(gO) ) (3‘8)

The Kéahler potential for the space of structures L and the hyper-Kéahler potential
hyper-Kéahler cone over the space of K, has been given in [4]. The Ké&hler potential for
L is given by the moment map for the rotation of L by a phase (generated by Jr) and
can be expressed by the logarithm of the quartic invariant of L [4]

Ky = —logy/—1(Jp,Jp) = —log\/—q(L) = —log (=1(LO L)) . (3.9)

where (-, ) refers to the trace in the adjoint, given in (A.7). The hyper-Kéhler potential
of the hyper-Kéhler cone over the moduli space of K, is determined by [4]

k=1/—3(Ka Ka) . (3.10)
It determines the normalization of the K, by
K, (Ky-v)= —%nzéaby + KegpeKe v, (3.11)

where v is an arbitrary element in the 56 representation.

The supersymmetric couplings between the two objects L and K, are given by the
Killing prepotentials [4,[§]
P = ¢"(Dp Ky, K.) | (3.12)

and Dy = (L,D) — L x D is the Dorfman derivative [5] along L, with D being the
standard differential operatorﬁ Inserting this, we get [§]

P = (L, D)K,, K.) + 4k(L, DK,) . (3.13)

3.2 N =2 reductions and SU(4) structure on T}

In the last section we defined a general SU(6) structure with an arbitrary product (3.3)).
Note that in general, the spinors 7; are complex, and real and imaginary part of each
spinor, if they are never parallel, already define an SU(6) structure, so in general we would
have “SU(6) x SU(6)” structures (and secretly, a theory with more supersymmetries).
In such a generic case, it is difficult to be more explicit as typically all SL(8) components
are present in L and K,. The case of real (i.e. Majorana) spinors 7); simplifies the form
of L and K, and gives rise to a natural interpretation in terms of the bundle Tg. The
relation (B3] reduces for real spinors to the normalization condition ([3.2)) so that

Cij = e_KL/zéij . (314)

3(L, D) is the symplectic invariant (A6]), and (L x D) is the projection onto the adjoint in the product
of two 56 elements, given in (A.S]).



We will express now both L©® and K” in B4) and (B.6) in terms of objects in
SL(8,R) representations. For this we define a pure spinor

X=m+ine (3.15)
out of the real spinors mﬂ We then find for L© and K that
K 1K =(x@x".0) .
TP iKY =(y ® x — Le/21,0) . 10

On the other hand, the bispinors ®; = y ® ¥ and ®, = y ® x! are a pair of compatible
O(8, 8) pure spinors that define an SU(4) structure on Tg, given by [I]

b, = %e_KL/ZeXp(—ieKL/zJéo)) , b, = Qflo) , (3.17)
where we made the following definitions
T = — 1 XYax da® Ada® = éFigygmndat A da®
Qflo) =— 1k KL/ Ty eax daz® A da® A dat A da? (3.18)
= i e/ (M +112)Yabea(m +1n2)dz® A da® A daf A da? .

In terms of the 2™ we find

Js(o) =J+ 0O A P8 s J = Eijﬁi'ymnnjdxm Ada™ (3.19)
Q0 = (ps+iv®)AQ, Q=00 (3.20)

where the one-form v(® is defined byﬁ
'U(O) = Lﬁseijf]i’yabnjdl’a N d[lﬁ'b . (321)

The four-form Qflo) defines a complex structure ]éo) by
()" =3 (o T Q7)™ (Re Q1 g

=55 (6 (ps)n — prol? + (Im Q)™P9(Re Q) npg — (Re Q)™1(Im Q)pq) -
(3.22)
In terms of these objects, the structure L(® has the following SL(8,R) decomposition

(ct. @)
LO=LO 1 i LO —(—pg A 0@ 4 eFevoly L(ng/\v(o ANJ AT, i(ps Av @ — )

=(efrvolg ' (LI AT AT, =1 )

:eips/\v(o)/\J . (—[)8 A @(0)’ O) ’
(3.23)

4A complex Spin(8) spinor Y is called pure if 7y = 0.
°The hat denotes the vector dual to a one-form. In the special case that v is the one-form dy of a
circle, one can reduce the theory to type IIA, where v,,7Y™® then plays the role of chirality.

6For the generic case of complex spinors 7;, the form of L() is also given by Eq. B23), but in this

)

case Jg ) 45 complex, given by

Jéo) = ¢ 77Z ”yabnjdx A da? ,

and similarly for J and v(©).



where we have used ([(A.20) and volg'L means contraction with the eight-dimensional
volume form, i.e. with the numeric epsilon tensor (the 8-dimensional space has no volume
modulus). We see that L(® can be understood as the shift of the bi-vector —pg A by
some imaginary four-form i ps Av® A J [l The almost complex structure relating real and
imaginary part of L(® given in (3.5) can be computed to be

T = (0, Js A Js) . (3.24)

Similarly, using (316) and (A21)), we can determine K. for the decomposition (Z2) to
be

K9 =0, Im 0"y |

K =(kI{,0) (3.25)

K9 =(0,Re Q) .

From the Fierz identities (or from the SU(2) algebra) it follows that 94(10) transforms
holomorphically under [éo), and obeys

QAP =0, QP ALY =2k2vol; . (3.26)
We also have 150 J = t5J =0, and %v ANJAJAJ=e2KLyol; or in other words
LIONIO NI NI = LT ANTAT AvA pg = e HKivolg . (3.27)

Furthermore, the compatibility condition [B3.7) of L® and KO implies ¢450)Q2 = 0 and
JAQ =0, or in other words
JOAQ =0 (3.28)

Therefore Jéo) and 94(10) define an SU(4) structure on the eight-dimensional space Tg, i.e.
inside SL(8, R)E From the compatibility condition (37 it also follows that géo) defined
by

g8 =PI 1Y (3.29)

)

is a symmetric object. Furthermore, explicit computation shows that géo is of the form

_ 0
g@Z@%ﬂ“(%(mm)- (3.30)

Similar to (8.29]) we also find for the inverse metric géo) ~" the expression

géo)_l _ egKL/2]§O) . (VolglL(%JS(O) /\JéO) /\Jéo))) ) (3.31)

General elements L, K, in the orbit can be achieved from L, KO by the action
of Er(7y, cf. (3.8). The degrees of freedom that can modify the above embeddings are
the remaining massless fields of M-theory, namely the three-form gauge field A3 and its

"Note that this shift is not an E7 (7 transformation because the four-form is not real.
8 As stated above, these objects define an SU(6) structure inside Erery.



magnetic dual six-form field Ag. Their action in SL(8) language is shown in ([2.7]). This
gives

L :eA4(V01g1I_(%J8 VAN Jg VAN Jg), —iJg) s

(3.32)
Jp=—eM0, JsAJs),
and
K1 :eA4(0,ImQ4) y
Ky =e?(klg,0) , (3.33)
Kg :eA4(0, Re Q4) s
where A, is defined in (2.8) and the shifted J and €, are
Js=J+vAps, Q= (1+ia))ps+iv@)AQ—ips Ao A0 (3.34)
with A defined in (29), and
v=200 T, al=vol;' - (v A A) . (3.35)

The symplectic and complex structure .Jg and €4 are also compatible, which means
Jgs A Q4 = 0. Finally, the almost complex structure ]éo) is shifted so that QELO) is replaced

by Q4 in m

We see that the description of an SU(6) C E; structure in M-theory is completely
analogous to the type IT case discussed in [4], namely given by one object in the fundamen-
tal representation and a triplet in the adjoint. These are in turn described respectively by
Js and €y, which define an SU(4) C SL(8) structure, in a form that very much resembles
the pure spinors e~ 1’5, Q, of two generalized almost complex structures. We will come
back to this in Section [4l

We turn now to the Kahler potentials and prepotentials for the space of structures L
and (the hyper-Kéhler cone over) K,. They both have the expected form in terms of the
SU(4) structure objects Jg and 4. The Kéahler potential for L can be easily computed
from BI)to be

KL = —%log(%Jg/\Jg/\Jg/\Jg) . (336)

The hyper-Kéhler potential of the hyper-Kéahler cone over the moduli space of K|, is given
by (BI0) and reads in terms of €, as

R =14/ %94 VAN Q4 . (337)

Finally, the Killing prepotentials (B.13]) are computed in Appendix [B.2] using the differ-
ential operator D in the 56 representation that is given by the embedding

D = (0,ps Ad) . (3.38)
The result of the computation is given by
PPiP' = — 4k <iJ/\p8 AdQY + 1,90 A ps /\dAg) ,
P?=eKrIm ((ﬁﬁﬂff)) A QEP) — 262K pg AT AT AV Adu©@  (3:39)
+4rps A (ddg — (A3 +ir0” AJ)AdAs)

where L; is the Lie derivative along v.

10



3.3 N =1 reductions

For reductions with N = 1 supersymmetry, there is a single Spin(8) internal spinor 7,
which defines an SU(7) structure in Er7)d This structure can be encoded in a nowhere-
vanishing object ¢ in the 912 representation of Er(7) [3]. The 912 decomposes in SU(8)
representations in the same way as for SL(8), given in (2.3). In terms of this decompo-
sition, we have

0@ = (2n®n,0,0,0), ¢ =(0,0,27®7,0) , (3.40)
with the normalization
i = e o2 (3.41)
Using (A.22]) we can write this in terms of SL(8) representations (2.3
0 = —(elga”) ™ ot - (vol Lol g, o) - 0l) (3.42)

where géo) is the metric on Ty ([3:30), the complex constant c is defined by
n'n=c, (3.43)

and
0
¢£Lb)cd = %UT%bcdn . (3.44)

Note that at points where |c| # eX¢/? real and imaginary part of 7 actually define a
(local) SU(6)-structure. In terms of the split into 7 + 1 in (2.4]), this can be written as

¢ = ps A as + *qa | (3.45)

where aj is a complex three-form that defines a GGy X Go-structure which reduces to a real
three-form in the Go-structure case (i.e. when 7 is Majorana). Note that gbflo) is self-dual
as 1 is of positive chirality in Spin(8).

A general element ¢ is obtained by

¢ = et = _edi(cgt ge - (volg'Ly),icgs,igg - da) (3.46)

where Ay, defined in (28], acts by the E; adjoint action (AI1]), while Ag shifts the metric
(3.30) by

— —-1/4 g7 + (*7146)2 (detg7)1/2 *7 AG
gs (detg7) ( (detg7)1/2 . A6 detg7 , (347)

and the 4-form
61 =05 + ps A Li %703 . (3.48)

Note that the volume form volg of the metric gg in (3.47) is still given by the eight-
dimensional epsilon tensor (with entries +1 and 0), as there is no Ry factor in FEr
corresponding to the eight-dimensional volume. We will therefore sometimes abuse no-
tation and make no distinction between an eight-form and a scalar.

The stabilizer of ¢ turns out to be indeed SU(7) [3]. Therefore, the existence of ¢ is
completely equivalent to 7. We will denote the real and imaginary parts of ¢ by ¢ and

9This spinor can have a real and imaginary part and thereby actually defines an SU(7) x SU(7)
structure.
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gz~$. The product 912 x 912 — 133 gives us the generator Jy for the almost complex
structure e’¢ related to ¢. More precisely, we have

To=20x 0, (3.49)

which in terms of the SL(8) decomposition (2.2]) is

Ts = e (I, 0})) (3.50)
with
(I3)" = —%(Volg_ll_Re $4)2%(Tm B4 pede (3.51)
and
¢} = 14Re(Chs) = 2 2 7yapean da® A da® A daz® A da? . (3.52)

The Kahler potential K, in the orbit of ¢ is given by the quartic invariant in the 912
and turns out to be

Ky =—log\/—q(9) = —log\/ —1(Ty, Ty) = —log /—1tx(12) — Llog .0 A &

= —log\/—Ltr((I)2) — L1og £, @ A o},

(3.53)

where in the last step we used (¢4 %7 a3) A *7a3 = 0. Therefore, the Kéhler potential does
not depend on Ag and A4, in agreement with E7(7) invariance. Note that this expression
reduces to the known one in the Ga-structure case.

As has been derived in [3], the superpotential W is given through the eigenvalue
equation
(Dg) - ¢ = ("+/* W) , (3.54)

where D is defined in (3.38). We present the detailed computation of the superpotential
in Appendix [B.Il We get

Kol 2W = 1, 6\ NG + ps AdAg — 2idy A 1y dAy + 1y Ay A A, (3.55)
which is exactly the result of [3]. A similar result for manifolds of G structure has been

obtained in [10].

3.4 N =2 in the language of N =1

To finish this section, we note that the SU(6) structure of N = 2 reductions can also be
understood as a triple of SU(7) structures, by using the product 133 x 56 — 912 given
in (A.I0). We find the objects

A = L0 @ K = 26(e(0a)"im @ 03,0, €i(00)* 57 @ 1, 0) (3.56)
Q;[(lo) _ E(O) ® Kéo) — QK(—iEik(UQ)kjni & M55 Oa i(eik(ga)kjﬁi ® 77]" 0) )

which are non-zero and define an SU(2) triplet of SU(7) structures of the form given in
(340). The index a here labels the various symmetric combinations of the 7;. A spinor

12



n = a;n; corresponds then to the SU(7) structure defined by ¢ = (aeir(04)F;05)Pa,
where gbflo) = QAS,(IO) + igfng’.
For an SU(6) structure the o can be computed in terms of the SU (4) forms Jg

and Q4 on the 8-dimensional bundle. For this, we use (8:29) and (3.31]). In terms of the
decomposition (23), we then find

0y = = 2720, 19" - (volg 'L Re ), 0, (9") 7" Re Qi) ,

oy = — 207K ((gl) 7Y, R gl - (volg 'L (I A T)), (3.57)
g8, 1o (o) (BT ART))

oY) = —2e7K/2(0, —igl" - (volg'LIm @), 0, (g) - Im Q)

where géo) is given in (B.30). As before, the general form of ¢, is obtained by acting

with Ag and A3 on the above expressions. The action of Ag turns géo) into gs (cf. Eq.

@247), & into Js and Q) into Q (see 334)), while A3 acts as usual by the 4-form
shift ers s,

One can therefore understand the SU(6) structure in E7 relevant for N = 2 com-
pactifications as a triple of SU(7) structures. When we perform a projection on the
SU(6) structure, for instance by orbifolding or orientifolding, a single combination of
these SU(7) structures will survive, giving the N = 1 description one expects. We will
discuss such projections in Section [Bl

4 Type IIA reductions

4.1 Type ITIA and GL(6) decompositions

To descend to type IIA, we further split the 7-dimensional tangent space into six plus
one-dimensional pieces, i.e.

T: = TroT (4.1)
Pm = (pmvpy)

Choosing T}, to have no GL(6) weight, we get that the exceptional tangent bundle (2.3])
decomposes as 56 =6 H6 D6 D 6 D 32, i.e.
Ena =(ATe)? @ (T ® ATy © ATy @ Ty @ ATy @ ATy @ (Ty @ A°T*) @ A°T™)

=(ATe)"? & (Ts & Ty & ATy & (T © A°T) & A7)
(4.2)
where from the last expression we recognize the type IIA charges, namely momentum,
winding, their magnetic duals and the p-brane charges.

13



The adjoint decomposes as
A =A@ (Ts @ Ty )o @ (T, @ N°Ty) & (T; @ N’Tg)] @ [ & AT, & A°Ty]
(T, @ Ty & N°Ty @ (T; @ N°Ty)] & (T @ T ® AT & (T, @ A°Tg)]  (4.3)
=(Ts @ Tg) © N*Ts © A* Ty @R @ ATy @ ATy @ A°NTF @ A°YTy

where )
A=dy®9,, ¢=2dy®J,+dz™ ® 0y, , (4.4)

are linear combinations of the generators for shifts in the volumes of the six-dimensional
part and the eleventh dimension. From the last equality we recognize the O(6, 6) adjoint,
where the GL(6) and Bs-field transformations live, the SL(2) adjoint where the dual Bg
of By is, and the sum of odd forms corresponding to the shifts of the RR potentials.

More precisely, under the breaking of the U-duality group E7(7) into the product of
T-duality and S-duality group SO(6,6) x SL(2) ,the fundamental representation splits
according t

56 = (12,2)® (32,1)

LA — ( LAz' 7 Lﬂ:)
where A =1,...,12 (i = 1,2) is a fundamental O(6,6) (SL(2)) index, and + represents
a positive or negative chirality O(6,6) spinor (the plus is relevant for type IIA and M-

theory, while for type IIB we need the negative chirality representation). The adjoint
decomposes as the adjoint of each group, plus a spinor contribution

(4.5)

133 = (66,1)® (1,3) @ (32,2),

K= (Kp K, K7)) (46)

The embedding of the gauge fields By, Bs and C'* (that we will call collectively Agpifis)
in type ITA and type IIB is the following [4]

(G e

We can now write explicitly the one-form v and gauge fields Az (or Ay), Ag of the
previous sections in terms of their type IIA counterparts

0 =dy+Cy | Cs = 19,46 , Ay =ps N (C3 —dy A By) , 1g,C3 =0 . (4.8)

Inspecting (2.7), we can write the Fr ) embedding of the gauge fields in SL(8,R) decom-
position (cf. (2.2)) as follows

Agisis = (CL ® 8, + ps @ C5, ps ACs — ps Ady A B) (4.9)
where C'5 is the vector associated to Cj, i.e.

Cs =volg! - Cs . (4.10)

108_duality here does not refer to the type IIB S-duality, but as the group that acts by fractional
linear transformations on 7 = Bg +ie~?.
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4.2 N =2 and N =1 reductions

As in M-theory, reductions to 4D with N = n supersymmetry require n internal SU(8)
spinors n°, which show up in the decomposition of the two ten-dimensional spinors €2
as follows

€' :
( &2 ) =& ®@n +cc. (4.11)

where 7; are SU(8) spinors that combine the SU(4) = O(6) spinors that build up ¢ and
€9.

Given 7,2 and n for the case of N = 2 and N = 1, the reductions work exactly as
in M-theory, namely one builds the structures L©, K as in B4), (3.6) in the case of
N =2 [4], and ¢(© as in ([340) in the case of N = 1. Their full orbit is obtained by the
FEr(7y action of the gauge fields (£.9).

Let us concentrate on the N = 2 case now. The form of L resembles very much the
pure spinor counterpart et/ for an SU(3) structure. Indeed, we get

I — e(C1®8y+p8®C‘5,psAcs)eﬁsAdyA(—B—iJ) . (ﬁs A D, O) . (4_12)

Note however that J here is a 2-form constructed as a bilinear of two different SU(8)
spinors, and furthermore it is complex. To make the comparison with GCG more straight-
forward, one can parameterize them a

o1 62
771=<9~1:)> 772=<9§_r)~ (4-13)

For the special ansatz gi = 0, L and K have particularly nice forms in in terms of the
0(6,6) pure spinor B

d* =P (0L ®07) (4.14)
the SL(2,R) vielbein u' related to the four-dimensional axiodilaton, i = 1,2, and the
RR-spinor C' = C + C3 + Cs as [4]

L=¢%0,0"), K3+iK; =¢“0,0,u'd"), (4.15)

where this is written in the O(6,6) x SL(2,R) decomposition of Fr), given explicitly
below in (45), (4.6]), and K» is just the commutator of K3 and Kj.

5 From N =2 to N = 1: Orientifolding and orbifold-
ing in EGG

As we will show in detail in Section [5.2.4] orientifolds break the Er() covariance into
that of the subgroup O(6,6) x SL(2,R)o, where the “O” makes it explicit that this is
a different subgroup from that of 7" and S-duality. Furthermore, as we will see, each
orientifold projection gives rise to a different O(6,6) x SL(2,R) subgroup. The splitting
of the fundamental and adjoint representations of F7(7y has been given in (4.5]) and (4.0).

U standard Calabi-Yau compactifications, one takes §* = 62 = 6, §* = 0. Note that in this case n;
as defined in (@3] are not Majorana, but the combinations n; 4+ 72 and i(n; — n2) are.

12Note that for this ansatz, J () contains the bilinears between the two 6’s involving two (three)
Spin(6) gamma matrices.
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5.1 Orbifold action on 75 and its reduction to M-theory

The M-theory uplift of type IIA O6-orientifolds are a geometric involution on the 7-
dimensional space. Such an involution can in turn be uplifted to an orbifold action ¢* on
the 8-dimensional space Ty such that the SL(8) bundle decomposes at the locus of the
action into a positive and a negative eigenbundle

Th=T & Ty , (5.1)

and such that both subspaces are four-dimensional. The adjoint of Er(7) (2.2]) decomposes

under (5.)) as
E=TF T )@ (Ty T3 )o® (AT @ A*TF7) @ To © AT @ AT

5.2
ST 0T )@ (Ty Tyh) @ (NTyt @ ATy ) & (M T+ @ AT 52
where Tj is the element of the adjoint that acts as +1 on T;. By comparing to (&8,
we can see how E; is broken into O(6,6) x SL(2,R): the first line builds up the adjoint
of 0(6,6) x SL(2,R)p, which is even under the orbifold action, while the terms in the
second line are odd and form the (2,32’) representation. Similarly, the fundamental of
Er(7y, given in (2.I)) in terms of SL(8) representations, decomposes as

A=NTF N Ty o N°TF o N°Ty (T @Ty) @ (Ty TF7) (5.3)

where the first four terms are even and form the (12,2) representation of O(6,6) X
SL(2,R)o (see Eq. (4.3])), while the last two, odd terms, form the (32, 1).

To descend to M-theory, we require the orbifold action to have positive eigenvalue
when acting on pg. Eq. (24) tells us then that 7" is three-dimensional, while T, is
four-dimensional. Finally, to recover the type ITA orbifold action that gives rise to O6
planes, we require v to have negative eigenvalue. In summary

Li=T Ty =(T;oT)oT; =T, oT) o (Ty ©T,) . (5.4)

We will come back to the full orientifold projection later in Section [5.2.1]

Now let us see how the orbifold acts on the N = 2 structures defined in the previous
sections. In type ITA, an involutive symmetry o that can be used to mod out the theory
should be anti-holomorphic if N = 1 supersymmetry is to be preserved [11]. This means
that for an SU(3) structure defined by J and €, it should act as 0*J = —J, 0*Q = Q.
This is easy to uplift to an action on Jg, €4 defining the SU(4) structure on Tg, namely
we require o to act as

5'*J8 = —Jg s 5'*94 = —Q4 . (55)

This implies that the action induced by ¢* on K, and L in the 133 and the 56 represen-
tation, which define an SU(6) C F; structure, should be

5'*[/ - —L 5 5'*K1 - Kl 5 5'*K2/3 - —K2/3 . (56)

Therefore, L and Ky/3 are not well-defined any more in the presence of fixed points.
However, their products are well-defined under the orbifold action. More precisely, their
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product in the 912 representation is defined b
L® (K +iK3) =k, (5.7)

where the pre-factor y/k appears due to the different normalizations in (3.2) and (3.41]).
This ¢ in the 912 defines in turn an SU(7) structure following Section 3.3} corresponding
to the single spinor that survives the orbifolding. ¢ defines the metric ¢ and a four-form

¢4, cf. (B40). From (E57) we find
¢4 _ /{_le_KL/2 ImQ4 _'_ \/EeKL/QJé /\ J8

(5.8)
QSZ :e_KL Im Q4 + /€Jg AN Jg .

We find the second expression using ¢ = y/rke £2/2,

The orbifold projection selects an N = 1 special Kahler subspace inside the N = 2
Kéhler and quaternionic spaces. The generator of its complex structure is given in (3.50),
which can in turn be written in terms of the SU(4)-structure objects Jg and €, in L and
K respectively as

Ty = et . (0, e KeImQy + wJg A Jg) = e KL K + kT . (5.9)

Therefore, the complex structure on the N = 1 Kéhler space e’ is the tensor product
of the complex structures e with e7z. If the orbifold singularities were blown-up (see
comments below), e/¢ would not be block-diagonal any more. As long as the singularities
are not blown up, the Kéhler potential (3.53) simplifies to the sum the two Ké&hler
potentials for L and K, i.e.

Kd):—%log/i—i-KLjL%logQ, (5.10)

The superpotential is given in (3.55). On the other hand, we have the Killing prepoten-
tials (3.39) that should descend to the N = 1 description. Comparing both expressions
we find the relation
oW = LT (P21 PY) (5.11)
The above formulas are valid for the orbifold of an SU(6) structure. If we blow-up
the singularities resulting from the orbifolding, we switch on additional modes in ¢ that
alter its form from the one given in (5.7]). More precisely, the objects K5/3 and L are not
well-defined on the blown-up manifold, while ¢ still defines the geometry. The blow-up

should lead to new modes that enter ¢, as extra four-forms.

5.2 Further descent to type IIA
5.2.1 O6 orientifolds

To recover O6-orientifolds, the orbifold involution & should have negative eigenvalue on
T,, i.e. act on T7 as diag(o, —1) where o is an involution on the 6-dimensional space

13Note that the 56 component of their tensor product is forced to be zero by the compatibility
condition.
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whose action is given above (5.5). Furthermore, the O6 projection mods out by the
action of o{,(—1)% where ), is the worldsheet parity, and (—1)* gives an additional
minus sign on the RR sector. The uplift of this combination is the purely geometric
involution &.

The combined operation €,(—1)f% has a different action on the different O(6,6) x
SL(2,R) components of L and K,. On O(6,6) bispinors, such as the RR potentials or
the pure spinors of generalized complex geometry ®*, which are tensor products of a left
and a right-moving spinor, it acts in the following way [12]

(CDPQET =A@T),  (—D)FQ0T = —A@7) . ()P0 =) (5.12)
where A is the following action on forms
Magy) = (=1)Pag, ,  AMagp-1) = (=1)Paz-1 . (5.13)

This can be understood since worldsheet parity exchanges the left and right-moving
sectors, and on the bispinors, which are tensor products of left and right moving spinors,
it acts by transposition. Since the orientifold projection keeps states which are even
under the action of o(—1)"Q,, one requires the involution to satisfy

SO = NDY), b= -A\d), o"C=\C). (5.14)

We want to define an analogous “A-operation” as an action on fundamental SL(2) and
0(6,6) indices. The following operator acting respectively on the 12 of O(6,6), 2 of
SL(2,R) and 32 of O(6,6) does the job

X foxo ! by A 5.15
_< 0 _16><6>®<O _1>®(_ ) ( )

For higher representations A just acts on all indices[. Therefore, on the fundamental
56 representation, which decomposes into O(6,6) x SL(2,R) as in (4.0]), this action reads

) Lt 1
ML) = (( A ) , —A(L*)) . (5.16)
_ 2 L2

On the adjoint representation, whose O(6,6) x SL(2,R) decomposition is given in (4.6]),

we get
o= ((Cer ) G al) Ch)
ANK) = e , (5.17)
—Km” Kmn _K21 K22 )‘(K_2)

(where by construction K2, = —K!; and K;" = —K™;).
The claim is that A acts like Q,(—1)" on K;, while on L and Ky it is —\ that

does the job. The fields that will survive the orientifold projection are therefore those
for which ¢ acts in the following way

o"L=-\L), oKy = \NK)) | 0" K3 = —A(Ky3) - (5.18)

Note that the action on T' @ T* then induces the action A in (5.I3) on the spinor representation
(isomorphic to a sum of forms).
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In the language of [@I3), we see from (3.4)-(3.0) that the action of X corresponds to the
exchange of the two spinors 7°.

For the corresponding vector fields L, = (LLA, L) in the 56 representation we have
o*L, = \L,) . (5.19)

Here, Lf}i are the electric and dual magnetic vectors coming from the off-diagonal com-
ponents fo the metric and the B-field, while L: collects the Ramond-Ramond fields with
one external leg, i.e. LT = (C1), + (C3), + (C5), + (Cr)e

5.2.2 Type IIB orientifolds

For completeness (and because we will use later O9 as an illustration) we give the action
for type 1IB orientifoldsd There, the theory is modded out by oQ,(—1)t for 03/07
projection, and o§2, for O5/09. This means that the latter projection has an extra minus
sign on the O(6,6) spinors with respect to the type IIA case, i.e. we define

- lex6 0 1 0
Alp = ® ® £, (5.20)
0 —lgxs 0 —1

where the plus sign is for O3/O7 projections, while the minus applies to O5/09. This
contributes to a 4 sign in the last components of (5.16) and (5.17). We then require

(5I8) and (5.19), with A replaced by Ays.

5.2.3 New Z, projections

In general, new orientifold actions can be found by conjugating known orientifold actions
with elements in Fr(7)(Z). For all these new orientifolds our discussion applies. A simple
example of a new Z, action is the NS5-projection that is related to Ob5-orientifolding
in type IIB by S-duality in ten dimensions. Concerning the involution, S-duality only
exchanges the roles of the B field and the field Cy. Therefore, the NS-NS (R-R) sector is
even (odd) under the resulting involution, which thus can be written as (—1)Z o, where
Fp is the left-moving fermion number on the world-sheet and ¢ is an involution of the
internal space that inverts four of the internal directions, satisfying the following on the
pure spinors of GCG and the RR fields

orPF = oF | o'C=-C. (5.21)
Correspondingly, the involution Anss 18
Anss = Liaxiz ® loxa @ (—1)3z - (5.22)

Subsequently, the roles of K; and Kj are exchanged with respect to (5.6). S-duality
implies that the fixed points of this action are negative tension objects with negative
NS5-brane charge.

5Note that in type IIB the roles of ®+ and &~ are exchanged.

19



Note that this action can be defined in a completely analogous way in type ITA, and
it can be uplifted to M-theory to find the orientifolding for M5-branes, with

onvdy = —dy OrisPs = —Ps - (5.23)

The analogous D4-orientifolding lifts to the same expression, but without any involution
of dy. Though we can uplift these involutions to M-theory, even with these assignments
for o\i5, the Mb-involution does not become an orbifold action. More precisely, it acts
on the adjoint representation as oy;; but on the exceptional generalized tangent bundle
with an extra minus sign, i.e. with —oy;. Therefore, the projection on L and K|, is given
by

5&5L - L y &IT/[SKl - K1 5 5&5K2/3 = —K2/3 5 (524)
in contrast to the orbifold action given in (5.6]). Thus, no SU(7) structure surviving the

involution can be defined. As a consequence the fixed points of oy5 cannot be resolved in
a geometric way within M-theory, in contrast to the orbifold fixed points of Section [G.11

5.2.4 Kahler subspaces

Here we show how the orientifold projection selects the N = 1 special Kahler subspaces
inside the N = 2 Kéhler and quaternionic ones. Before we analyze how a Kéahler space
emerges from the projection on the hypermultiplets, we first want to understand the
reduction of E7) under the orientifolding. Let us first start with an orientifolding to
O9-planes, i.e. o is the identity (and we are modding out the theory just by the action
of ©,). As the representations of E7(;) split into the even and odd parts under A, they
form representations of a subgroup of E77) that is the subgroup of even transformations.
Therefore, we analyze the action of A on the adjoint of E7(7), split into representations
of the subgroup O(6,6) x SL(2,R) corresponding to T- and S-duality subgroups, cf. Eq.
(@5) L

On the adjoint of O(6,6), A acts as in the first component of (5.17). The 66 repre-
sentation therefore gets projected to

66 — 350D 1, (5.25)
s = ™

Thus we find O(6,6) — GI(6,R) = SL(6,R) x R} (and the subindex denotes the charge
under this R, corresponding to the volume). Similarly

3 = 1o, (5.26)
Mij — 'l
and thus SL(2,R) — Ry (and the subindex denotes the charge under this R, correspond-

ing to the dilaton). Finally, on the (32', 2) representation we get (recall that for 09, A
acts as —A on the spinor)

(32,2) — 141 ® 15411 ® 111 ® 15 140y (5.27)

w = ey + iy + e T 1) -

6 Here S-duality does not refer to the type IIB S-duality acting on the RR axion Cj and the dilaton,
but the S-duality within the NS sector, that acts on 7 = Bg +ie™?.
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On the first line we stated the SL(6,R) representations and denoted the charges under
the two R, factors coming from the volume and the dilaton, and on the second line
the superscript denotes the SL(2) component, while the number in parenthesis in the
subscript denotes the degree of the form.

We see that the diagonal Ry factor together with the two scalars in (5.27)) forms an
SL(2,R) group, while the two 15s together with the non-diagonal R, factor enhance the
SL(6,R) to O(6,6). Thus, the new covariance group is O(6,6) x SL(2,R). Since this is
a different O(6,6) x SL(2,R) from the original one associated with S- and T-duality (see
Footnote [I6)), we call this O(6,6) x SL(2,R)o. Thus we get

E; —-0(6,6) x SL(Q,R)O9 ,
,Umﬁ M%z) Mll M%G)
/’L —> 2 'fL ) 2 1 70 )
Ky  Han Koy —H1 ’
0 C 0 C
Ashifts — (( O 02 ) 9 ( 0 06 ) 70)

where in the last line we have used the O(6,6) x SL(2, R) embedding of the B and C-fields
given in (4.1).

If o is not the identity, the situation is slightly more involved. The orientifolding in
general maps different points onto each other. Only at the locus of the O-planes the

covariance group can be really projected to a subgroup. Let us consider the case of an
O(3 + p)-plane. At the O(3 + p)-plane we can split the tangent space

T 1" e, (5.28)

where the supraindex in parenthesis indicates the dimensions of each space. The involu-
tion o* acts as +1 on Tjj and as —1 on 7', . Therefore, the combination o*\ projects the

geometric group
Gl(6,R) = Glj(p,R) x G1.(6 — p,R) . (5.29)

Furthermore, A projects
NT - TieT), NT-TjeT,, (5.30)

and these give each the (p,6 — p) representations that enhance GI(p,R) x Gl (6 —p,R)
to GI(6,R)o(34p)- Thus, as for the case of O9-planes, we find O(6,6) — GI(6,R), but
now to a different GI(6,R) indicated by the subindex. Under the breaking O(6,6) —
Gl(6,R)0,,,,, the (2,32') representation projects as in (5.27). Here, the two surviving
singlets are APTﬁ‘ and AC~P)T¥ which form singlets under the emerging GI(6, R)O(34p)-
Hence, we see that for all orientifold actions, the covariance group projects to O(6,6) x
SL(2,R)o(p+3) (as we saw this subgroup is different for each type of orientifold).

Now let us consider the projection (5.I8) on the vector and hypermultiplet sectors.
The vector fields that survive the orientifold projection are those that are even under
o*X (see (19)). For 09, where ¢ is the identity and A acts as —\ in the spinor part, we
get that the surviving vector fields are the Kaluza-Klein vectors as well as the vectors
associated with the internal one-form (C3), (and their magnetic duals). As for the N =1
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chiral fields that descend from N = 2 vector multiplets, we keep from L only the pieces
that are invariant under —o*\. Again, for an O9 and an SU(3) structure, we have that
the projection onto states that are invariant under A gives that all degrees of freedom in
the three-form €2 is kept.

In the hypermultiplet sector, since Er(7) is projected onto O(6,6) X SL(2,R)o(p+3),
we know from (B.I8) that both K, and K3 will be in the (32',2) representation of
O(6,6) x SL(2,R)o(p+3), which is odd under the projection. Since [Kj, K3] ~ K; and
each K3 and K3 determine each other, Ky + i K3 defines a pure O(6,6) spinor tensored
with a doublet of SL(2,R). Therefore, K5 + i K3 parametrizes a special Kéhler space.
On the other hand, K; is in the (66,1) @ (1,3) of O(6,6) x SL(2,R)o@p+3)- It can be
understood as a generalized almost complex structure on the orbit of Ky + i K3.

6 Discussion

In this work we derived the form of the couplings for general SU(7) and SU(6) structures
in M-theory and type ITA, which correspond to (off-shell) N =1 and N = 2 supersym-
metric compactifications to four dimensions, building on and extending the work of [3]/4].
Using EGG we could reformulate all degrees of freedom in such backgrounds by a set of
fundamental objects in E77) representations. Moreover, the effective couplings are easily
determined as singlets that are tensor products of the fundamental objects and their
first derivatives in Er(7y. In particular, NV = 1 backgrounds are determined by an SU(7)
structure ¢ in the 912 representation. Its quartic invariant gives the Kahler potential,
while the superpotential is determined by an eigenvalue equation. In contrast, N = 2
backgrounds admit two sectors: vector- and hyper-multiplets. The former is described
by one object L in the (fundamental) 56 representation whose quartic invariant gives the
Kéhler potential. The hypermultiplets are described by an SU(2) subalgebra spanned by
a triplet of structures K, in the adjoint representation. The normalization of the SU(2)
commutator relations gives the hyper-Kéhler potential of the hyper-Kéhler cone over this
quaternionic Kéhler space. L and K, together define an SU(6) structure. The couplings
of the two sectors, i.e. the prepotentials, are given by a triple tensor product of these
two objects with the derivative operator.

Furthermore, we discussed involutions in EGG that are supposed to project an N = 2
background to an N = 1 one. Examples of these involutions are orbifoldings in M-theory
or orientifoldings in type II. We found the explicit map between the original SU(6) struc-
ture and its SU(7) descendant. In particular, while L as well as K, + 1 K3 are projected
out, their tensor product produces ¢, which defines the SU(7) structure and survives
the blow-up to a smooth geometry. The N = 1 Kahler potential and superpotential are
then naturally determined by the N = 2 Kahler and hyper-Kéahler potentials, and the
prepotentials. We also determined the projection that creates negative tension objects
with negative M5-brane charge in M-theory and observed that no SU(7) structure can be
defined in that case, i.e. one cannot describe the resolution of singularities from involu-
tions other than orbifoldings in EGG. In particular, the orientifold singularities related to
D6-branes in type IIA cannot be resolved, but the corresponding M-theory orbifold fixed
points can. In other words, the pure existence of an extra coordinate enables to resolve
the singularities of D6-branes and O6-planes. It seems in order to describe D-branes in
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EGG one needs to introduce extra coordinates. For instance, while NS5-branes cannot
be described in generalized geometry, they could in principle be described in doubled
geometry. It would be interesting to understand the resulting doubled geometries in the
presence of NS5-branes and their negative tension counterparts further. Even more chal-
lenging would be the realization of a 56-dimensional space that covariantizes E;7) and
could describe all branes in type II string theory or M-theory.

We pointed moreover out that there exists an intermediate generalized tangent bundle
Ty in M-theory that transforms under an SL(8) subgroup of Er(). From the type IIA
point of view, this SL(8) group contains the geometric transformations SL(6) and the
group SL(2) transforming the four-dimensional axiodilaton 7 = Bg +ie™®. In this
language, N = 1 backgrounds are described by a four-form on 7Ty, N = 2 backgrounds
by a real two-form and a complex four-form, i.e. they correspond to Spin(7) and SU(4)
structures in eight dimensions. This suggests that there should exist a lift to an eight-
dimensional space Mg on which Ty is the tangent bundle, similar to F-theory, whose
volume is normalized everywhere. In the fashion described above, Mg would not only
geometrize D6-branes, but also some kind of exotic branes (as described in [I3|[14]) that
form a set of (p,q)-branes for the four-dimensional axiodilaton, similar to F-theory. It
would be very interesting to understand such geometries further.

Acknowledgments

We would like to thank Diego Marqués, Ruben Minasian, Eran Palti and Daniel Waldram
for useful discussions. This work was supported in part by the ANR grant 08-JCJC-0001-
0 and the ERC Starting Grants 259133 — ObservableString and 240210 - String-QCD-BH.

Appendix

A Eq¢7) group theory

In the following we give relevant formulas for products of representations in the SL(8)
decomposition and their translation into the SU(8) decomposition of spinors, following
and extending [6].

A.1  Eyq) group theory in terms of SL(8) representations

The Ere;) representations of interest are the fundamental 56, the adjoint 133 and the
912, whose decompositions under SL(8) are given in (2.1)), (Z2]) and (23]), respectively.
In the following we denote objects in the fundamental representation by «, (, etc. and
write them in terms of SL(8) representations as

ab

a= (" ag) . (A.1)
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Similarly, the adjoint representation decomposes as

t= (1", Habed) - (A.2)
The 912 representation finally is given by
¢ = (¢ab7 (babcdv (baba (babcd) . (A?))

We will use the following notation for the product of representations:

()

rep ® reply ,

[
X : [rep ® repliss ,
: [133 ® replrep s (A4)
® ¢ [56 ® 133]gy2 ,
® :[912 ® 133]s6 ,
o :[912 ® 56] 133 ,

where rep is any representation of Ey().

The action of the adjoint on the fundamental representation, in other words the
product 133 x 56 — 56, is given by

(M . a)ab :Iuacacb + Mbcaac + (VOlgll_,U/)adeOécd 7 (A 5)
(,u . a)ab = - ,ucaacb - ,ucbaac - ,uabcdaal .
The symplectic invariant on the 56 reads
(o, B) = By — a8 . (A.6)
The trace in the adjoint is
1 - aoc
(1, v) = puyv’y — é(vol8 Y)Y e (A7)
The 56 x 56 — 133 reads
(a x B) = Bep — $650 e + @S — §07caS?
, . (A.8)
(Oé X ﬁ)abcd = - 3(a[abﬁcd] + ﬂeabcdefghaefﬁg ) .
The action of the adjoint onto itself, i.e. the 133 x 133 — 133 is given by
(- )% =(ue — uSpre) — %((VOlglL,u>aCdeVdee — e (VOlg TLy) %)
(A.9)

(,u . V)abcd :4(,Ue[a7/bcd}e - Ve[a,ubcd]e) .
The product 56 x 133 — 912 is given by
(Oé ® M)ab :Macacb 4 ,ubcoz“” ’
(0 ® )y = — B(albyy — 1a8865) + 2((voly )™t + Sarg (ol ) T1057)
(@@ p)ab = — paltch — fba

(Oé ® ,U)abcd - - 3(a[ab,uc]d - %ae[aﬂbeég]) + 2(,Uabceaed + %aef,uef[ab(sg}) .
(A.10)
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The adjoint action 133 x 912 — 912 on the 912 is given by
a a e ac - cde(a b
(10 0) =p?e + g™ + 2((volg L) (o61),)
(,u . (b)abcd :3M[ae¢bc}ed . Mz¢abce + (VOlglLM)abceQbed + (VOlgll_,U/)ef[abegfd
— (volgtLp) ol 57 (A11)
(1t @)ab = — HgPeb — 1 bPac + %(che(a¢0deb)) )
(,U/ : (b)abcd = - Bue[a¢bc}ed + Mde¢abce + ,uabce¢6d + Nef[ab¢efdc} - Nefg[a¢efgb55]
The product 912 x 133 — 56 reads
(6@ ) = = (64 = 0¥pi%) — 2084

+ 5 (e (vOlg "Lp) ™ — Gge (volg L))

4 (A.12)
((b © ,U/)ab :((bac,ulcb - ¢bc,ulg> - 2¢abc ,ucd
- %(¢Cdea,ulcdeb - (deeb,U/cdea) .
Similarly, the product 912 ® 56 — 133 reads
(o)™ =a“dep + ™ + 1™y — A pea”
(A.13)

(¢ Oa)abcd = - 4(¢[abc604d}e - %Eabcdefgh¢efgi04hi) .
The product 912 ® 912 — 133 reads in the SL(8) decomposition
(¢ X V)y =" Yey + PpV™ + %(G%deawaleb + %y Pede®)
— (0" cWred” + Ppea“*e)
- %5g(¢6d¢cd + Geath™ — §¢Cdef¢cdef - §¢cdef¢0def) ) (A.14)
(& X V) abed =4(Defabea)® + Ppped Va)e + %Eabcdefgh(ﬁbeiwfghi + @I ph)

+ 2(¢f[abe¢fd]e + Si€abede fgn®“ i)

A.2 The relation to SU(8) representations

The SU(8) representation is spanned by anti-symmetric products 7, of the matrices 7,
that obey the Clifford algebra

{Ya, W} 5 = 29ards - (A.15)
Furthermore, the gamma matrices ~, fulfill
(7)*8(7a)"s = 0565 - (A.16)
Under SU(8), the 56 decomposes according to
o= (O{aﬁ, O_éaﬁ) y
_ (A.17)
56 = 28 @ 28,
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while for the adjoint 133 we have

= (1%, 17 fiapns)

g (A.18)
133 =639 35 35 .

where %, = 0 and flagys = *sflagys. Furthermore, we have for the 912 the SU(8)
decomposition

¢ = (¢aﬁ7 ¢a5757 550{57 &aﬁ’yé) )
912 = 36 @ 420 © 36 @ 420 ,

Note that these are very similar to the SL(8,R) decompositions (2.1]), (2.2) and (2.3). To
go from one to the other, we use for the 56 [3]

(A.19)

ab __ af —af3\ . ,ab
a®” = (™ +a" )7 sa
b (A.20)
Agp = —i(a® —a*?)y s,

where we defined 75, = Cj,(7?*)7, and C,ps is the matrix that induces transposition
on spinors. In the 133, if only the 63 adjoint representation of SU(8) is nonzero, i.e. if
Hapys = 0, one recovers the following SL(8,R) components

_ i, B
Hab = 5H B8Yab «
i (A.21)
Habed = Zuaﬁ%bcdﬁa )

where fp, = —piap and *gflapea = flabea (the symmetric and anti-self-dual pieces are ob-
tained from the 70 representation p®*%) and fi, = gacpty. Similarly, if only the 36
and the 36 components are non-zero in the SU(8) decomposition of the 912, we get the
SL(8,R) components 36 and 420 in the following way

¢” = — 5(¢" + ¢*)Capg™
674 = = (6" + )™ d)as |
Gab :%@aﬁ - &aﬁ)caﬁgab )
Gane” =2 (9" = 0°7) Yabe s -

(A.22)

B Technical computations

B.1 The N =1 superpotential

In this appendix we give the computation of the superpotential given in (3:55). We start
from (3.54) where the differential operator is given by (3.38). The form of ¢ is given in

(346 - B-4]). In order to compute ([B3.54)), we consider first
DA B0pe + Asedsp — Aibdbe) =AipD dpe — AipD dpe
+ (DA B)ope — (DEAfD) P (B.1)
+(DCAR) 5 + Ao D o5
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where we used Sp(56) indices/l Now we can translate this back into Er(7) indices,
rewriting the above equation as

Do(Ay-¢)=As-(Dog)+ (DR A) x ¢+ (D-As)ogp+ (As- D)oo, (B.2)

where we used the notation of Eq. (A.4]) and in the last term the differential operator D
acts on ¢. If we use the form Ay = (0, ps A A3) and the form of the differential operator

([3:38), we find that

Now we can use a variant of the Hadamard formula to find

D¢ = e D(e¢) —e ([D@ As] x (e7¢)) + LeM ((As- [D@ Ad]) x (M) +... |

where we can compute the coefficients to be ()
[D @ As] =(0,2(e - (ps A dAz)) @ (ps), 0,0) ,
Ay [D® Ay] =(0,0, =2 %5 (A A ps A dAz)(ps) @ (ps),0) , (B.5)
Ay (As- [D® Ay]) =0

The last equation actually puts all further terms in (B.4)) to zero. From this together
with (3.54]), the superpotential can be computed to be

6K¢/2W = %LP8¢4 A\ d¢4 + %pg A QSZ A dT¢4 — 21§Z54 AN LpsdA4 + (LpgA4) N dA4 . (B6)

In order to make the dependence on Ag explicit, we use Formula (B.1) but now for
A= (ps® A,0) and note that DPA45 =0 and AP D = 0. Therefore, we find

D-(A-¢)=A-(Dog)+[D® A x ¢ . (B.7)

Furthermore, we compute

~

D®A= (07 07 (pS A dAG)pS ® ps; O) ) (B8>

giving
MW =40,05" NdBY + 5ps A O AT + ps A dAg -
- 21¢510) N LPSdA4 + (LP8A4> N dA4 .

From self-duality of gbio) we find that the first two terms actually agree. This means that
we finally have

Kol2W = 1, 6\ N AB” + ps AdAg — 210 A 1 dAy + (1 Ag) AdA, . (B.10)

"Note that Er7¢7y C Sp(56).
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B.2 The N = 2 prepotentials

In this appendix we compute the Killing prepotentials of the N = 2 theory given in
(339). This computation is very similar to the one in Appendix B.1l We start with the
second term in (B.I3]) where the differential operator is given by (B.38). The objects K,
and L defining the SU(6) structure are given in ([3.33)) and (8.32)), respectively. In order
to compute (B13), we consider first

DB(ASLKP g — ARKAp) =A L, DPKP g+ (DP A KP g — A DP KA,
(B.11)
- (DBA4DB)KAD )
where we again used Sp(56) indices. Translating this back into Er(7y indices, we find

D(Ay-K)=Ay- (DK)+ [DR A OK+ [D-Ay]-K+ (A D)-K,  (B12)

where in the last term the differential operator D acts on K. The last two terms vanish
due to Ay = (0, ps A A3), cf. (B3). From the Hadamard formula we find

DK =eMD(e”MK) — e ([D ® A] ® (e MK))

LA ' A, (B.13)
+ 5e ((A4 [D®A4D (e K)),

where the coefficients are given in (B.5). We can treat the transformations A= ( ps@A, 0)
using the same equations and (B.8), so that

DK :eAshiftsD(e_AshiftsK) _ eAshifts ( |:D ® A4j| @ (6_AshiftsK))
+ %eAshifts ((A4 . [D ® A4D . (e—AshiftsK>) (B.14)
— eAAshifts ( [D ® A] ® (e_Ashifts K)) )

For the first term in (3.13) we have essentially to determine the scalar derivative (L, D).

From (332) and ([B38), we get
(L, D) = —e"rvolg ' (2 A ps Ad) = e K0 Ly . (B.15)
From this together with (B:I3]), the Killing prepotentials can be computed to be
P'= —4ikJ A pg A dIinO) — 4/€Lv(IinO)) A ps A dA;s
P? = e ML ((Lyo) + Lo 4) Re QN AT QL — e K2 (Lo + Lo 4) Im Q) ARe QY
+ 4rps A dAg — 262e5KE T A T A pg A0 A do®
+ 4k(As + k0@ A J) N ps NdAs |

P?= —4ikJ A ps AdRe Qflo) — 4k, (Re Qflo)) A ps N dA;s .
(B.16)
where we also used [Lg0), 4] = L0 4-
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