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ABSTRACT: We use the recently-constructed explicit duality transformation that relates a
rotating D6-D4-D2-D0 black hole solution to a rotating M5-M2-P black string to construct
a non-supersymmetric black ring in Taub-NUT that has two angular momenta, as well as
M2 charges and M5 dipole moments. This is the first black ring solution that has both
dipole charges and rotation along the S? of the horizon, and hence can be thought of
as the “Pomeransky-Senkov” version of the M5-M2 black ring in Taub-NUT. Its physics
should provide a testing ground for the applicability of the blackfold approach to charged
rotating black branes, and should elucidate the phase space of charged dipole rings in

various backgrounds.
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1 Introduction

Besides providing explicit examples of black hole uniqueness violations in five dimen-
sions, [1-6] and revolutionizing our understanding of the phases of black hole solutions
in various dimensions [7, 8], black rings have triggered the crystallization of the so-called
blackfold approach [9, 10] for determining whether a certain black membrane with certain
angular momenta and a certain horizon topology exists in pure gravity in any number of
dimensions. This approach is in the process of being extended to blackfolds with magnetic
and electric charges in supergravity, which will help to better understand the physics of
branes in thermal backgrounds and have important applications to the study of strongly-
interacting gauge theories at finite temperature via the AdS-CFT correspondence [11].
One of the best benchmarks for testing and perfecting the blackfold approach and its
charged generalizations is the construction of fully-backreacted explicit solutions that de-
scribe rings or membranes in various spacetimes. This is by no means an easy task, except
when there exists an underlying principle (like supersymmetry) that allows one to simplify
and solve the cohomogeneity-two Einstein’s equations. Starting from an observation of
Goldstein and Katmadas that by flipping a few signs in the equations underlying BPS so-
lutions one obtains non-supersymmetric “almost-BPS” solutions [12], the authors together
with Warner, Dall’Agata and Bobev have uncovered over a series of papers several very
large classes of multicenter solutions in four-dimensional supergravity [13-17], that describe
both non-supersymmetric black rings in Taub-NUT, as well as the seed solution for the
most general under-rotating four-dimensional black hole. Furthermore, two of the authors



and Dall’Agata have constructed the explicit duality transformations that allow one to
start from an almost-BPS solution and obtain the most general class of multicenter ex-
tremal solutions of the STU model where one center is “intrinsically” non-supersymmetric
and has four-dimensional rotation, while the other centers are “locally-BPS” [18]. Work
is in progress by one of the authors and Bossard to obtain the most general multicenter
solution with an arbitrary number of rotating non-BPS interacting centers [19].

Given the importance of finding new black rings, and given the power of the methods to
construct multicenter non-BPS solutions, it is but natural to ask whether these methods can
be used to construct black rings. After all, from the perspective of multicenter solutions [20],
a black ring in R* or Taub-NUT is nothing but the five-dimensional supergravity uplift of
a two-center solution, where one center has a nontrivial Gibbons-Hawking (or D6) charge
but no horizon, while the other center is a D4-D2-D0 black hole.

By now, three solutions for black rings in Taub-NUT have been constructed: the
first one is supersymmetric [21-23], and descends in four-dimensions to a BPS two-center
solution where one of the centers is a D6 brane and the other center is a BPS D4-D2-D0
black hole. The second black ring solution [13] is non-supersymmetric, and falls in the
so-called almost-BPS class [12]: it is again a two-center solution, and each center is BPS
by itself, but the orientation of the charge of one of the centers is reversed compared to
the BPS solution, and hence supersymmetry is broken. The third solution is a solution of
pure gravity, that does not have any electric or dipole magnetic charges [24].

The black-ring-in-Taub-NUT solution that we construct in this paper does have electric
and dipole magnetic charges, but is different from the BPS and almost-BPS solutions
because the black-ring center descends in four dimensions to a rotating black hole, and
hence is intrinsically non-supersymmetric. The uplifted solution therefore not only has
angular momentum along the S! of the black ring horizon (as all black rings do) but also
rotates along the S? of the horizon. In pure gravity such a black ring was constructed in
five-dimensions by Pomeransky and Senkov [25], generalizing the non-rotating black ring
of Emparan and Reall [1], but for rings with nontrivial dipole and electric charges no such
generalization is known.!

The method for building our black ring solution uses the explicit four-dimensional
S-duality map recently found in [18], that allows one to take a multicenter solution with
certain electric and magnetic charges and obtain, roughly speaking, a solution whose elec-
tric and magnetic charges are flipped. If one starts from a single-center solution for a
four-dimensional rotating non-BPS black hole with one D6 and three D2 charges, this du-
ality map yields a rotating black hole with three D4 and one DO charge, which lifts up in
M-theory to an M5-P rotating extremal black string. Furthermore, by turning on Wilson
lines (axion vev’s) in the original solution, one can also give M2 charges to this rotating
black string.

Having obtained a rotating black string solution, the question is whether one can bend
it into a black ring and put in in Taub-NUT, and if possible in an asymptotically-five-
dimensional solution. This is done by constructing a two-center solution, where one of the

!For doubly-rotating black rings with only electric charges see for example [26, 27].



centers is the black string, and the other is a Gibbons-Hawking center (which descends in
type IIA to a fluxed D6 brane?). Given that we obtained the black string by S-dualizing
an D6-D2-D2-D2 black hole, we can ask what should be the object one needs to S-dualize
to obtain a fluxed D6 brane. The answer is: any fluxed brane with DO charge.

Hence we propose to obtain a rotating charged non-BPS black ring in Taub-NUT by
S-dualizing a two-center almost-BPS solution in which one of the centers is a rotating
D6-D2-D2-D2 and the other center is a fluxed brane with DO charge, or equivalently an
M-theory object that rotates along the M-theory circle. The most obvious such object
is a fluxed D4 brane, which uplifts in M-theory to a two-charge supertube wrapping the
M-theory circle. Since the S-dual of a supertube is a fluxed D6 brane, the M-theory uplift
of the S-dual configuration should produce a rotating black ring in Taub-NUT. Note that
taking for the second center a fluxed D4 brane, one expects — and this will indeed happen
— to have non trivial “charges dissolved in fluxes” in the final solution, coming from the
second center.

By explicitly constructing the solution we find that the story is a bit more complicated:
the interaction between the two centers induces after S-duality a nontrivial D6 charge at the
black hole location; this causes its M-theory uplift to change topology, and not be a black
ring but a KK black hole. However, there exists a very special choice of parameters that still
maintains the black-ring horizon topology. For this choice, the solution describes a Taub-
NUT rotating non-supersymmetric black ring with M5 dipole charges and M2 charges.

The first obvious question is whether this Taub-NUT ring can be made into an asymp-
totically five-dimensional black ring. Indeed, by turning off the constant part in the Taub-
NUT harmonic function, this space becomes R*, and the solution for a BPS black ring in
Taub-NUT [21-23] can be transformed straightforwardly into the solution for a BPS black
ring in five dimensions [3-6]. Nevertheless, for the black ring we construct this does not
seem possible, at least after reasonable attempts. The reason is that the various constants
that appear in the harmonic functions are already constrained by the requirement that the
solution be a black ring, and one does not have the freedom to decompactify the Taub-NUT
fiber at infinity and obtain a black ring in five dimensions.

The next question is whether our solution is the only Taub-NUT black ring within
the class of solutions uncovered in [13-16, 18], or whether there are more black rings to
be found. The solution we obtain falls into the class of extremal solution that can be
obtained starting from a four-dimensional “electrovac” solution [15]. More precisely, our
solution could in hind-sight have been constructed starting from a two-center Israel-Wilson
base space [31]; however, the fact that one can construct a Taub-NUT black ring in this
class of solutions is far from obvious, and the harmonic functions one must choose to get
a black ring are far from being intuitive. One can also suspect that there may exist black
ring solutions in the two new classes of solutions unveiled recently in [18], and it would be
clearly interesting to understand this.

2By fluxed D6 brane we mean a D6 brane that has abelian worldvolume fluxes, and hence is T-dual to
a single D3 brane at angles. A fluxed D6 brane preserves locally 16 supersymmetries, and uplifts to 11
dimensions to a smooth GH center [28-30].



Since the new black ring solution is obtained by acting with dualities on a known
solution, this paper is organized as follows: we begin in section 2 by presenting both the
starting solution — a two-center configuration describing a D6-D2-D2-D2 black hole and
a supertube — and the dualities that we will perform on this solution. In section 3, we
review the black string solution obtained in [18], whose properties will be related to the
local features of the black ring. The reader who is interested in the solution alone can skip
directly to section 4 where we give the explicit doubly spinning black ring in Taub-NUT
solution, and explore its properties.

2 The starting solution and the explicit duality transformations

As explained in the Introduction, we obtain our black ring solution in an indirect way: we
start from a known two center solution, in Type IIA supegravity on 7% and transform it
using 6 T-dualities along this internal six-torus and an M-theory uplift in order to obtain
the final solution. In this section, we therefore present first the seed solution, and then the
T-duality rules that we will apply.

2.1 Starting solution

Our starting solution is a two-center configuration corresponding to an a non-BPS black
hole and a supertube in 11D supergravity on 7 [13], which when compactified to type
ITA becomes

ds?y = —I,7 V2 (dt 4+ w)? + 1,Y/? ds? + Z IZ41‘//2 2
2 = z§§€f3 , (2.1)
B® = Z3:B§2)dT[
with
BP:—gﬁ @”:—Z,zﬁ)z(—%, (2.2)

for the NSNS-fields, where Z = (ZlZng)l/ 3 and where ds% and d17 are the metric and
the volume form on each of the three 2-tori inside 7°. In detail, ds% = dy%1 + dy%,2 and

dTr = dyri A dyr2, with I =1,2,3. The three-dimensional metric ds% is flat, and we have
also defined

Iy = 212973V — i*V2. (2.3)

In order to satisfy the equations of motions, V, K3 and the Z;’s need to be harmonic
functions on the flat three-dimensional space, and p and w satisfy

*3 dw = d(VM) - VngKg s d *3 d(VM) = d(VZg) *3 ng . (24)



The RR fields are

2
cO = A- M @,

1,
3
c® =N ¢ ndry (2.5)
I=1
with
(3)__dt+w_ moy (3)__dt—|—w_ £y (3)__dt+w el P\ 4 5
e Al R +<3 Zg> + b3, (2.6)
with
s3dA = —dV | (2.7)
w3dby = K3dV — VdK;. (2.8)

In order to perform the T-dualities, it will also be necessary to have the higher RR fields
C®) and C(M. They are given by the equations of motion of C") and C®)

aC®) = — sy (dC® —aB® A CW) +dBA A CO, (2.9)
dC) = x10dCV +dB@ A CO) (2.10)

Using the explicit expressions for C(V, C3) and B®) (2.2), (2.5), (2.6), C® is explicitly
given by

c® =) ar; A dTy (2.11)
with

2
= drw)-wm+ f A,
2

AV AV
o) =,y @) == | (Ks— J )A— ] bs, (2.12)
C5 = ijg(dH”) N 52 (K3 - Z)A_ 2‘21;3.
Finally, C(7) is
_st + 2?2

c = (dt +w) — B+ Mfyf—”sAJr - b+ K3 (—7v3 + oy
V273 A R AV AV

ANdTy NdTy A\ dTs (2.13)
with the vectors «; and  defined such that they verify the following relations

*3 dyr = dZy, (2.14)
*3dﬁ = ngK3 — Kgng . (215)



We finally have to specify what are exactly our harmonic functions, in order to describe
the announced two-center solution. We parametrize the three-dimensional base space in
cylindrical coordinates (r,0,z) and take the black hole to be at the center of the space,
at r = 0, while the supertube is located along the positive z axis at a distance R from
the origin. We denote the polar coordinates centered at the supertube position as (X, fy).
Their relation to the polar coordinates (r,6) centered at the origin is:

50 — R
Y =/ +R2—2rRcosf, cos Oy, = TCOSE . (2.16)
The explicit functions are then [13]
dST
Veht 9 ke B
r by
ST ST
21:1+Q1+Q1 , 22:1+Q2+ 2 23:1+Q3, (2.17)
T by T by T
m cos mST M d&T hQsdiT | QsQsdiT
M- _ 3 3 3 0
Mot e T Py T oy T ooy T ovRry O

for the scalars and

RY
Nn=(Q1cos0 + Q7" cosbs)dp, 72 = (Q2cos0 + Q3" cosbs)dp, 73 = Q3 cos Odg,

A=—Qgcosfd¢, by = (stacOSH—hdchosez_Qb,dgT?”—RCOS@) do.

in260 hddT
w:</<; +mcosf +mST cos s, — o™ 23 cos Oy, (2.18)
B g7 — Rcosf ot sin% 0
(Qs+hQa)d§™" 2T = QeQudST 7 ) do,
— Rcosd
f= (—k‘g Q3 cosH—i—dgT cos by, + Q3 dgTr R;OS )dqb

for the corresponding vector fields. Note that there is a constant term in the K3 harmonic

)

infinity. As we will see, this constant will be crucial after dualities in order to obtain a

function that appears in B§2 . This gives an additional contribution to the axion field at

black ring.

2.2 Performing 6 T-dualities

We now review the general action of T-duality along all the T directions Y1,1,Y1,25 - - - Y3,1,
y3,2 [18] that we will apply on the solution presented in the previous subsection.

2.2.1 NSNS fields

The string metric and B-field have the general form

3 3
dsiy=dsi+ Y Grds;, BY =Y BdT;. (2.19)
I=1 I=1



Define the matrix
Gr By
Er = . 2.20
! <—B1 G1> (2.20)

The sequence of two T-dualities along yr,1,ys,2 simply inverts the matrix Fy:

E[—>E[ZE?1:

1 (Gr —By
A] B[ G]

) ., Ar=G*+ B2 (2.21)

Hence the after T-duality on 7% the torus metric and B-field are transformed as

~ Gy - By
— B =B;r=— . 2.22
Gr— Gy INER T A, (2.22)
The dilaton transforms as
2% 2% e*®
= . 2.2
e’ —e ALALA, (2.23)

2.2.2 RR fields

The action of T-duality on 7¢ on the RR fields was obtained again in [18] by the brute
force method of applying recursively the rules for T-duality along a compact direction. The
rules we use are as follows. Let y be the direction along which one performs T-duality and
let us write the string metric, B-fields and RR gauge fields C'?) as

dsg = Gy, (dy + A,dat)? + g datdz”
B@ = B, dz" A (dy + A,dz") + BY
C® = =Y A (dy + Audat) + CP) (2.24)

where the forms B®, Cép U and ¢®) are along the x* directions. The T-duality trans-
formed fields are

- 29
dg%o = G?;yl (dy — Buydx“)2 + guvdxtdz” e2® = g ,
Yy
B® = —A,dz"dy + B? (2.25)
CP) = CP=V A (dy — B,ydz) + CP).
The starting solution is
dsly=dsi+ > Grdsi, B® =" Bdl;, c® (2.26)
1 I

C(3) = ZC}?’) ANdTT, 0(5) = ZC}? ANdTr NdTy, 0(7) = Cg% ATy NdTy N dTy.
I 1<J



One finds the fields after 6 T-dualities on TG'

G
dgfozdsiJrZ Aj ds3, B® = Z dTI, (2.27)

CW=—_ci + ‘EUK’B 1CY) ‘EUK’B B,C\Y + B,B,BsC " | (2.28)

B €
=gt {BIC&% — Bilersx|BsCH) + G3 | I;K| Cox

+BlBngc}3) — G%‘E]L}K’B‘]C?) + G% IGIJK‘ BJBKC(l) , (229)
CSE})( (A AJ) |: BJBKC&%—FBlBQBgCJK ‘EIJK’(GQBJC( ) —|—G2B C( ))
+|€IJK|BK(G%BJC§ )+G2310(3)) G1G5 |€IJK|C( +G3G%|eryr|BrCY )] (2.30)

C = @AAAR) [3132330123+| ”K|(G2B BrC+GIG3BCR) +GRG3GEC™).

3 The rotating non-BPS black string

Before presenting the main result of this paper: the new rotating non-BPS black ring in
Taub-NUT, let us make a small detour to review the rotating non-BPS black string [18]
which gives the infinite-ring or the near-ring limit of the black ring we will construct. This
will allow us to explore its local properties, and understand the role of the Taub-NUT
center in the final solution.

To obtain the black string solution, one has to start from the solution in section 2.1
with the the supertube fields turned off: K3 = 0, by = 0, Q7T = QST mST = 0. This
simplifies the solution, which can now be written in a closed form in terms of five harmonic
functions V, M and Z;, I = 1,2,3. It describes the rotating D6-D2-D2-D2 black hole
found in [13]:

Vo149 A= —Qgcos0do,
r
o ., Q1
Ki=Ky=K3=0, Zr=Li=1+ R (31)
r
0 M in® ¢
M:m0+acoz ) = ) w:mcosﬁd¢—asm do.
T V r
The quartic invariant I is given by
Iy = 717573V — M?. (3.2)
After the 6 T-dualities, the new solution is given by
1 2 3
ds?y = —I,7 V2 (dt + w)? + 1,V/? ds? + Z Zds?,
3/2
I
e?® = 2 6 (3.3)

3
M
2) _
@ = Z3ZZIdTI’
I=1

sy



and
Z3
e =7 (dt+w),
Iy

3
C(g) = —Z’Y[/\dT[,

C M
CL(ISI)( = IZJIK(dt—i—w)— 73 (ZJ’)’K—l-ZK"}/J) ,
oM M?
o _ ( s (dttw) = ;f n A) AdTy A dTy A dTs. (3.4)
I

One can easily lift this solution back to eleven dimensions. We recall that this is
done by

ds%l = e4¢/3(d¢ + C(l))2 + e_2¢/3ds%0 , (3.5)
A®) = B@ A dy + O

We then obtain

2
ds?, = Z(dt+w)d¢+ L dy? 4 Z72d 3+Z Las?), (3.6)
A® = M A dT, 3.7
—Z ngw—’ﬂ I- (3.7)

I

This solution corresponds to a non-supersymmetric black string. As found in [18], the

charges of the solution are:3

QP = / dcW =0
2

5);4( - /52 T2 dC(3) = CIJKQIa (3-8)
2 %
7= /52 T4 dC® = mo(Qr + QkK)
X

Q™ = [ dC = Qo miQ: + Qe+ Q).

and the angular momentum of the solution in the transverse R? plane is
J=a. (3.9)
Using (3.1) and (3.6), the near-horizon geometry is:

Q3Q6 a?cos? 6

ds2 =" 2 dtdz/)+Q2
Q Q*

A 23 sin? 0dypdo+Q*(d6? +sin? 0de?) |
(3.10)
where we defined Q = (Q1Q2Q3)"/?.

30ne may have naively expected that since B® has a non-zero value at infinity (3.3), this would affect
the values of the D4, D2 and DO charges, but this does not happen: the constant in the asymptotic B-field
can be gauged away without affecting these charges; a more complete discussion of this can be found in [18].



By performing a coordinate change

~ o
b=0¢— Q3¢’ (3.11)
one can bring the metric into the form
2 r Q*Qs —a® | 4 o dr? 20702 1 w2 p 772
dss = Qthahb—i— o dy® +Q 2 + Q7 (db* + sin” 0d¢p~) . (3.12)

The space spanned by (¢,1,7) is AdSs and thus the near-horizon geometry of this black
string is a fibered AdS3 x S? space. Note that for this black string solution we have not
specified any periodicity for ¢, and hence the near-horizon metric can always be brought
into the AdS3 x S? form.

The induced metric on the horizon at r =0 is

B Q%Q¢ — % cos? 6

ds? = dyp® — 2% sin? 0dyde + Q*d3

Q* Q
_ 2902 2 QeQ® — o?

= QA+ Q QeQ3 — a2 cos? 0
+Q6Q3 —ch cos? 6 (i

The horizon has topology S? x S and its area gives the entropy of the string:

sin? fd¢? (3.13)

Qa

- sin? 0dg)? .
QeQ3 — a2 cos2 0 sin” fdg)

S =21/ Q1Q2Q3Qs — a2 . (3.14)

4 The rotating non-BPS black ring in Taub-NUT

We now construct the full two-center solution, which describes a black ring in Taub-NUT.
As we will discuss later this solution falls in the class of solutions with an Israel-Wilson
base space, but because of its charges at infinity it is more appropriate to refer to it as
a black ring in Taub-NUT than a black ring in an Israel-Wilson space. As hinted in the
Introduction, we will see explicitly that adding a second center with a nontrivial D6 charge
bends the string of the previous section into non-trivial ring.

4.1 The solution

Starting from the solution constructed in section (2.1) and applying six T-dualities on
obtains the explicit type ITA two-center solution:

3 1/2
I
ds?y = —I,7 Y2 (dt + w)? + I,V ? ds? + E Z[Z[VdS%,
I=1
7372
20 _ 14
= s Asys (4.1)
1 1 1
2 _ M e _ _ M
B AIZI/\dTH—AzZQ/\dTQ AB(K3 Z3)/\dT3,

,10,



where we recall that A; = G% + B?, explicitly given by

ZaZ3 AVA: Z1 Zs Ksp

Ay = Az = K -2 4.2
vzt 2T vz T vz T Zy (4.2)
and the functions Zj, K3,w and p are given in (2.17), (2.18). We also defined A =
(A1AA3)13,

The corresponding RR-fields are

Ay =

1
C(I)ZI (2% = VuZsKs3) (dt +w) + 5,

4
3
c®=N"c{ nary, (4.3)
I=1
3
c®= 3" G nary A dTy, (4.4)
JK=1
CM =L AdTy A dTy A dTs (4.5)
with?
@ K _ Vu ¢ _ K _Va
O =l w) b= B O == At et ) G (46)
Cs VAB(de) 1= 5, (Ka= 508, (4.7)
for C'3),
(5)_ 1 KgV,U, _ _ V,u V
012_<23+ z >(dt+°") "z Zl+22 +le2226’ )

e_ 1 ([, KV L % R
Ch V23A3<1 Zs (dt+w)—by nyg+ As 37 2o) VT 2, 2a0 U3 24 B,

G 1 K3V Vi 7

7 dt+w)—by— K _ Ky— .
Cas v23A3<2 7 >( tw)=h ZZ373+ <3 )2 71730 \ 2T 7y B
for C®) and

1 2u K3V pu? 1 m V22
o= — K5 — dt A Ky — by —
1237 7 A, 3 (dt +w)+ A+ Ay (3 3 \To 2 V3

Vi w\ (mo, V22 f
K3 — - Ks — 4.9
T A3 < 3 Zg> <Z1 + Zg> T ZaZ20Ns \"° Zs & (49)
for C(7,

Reconstructing the 11D fields. One can lift this solution to eleven dimensions, us-
ing (3.5). This gives

_ N2 - 7
ds?, = — 772 <dt+kz> + Zds? +Z Z ds?, (4.10)
I

A<3>:Z[ dt+l<: —|—a1]/\dTI,
I

4We have for convenience redefined y} to —y} for I = 1,2. This changes the signs of C{S) and Cég’).

— 11 —



with

~ Z ~ Z ~ VAVA
Ziv="22 Z,="Y Zy=1 Ly -2t (4.11)
K3 K3 Z3K3 Z3
- ~ Z3 Vi
k=npldy+A)+w, p= ,
Hl ) : (Z3K3)*  Z3K3
and
ar = Kr(dy + A) + by, (4.12)
~ Z1 ~ Zo ~ 1
1 K3Z3 ) 2 Kng ) 3 Kg ’
by =7, b=, b3=-73.
The four-dimensional base is given by
ds? = V7 Hdy + A)? + Vds?, (4.13)
‘7 = VYJrVL ) AV - ﬂ’
where we relabeled
Vi=K; and V_=Zs. (4.14)

With these redefinitions, one can see that equation (2.14) can be rewritten as
«df =V_dV, —V,dV_. (4.15)

Hence, the base space of our solution is an Israel-Wilson space [31]. One should recall
that in [15] the authors and Warner have shown that one can construct a certain class
of eleven-dimensional non-supersymmetric solutions starting from any four-dimensional
Euclidean electrovac solution, and that moreover when this electrovac solution is an Israel-
Wilson space the solution can be obtained by solving in a linear algorithm certain harmonic
equations in R3. It would be of course interesting to disentangle the building blocks of
this black ring solution in the language of solutions with an Israel-Wilson base, and to
understand what is the physics of the more general solutions one can construct with these
building blocks.

4.2 Physical properties

We now turn to the analysis of the physical properties of the constructed solution.

Regularity. For absence of Dirac-Misner strings w has to vanish at § = 0 and 6 = ,
which for a two-center solution imposes three constraints on the parameters, one for 6 = 7,
one for § = 0 and r < R and the last one for § = 0 and r > R. These constraints can be
solved by taking

_ hQ3+ Qs ST ST hQ3+ Qs +hR

ST
e 4T iy &5T (4.16)

R=—-M

- 12 —



We also want to make sure that the pole at > = 0 is a Taub-NUT center, and therefore
regular, and locally R*. At this location, Z; and Z, are constant, but Z3 has a pole

> _ QSTQSTR? — Qo+ hR)(Qs + R)d5"

Zs BTR(Os 4 R)Y +0(1) (4.17)

and one therefore has to impose

ST2 QYT Q3T R?
d3 —

~ (Qs + hR)(Q3 + R) (4.18)

for this pole to vanish. With these values for mST and d3T, one can then check that i does
vanish for ¥ — 0, and this ensures the required regularity. Finally, it is easy to check that
V ~1/%, near ¥ = 0, and hence the four-dimensional space looks locally like R?.

Asymptotic behavior. Asymptotically, the eleven dimensional metric becomes

A2, = CY2 | guoe (At + o (d) + Ac))? (4.19)
(gime — GrtoohZ) (A + Aoc)? + dsf + " grocds? |
I
with
k2
C = 1+ hki —2ksmo,  Gutoo :_Cg’
1 —1+ksm d3TQ
Gipriroo — Gttoollag = 20 Moo= k;‘ 0 A= < 3R P (5T —k3Qs) cos 0 ) do,
3 3
1

Let us perform the following change of coordinates

2 _

P — P — Gttoothoo t, t— C_1/6< _ gttoo(gi/”/loo - gttooMoo)) 1/2t,
Gupapoo Jippoo

r— O V% yra— C Y9r00) Y yra, 1=1,2,3a=1,2. (4.21)

Then the asymptotic metric becomes

dsl, = —dt® +ds3+ > dst+ Cgypoo(dip + (d5T — k3Qs3) cos 0de)? (4.22)
I

and hence the solution is not asymptotically R but R3! x S*. More precisely, because
of the non-trivial fibration, the space is asymptotically Taub-NUT. It is regular under the
following identifications

ST ST
@)~ (or2mu-2n(B P4 BT kaa ) )~ (04 2m w20 (B P - T 1 1a0a ).
(4.23)
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Charges at infinity. The solution dimensionally reduced to four-dimensions is asymp-
totically flat, and its Einstein-frame metric is

ds?, = —I,7 Y2 (dt + w)? + I,V/? ds? . (4.24)
The corresponding asymptotic charges are the mass

Qo +h(Q1+ QT + Q2+ Q3T + Qs — 2mod§h)

GyM = 4.25
(with G4 the 4D Newton’s constant), the angular momentum
dST
Gu =a+ " [Q6+Q3(h+2%6)], (4.26)
the D6 charge
QP =d3" — k3 Qs, (4.27)
the three D4 charges
Qn' =Q1+ Q1" —moQ™, Q' = Q2+ Q3" —mQ"°, (4.28)
pa (ksmo —1)Qs + d3T (mo — hks) hks —mqg - pe
12 = =—Q3— Q™7
C C
the three D2 charges
h kg — My
?2 = C 1D34 - mOQ?) )
h kg — my
5)2 = C 2Dg4 - mOQ?) )
:?2 - hd%T - /{?3@6 — mQQ%4 — mQQ%4 — m%QD6, (4.29)
and the DO charge
hks —m
QPO — — Q¢ — 30 Y0P — mlQs. (4.30)

We can see that these charges are quite different from those of the lonely black string (3.8).
This of course comes from the presence of the second center, which is a fluxed D6-brane
with nontrivial D4, D2 and DO charges. Furthermore, the M-theory uplift has nontrivial
magnetic fields sourced by M5 branes, which give rise to extra M2 charges dissolved in
fluxes and to extra angular momentum.

Topology of the horizon. In order for this solution to describe a black ring at » = 0 it
is necessary that the -fiber does not shrink, but stays finite. Since the size of this fiber is

ViV = (s + Ci‘()’)’l(kg + diT)l, (4.31)

it generically shrinks to zero as » — 0, and then the solution does not describe a black
ring, but a KK-black hole. Indeed, this is the generic behavior one expects for a solution
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constructed with an Israel-Wilson base space, and one could naively think that one cannot
construct a black ring in this class of solutions. This is not so: the effective D6 charge at

r=20Iis
D6 ds"
Qeff = <k3 +on )Qs (4.32)

and, because we have allowed the constant k3 to be non-zero, we can tune it to cancel this
effective D6 charge:
a5
ks = — . 4.33
=" (433)

For this particular value of ks, the size of the fiber stays finite, and we expect to have a
black ring. Indeed, the horizon metric becomes

Q@ — o
QsQ3 — a2 cos? 0

3 _ 02cos26 ’ 2
+Q6Q Q(Z COS <d¢ o (dgT * Q@3 520(; cos? 6 sin” 9) d¢>

=Q%d0?+Q? sin® dp* +

dst, =Q%dh* + Q? sin? fdp? (4.34)

Q6Q?—a? cos®
Q4
with Q = (Q1Q2Q3)%/3. After the redefinition

(dy—dSTdg)? —23 sin? 0(dvp— dSTdg)do

Y= —dile, (4.35)

this is exactly the metric (3.13) that we obtained for the black string, and thus has topology
S? x S'. Here, regularity implies the identifications

(6, 0) ~ (6 +2m,7) . (4.36)

Note that, using the constraint (4.33), the second of the identifications (4.23) obtained
from the asymptotic analysis becomes

(¢, 0) ~ (¢ + 21,0 + 2xd5 ") | (4.37)

which, given the definition of ¢, is exactly equivalent to the identification (4.36).

It is important to note that the condition (4.33) is very particular from the perspective
of solutions with an Israel-Wilson base space. This base space can be ambipolar® and still
yield a physical five-dimensional solution (much like Gibbons-Hawking spaces do [28, 29,
32]). The choice (4.33) places the black ring exactly on top of the boundary between regions
of opposite signature. While one could be worried that regularity can be affected by this
very particular choice, it is easy to see that all the previously-required conditions are still
respected, and therefore the solution is perfectly fine.

The entropy of the black ring is still given by

S =21/ Q1Q2Q3Qs — 2. (4.38)

°It can have regions where the signature alternates from (4, +, 4+, +) to (—, —, —, —).
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As we already discussed, because of the charges dissolved in fluxes, coming from the sec-
ond center, one does not expect this entropy to be given by the quartic invariant of the
asymptotic charges (4.27)—-(4.30). For all that it’s worth, the latter is

THQ, QP Q5. Q%) = (@1 + @5)(@s + Q5M)Q5Qs — Qo — hQs)? . (4:30)

It is interesting to note that this quartic invariant is relatively simple, and does not involve
the constants k3 and mg, despite the fact that they do appear in the charges. More-
over, since the charges dissolved in flux come from the presence of the second center,
by turning off its charges, Q$T, Q53" and d3T, one recovers the usual entropy formula
S = 271'\/J4(QD0, QD2’ 5)[11(7 QDG) — a2

Having obtained a rotating black ring in Taub-NUT, it is natural to ask whether one
can choose solution parameters such that the Taub-NUT fiber decompactifies at infinity,
and the solution describes a black ring in R*»!. While this can be done for a generic
choice of parameters, when one imposes that the topology of the horizon be % x S* (4.33),
this restricts the number of parameters, and the asymptotically R*! solution disappears.
Hence, one can obtain a two-center five-dimensional solution with a rotating black hole,
but not a five-dimensional black ring. It would be interesting to understand the physical
intuition behind this.

Near horizon geometry. This is an interesting question to investigate, because one
would naively expect that a black string ring placed right on the boundary between regions
of the base of opposite signatures would have an unusual near-horizon metric. Amazingly
enough, this does not happen. When k3 = —d§’T /R and r — 0

(Q1Q2Q3)? 7
6 ) 4
r r

. 2 "
B~ —dSTdg, wN—aSH; 9. o

3 2 9
3 37,3 T—0 Q°Q¢ — a* cos* 0
ZAV ~ ~ 4 9
Q3

~ Q%0 — a2 cos? 07“. (4.40)

The near horizon geometry is

3. A2 2 B - 2
@ Qs C; 08”0 172 0 Gin? gdido+ Q2 dg +Q2(d6? + sin® d¢?) ,
T

" dtdi+ o

ds%zZQ

(4.41)

with ) defined in (4.35). After this redefinition of 1, the near-horizon geometry of the
black ring coincides with that of the black string given in (3.10). Much like for the black
string, the coordinate redefinition

b= — Q3¢ (4.42)
brings the metric into the AdSs x S? form
2 r - Q%Qs—a® o dr? 20102 | 20372
dss = Qthchb + o Ay +Q 2 + Q*(dh” + sin” 0dp”) . (4.43)
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Note that the coordinate redefinition (4.42) is compatible with the periodic identifi-
cation of the angles. Indeed, in (4.36), the angle 1 is kept fixed. Therefore, it directly
tranlates into

(¢.9) ~ (¢ +2m,9), (4.44)
which is exactly what is needed for the regularity of the metric (4.43).

The thin ring limit The non-BPS black ring solution constructed in this section admits
a thin ring limit, in which the solution appears as a deformation of the non-BPS black string
of section 3. As it is clear from the construction of the solution, the black ring is expected
to reduce to the black string when the distance R between the two centers becomes much
larger than all the other scales. In the following we verify this expectation.

In the large R limit one has

hQsz+Q h

&7 ~ \/Q§TQ§T, h=—ma \/Q§TQ§T, mt ~ \/ QTR (4.45)

With the choice (4.33), the function K3 vanishes in the large R limit:

1 1) \/ Q¥ Q3" , (.46
— ~ rcosf. .

Y R R?

This causes the various metric coefficients to either vanish or diverge in the limit:

Ky = d§T<

V= KyZs, A=pr~ -\ JQ5TQ8Tds,
~ Zo ~ A ~ ZhZy 1
7 = o = Zy ~ 4.47
1 Kg ) 2 Kg ) 3 23 Kg ’ ( )
_ Z1Zy 1 -
~— - w. 4.48
K Zy K2 w=w (4.48)
The 11D metric, however, has a good limit, given by®
2 - Iy - Zr
ds?| ~ Sldt+w)dd + A + Z7ds5 + ) o (4.49)
1
where
=1 - QTS . (4.50)

As expected, this coincides with the black string metric (3.6). The terms of higher order
in the 1/R expansion of the black ring metric represent the deformation of the black string
into a thin black ring, and are thus within the range of validity of the blackfold approxi-
mation. The balancing condition for the rotating black ring does not appear explicitly in
the equations above, but is contained implicitly in the regularity conditions (4.16), (4.18),
which are solved by tweaking the parameters of the horizonless center.

The coefficient of di)? follows from the identity

Sr—1 522
A -
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Local or not local? We have seen in this paper that when one transforms a two-center
solution under dualities, the local properties of the solution near one of the centers are
influenced by the presence of the other center. Thus, since applying 6 T-dualities on a
lonely spinning black hole always yields a spinning black string with horizon topology
52 x S', one may have naively expected that if one starts from a two-center solution,
the black hole always transforms into an object that looks locally like a spinning black
string. Our explicit calculation has shown that this only happens for a very specific choice
of parameters.

The reason for this is that the solution with a black hole and a supertube also has
a nontrivial Wilson line (more precisely a 3-form potential with two legs on a T2 and
one along the Taub-NUT fiber, coming from a nonzero harmonic function K3). If one
applies 6 T-dualities on a single-center black hole in a background with a generic Wilson
line, the resulting solution will not be a black string. The horizon topology only becomes
S? x S when the Wilson line in the original geometry is absent: this is the black string
solution presented in section 3. For the two-center solution the condition for obtaining
a black ring, (4.33), can be traced back to the vanishing of the Wilson line at the black
hole location in the original geometry. The near-ring solution then becomes exactly that
of the black string. Note moreover that the topology change produced by the presence of
a Wilson loop at the horizon does not affect the explicit value of the entropy.

5 Conclusion

In this paper we presented a new non-BPS doubly-spinning black ring solution in Taub-
NUT. This is the first black ring solution that has both dipole charges and rotation along the
S? of the horizon. This solution has been obtained by acting with duality transformations
on a two-center configuration corresponding to a black hole and a supertube. The supertube
becomes after dualities a fluxed D6-brane, and permits to bend the second center into a
black ring. This construction has some noticeable properties that are worth recalling.

First of all, we have discovered that the presence of a tiny Wilson line near the black
hole horizon alters completely the topology of the solution obtained after six T-dualities.
Second, the final solution belongs to the class of non-BPS solutions constructed starting
from an Israel-Wilson space, in which one did not naively expect to find black ring solutions;
furthermore, the solution is regular despite the fact that from the perspective of the Israel-
Wilson base space the black ring center is located exactly at the boundary of two regions
with different signature. Third our method for constructing the solution does not allow to
decompactify the Taub-NUT space to asymptotically R*, and to obtain a rotating black
ring in five dimensions. It would be interesting to see if this could be done by dualizing
other almost-BPS two-center solutions, where the fluxed brane is not a D4 brane but a D2
or DO brane, or by starting with an Israel-Wilson solution where the fluxed brane is a D6
brane. It is also interesting to understand how to add angular momentum in solutions that
have an Israel-Wilson base space, or in the more general solutions found in [18].
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