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AN A POSTERIORI ERROR ESTIMATION FOR THE DISCRETE DUALITY
FINITE VOLUME DISCRETIZATION OF THE STOKES EQUATIONS

ANH HA LE! AND PascaL OMNES! 2

Abstract. We derive an a posteriori error estimation for the discrete duality finite volume (DDFV)
discretization of the stationary Stokes equations on very general twodimensional meshes, when a penalty
term is added in the incompressibility equation to stabilize the variational formulation. Two different
estimators are provided: one for the error on the velocity and one for the error on the pressure.
They both include a contribution related to the error due to the stabilization of the scheme, and a
contribution due to the discretization itself. The estimators are globally upper as well as locally lower
bounds for the errors of the DDFV discretization. They are fully computable as soon as a lower bound
for the inf-sup constant is available. Numerical experiments illustrate the theoretical results and we
especially consider the influence of the penalty parameter on the error for a fixed mesh and also of the
mesh size for a fixed value of the penalty parameter. A global error reducing strategy that mixes the
decrease of the penalty parameter and adaptive mesh refinement is described.

1991 Mathematics Subject Classification. 65N08, 656N15, 76D07.

The dates will be set by the publisher.

INTRODUCTION

Let Q be a two-dimensional simply connected polygonal domain with boundary I'. We consider the Stokes

equations

AR+ VH=finQ,
V-u=0inQ,

u=gonl,

/Q Pl)ds =0,

(1)
(2)
(3)
(4)

4

where u is the fluid velocity, p the pressure, f the body forces per unit mass, and the function g satisfies
Jr8(c) ndo =0. With f € H~(Q) and g € H/2(T'), this problem is well-posed (see [15]) due to the so-called
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inf-sup condition: there exists 5 > 0 such that:

V- d
B = inf sup Jo 4V - v(x)dx . (5)
9€LF(Q) ve(HE (Q))? HV||(H3(Q))2H¢1HL2(Q)

Our purpose in this work is to compute an a posteriori error estimation between the exact solution u, p of (1)-
(4) and its numerical approximation by the penalized discrete duality finite volume scheme (DDFV) as presented
in [20]. Originally developed for linear diffusion equations [14,17,18], the DDFV method has been extended to
nonlinear diffusion [2,4,7], convection-diffusion [8], electro-cardiology [1,9], drift-diffusion and energy-transport
models [6], electro- and magnetostatics [12], electromagnetism [19], and Stokes flows [11,13,20]. The originality
of the DDFV method is that it is able to treat all kind of meshes, including very distorted, degenerating,
or highly non-conforming meshes (see the numerical tests in [14]). The name of the method comes from the
definition of discrete gradient and divergence operators which verify a discrete Green formula.

Like for other equations, the development of a posteriori error estimations for the Stokes problem has fol-
lowed the a priori investigation of numerical methods. As far as finite elements methods are concerned, R.
Verfurth [23] made one the very first contributions by getting two a posteriori error estimations for the mini-
element discretization: one is based on a suitable evaluation of the residual, the other is based on the solution
of local Stokes problems. Later on, R. Verfiirth [24] generalized the first estimator developed in [23] to the non-
conforming Crouzeix—Raviart finite element method, neglecting however the consistency error in the estimator.
It was shown however in E. Dari et al. [10] that this consistency error may not always be neglected, and, in
order to properly take it into account, the authors of [10] use a Helmholtz-Hodge like decomposition (adapted
to the Stokes problem) of the velocity error. In the resulting error estimator, this gives rise to terms related
to the jumps of the tangential velocity components from one cell to another, in addition to the usual jumps of
the normal components of the stress tensor. The case of the non-conforming Fortin—Soulie quadratic elements
is also treated in [10].

All the above-cited finite element methods satisfy a uniform discrete inf-sup condition. However, it is often
found useful in practice to consider discretizations (especially low-order ones) that do not verify such a uniform
discrete inf-sup condition. In this context, C. Bernardi et al. [3] consider the finite element approximation of
the Stokes equations when a penalty term is added to stabilize the variational formulation. The a posteriori
error estimation they obtain includes two contributions: one related to the discretization on a given mesh, the
other related to the penalty term. Based on these two contributions, the mesh refinement and the decrease of
the penalty term are linked within an adaptive process.

A very recent contribution by A. Hannukainen et al. [16] sets a general framework for obtaining a posteriori
error estimations for the discretization of the Stokes equations. The method is based on the reconstruction of
postprocessed Hi conforming velocity and H — div conforming stress tensor fields deduced from the numerical
approximation, and it may be applied to various conforming and conforming stabilized finite element methods,
the discontinuous Galerkin method, the Crouzeix—Raviart non-conforming finite element method, the mixed
finite element method, and a general class of finite volume methods.

However, as far as finite volume methods are concerned, the use of arbitrary meshes in [16] requires first to
solve local Stokes problems on a conforming subtriangulation of each control volume, and then to apply the
above-cited reconstruction on this subtriangulation. Instead, we would like to obtain error estimates for the
solution of the DDFV scheme presented in [20] without having to solve any local problem or to compute any
reconstruction. To do this, we shall adapt to the Stokes problem the a posteriori error estimation investigated
in [21] for the DDFV discretization of the Laplace equation, using the discrete variational formulation verified
by this scheme. The non-conformity of the method is dealt with using the Helmholtz-Hodge like decomposition
introduced in [10]. Our estimator also includes a contribution related to the stabilization term in the incom-
pressibility equation, which allows to monitor the amplitude of the penalization coefficient with respect to the
mesh refinement process.

This article is organized as follows. Section 1 sets some notations and definitions related to the meshes, to
discrete differential operators, and to discrete functions. In section 2, we present the DDFV scheme, and its
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equivalent variational formula is recalled. In section 3, representations of the errors are elaborated. This is used
in section 4 to find a computable upper bound of these errors, provided a lower bound for the inf-sup constant
in (5) is known. In section 5, the local efficiency of the error estimators is verified. Numerical experiments are
presented in section 6.

1. NOTATIONS AND DEFINITIONS

Let © be covered by a primal mesh with polygonal cells denoted by T;, i € [1, I]. We associate with each T;
a point G; located in the interior of T;. With any vertex Sy of the primal mesh, with k € [1, K], we associate a
dual cell Py by joining points G; associated with the primal cells surrounding Sj to the midpoints of the edges
of which Sy, is a node. The notations are summarized in Fig. 1 and 2.

With any primal edge A; with j € [1,.J], we associate a so-called diamond-cell D; obtained by joining the
vertices Si, (j) and Sk, ;) of A; to the points G, ;) and G, ;) associated with the primal cells that share A; as
a part of their boundaries. When A; is a boundary edge (there are J ' such edges), the associated diamond-cell
is a flat quadrilateral (i.e. a triangle) and we denote by G,(;) the midpoint of A; (thus, there are JU such
additional points G;). The unit normal vector to A; is n; and points from Gy, ;) to Gi,(j). We denote by A’
(resp. A’,) the segment joining G, (;) (resp. Gi,(j)) and the midpoint of A;. Its associated unit normal vector,
pointing from Sy, (j) to Si,(j), is denoted by n’; (resp. n’,). In the case of a boundary diamond-cell, A%,
reduces to {G;,(j)} and does not play any role. Finally, for any diamond-cell D;, we shall denote by M;x, the
midpoint of [G;, (j) Sk, (], with (o, 8) € {1; 2}2. With nj, n; and nj,, we associate orthogonal unit vectors
T, T;l and 7';2, such that the corresponding orthonormal bases are positively oriented. For any primal T; such
that A; C 0T;, we shall define nj; :=n; if i = 41(j) and nj; := —n; if i = is(j), so that n;; is always exterior
to T;. With nj;, we associate 7 j; such that (nj;, 7;;) is positively oriented. Similarly, when A}l and A;Q belong
to 0P, we define (n;, 77,) and (05, T5) so that n;, and n’;, are orthogonal to A}; and A, and exterior
to Pk.

NB: by a slight abuse of notations, we shall write ¢ € T (respectively j € T' and k € T') to mean G; € T,
(resp. A; C T and Sk € T'). The same convention will be used for any set of points other than I'; e.g. for 9T;.
We shall write j € 0P, to mean that A%, and and A’, are subsets of 9Py

For v € (H?(Q))? with v = (v1,v2)t, we define

_{ Ov1/0x Ouv1 /Oy _{ O /0y —0v1/0x
vv_((%g/@:c Ova /Oy y VXV = Ovg /Oy —0Ovg/Ox )’

o Avl
Av = ( Aty ) .
If A and B are two matrices with dimension M, we define the inner product

M
A:B= Z AUBU

4,j=1

For future use, we recall Green’s formulae

/AV~Wd:L':*/VVZVW+/ (Vv n) - wds, (6)
Q Q o)

/ Vv:V xwdz = 7/ (VvT) - wds, (7)
Q o0
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for any v € (H?(Q2))? and w € (H'(Q2))2. Here, n is the outward normal to 9Q and 7 is the tangent vector
to 9 such that (n,7) is positively oriented.

FIGURE 1. A non-conforming primal mesh (solid lines) and its associated dual mesh (left,
dashed lines) and diamond mesh (right, dotted lines).

FIGURE 2. Notations for an inner diamond-cell (left) and a boundary diamond cell (right).

In the definition of the DDFV scheme, we shall associate the velocity unknowns to the points G; and Sy
and the pressure unknowns to the diamond-cells. Moreover the gradient and divergence of the velocity will be
defined on the diamond-cells. This leads us to the following definitions.



Definition 1.1. Let u = (ul,u}), and v = (vI,v}) be in (R?)! x (R?)K. Let ® = (®;) and ¥ = (¥;) be in

79

(R2*2)7. Let p = (p;j) and ¢ = (g;) be in R’. We deﬁne the following scalar products

1

(u,v)r p =3 Z |Ts|u? - v + Z |Pejul -vE ], (8)
i€[1,1] ke[l,K]
(@, ¥)p := Z |Dj|®; : ¥; and (p,q)p = Z 1Djlpjq;- (9)
jell,J] jell,J]

Definition 1.2. Let u = (u?,u”) be in (R2)/™/" x (R2)X. For any boundary edge A;, with the notations of
Fig. 2 (right), we define @1; as the trace of u over A; by

1 P T P

Let u = (ul,ul) be in (RQ)”JF x (R?)X and let w = (w;) be defined on the boundary I'. We define the
following boundary scalar product

(w,@)r, = Z |Ajlw; - . (11)

jer

Definition 1.3. Let ® = (®,) be in (R?>*2)7. We define divergences and curls of the tensor field ® on the
primal and dual cells by

(VE . ®); = T Z |A;|®;n;;,
JEIT;
1 Al
(Vi, - @)y, = m (AR, A B )+ D =%y )
JEOP JjEOPL,NT
(VE x @), Z |Aj|®,7 50,
]EBT
1 Al
(Vi X @), := Bl (AL 10;7 AL 12T+ > Tj‘bﬂ'j
ko \jeop, jEdP,T

Definition 1.4. Let u; = ((ul)T (u1)P) be in RIFEHT" and uy = ((u2)?, (u2)F) be in RIFEHT"and u =
(u1,us2); the discrete gradient V2 u and the discrete curl V§ x u are defined by their values in the diamond-

cells D; by
D, \t D t
p.y _ [ (Vyu), D o (Vi xw)
(Vi) = < (thUQ)tj ) , (Vi xu); = ( (VD x Uz)t]— 5
where, for ¢ € RIFE+7" we define
(VR0 = g5 ] {168, — OE. 0145, 00, + 145, ') + 65 ) — 6 14y

(Vi x ¢); =

2|D | {[¢k2 (kal(J)]('A.I]l |T31 + |A32|732) + [¢Z;(]) - ¢ZI(])]|AJ|TJ} :



k I 1(k) K1(k)

FIGURE 3. Notation for a boundary dual cell in formula (19).

We also need a discrete divergence of a vector, which is defined using the discrete gradient
(V3 - u); = Trace((Vyu)y).
From basic geometrical arguments, we obtain some properties of the discrete gradient:
Do) — D) = (VR D)i  Ska()Skat) » Piais) = Pviy = (VR D)j - Giy () Gin () (12)

For the penalization of the scheme, we need to define the following (non-consistent) Laplacian-type operator.

Definition 1.5. Let p = (p;) € R’, we define:
1
(APp); = D > (= pi)s (13)
I jredD;
where 0D is the set of indexes of diamond cells which have a common boundary segment with D;.

Proposition 1.6. For ® € (R2*2)7 and = (u”,u”) € (R2)1+7" x (R2)K and p € R’, the following discrete
Green formula hold:

(V" @ w)pp = —(VFW,@)p + (Pn, 0)r s, (14)
(Vi x @ u)pp = (VP xu,@)p + (@7, @)1, (15)
(V" - phh,u)rp = —(VE -u,p)p + (pn, @)r s, (16)

where Is is the 2 X 2 identity matriz.

Formula (14) is called the discrete Stokes formula and is proved in [20]; its componentwise counterpart can
be found in [14]. Formulae (15) and (16) can be demonstrated in the same way. Proposition 1.7 below may be
found componentwise in [12].

Proposition 1.7. For all u = (ul,uf’) € (R2)1+7" x (R2)X, there holds
(Vi x (VRw)i =0, Vie[l1], (17)
(VE x (VPw) =0, VkgT. (18)



In addition, for k € T, the following equality holds (see Fig. 3 for the notations)

1 1
(Vi, x (VRw)y, = P4 (7, ) — UL (1)) + 5(“2(@ —uz, )| - (19)

The derivation of the a posteriori error estimates is based on the reformulation of the scheme under a
variational form which uses functions associated to the discrete unknowns.

Definition 1.8. With any u = (ul,ul) € (]RQ)I"’JF x (R?)X we associate the function uy, defined by

(un)lp, € (PY(Dy)* , Vje[L,J],
1 .
w, (M, (yks () = E(uz;(j) + ukpﬂ(j)) , ViellJ], (o B) €{1,2}7

In addition, for all p = (p,;) € R’, we construct piecewise constant functions corresponding to the approximate
pressure and to the penalty term:

pr(x) =pj, Vxe€ D;, je[l,J], (20)
(Afp)h(x) = (Afp)j; Vxe Dj’j € [LJ]' (21)

The validity of the definition of u;, by its values in four different points and the proof of the fundamental
properties below, which allow to reformulate the scheme under a variational form, may be found in [14].

Proposition 1.9. Let u = (u!,ul) € (]RQ)I"’JF x (R?)X and let uy, be defined by Definition 1.8. There holds

(VY -uw); =V -uplp,, ¥V jeLJ. (23)

Definition 1.10. Let uy be in (PY(D;))?, Vj € [1,J], and not necessarily continuous over the interfaces of
neighboring diamond-cells. We define its piecewise gradient and divergence over 2 by:

thh(X) = Vuh|Dj (X) and Vy, - uh(x) =V- uh|D]. (X), Vx € Dj, ] € [1,J] (24)

2. THE FINITE VOLUME SCHEME ON GENERAL MESHES

The finite volume scheme used for the numerical approximation of equations (1)—(4) is constructed on the
basis of the discrete differential operators defined in section 1. It is very similar to that studied in [20], only the
definition of the penalization operator being slightly changed, with no alteration in the existence and uniqueness
results that can be proved like in [20], as soon as € > 0.

(vg : u)j - E(Agp)_] =0, vj € [1a J]a (27)
P T P
W ) T 205, T g .

J
> 1Djlp; =0. (29)
j=1
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We suppose that g is regular enough, so that we can set g; = g(Gj,(;)) in (28), while in (25) and (26), i
and f,f are the mean values of f over T; and P, respectively:

1 1
£l = — / f(x)dx and ff' = — [ f(x)dx. (30)
T3] Jo, Y|Pl Jp,

We can prove that the solution of the scheme verifies a discrete variational formulation:

Proposition 2.1. Let u = (u},u}) and p = (pj)jepn,s be the solution of the scheme (25)-(29). Let v =

(v;r,v,f) such that v; =0 for all j € I'. Let up and vy, be the solution associated to u and v by Definition 1.8.

Let us set in addition

Vi) =5 | VI Y v ) (31)

i€[1,1] ke[1,K]

where 01 and 95 are respectively the characteristic function of the cells T; and Py. Then, there holds

Z/D.thh:thh(x)dfo/D‘V;fvh ph(x)dX:/QfV;;(x)dx. (32)

Proof. Starting from Eq. (25) and (26), we have

—(VF - (VPuw); v+ (VE - (pL),) -vI =€ -v] | Vie[l,1], (33)
—(Vi (VR Vi + (V7 () v = £ v Wk € [1K]. (34)
Multiplying (33) by |T;| and (34) by |Py| and summing over all ¢ and all k, we obtain
~(Vi " (VRW, Ve + (V- (0h), V)zp = (£,V)7.p.
We can apply (14), (16) and v; = 0 for all j € I and we obtain
(Vi w,Vv)p = (Vi -v,p)p = (£,V)7.p.

Using (22)—(23) and definitions (30)—(31), we obtain (32). O

3. A REPRESENTATION OF THE ERROR

3.1. A representation of the velocity error

The variational formula of (1) reads:

Vi : Vvdx — /
Q

pV - vdx = / f-v(x)dx, (35)

Q Q

for all v € (H}(Q))?. We shall estimate the H' semi norm of the error between the exact solution U and the
function uy, associated to the solution of the DDFV scheme. For this, we shall denote by e := U — u; and
ep := P — pp, the error in the velocity and pressure, respectively. We have

1/2

Vel r2) = Z/ |Vt — Viup | (x)dx : (36)
i /P
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2X2

Since 2 is a simply connected domain and since Ve = Vi — Vj,uy, belongs to (L2(£2))?*?, we may decompose

it in the following way (see Lemma 3.2 in [10]):
Vie=Vd —ql, +V x ¥, (37)

where ¢ € L2(Q), ® € (H{(Q))? with V- & = 0 and ¥ € (H'(Q))? with [,, ¥(x)dx = 0, with the following

estimations
Ve[ L20) < [VrelL2(a),

2
llallz2 (o) < EHVh@llm(Q), (38)
~ 2+/2
[V x ¥z < (1+ 7)|\Vh€||1:2(9),

where S is defined by (5).
Now, we estimate the velocity error using decomposition (37). First observe that

/the - Ig(x)dx = /Q Vi - e q(x)dx = / (V-1 — Vi - up)g(x)dx.

Q

From (2) and (27), we have
Ve : Lg(x)dx = 5/ (APp)ng(x)dx. (39)
Q Q
Multiplying the term Ve(x) with (37) side by side and integrating over €, there holds

||V}Le|‘%2(9) = /the : (V:I; + V x \i/ — qIQ)dX

— it iz == [ (APpIaGdx (40)
Q
where
i = Z/ (Vi — Vuy,) : V& (x)dx
D;j
and

iy = Z/D‘(va — Vuy) : V x ¥(x)dx.

In order to find a suitable representation of ¢y and 2, we shall need the following definitions

Definition 3.1. The boundary dD; of any diamond-cell D; is composed of the four segments [G; (j)Sk, ;)]
with (8,«a) € {1,2} (see Fig. 2). Let us define by S the set of these edges when j runs over the whole set of

diamond-cells and § those edges that do not lie in the boundary I'. Each s € § is thus a segment that we

shall denote by [G(5)Sk(s)]- We shall also write s € T; (vesp. s € Py) if s C T; (resp. s C Py) and s ¢ T
Finally, we shall denote by n, one of the two unit normal vectors to s, arbitrarily chosen among the two possible
choices but then fixed for the sequel, and [(Vuy, — pp2)ns]s is the jump of the normal component of Vuy, — pp, Io
through segment s. Moreover, T will be such that (ng, ) is a positively oriented orthonormal basis of R? and
[(Vup)Ts]s is the jump of the tangential component of Vuy, through segment s.
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Proposition 3.2. Let ® be defined in equation (37). Let ® = (@T,oF) € (IRQ)IJF']F x (RHE be such that
®; =0 forall j €T. (41)

Then, it holds that

/P £ (d— 0 (x)dx

I
g

/T, £ @—(I)Z-T)(x)anL%

i1

ie[1,1] ke(1,K]

1 ~

-5 2 /[(Vh“h —prlo)ngs - (© — @) (0)do (42)

e, g0

1

-3 XX [T putn - @ - o) (o)
Re[LK] g

Proof. First, since ® € (HL(€2))? and V - ® = 0, using (35) yields:
i = Z/ Vi : VO (x)dx — Z/ Viuy : VO (x)dx
- D; . D;
/ Vi : VO (x)dx — Z/ Viuy : VO (x)dx
Q
= / £ d(x)dx — Z/ Vi, : VO(x)dx.
Q — /o,
For any ® = (®, ®F) satisfying (41), formula (32) leads to
i1 = / f.(d—®F)(x)dx — Z/ Pr Vi - Pp(x)dx
Q = /D,
- Z/ Vi, : (VO — V@) (x)dx.
i /P

We know that paVy, - ®5 = puls : Va®, and ppls : VO = 0 (since V- & = 0), then

i = / £ (@ = (s — Y H(), (43)
where
Hy(j) = /D‘(thh —pnle) : (V(/I; — Vi®p)(x)dx. (44)

Let us consider a diamond-cell D;. Since Viuy —pplo is constant over D;, we may write, using Green’s formula

over Dj,

)= [ (Fvun = pulanan, - (8 — 00) (o)
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where ngp; is the unit normal vector exterior to D; on its boundary. Moreover, let s be any of the four boundary
edges of Dj, the function ®;, belongs to P! over s and the quantity Vuy, — ppl> is a constant; the integral of
(Vuy, —prla)ngp,; - @, along this edge may thus exactly be computed by the midpoint rule; using the definition
of &, this function equals %(CI)T y + @ﬁs)) at the midpoint of s. Thus, there holds:

i(s

. ~ 1
Hi(j)= Y [(Vaun —pula)ng - [‘I) —-3 (‘I)ﬂs) + q)kp(s))] (0)do, (45)
sCoD; VS

where n, ; is the unit normal vector exterior to D; on s.

In (43), in the sum of the Hy(j) over j € [1, J], there are two types of edges s: those in § and those included
in I'. First, each s € §* is the common edge of two diamond-cells; then, in the sum, there are two corresponding
integrals over s, in which we can factorize by FI; — % (@ﬂs) + @kp(s))] (o). Indeed, the jump of this function
through s vanishes because ® € (HZ(£2))2. This implies:

~ 1
Z Z /(thh —prl2)ng ;- [‘I) 3 (‘I’is) + (I)kp(s)):| (0)do = (46)
J s C 8D] °
sgT

~ 1
> / (Vnun = pul2)ny]s - {@ —5( @i + @5(5))} (0)do.
s€§ °

Secondly, each diamond-cell D; whose boundary intersects I' has two edges of equal length s = [G;, ;) S} 5 )
with 8 € {1,2} which are included in I', and their union is exactly A;. Since (Vjup — prl2)n; is a constant on

Aj, and since 35 1 oy f[Gi2<j>SkB(j)](q) - %(@g(j) + @kpﬂ(j)))(o)da = fAj (® — ®p)(0)do, we have

~ 1
Z (Vhup — ppl2)ng ;- {@ -3 (‘Pﬂs) + @kp(s))} (o)do
SGBDjﬁF s
~ 1
= > / (Vhup — prlo)n; - [‘I) -3 ((I)z?;(j) + (I)kpg(j)):| (0)do
pe{1,2} 7/ [Cia() Sz )]
= [ (Fwun =i, - (B = By)(o)do =0, (47)

thanks to (41) and to the fact that ® € (H}(€2))2. With (46) and (47), we can write

> 0 =Y [T - pnd. [ - 30T, + 81 (o (45)
s€§ °

JE[L,J]

Then, we may write d— % (CIDZ.T(S) + CIDkP(S)) = % [(CTD — CIDZ.T(S)) + (:I; — CIDkP(S))] Summing in the right-hand side

of (48) the various contributions of ®7 for a fixed i and the various contributions of ®£ for a fixed k, we obtain
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the following formula

ZH1 Z Z/ (Viup — prlz)ng], (@~ @ )(0)do

16 [1,1]
(49)
D> Z / Vi — pulo)ny], - (& — f)(0)do.
ke[l K],
Finally, according to (43) and definition (31) of ®}, we obtain (42). O

Before we turn to a representation formula for i5 in (40), we need some technical lemmas related to the L?(Q)
scalar product of discrete gradients and curls.

Lemma 3.3. Let u = (ul,ul’) be the velocity component of the solution of the scheme (25)-(29) and ¥ =
(U7, Py e (R?)IH+" x (R2)K. There holds

(VP s (VP0), W) p = — ;;r /a . (VB(0) = V(o)) v do, (50)

where Ty is the tangent vector to 0Py, N T' which is positively oriented with respect to the unit normal vector
exterior to 0P, NT.

Proof. According to Eq. (17) and (18), there holds
(VI x (VPu)); =0, Vic[1,I] and (VI x (VPu))y =0, Vk&T. (51)

On the other hand, since the solution of the discrete problem verifies (28), there holds, for k € T, with the
notations of Fig. 3:

1 1
uj, ) = 28(Grw) — (uk +ug, (k) and uj, ) = 28(Grx)) — (uk + qu(k)) (52)

Following (19) and (52), we obtain that

(Vi x (VFu))k 2(2(Grm) — 8(CGrw)) + (Wi, — Wi, |, VEET. (53)

sy
From (51), and using the definition of the scalar product in (8), we obtain
1
(V7 % (VRu), O)rp = 5 3 IP(T7 ¢ (V7 u))e -
kel
Using (53) leads to
1

(VT P (VD ), V)1 p = Z(g(Glz(k)) - g(Gh(k))) : ‘I’kP + 3 Z(uil(k) - uiz(k)) : ‘I’kp- (54)

kel keT

In addition, we have

g(Grw) —8(Grm) = (8(Grmw) —8(Sk)) + (g8(Sk) — (G, x)),
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so that
&(Crn) — (Gr ) = / Vg(o)rido, (55)
oP,NI'

In the same way, we have

uil(k) - u§2(k) = (uil(k) —uy) + (uf — u§2(k))'

Applying property (12) of the discrete gradient, there holds

uil(k) —uj = ISkSK, (k) [ Vaun(0)Tr = 2|SkG 1, (1) [Viun(0) Tk, Yo € [SkSk, ()] (56)
and

ul — u§2(k) = |Sky k) SkIViun(0)Tr = 2[SkG (k) [Vrun (o) Tk, Yo € [Sk,k)Sk)]- (57)

As a consequence, there holds

ulle(k) - ui(k) = 2/6P - Viuy (o) Trdo. (58)
k

Combining (54) with (55) and (58), we obtain (50). O

Lemma 3.4. Let u = (ul,u}) be the velocity component of the solution of the scheme (25)-(29) and ¥ =
(VT uh) e (RQ)IJFJF (RQ)K. Let uy, and Yy, be their associated functions through Def. 1.8. There holds

Z/D Viug : Vi x Up(x)dx = — Z/@ (Vg(o) — Viup (o)1) - U do — (VPur, ¥)p . (59)

kel PN

Proof. Applying the discrete Green formula (15), there holds

Z/ Viug 1 Vi x Uy (x)dx = (VPu, VP x ¥)p
i P
= (Vi % (V) O)rp — (VPur, U)r

Using the result of lemma 3.3, we obtain (59). ]
With these results, we may now obtain a representation formula for i,.

Proposition 3.5. Let u = (u],ul) be the velocity component of the solution of the scheme (25)-(29) and uy,
the function associated to u by Def. 1.8. Let W be defined in (37). Let ¥ = (VI ¥F) ¢ (RQ)”JF x (R?)EK and
Wy, be its associated function. Then, the following representation holds

D> Z / (Vawrals - (8 = U] (0)do

1611

+_ Z Z /thhfss \II \PP)( )d (60)

kElK

-y /6 N mF(Vg(a—) — Vaup ()7 - (¥(0) — WL do.

kel
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Proof. From (40), there holds

ip = Z/ (Vi — Viuy) : V x U(x)dx
i D

= /Q Vu:V x \Tl(x)dx - Z/ Viup : Vi, X U (x)dx — ZHg(j),

i VP

where

Ha(j) = / Vauy : (V x ¥ — V), x ¥y,)(x)dx.
D;
By application of the continuous Green formula, there holds

/Vﬁ:Vx\Tl(x)dxz— Vir-U(o /VgT\II
Q o9

(61)

(62)

(63)

We can evaluate the sum of Ha(j) over j just like we evaluated the sum of Hi(j) in Proposition 3.2. There
are only two differences. The first is that the gradients of ® and ®;, are replaced by the curls of T and Uy,
which implies that normal vectors ng are replaced by tangent vectors —75. The second difference is that the
boundary integrals do not vanish any more, but can be evaluated like in the discussion that leads to (47). Then,

noting that

Z / thh‘l'j )d = Z/E)P thuth . \Tl(o)da,
% M

jeJr kel

we obtain the following formula

IANESED'S Z/vhuhm (@~ 7)(0)do

1611
- = Z Z/V}Lum’és \If \I/P)( Ydo
ke[lK]seP

— Z/ Viupti - @(O’)do’ + (VhDu‘l', \i/)pﬁh
kel PN

Combining (61), (63), (59) and (64), we obtain (60).

3.2. A representation of the pressure error

We shall estimate the L? norm of the error between the exact solution p and the function associated to the

solution of the DDFV scheme by (20). We recall that e, = p — pj, and e = @ — uy.
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Proposition 3.6. Let v € (HL(Q))2 and v = (vI,vE) € (R2)I+7" x (R2)X be such that v; = 0 for all j € T.
We have that

~ ~ 1
/erv -V(x)dx = /Q Vie : VV(x)dx — 3 Z

i€[1,1]

+— Z Z/ Viun — pula)ngs - (V= v])(0o)do (65)

z€[1 I]

D> z / (Vs = pnla)n]s - (¥ = vE)(o)do:

ke[l K],

/Tif.(V—v;T)(x)dx—% T / F. (9 - vF)(0)dx

ke[1,k] 7 D

Proof. We can use formula (35) to obtain

/ epV - V(x)dx = / PV - V(x)dx — / prV - V(x)dx
Q Q Q
= / Vie : VV(x)dx — / f v(x)dx +/ Viup, @ VV(x)dx — / prV - V(x)dx.
Q Q

Q Q

(66)

Using Eq. (32), we have

/erv -V(x)dx(x)dx = /the : VV(x)dx — /Q f-(v—-vy)x)dx+ /Q(thh —prl2) : (VV = Vpvp)(x)dx.

(67)
Just like in Proposition 3.2 (see (44) and (49)), we have
/(thh —pula) : (VV = Vivy)( Z Z / Viun — pula)ngs - (Vv —v])(0)do
a z€[1 I]
(68)
+ =Y Z / (Vau, — prlo)ng]s - (v — vE)(o)do.
ke[l K],
From (67) and (68), we obtain (65). O

4. A CoMPUTABLE ERROR BOUND

4.1. Preliminaries

In this subsection, we will present some Poincaré-type inequalities which are useful to obtain a computable
error bound.

Lemma 4.1. Letw be an open bounded set which is star-shaped with respect to one of its point. Letu € (H*(w))?

and let 4, be the mean-value of u over w. Then,
30(&)), s.t . ||u 7ﬁwHL2(w) < C(w)diam(w)HVuHLz(w). (69)
Note that when w is convex, a universal constant C(w) is given by L (see [22]). When w is not conver, we may

use explicitly computable formulas given, for example, by [5,26]. The constant C(w) only depends on the shape
of w, not on its diameter.



16

Finally, we will also need a trace inequality (see [21]).

Lemma 4.2. Let T be a triangle and let E be one of its edges; let p be the distance from E to the vertex of T
opposite to E, and let o be the longest among the two other sides of T. Let € > 0 be an arbitrary real valued
number; then for all u € (H*(T))?, there holds

1
o) < - (@+ &) laliam) + o Vulfan ) (70)

4.2. A computable bound for the velocity error

In the expression (42) of iy, the values of (®1, ®F) are arbitrary, except for the boundary midpoint values
chosen so that (41) holds. In the expression of 45 in (60), the values of (¥7, WF) are arbitrary.

Definition 4.3. Since ®, W are not necessarily more regular than (H'())2, we choose as an interpolation
their L? projection on the primal and dual cells:

1 ~ 1 -
o7 = _/ d(x)dx , Vie[1,1] ; o === [ P(x)dx , Vke[L,K], (71)
| T3] | Pe|
~ 1 ~
ol = x)dx , Vie[1,1]; UF =— [ U(x)dx , Vke[l,K]. (72)
|711| |Pk| Py,

In order to complete the definition of (®7, ®F), for any i € T, the boundary value of ®7 is given so that (41)
holds. Note that it is not necessary to define the value of U7 for all i € T.

Proposition 4.4. Let hl := diam(T;), hl := diam(Py). There exist computable constants C(T;) and C(Py)
such that

> [ £ @ - 0T)eix < oselt, TV o, (73)
i)’ T
> / f(®— 0P (x)dx| < osc(f, P, Q)| V| 12(q), (74)
ke[1,k] 7 D
where
1/2
osc(f,T,Q) = TR )?|IE = £ | L2(ry) , (75)
zE[l,I
1/2
osc(f, P,Q) = Z C(Py) hP )*If— fk 2Py (76)
ke[l,K]

and £ and £ are defined by (30).

Proof. Since ®7 was chosen as the mean-value of ® over T; (see (71)), we have

/T_ £ (0 — 7)) (x)dx = / (F—£7) - (® — ®7)(x)dx.

T
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Applying the Cauchy-Schwarz inequality, Lemma 4.1 to ® over T; and the discrete Cauchy-Schwarz inequality,
we obtain (73). Similarly, we also obtain (74). Note that the primal cells T} are usually convex so that C(T;) =
may be used. On the other hand, dual cells P, may not always be convex.

mEY

Propositions 4.5 and 4.7 below are proved just like Propositions 5.9 and 5.10 in [21].

Proposition 4.5. For any primal cell T; and any dual Py such that T; N\ Py # 0, Let s = [G;Sk] and tix1 and
tik,2 be the triangles defined in Fig. 4 such that tix1 Utio = 13 N Py. Let pik o be the distance from s to the
vertex of tik.o opposite to s and oo be the length of the longest among the two other edges of tik o. C(T;) is
the constant that appears in (69). For any strictly positive p, let us define

o2 o2
<1+\/1+%) <1+ 1+%>

Cs(u) - P ’ (77)
<1 +y/14 T 1> pPik,2 + (1 +4/1+ iﬁ'2> Pik,1
Xi(p) = (C(T)hi ) + (78)
We define the local and global error estimators related to the primal mesh:
T2 _ . T2 _ T2
(nf)* = inf | x Z Co(lI(Tnun = prlo)slsllZac | and (17)* =D _(nl)?, (79)
L sETi ¢
T2 . 1T\2 1T\2
(n's)* = inf | x ZC VR JolZeg | and () =D 0'75)% (80)
L SGT-L !

With these definitions, there holds:

DY [T = puinl. - (& = 9T )(0)do| < o7V 100 (81)

i€[1,1] ’ETl

Z Z/vhu’ﬂ'ss (¥ — ] (0)do| <o HV‘I’”L?(Q) (82)

i€[1,1]

Remark 4.6. The minimization in (79) is performed numerically when we effectively compute the estimators.
However, we may already get an idea of the behaviour of this quantity by choosing u = hQTi to evaluate n!. By
definition of ok o, this length is lower than the diameter of T;, which implies

. (0)") < a oy )

Under the hypothesis that the ratios 2 ”“ = are all bounded by below by the same constant which does not depend

on the mesh, we obtain the following bound

0t < K0TS Vi, - pulo)na, s

o
seT;
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FIGURE 4. For each cell T; and each vertex Sy of T;, T; N Py, is split in two triangles t;;1 and ¢ 2.

where the constant K does not depend on the mesh. The same remark holds for n’iT.

Proposition 4.7. Let us set the same notations as in Prop. 4.5. Let Cs be defined by (77). Let C(Py) be the
constant involved in (69). Let us define for any strictly positive p,

Xk (1) = (C(Pr)hi)* + po. (84)

We define the local and global error estimators related to the dual mesh:

()* = inf, |xu(0) 3 Co(Vnn = pulo)nalelay | and (07)? = 3 (nf)" (85)
L SEPk k
P . P P
0P = it au) 3 ColulIVuntollfiay | and ) = 3207, (36)
k
L sEPk

With these definitions, there holds:

> Z/ (Viuy — pulo)ngs - (@ — @F)(0)do| < 9" || V®| 120, (87)

RE[LK] g8

> Z /thhrs o (U= W) (0)do| <01V 120 (88)
ke[l,K] ePk
Proposition 4.8. For any k € I, let us denote by Dj, () and Dy, the two diamond cells whose boundary
intersect I' and which have Sy as a vertex. Let qj, (k) = Px N\ Dj (), @jp(k) = Pr N Dy, ) and the segment bj, (x)
be the intersection between 0q;_ (xy and T'; see Fig. 5. Let p;_ (1) be the distance from b;_ ) to the vertex of q;. (k)
opposite to b; (1) and o () be the length of the longest among the two other edges of Qjo(k)- Let C(Py) be the
constant that appears in (69) For any strictly positive u, let us define
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kK b 1K K1(K)

FIGURE 5. For any k € I, S is the common vertex of g, (x) and gj, 1)

2+ U;a(k)
+/n2+pc?
() = — Y et (89)
Pja (k)
k() = (C(Pe)hi))? + p. (90)

We define the local and global error estimator related to the boundary:

2

G2 = inf [)\k Z (Ve = Vuy, Tja(k)||L2(bja(k))‘| and (¢")* =3 (¢F)* (91)

kel

With these definitions, there holds:

/6P . ‘(Vg — thh)Tk . (\/I} — \I/kp)(a)‘ do < CPHV‘/I}HLQ(Q)- (92)
kel &0

Proof. By application of the Cauchy-Schwarz inequality on each edge b;, () and the weighted discrete Cauchy-
Schwarz inequality, we obtain for any set of strictly positive real-valued numbers C

/ ‘(Vg — V)i - (U — WEY( da = Z/ (Vg = Vhup)Tj, . (U — 0B (o) do
OP,MT

bj (k)

2

1/2
Z |\P Ui, (k))] : (93)

1/2
ZC’PH Vg — Viu)T Ja<k>|L2<bm<k>>]

a=1
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Now, for each segment b; (), we can apply the trace mequahty (70) on each tr1angle Qju(k), for all a € {1,2}
_ 2+e,

NG — SHa0 %)
and for all strictly positive €;_ ). With Cy ; ) = pJ:(k) and Cy j, () 5 P;Mjw , we obtain
18 =00 20, o) < Crinll = 0L 3 )+ Coo IV -
Let p > 0 be arbitrary. For b;_ () for o € {1,2}, let us choose ¢;_ ) so that
) [T /w ()
Einlh) = = = Oy (k) = MO jio (k) (94)
Ja (k)
and CL = C1 . (k). There holds:
2 2
Z P19 = UL, 00) S 2 (19 = WLy, 000 + IV Oy, )
a=1 a=1
<N =W N2 pyy + IV T2,
< [(CPORE)? + ] IV Y122, - (95)
Taking (95) into (93) and applying the discrete Cauchy-Schwarz inequality leads to (92). O

Before estimating the velocity error, we now define the indicator related to the penalization:
(e = ell(ATP)nll 20 (96)

In the term in the right-hand side of (40), it is easy to see that

e [ (APD)ng(x)dx
Q

< Cellgllzz@)- (97)

Theorem 4.9. Let ||Vye|r2q) be defined by (36), let definitions (75)-(76), (77)-(80), (84)-(86), (89)-(91)
and (96) hold. We have

[VrellL2) < n = nn 4 1. (98)
where

1 1 5
Nh =% (OSC(f, T,Q) + osc(f, P,Q) +n" + np) + (— + i) (U’T +'7 4 2CP) : (99)

2 278

2

=2 100
n ﬂC (100)

The quantities 1, np, and n. are respectively called the total estimator, the discretization estimator, and the
penalization estimator for the velocity.

Proof. The result is obtained using (40), (38), (42), (60), (73)—(74), (81)—(82), (87)—(88), (92) and (97). O
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4.3. A computable bound for the pressure error

Proposition 4.10. The following estimate holds:
1
HepHL(Q) < % (2||VheHL2(Q) + OSC(f7 T, Q) + OSC(f, P, Q) + 77T 4 UP) . (101)

Proof. Since e, € LE(Q), there exists v € (H}(2))?, such that

1 [oepV - V(x)dx

epll2ia) < — 102
With this given v, we associate v = (vI, vF) € (R2)+7" x (R2)X such that
r_ 1 < , P 1 s
v, = — | V(x)dxVie[l,1I], vi = — v(x)dx Vk € [1, K] (103)
T3l Jr, [Pr| Jp,

and the boundary values of v;, ¢ € I' are chosen so that v; = 0 for all j € I'. We may then apply (65) and
follow calculations like those involved in propositions 4.4, 4.5 and 4.7. We finally obtain

~ 1 ~
/( epV - V(x)dx| < 3 (2|Vrellr2) + osc(f, T, Q) + osc(f, P, Q) +n" + 1) [|[VV| 20 (104)
)
Taking (104) into (102) proves (101). O

5. EFFICIENCY OF THE ESTIMATORS

In order to prove local efficiency of the estimators, we shall follow the bubble function technique as presented
in [25]. Since the estimator 5] involves jumps of V,uy — pplo through the common edge s = [G;Sk] of two
neighboring diamond-cells, we shall use functions with a support included in the set T; N P, = Uq=12tik,o;
where triangles ¢;; o Wwith oo = 1 or 2 are depicted in Fig. 4. Since we consider a fixed s in what follows, we
simplify the notations to ¢1 and ¢2. For any triangle ¢ in {¢1,%2}, we denote by A g the barycentric coordinates
associated with the three vertices of ¢, with 8 € {1,2,3}. We suppose that the vertices of ¢; and t5 are locally
numbered so that the two nodes of the edge s are the vertices 1 and 2 of each of the triangles ¢; and t,.

Definition 5.1. We define the following bubble functions

27X 1 s.2A t

by = TAt, 1,23 on t, (105)
0 elsewhere.
4N 1A to, a={1,2

b, = 4 PtatAeo2 onta, @ = {1,2} (106)
0 elsewhere.

There holds w; = supp(b;) C t and wy := supp(bs) = T; N P, = t; Ute. The following propositions are given
for example, in [25].

Proposition 5.2. There holds
0<b <1, (107)

/bs(a)do = §|s| (108)
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Proposition 5.3. There exists a constant C > 0 only depending on the minimal angle in the couple (t1,t2)
such that, for t =t1 ort =ty and hy = diam(t)

1 9
i < / bi(x)dx = o] < O, (109)

1 1
ol 2 < /tbS(X)dX = §|t| < Cs?, (110)
Vbl L2y < Chy HIbell L2r), (111)
[Vbsll L2y < Cs™HIbsll 20y (112)

In order to prove the local efficiency of the error estimator we shall make the following hypothesis:

Hypothesis 5.4. We suppose that the triangulation of Q2 composed of all the triangles ti; o is regular in the
sense that the minimum angles in those triangles are bounded by below independently of the mesh.

From this hypothesis, we derive the following propositions.

Proposition 5.5. For any primal cell T; and any dual cell Py such that T; N\ Py # 0, let s = [G;Sk] and ti 1
and tio be the triangles in Fig. 4 such that ti.1 Utygo = T; N Py. Let hI = diam(T;), hkp = diam(Py) and
Sik = |T; N Py|. Let Hypothesis 5.4 hold. Then, there exists a constant C independent of the mesh such that

(h1)2S;t < C and (h})%S;,' < C.

FI1GURE 6. Notations of Prop. 5.5.

Proof. We will only prove the first inequality, since the second one can be treated in the same way.
Let ap > 0 be the lower bound of all the angles of all the triangles ¢ .

For any ¢ € [1,1], let V; be the number of vertices Si,, with £ € [1,V;] of the primal cell T}; see Fig. 6 for the
notations. First, we note that

2
Vi <Vi= = forallie[l,1]. (113)
2040
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Let My, ,,, be the midpoint of segment [Sk,Sk,.,], with the convention that ky,;1 = k1. Then
Sik, = |Ti N Py,| = |G Sy My, 1 | + |GiSk, M, ,|. (114)
Now, let us estimate the area of triangle G;Sy, My, , ,. Following Hypothesis 5.4, all the angles of triangle

GiSk, My, ,., are greater than ap. Let hg, be the the maximum distance from point G; to the boundary
of T, i.e.,

hg, == max{|G;Sk,|, ¢ € [1,Vi]}. (115)
We have
1 . ——
|GiSk1Mkz,z+1| = 5 Sln(SkeGiMkz,z+1>|GiSk1||GiMkz,z+1 | (116>

By a calculation on triangles G; Sk, My, ,., and G;Sk,,, My, ,.,, there holds
|GiMp, ..\ | > |GiSk,|sinag and  [GiSk,,,| > |GiMy, ., |sinag. (117)
From (117), we have the recurrence formula
|G Sk, | > (sinao)?|G; Sk, |- (118)

Starting from the vertex Sy which reaches the max in definition (115), the shortest way to go to a given vertex
Sk, contains at most V;/2 neighboring vertices for which we may apply (118), and we obtain:

|GiSk,| > (sinag) ha,. (119)
Then, from (117), we get that
GiSk, ||GiMy, ., | > (sinag)? T R, . (120)
Combining (113), (116) and (120), and noting that from the definition of h¢,, then hg, > E;, we obtain
G Sk, My, ,.,| > (sinag)?’ 2 @ (121)
In the same way, we have
|GiSk, My, | > (sinag)?’ 2 @ (122)
Using (114), (121)—(122), we obtain:
Sik, > (sinag)?Y 12 @ (123)
Thus, the inequality is proved with C' = 4 (sin ao)_i_g_Q. O

Proposition 5.6. Under Hypothesis 5.4, the positive constants C(T;) and C(Py) are bounded independently of
the mesh, and the constant C in Prop. 5.3 is bounded by above and by below independently of the mesh.
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Proof. The constants C(T;), C(Py) coming from (69) were bounded explicitly in [26]. From these expressions,
it is easily seen that they are bounded if Hyp. 5.4 holds. Moreover, it is proved in [25] that C in Prop. 5.3
depends only on the regularity of the triangles ¢;1, q. (I

Now, we will consider the efficiency of the estimators.

Theorem 5.7. For any primal cell T;, let hl := diam(T;) and £ be the mean-value of f over T;. Let nl (resp.
nT) be defined in (79) (resp. in (80)). For any dual cell Py, let hY = diam(Py) and £f be the mean-value of
f over Py. Let nf (resp. nif) be defined in (85) (resp. in (86)). And for any boundary dual cell Py, let (L be
defined in (91). Let Hypothesis 5.4 hold. Then, there exists a constant C independent of the mesh such that

(7)? < € (IVhun = VilZer, + Ipn = Bl3acry) ) + CODIE = 7 301y, (124)
(7)? < ClIVhun = Va3, (125)
()2 < C (I9hun = Val3a(p,) + Ion = Bll3e(py) ) + COLPIE = 1320, (126)

) (127)

127
Moreover, in the case g = 0, there exists a constant C' independent of the mesh such that

(G)? < ClIVhu, = V|72 (p,).- (128)

[e]

Proof. Let us consider an element T; of the primal mesh and a diamond edge s in T;. Let us recall that by
definition, such an edge s does not belong to I'. Let us consider the function w, = [(Viyuy, — Iapp)ns)sbs,
where bs is defined by (106). This function belongs to (Hg(£2))? and we may thus apply (35), which, taking
into account the support of wy, reduces to

/ (Vu — I3p) : Vws(x)dx = / f-ws(x)dx. (129)

Ws

Moreover, uy belongs to (Pl(Dj))Q, pn is a constant in each D; and w, vanishes on I'. Thus, there holds:

/Q(Vhllh — Lpp) : Vw(x)dx = zj: /Dj (Vuy, — Lpp) 1 Vw,(x)dx
- Z/aD‘ ((Vup — Lpn)noap, ) - ws(o)do

= Z Z //[(thh — Lpp)ng]s - ws(o)do.

s'CT;

But since w vanishes on all the other edges s’ # s, taking into account the definition of ws and the property
of bs in (108), there holds

/(thh — Iopp) : Vwy(x)dx = /[(thh — Lpp)ngls - we(o)do
Q

S

= |[(Vpuy — Iy n552 bs(o)o
(Vs — Topn) 1|/S (0) .

2
= S1s [ |[(Vaun — opn)n].|”

2
= §||[(thh — Lopn)ngls || 72(s)-
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Defining M := ||[(Virup — lapr)ns]s| r2(s), and taking into account (129), we have
, 3 3
M= = 3 (Viup — Lapp) : Vwe(x)dx = 3 (Viuy, — Lopp) : Vwg(x)dx
Q ws
3 ~ .
=5 {/ (Vpup — V) : Vwg(x)dx 7/ (pn — D)V ~W5(X)dx+/ f- WS(X)dX] . (131)
Using the Cauchy-Schwarz inequality leads to
, 3 ~ N 3
M2 < S [ (IVawn = Vil 2o + V2Ion = Bllizn ) IVl 2] + SIEl 2 IWslla@,. (132)
Let us now bound |[VWws||12(,,,) and [|Ws|[z2(,,). There holds, thank to (112),
VWl 2w, = (Vs = Lopn)nsJsl[|Vhs] 2w,y < (Vs — Topn)ngls] Cls| ™ bsl 22w (133)
[WsllL2(w.) = [[(Vas = Lapn)ns]s|1bs] 22 w.)- (134)

So there remains to find a bound for ||b,||12(..). In order to do this, we first infer from (107) that b2 < b,. This
implies, using (110)

) ) 1/2 1/2
Il = [l + Ilan] <[ o] <l (135)
t1Ut2
Taking into account that |[(Vyup — Iapp)ng]s| = |s|~/2M and considering (132) to (135), we obtain
M<C {|8|71/2(|\thh — V| 12(w,) + V2lIpn = BllL2 () + 512 1€l 220y | - (136)

One usually expresses [|f[| 2, ) as a function of [Viup — V| 12, + [IPh = Pll£2(w.) and of higher order terms.
Let t = t1 or t3, and let us denote by f; the mean value of f over ¢. Then,

1€l ey < 1€ = £l ey + 1Bl 2 - (137)

Then, consider w; = f;b;, where b; is defined by (105). The function w; belongs to (H})?. Thus, taking into
account the support of b, Eq. (35) reduces to

/(Vﬁ — Ip) : Vwy (x)dx = /f - wy(x)dx. (138)

t t

Moreover, since Vpuy, — Iopy, is a constant over each ¢, and since w,; vanishes on the boundary of ¢, there holds

/(thh — Ipy) : Vwy (x)dx = 0. (139)
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Since f; is a constant over ¢, there holds, thanks to (109), (138) and (139),

HftHL2 ) = [t] ft C(fy) /bt( )dX—C/ft wi(x)dx

()
C’[/f we(x dx+/t(ftf)~wt(x)dx}
o[/

Vu — Viuy) 1 Vwy (x)dx — /(ﬁ— pr)V - wi(x)dx + /(ft —f) - wi(x)dx
t t
C (198 = Vaunll oy + V215 = prllia ) IVWell oy + CIE = Fllagey IWell oy, (140)
with €' = 20/9 in the above expressions. Let us now bound [|wyl| 2,y and [[Vwe|| 2. With (111), there holds

VWil 2y = Bl IV0ell 2y < 16l Ch 1e]l p2ey » (141)

Iwell oy = 1610l oo - (142)

The remaining term that has to be bounded is [[by[|2(,). For this, we first infer from (107) that b?(x) < by(x)
and then

1/2
il < 161 ([B0dx) < CIBIIY = C il (143)
t
in which C' = 1/9/20. Combining (140)—(141)—(142)—(143), we finally get
Ifell 2y < C (Hft —fll 2y + hi 'tV - Vil 2 + ht_1||§*thL2(t)) :

Since s is an edge of ¢, there holds |s| < hy; applying (137), we obtain
1601220y < € (16 — Ellagy + 117 1V = Tatallgage + 51715~ palleco )
Thus, taking into account that ws = t; U t3, there holds

0 220y < MEl L2y + 11l 22,

SC@&ﬂymﬁﬂmﬂme+CM1DVﬁmeyw

+ (15 phllzzy + 198 = Vol + 1= pallzac)|

< O3/ (198 = Vawnllgago,y + 15— pallzaen) + Cllfo, — £l 2 - (144)

In this sequence of inequalities, we have used the fact that f; minimizes [|f —c||;2(, when ¢ runs over R?; in
particular, ||f; — fHLQ(t) < |f.. — f||L2(t), where £, is the mean value of f over w,;. Combining (136) and (144),
we obtain

M < Cls|"?|f - foll L2, C|5|_1/2(thuh = V|2, + Hﬁ—PhHLZ(wS)) : (145)

By definition, the local estimator (nl)? is lower than the value taken by the function in (79) in pu = (h1)2.

n (79), we may bound C(T;) by 1/7 since the primal cells have been supposed to be convex, and with (83)
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and (145), we obtain

2 T2 |s| ! ( ~12 12
" < C (h] — 2 (IVau, — Va + |lpn — " )
(77 ) ( ) Z Pik,1 + Pik,2 IVhu HL2(“S) I pHLZ( »)
seT;
2 |5| 2
+C (T — 0 ||f = f,, . 146
(h!) ZO el [P (146)
seT;

Using Prop. 5.5, and since by definition S;;, = %|s| (pik,1 + pik,2), we have that (hiT)2 Is| =Y (pika1 + pik2) "t is
bounded by a constant that does not depend on the mesh under Hyp. 5.4. Moreover, under Hyp. 5.4, the ratio
|s] pi_k}a is also bounded by a constant that does not depend on the mesh. So (146) leads to (124).

As far as (125) is concerned, let us consider the function vy = [Vpup7s]sbs. There obviously holds

/Vﬁ:VXVS(X)dX:/ Vu:V xvs(x)dx=0. (147)
Q

Ws

Eq. (147) and the calculations that previously led to (130) may be used to yield

3

H[thhTs]SHi?(s) =3 Viuy @ V Xvg(x)dx
3 ~

= 5/ (Vyup, — V) 1 V X vg(x)dx

IN

3 ~
5 IVhun =Vl o) VY2, - (148)

Just like (132) led to (136) and then to (124), inequality (148) leads to (125). The dual inequalities (126), (127)
and (128) may be obtained in the same way. The proof of (128) is very similar to that of (125) and (127), but
some definitions have to be changed because the segment b;_ () in the definition (91) is a boundary segment,
and is thus the edge of only one triangle ¢; the function b, is thus defined only in that triangle ¢. O

6. NUMERICAL RESULTS

First, we study the influence of the parameter ¢ for a fixed mesh and then the influence of the mesh size for
a fixed value of the penalty parameter. Secondly, we give an overall process to recursively adapt the value of
the penalty parameter and adaptively refine the mesh.

6.1. Influence of the penalty parameter

In this subsection, we will work on the domain 2 = [0;1]%. A triangular mesh with rather uniform triangles
is used. The exact solution (U, p) is regular with U = (9,p, —0,¢) given by

o(x,y) = 1002%y*(1 — 2)*(1 — y)? and p(z,y) = 10(z* 4+ 3° — %) (149)

Fig. 7 presents the plots of the errors and the estimators when the penalty parameter € goes from 1072 to

1078, They include the actual errors in the H'(£2) and L?(£2) norms for the velocity, i.e. the error in the
velocity gradient |[Vu — Vyup||2(0) and in the velocity |0 — up|z2(q), the total estimator, the discretization
estimator and the penalization estimator which are given by Theorem 4.9 when we estimate the velocity error.
The left (resp. right) figure corresponds to the mesh size h = 10! (resp. h = 3.125 x 1072). We see that for a
given mesh, the ratio between the penalization estimator and the penalty parameter ¢ asymptotically tends to
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FIGURE 7. Actual errors in H!(Q) and L?*(2) norms, total estimator, discretization estimator
and penalization estimator for the velocity. Left: h = 107!, right: h = 3.125 x 1072

a constant, while the discretization estimator is nearly independent of e. Moreover, the actual errors decrease
with e until a certain level. Then, the discretization error is the dominant error and decreasing € further does
not have any influence on the overall error. As expected, when the mesh size is smaller (right part of the Figure),
then the value of the penalty parameter for which the errors saturate is also smaller.

6.2. Influence of the mesh size

On the same square domain € and with the same exact solution as previously, we work with a fixed ¢ = 1072
(resp. € = 1077) in the left (resp. right) part of Fig. 8. Since the solution is regular, only uniformly refined
triangular meshes will be considered. Figure 8 presents the same curves as Fig. 7, but now as a function of h,
varying from 0.25 to 1.6 x 1072,

100 T r r 100 T r r
est. H- —+— " est. H- —+— -
dis. est. ) dis. est.
pen. est. 10 F pen.est -
err. H ~ err. H, -
er. L / 1| owerT® g
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= e N
n n 0.1
S S
| ol w 0.01
_______ %
1k oy * * ﬁg
= B E 0.001 f %
T e,
0.0001 F =TTl
b, T ¥
0.1 - . 1e-05 . .
0.01 0.05 0.25 0.01 0.05 0.25
Mesh size h Mesh size h

FIGURE 8. Actual errors in H(Q2) and L?(£2) norms, total estimator, discretization estimator
and penalization estimator for the velocity. Left: ¢ = 1072, right: ¢ = 1077.

The actual errors decrease until the mesh size h is so small that the penalization error will dominate the
discretization error, and the total error thus stagnates to a certain level. The penalization estimator is nearly
independent of h in the left figure but behaves roughly like =1 in the right figure. This behaviour remains
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unexplained and further investigations have to be conducted about this. The total estimator and the discretiza-
tion estimator decrease regularly when h decreases, roughly like h, but, then, when A is small enough the total
estimator starts to stagnate because the penalization estimator stops being negligible (better seen in Fig. 9,
where ¢ = 1071).

100 T T T
est. H- —— L
dis. est.
pen. esti ..... *
err. H2 T
err. L
10 }
4
2
i
1F
0.1 s s
0.01 0.05 0.25
Mesh size h

FIGURE 9. Actual errors in H!(Q) and L?*(2) norms, total estimator, discretization estimator
and penalization estimator for the velocity for ¢ = 1071

6.3. Adaptive penalty parameter and mesh refinement

We propose the following computational process. We start with a given coarse mesh and an initial value of ¢,
and we fix some ratio 0 < v < 1.

100 — 100 —
est. H;, —— est. H 1 —
err. H err. H
10 § 10 §
1 1
1b e=10 . 1 £=10
2] 3210 5102 2
£ 1.2x10° £
E . 4 E
w 01} 32107 513 w 01} 6.5x10
15x10° 5.4x10"* 5~4.5x10°
5.4x10 1.7x10°% 45310 .
001 1.7x10% 5.8x10° 001 g6x108 8510 ;
: 5 : 1.8x10
5840 5 18a0° 5 4.6x10”7
19x10 46x107 1.2x107
g 7 8
0.001 . . s 0.001 " . 1.2x10"  3.0%10
10 100 1000 10000 100000 10 100 1000 10000 100000

Number of elements

Number of elements

FIGURE 10. Actual errors in H!(2) and total estimator for the velocity. Left: v = 1/10, right:
~ = 1/500.

Then, we compute the numerical solution, and we get 1, and 7n.. Then,

o If n. > vy, we adapt a new € by multiplying the previous value of ¢ with the ratio %Zf and keep the

same mesh for a new computation. This has the effect of maintaining the error due to the penalization
below a certain ratio of the error due to the discretization.
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e Otherwise, we adaptively refine the mesh based on the discretization estimator n,. For this, on the
given mesh, we compute local discretization estimators 7; , on each primal cell T}, obtained by adding
7, 0 (vespectively defined by (79) and (80)) to the contribution of T; in the oscillation term (75), and
by redistributing the sums that appear in the dual estimators (85), (86) and (76) and in the boundary
estimators (91) to the cells T; that have an intersection with P;. Then, we require the refinement of a
given primal cell T; by a factor 4 in terms of area if n; 5, > (max; 7, 5)/2.

The test we present to illustrate this strategy is also on the domain Q = [0;1]?, The exact solution (1, p) is
regular with U = (¢, —¢s), and ¢ is given by

~ 2
plz,9) = 2*(1 = 2)’y*(1 - y)* and plz,y) = 5(2” +y* = 3).

For accuracy reasons, the ratio v may be chosen so that the penalization error is much lower than the discretiza-
tion error like in the right picture of Fig. 10 obtained with v = 1/500. We observe that the actual error and the
total estimator are not affected by the penalty term. Moreover, we made a test with v = 1/10 and we present
the result in the left picture of Fig. 10 to show the interplay between the mesh refinement and the decrease
of e.

The next test is inspired from [16]. We will compare the exact H'(Q) error over the velocity, and the total
velocity error estimator for uniform and adaptive refinements. We will combine this work with the adaptive
penalty - mesh refinement process with v = 1/500. Our test is in the domain Q = [0, 1[? and the exact couple
solution (U, p) is singular with U = (¢, —¢z), and ¢ is

i =~ z+y—1
o(z,y) = 21(1 — 2)%y*(1 —y)? and Pz, y) = —

We observe that the velocity U is in [H 7 (2)]? and there is a boundary singularity on the edge z = 0.

In Fig. 11, the penalty parameter ¢ decreases from 1072 to 2 x 10719 for the adaptive refinement (from
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FIGURE 11. Estimated and exact errors in uniform/adaptive refinement (left) and an adapted
mesh (right).

1073 to 4.05 x 10~7 for the uniform refinement). The convergence curve corresponding to the uniform mesh
refinement is parallel to the N~1/3 straight line, while the convergence curve corresponding to the adaptive
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FiGUuRrRE 12. Exact errors in the adaptive process using the discretization estimator and exact error.

1/3

mesh refinement is parallel to the N~/ straight line. Moreover, the effectivity of the error estimators for both

types of refinements is around 15.

We could have expected the plot of the exact error corresponding to an adaptive mesh refinement to be
parallel to the optimal N~'/2 straight line, but this is not the case, just like in [16]. We would like to determine
whether this problem is caused by our discretization estimator or not. For this, in Fig. 12, we compare the exact
errors corresponding to two different adaptive refinement process: one is driven by our discretization estimator,
while the other is driven by the exact error (which we may compute exactly in this test case). Clearly, the exact
error is not mostly affected by the applied adaptive process.
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