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ON THE SECOND-ORDER CONVERGENCE OF FINITE VOLUME METHODS
FOR THE LAPLACE EQUATION ON DELAUNAY-VORONOI MESHES

PascarL OMNES 2

Abstract. Cell-centered and vertex-centered finite volume schemes for the Laplace equation with
homogeneous Dirichlet boundary conditions are considered on triangular meshes and their Voronoi
duals. On a two-dimensional convex polygonal domain, it is shown that a suitable combination of
the solutions of these two schemes converges with second-order accuracy towards the exact solution in
the L? norm, under the sufficient condition that the right-hand side of the Laplace equation belongs
to H'(Q).

1991 Mathematics Subject Classification. 65N15, 656N30, 35J05.

INTRODUCTION

Finite volume schemes are popular methods to obtain approximations of the solutions of various types of
partial differential equations. In the present work, we consider approximations by such schemes of the Laplace
equation —Awu = f in a two-dimensional convex polygonal bounded domain 2, associated with homogeneous
Dirichlet boundary conditions. Starting from a given mesh covering 2, we may distinguish three families of finite
volume schemes. First, the principle of the so-called “cell-centered” schemes is to associate discrete unknowns
with the cells of the mesh and to integrate the Laplace equation on each cell. Among various approaches,
(which have been developed mainly for anisotropic diffusion, but which may of course be applied to the Laplace
equation), we may cite [1,2,7,10,17,26,31-33]. The principle of the second family, the so-called “vertex-centered”
schemes, is to associate discrete unknowns with the vertices of the primal mesh, and then integrate the Laplace
equation on the cells of a dual mesh, centered on the vertices [5,6,11,12,25,37]. More recently, a third family
of schemes has emerged, which combines the previous two approaches, since these schemes associate unknowns
with both the cells and the vertices of the mesh, and integrate the Laplace equation on both the cells of the
primal and dual meshes [4,14,16,19,20,27,28,35]. The originality of these schemes is that they work well on all
kind of meshes, including very distorted, degenerating, or highly nonconforming meshes (see the numerical tests
in [20]). Since these schemes are based on the definition of discrete gradient and divergence operators which
verify a discrete Green formula, they are called “discrete duality finite volume” (DDFV) schemes.

In this work, we shall be interested in the convergence analysis in the L2 norm of a combination of the first
two families of schemes when the primal mesh is triangular, and the dual mesh its associated Voronoi diagram,
thanks to tools introduced for the third family in [20].
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Let us first review how the above-mentioned three families of schemes are constructed. First, both sides of
the Laplace equation are integrated on the cells of the primal and/or dual mesh; for each cell, the resulting
left-hand side is then transformed into the integral of —Vu - n on the boundary of the cell, thanks to the Green
formula. The evaluation of this boundary integral in terms of the discrete unknowns of the scheme is a key
issue in the construction and analysis of any of these schemes.

As far as cell-centered schemes are concerned, a simple answer to this question is obtained in the case of
so-called “admissible meshes” [23, Definition 9.1]. Roughly speaking, a mesh is said to be admissible if one may
associate a point xx to each cell K of the mesh and a point x, to each boundary edge o of the mesh such that

e The point xx lies inside K.

e For all pairs of neighboring cells K and L the segment [xxxy] is orthogonal to the common edge 0K NOL
of K and L.

e For any boundary cell K which has an edge o on the boundary, the segment [xxX,] is orthogonal to o.

In that case, on the interface 0K N JL, the value of Vu - n is approached in terms of the unknowns uyx and up,
associated to the cells K and L, respectively, by the finite difference t-.="£: if n is oriented from K to L. On the
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boundary edge o, with 0 C 0K NOS2, the approximation of Vu-n is given by Hx‘}:fy 7 in the case of homogeneous
Dirichlet boundary conditions. The case of non admissible meshes, and/or anisotropic diffusion has recently
drawn much attention as reported in the above-cited papers, but is out of the scope of this work. In the case
of admissible meshes, the resulting scheme has as many unknowns as equations (one per cell) and is shown to
possess a unique solution which converges to the solution with first-order accuracy in a discrete energy norm (if
the solution itself belongs to H?(£2) and with some additional constraints on the mesh, see [23, Definition 9.4]),
and, as a consequence of the discrete Poincaré inequality (see [23, Lemma 9.1]), in the discrete L? norm as
well, [23, Theorem 9.4]. Related results in the energy norm have been shown in [34,38]. On the other hand,
deriving necessary and/or sufficient conditions to obtain second-order accuracy in the discrete L? norm is still an
open issue on general admissible meshes. This issue has been positively answered in a very special case, namely
for rectangular Cartesian grids when the point xf is the center of the rectangle K and under various regularity
assumptions over the solution of the Laplace equation. We refer for example to [24,30,39]. On Delaunay
triangular meshes, when the points xx are the circumcenters of the triangles K, the answer is believed to be
true by some authors (see, e.g. [8]), based on numerical evidence. However, it has been shown in [36], by means
of one-dimensional counter-examples, that second-order convergence in the discrete L? norm may be lost if
the right-hand side of the Laplace equation does not belong to H'(2), or if the points xj associated to the
one-dimensional segments K are not properly chosen.

As far as vertex-centered schemes are concerned, a simple way to evaluate Vu - n on the boundaries of the
dual cells has been proposed in what is known as the Finite Volume Element (FVE) scheme, also named “box
method” and may be explained in the following way in the case of a triangular primal mesh: each segment of the
boundary of any dual cell is included in a triangle, in which u is approached locally by a standard Lagrange P!
finite element function uj, constructed with the help of the three unknowns located at the vertices of the triangle.
This way to proceed leads to a linear system with as many unknowns as equations (one per vertex) and is shown
to possess a unique solution wu which converges to the solution with first-order accuracy in the standard energy
norm, as reported in [6,11,12]. Second order convergence of uj;, in the L? norm has been shown in the special
case in which the dual cell is the barycentric dual cell constructed by connecting the barycenter of each triangle
to the midpoints of its edges. Sufficient hypotheses for this result to hold are that the solution of the Laplace
equation is in H2(Q), and the right-hand f is in H'(Q). The proofs of second-order accuracy in the L? norm
explicitly use properties of the barycentric dual cell, and, thus, may not be extended to other constructions of
the dual cells (see in particular [15, Assumption (1.4)], [22, page 1873], [21, Page 297]). Especially, second-order
accuracy when the dual mesh is the Voronoi diagram associated to the vertices of the triangular primal mesh is
an open issue.

Finally, DDFV schemes use a four-point gradient formula defined in [17] on the so-called “diamond cells”,
whose diagonals are the primal and associated dual edges. Such schemes for the Laplace equation have been
shown to converge in [20] on very general meshes, with first-order accuracy in the broken energy norm, as well
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as in the discrete L?(€2) norm, provided the solution of the Laplace equation belongs to H?(f2). Additional
convergence results for anisotropic and/or non linear diffusion and/or discontinuous coefficients may be found
in [4,9], see also [35]. For such schemes, an almost second-order accuracy result in the L? norm was shown
(see [20, Theorem 7.2]) for homothetically refined triangular grids (see the definition in section 7 of [20])
in which the points xx associated to the primal cells K are their isobarycenters, under the supplementary
assumption that the right-hand side of the Laplace equation belongs to H*(£2). Since the main argument in the
proof is that for homothetically refined triangular grids, almost all diamond-cells are parallelograms, the proof
of [20, Theorem 7.2] may be adapted to the case of homothetically refined triangular grids in which the point
xx associated to a triangle K is the circumcenter of K. However, second-order accuracy in the L? norm on
more general meshes is an open issue, in particular on families of non homothetically refined triangular meshes.

The aim of this article is to show that, when 2 is a two-dimensional convex polygonal bounded domain
covered by a family of finer and finer triangular primal meshes (with some restrictions on the angles of the
triangles), a suitably defined combination of the solutions of the associated cell-centered and vertex-centered
schemes (on the Voronoi duals) converges to the solution of the Laplace equation with second-order accuracy,
under the sufficient condition that the right-hand side f belongs to H!(§2). Therefore, though this result does
not give a complete answer to the above-mentioned open issues, it constitutes an important improvement over
what was previously known. The tool we shall use to prove this, is the combination of the above-mentioned two
schemes into a single DDFV scheme, which, in turn, is shown to be equivalent to a finite element-like scheme
(only the right-hand side of the resulting linear system slightly differs). Then, the traditional Aubin-Nitsche
lemma allows us to prove second-order convergence. The additional difficulty with respect to genuine finite
element schemes is the lack of Galerkin orthogonality associated to finite volume schemes. The three main
points in the proof are, first, that f is locally well approached by its mean value since it is regular, second, that
the diamond-cells are symmetric with respect to the dual edges, and, third, that since the point xj associated
to a primal cell K is its circumcenter, it is equidistant from the vertices of K.

This article is constructed as follows. In section 1, we construct the primal and dual meshes and introduce
some notations. In section 2, we present the finite volume schemes on the primal and dual meshes, while in
section 3, we combine them into a single finite element-like scheme. This allows us to perform the error analysis
in section 4. Conclusions are drawn in section 5.

1. THE PRIMAL AND DUAL MESHES AND ASSOCIATED NOTATIONS

We shall consider in what follows a two-dimensional bounded convex polygonal domain €2 covered by a family
of triangulations 7 characterized by h := sup g s diam(K).
Due to some technicalities in the proofs of our results, we shall state the following hypothesis

Hypothesis 1.1. We suppose that there exists an angle 6* > 0, not depending on h, such that any angle of
any triangle K in the triangulation is lower than (or equal to) /2 — 0*.

Note that this hypothesis immediately implies that, choosing the circumcenter of K for the point xx asso-
ciated to the triangle K and the midpoint of o for the point x, associated to the boundary edge o, properly
defines an admissible mesh as defined in the introduction.

We shall use the following notations, summarized on Fig. 1, 2 and 3: For any K € 7, we shall denote
by m(K) the area of K; we shall call £ the set of three edges of K. Then, £ = UgerEk is the set of all
edges in the mesh. Further, &.,; is the set of boundary edges, while &;,; is the set of interior edges. For any
edge o € £, we shall call x, the midpoint of o. If 0 € &+, we shall name K and L the two triangles such that
o = 0K NIL. We shall often write ¢ = K|L. The unit normal vector to ¢ = K|L pointing outward K will be
denoted by ng, or, equivalently, by ng,. Note that ngy, = —npi. If 0 € Ecz¢, the unit normal vector pointing
outward K will be denoted by ng,. The one-dimensional measure of o will be denoted by m(c). We shall call
X the intersection of the orthogonal bisectors of the three edges of K and Rg the distance from xg to the
vertices of K, which is the radius of the circle in which K is inscribed. For any o € £k, we shall denote by Vi »
the convex hull of o U {xx}. The distance between xx and x, will be denoted by dg,. If o = K|L, we shall
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FIGURE 1. Notations for two neighboring primal cells

denote by dy = dxs + dro the norm of (xx — x1). If 0 € Eeut, dy = di s is the norm of (xx — x,). We also
consider the Voronoi (dual) mesh 7* associated with the primal triangulation 7 of Q. This mesh is obtained
by joining the points xx to the points x7 as soon as K and L are neighboring triangles and the points xx to
the points X, as soon as 0 € Eqzr N Ex. The elements of 7* are denoted by K*, L*, etc .... Any K* € T* is
associated to a vertex X« of the primal mesh. We define 7}, as the set of dual elements which are such that
xi+ ¢ T and we set 7%, = T*\ 7.%,. For any K* € T*, we shall denote by m(K*) the area of K*; we shall
call Ex~ the set of edges of K*. Then, £ = Ug+c7+Ek~ is the set of all edges of the dual mesh. Further, £,
is the set of boundary edges of the dual mesh, while &£}, is the set of interior dual edges. There is an obvious
one-to-one correspondence between one given primal edge o € £ and an interior dual edge o* € £ ,. Indeed, for
any 0 = K|L € &1, we may associate 0* = [xxxy], while if 0 C OKNT" € E.,t, we may associate o* = [xgX,].
For any o € £ we shall denote by V, ,+ the convex hull of o Uc*. We note that if 0 = K|L € &;,; then
Voor =Vio UV Andif 0 COK NI € Eeye, then Vi o = Vi . For any o* € &, with 0* = 0K* N JL*,
we shall write o* = K*|L*. The unit normal vector directed from K* to L* will be denoted by ng=«r«, and
we shall denote by Vg~ ,+ the convex hull of 0* U {x+}. Then there holds Vy 5« = Vi o+ UV« 5«. We shall

denote by m (Vs o+) the area of V, - and remark that
m(Vy o) = =m(o)d, . (1)

We first prove a lemma that will be useful in the error estimations

Lemma 1.2. Let Hyp. 1.1 hold. Then:
e Any angle in any triangle K is greater than (or equal to) 20*.

o There exists a constant C(0*), not depending on h, such that for any triangle K, there holds

diam(K)?

e~ <€),



FIGURE 2. Notations for neighboring dual cells

FIGURE 3. Notations for a diamond-cell

e Let 0 = K|L or o COK NT be any primal edge and let o* = K*|L* be its associated interior dual edge.
Then the smallest angle in the triangles XXX and XoXp«Xg and in the triangles XXXy, and XeXp«X[,
when they exist (i.e. if o is an interior primal edge), is bounded by below by a strictly positive angle which
depends only on 0%, and thus independently of h.
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FIGURE 4. Notations for lemma 1.2.

e There exists a constant C(6*), not depending on h, such that for any triangle K and any of its edges o
there holds
m
dK(T
Proof. The first two points of the lemma are obvious. For the remaining two points, we refer to Fig. 4 for the
notations, and we prove the third point for the triangle x,x = Xx only, since the proof is the same for the other
three cases.

Let us start by considering the triangle xxx,X,/. Since x,X, is parallel to ¢”, there holds

dK(T _ ||X(7Xz7’|| _ m(UN)

sin(m/2 — 61) sin3  2sinf

so that

m(o’) sin(w/2 — 61) < m(c”) sin(6*) @)
2sin 8 - 2 '
Now, consider the triangle x,xx+xx. There holds

dK(T Z

QdKU m(o”)

tan(a) = > sin(f2)

sin(6*) = Sn(0,) sin(6*) > sin(26*) sin(0*), (3)

thanks to (2) and since sin(f2) > sin(26*), as noticed in the first point of the lemma. Moreover, the other acute
angle in the triangle x,xx+xk is equal to 7/2 — a > 0* since a < 0y < 7/2 — 6*. This proves the third point
in the lemma, while the fourth point easily follows from the estimation (3) on tan(c). O

2. THE FINITE VOLUME SCHEMES

We shall consider two finite volume schemes which approach the solution @ € H}(Q) of the Laplace equation
—Au = f associated to homogeneous Dirichlet boundary conditions on I'. The first scheme has unknowns ug
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associated to the elements K of the primal mesh 7. The second scheme has unknowns u g+ associated to the
elements K* of the dual mesh 7*. Both of them are constructed by integrating the Laplace equation over the
elements of their respective (primal or dual) mesh and by using a Green formula, which leads to the evaluation
of the normal gradient of u at the interfaces between neighboring elements, or on the boundary I'. Thanks to
the orthogonality between the edges of the primal and dual meshes, these normal derivatives may be approached
by simple expressions. More precisely, the first scheme reads

1
N Fro=fx VK€eT, 4
K > Fro=fx € (4)
cefk
with the fluxes
Fro = m(a)w ifo € Eine, 0 = KL, (5)
(uv _U'K)

Fr o =m(o) Jfo € &ept, 0 COKNT. (6)

do
In (4), the right-hand side is the mean-value of f over K:

1
fr = —m(K) /Kf(x)dx. (7)

In (6), we set u, = 0 according to the homogeneous Dirichlet boundary condition.

The second scheme reads )

B Y Freor = fre VK" € Ty, 8)
o EE
with the fluxes
Fice e = da% Jifo* € &, , o* = K*|L* 9)
and boundary conditions
ugx =0 ,VK* €T, . (10)

Note that in Eq. (9), the quantities d, and m(co) refer to the primal edge o associated to the internal dual
edge o* as explained previously. Moreover, boundary fluxes over OK™* N 9N are not needed in the definition of
the second scheme, since Eq. (8) is only written for interior dual cells.

In (8), the right-hand side is the mean-value of f over K*:

1
frr = K /K* f(x)dx. (11)

Note that although the values of fx+ when K* € 7%, are not needed by the scheme (8)—(10), we may still

define the mean-values of f over these boundary dual cells by Eq. (11).

3. AN EQUIVALENT FINITE ELEMENT-LIKE SCHEME

First, we shall prove that a certain combination of the schemes considered above verify a discrete variational
formulation. For this, we shall first define the set in which the unknowns of the above two schemes are to be
searched

Definition 3.1. We set

Vo(T) = {v=((vk)ker: (Vo)oct.., (VK*)KreT+) , St
Ve =0,Y0 €&yt , vg- =0, VK* € T, } (12)
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FIGURE 5. Values of the P! function v;, on the diamond-cell Vy ;.

With these discrete values, we shall associate two functions. We start with

Definition 3.2. Let 6k be the characteristic function of K. Identically, let 85« be the characteristic function
of K*. Let v = ((vi)keT, (Vo)octon» (V=) K+e7+) be in Vo(T) defined above. We define the function vy* as

follows
" 1
’UhA’ = B < E vl + E ’UK*HK*> . (13)

KeT K*€T*
In the notation th’*, the superscript © stands for the primal (triangular) mesh and the superscript * stands for
the dual mesh.

The second function is defined by its restrictions on the diamond-cells of the mesh

Definition 3.3. Let v = ((vk)keT, (Vo )oce. s (Vk*)Kk+eT+) be in Vo(7T) defined above. With these values, we
define a function vy, constructed in the following way. Let us first consider an inner primal edge o € &;,; with
o0 = K|L and ¢* = K*|L* its associated inner dual edge. The restriction of vj, on Vo, o+ is defined as the only
P! function over V, 5« which is such that (see Fig. 5)

XK + XK~ VK + Vi~ XK + X[ VK + UL
Up, y Uh =

2 2 2 2 ’
v X7, + X+ _ VL, + v+ v X7, + Xpo* _ VL, + Vi (14)
" 2 2 o 2 2

A similar formula defines vy, on Vy o if 0 € Eeqr with o C 0K NT associated to the inner dual edge o* = K*|L*:

<XK +XK*) VK + UK <XK +XL*) UK + vps
h = Uh =

2 2 ’ 2 2 ’
v Xo + XL+ \ Vo + UL v Xo + XK+ \ Vo + UK~ (15)
g 2 T2 o 2 -9

Of course, the definition of a P! function by four of its values is in general impossible. However, it may be
checked that, in the present case, such a function exists and is unique thanks to the fact that the quadrangle
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Note that the function v is non-conforming since it is only continuous at the midpoints of the boundaries of
the cells V, »-. Note that thanks to the second line in (15), and since v, = 0 for all ¢ € &, and vk~ = 0 for
all K* € 7.%,, the function v, vanishes on T'.

Definition 3.4. We call £ the linear operator which associates to the element v € V(7)) the function v, defined
above. Next, we define

Vo == L(Vo(T))
the set of all possible functions vy, defined by (14) and (15).

A direct calculation leads to the following proposition

Proposition 3.5. Let vy, be in Vio. Then its broken (diamond-cell per diamond-cell) gradient V vy, has the
following expression

oz — UK)nKL + wr: UK*)UK*L* if o€ &m
dy m(o)
(Vhon)y, . = s Wo on - (16)
(UU _ UK) Ngs + (’UL* _ ’UK*) N+ ’Lf RS gewt
dy m(o)

We may now state the main result of this section

Proposition 3.6. The finite volume formulations (4)—(11) may be combined into a single finite element-like
formulation which reads: Find up, in Vig such that for all vy, in Vi,

a(un,vp) = L(vy""), (17)
where
a(uh,vh) = Z / Vwup - Vo dx
Vc ok Vﬂ ok
and

aﬁﬂ=lﬁﬁﬂmw. (18)

Moreover, there exists a constant C' not depending on the mesh such that, if @ is in H?(Q), there holds
|6 — unly j, = ald — un, @ — up)"? < Chllil| o - (19)

Note that the definitions of the bilinear form a and of the linear form ¢ may be extended to functions
belonging to H!(Q).

Proof. The equivalence between the finite element like formulation and the finite volume schemes is a particular
case of the proof given in [20, Prop. 4.4]. As an illustration, we shall only show how to derive (17) from (4)—(11).
Consider any vector v = (VK )keT, (Vo )o€Eonss (VK= )K*eT+) in Vo(T). Thanks to (4) and (7), there holds

—Vg Z Fr o =m(K)vg fx = /Qf(x)vKOK(x)dx VK eT.

oelk
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Then, thanks to (8) and (11), there holds for all K* € T.*

int

—vge Y Fie e = m(K" vk fi Z/Qf(X)UK*GK*(X)dX- (20)

o*EE K

But since vg+ vanishes for all K* € T*

1> We may also write, for K* € 7.*

ext

S FK*J*Z/Qf(X)UK*oK*(x)dx.

o*€ExNE

int

Thus, for any vector v in V;(7), there holds

—% Z VK Z Frg o+ Z VR Z Frex o Z/Qf’UhA’* (X)dx. (21)

KeT  o€fk K*eT* o E€EKRNES,,

Now the sums in the left-hand side of Eq. (21) can be reorganized in the following way. Let us first consider
a given o € & and its associated o* € £,,. They both appear twice in the sums in the left-hand side of
Eq. (21). Since Fg,o = —Fp s and Fg» g« = —Fr» o« if 0 = K|L and ¢* = K*|L*, we may write, thanks to the
expressions of Fx , and Fk~ o+, respectively given by (5) and (9)

1
—5 (WkFr o+ VLKL o+ VK- Frs ox + 00 Fpx ox) =

%m(o)(uLd;duK)(vL —vK) + %dg%(vp —vge) =

(up, —uk) (vp, — vK) n (up~ —ug~) (Vo — v~)
dy ds m(o) m(o) ’

Tn(vma*)

thanks to (1). Let us now consider a given o € £, and its associated o* € &,. In Eq. (21), o appears only

once since it is a boundary edge. On the other hand, o* still appears twice and we may write

1
—3 (VK Fr, o +Vi*Fix or + 0= Fpx ov) =

(ur- —uk-)

1 (UU — U,K) 1 -
B R (e (vp- —vk+) =

—§m(0) @

m(vag){(ug—uK)(va—vK) (uL*—uK*)(UL*—vK*):| |

d P m(o) m(o)

)

since v, vanishes. Finally, since ngy, - ng«r+ = 0, Eq. (21) may be rewritten as

> mWVoor) (Viun)y, - (Vav)y, .= > /V Viun - Vo, = /Q fop* (x)dx,
Vg g ¥ Voo

o,
Vo,o*

which is the desired result.

Moreover, the error estimation (19) is inferred from [20, Th. 5.20], in which the angle 7 is always equal to
/2 in the special case of Delaunay-Voronoi meshes. Related convergence results in a discrete norm for each
component (primal or dual) of the gradient may be found in [23,34,38]. (]
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4. ERROR ESTIMATION IN THE L? NORM

Using the equivalent (non-conforming) finite element formulation, we shall derive an estimation in the L2
norm using the traditional Aubin-Nitsche lemma. An additional difficulty will arise due to the fact that the
right-hand side in (17) is given by (18) instead of the more traditional term [, fvn(x)dx which would arise
in a genuine finite element method. In order to evaluate errors coming from the difference between these two
terms, we shall state a regularity hypothesis on f, which is the same as that involved in the studies concerning
vertex-centered finite volume element schemes, see, e.g., [22] and one-dimensional cell-centered finite volume
schemes, see [36].

Hypothesis 4.1. We suppose that the function f belongs to H(£2).

Remark 4.2. The first consequence of this hypothesis (actually, f in L?(Q) would be enough for this) is that,
since 2 has been supposed to be a convex polygonal domain, the exact solution @ of the Laplace equation
belongs to H%() and @l 20y < 1 fllp2(q)- As a corollary, the error estimation (19) provides

o — “h|1,h <Ch HfHL2(Q) ’ (22)
with a constant C' that does not depend on the mesh.

4.1. A representation formula for the error in the L?(2) norm

We start by writing
Jo (un — w)g(x)dx

s (23)
geL2(Q) ||9HL2(Q)

8 = unl 20

Now, for a given g € L?(2), let us define be H}(Q) which is the unique solution of the following problem

{TAQAﬁzginQ (24)
¢=0onTl.

Since g is in L2(9), and since we have supposed that 2 is a convex polygonal domain, ¢ belongs to H2(£) and
there exists a constant C' depending only on €2 such that

H¢H < Cllgllp2g) - (25)

H2(Q)
We may write the following representation formula

Proposition 4.3. Let ¢ = ((¢x)xeT, (9o)oect s (Pr+)K-eT+) be given in € Vo(T) and let
én = L(¢) € Vao (26)

be the function associated to ¢ through Def. 3.4. There holds
[ un = geix = atwn— b on) = [ 1 (00627 (ax
- Z / Vi -0y, do (27)
av,.

0:7

- Z/av (up — ) Vo -ndo.
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Proof. Through Eq. (24), there holds

/Q(uh —)g(x)dx = -— VUZ;* /V(w* (up, — 0) A¢ (x) dx

— Z/ (up — 1) Vo - ndo, (28)

Ve Vo on

I
—~

<
>

I

>
>
S—

thanks to a Green formula on each V, o~, and where n is the unit exterior normal vector on 9V, ,-. Now let
us consider an arbitrary ¢ be given in € V5(7) and let ¢, = L(¢) be its associated function. There holds, by
definition of the bilinear form a

a(up, — 1, ¢) = a(up, — @, ¢ — dn) + alun, dn) — Y / Vi - Vi (x)dx. (29)

V, Voot
Thanks to (17), we have
a(un, ¢n) = /Q for ™ (x)dx. (30)
On the other hand, since —Aa = f, a Green formula on each V, ,« provides

—Z/ Vi - Viop (x Z/ [ én (x)dx — Z/ Vi -n gy do. (31)

[o)

Gathering (28)—(31), the result (27) is obtained. O

Up to now, the values of ¢ are arbitrary, but since they will play a key role in the evaluation of the various
terms in (27), we shall precise them now.

4.2. Choosing ¢

Of course, we shall choose ¢ so that the associated function ¢, = L(¢) (see Def. 3.4) will be a good
approximation of ¢. We propose to choose the values (or)keT, (Po)oct.n: > (Pr+ ) K~eT+) as the solutions of
the primal and dual finite volume schemes of section 2, associated to the Laplace equation (24) satisfied by qg
More precisely, we write

-y FKU:/ g(x)dx, VK € T, (32)

oelk
with the fluxes
Freo = (o)@ ifo € &, o= K|L, (33)
FKU:m(U)M,ifaESmt,acaKﬁP. (34)
In (34), we set
$s =0 (35)

according to the homogeneous Dirichlet boundary condition.
The second scheme reads

S i = / g(x)dx ,\VK* € T7, (36)
o*EE K ’
with the fluxes

FK*,U*:dUM for £

m(o) int) 0 | (37)
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and boundary conditions
o~ =0,VK* €T}, . (38)
Note that Eqgs (35) and (38) ensure that ¢ is indeed in V(7)) as required in Prop. 4.3.
In particular, two points will be important in what follows. First, since gﬁ is in H?(f2), we may apply the
error estimate given by (19), in which we replace @ and uj, by é and @, so that there holds, taking into account
(25)

[6=6n| < Chlglzae - (39)

with a constant C' not depending on the mesh. Moreover, it is clear from the definitions (16) and from (32) and
(33), that ¢y, verifies

=3 m(0)Vadn - nxs = / g(x)dx, VK € T. (40)
oelk K
For this, we recall that we have set nx, = ng, if 0 = K|L.

4.3. Estimations of the various terms in (27)

The technique used to evaluate the last two terms in Eq. (27) is classical and dates back to [18]. It is based
on [18, lemma 3], in which we choose m = 0:

Lemma 4.4. Let T be a triangle and let T' be any of its edges; there exists a constant C independent of T such
that for all v in H*(T), and for all @ in HY(T), there holds

/ (v — Mrr) do| < Co(T) diam(T) gl 1 o]y 1 (41)

where Mrv = ﬁ fT, vdo is the mean value of v over T' and where o(T) := di%T()T) is classically the ratio

of the diameter of T to the diameter of the biggest circle inscribed in T'.
Let us start by the last term in (27).

Lemma 4.5. There exists a constant C' depending only on 0* such that

S [ -0 Vé nds| < O e lallego (42)
Voor Vo or

Proof. The function uy, is P! and continuous at the midpoint of each edge of the diamond mesh and vanishes
on the boundary I'. Moreover, ¢ is in H2(§2). Thus, there holds

Z Z 'Ll,hMT/V(%'Il:O.

Vo,o% T'COVy o=

Moreover, since 4 is in H?(2) and vanishes on I’

> > aMpVé-n=0.

Vo,o% T'COVy o=

Therefore,

Z/a (up—0)Vé-ndo= > Y /’(uh—a)(vé-n—MT,vé.n)da.

Vg or ? Vo o* Vy.or T/ COV, o
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P

—
=

<
ST R
=
.

FIGURE 6. Definition of the triangle T' and its edge T".

Next, for each V, ,+ and each edge T C 9V, »+, we shall apply lemma 4.4 on a triangle 7" defined to be the
convex hull of 77 U {x,} (see Fig. 6) with v = V¢ -n € HY(T) (since ¢ € H2()) and ¢ = (uy, — @) € HY(T)
(since uy, is in PY(T) and @ € H%(Q)). Since diam(T) < h and since it is well-known that o(T) < % where

O(T) is the smallest angle in T, the third point of lemma 1.2 and (41) lead to the existence of a constant C'
depending only on #* such that

//(uh — @) (Vé-n— MpVé-n)do| < Ch V(i — )| gz ) Hé’ o

Since the set of such triangles T' constitutes a partition of €2, a discrete Cauchy-Schwarz inequality, together
with (25) and (22) leads to (42). O

Now, we turn to the third term in the right-hand side of (27).

Lemma 4.6. There exists a constant C' depending only on 6* such that

> [ Vinendo| <R fl e lgllae, - (43)
Vo e J0Vo 0
Proof. The third term in the right-hand side of (27) may be transformed into

- [ Vin-ddo (44)
Vo 0%

since g% is continuous and vanishes along I and since there is no jump of Vi € H'(Q) across 0V, ,«. Now, the
technique we have used above to obtain (42) may be applied to evaluate (44) and we end up with

VZ* /8\/(”,* (0n = é) Vi-ndo| < Ch ’(b - ¢h‘17h ||f||L2(Q)

with a constant depending only on 6*, and we conclude with (39). O
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Next, bounding the first term in the right-hand side of (27) is performed by the Cauchy-Schwarz inequality
and by (22) and (39). We obtain

Lemma 4.7. There exists a constant C' not depending on the mesh such that

alur, — it — 1) < CW ||l 20 Nllaqer - (45)

Now, the term which remains to be evaluated in (27) is that coming from the fact that (17)-(18) is not a
genuine finite element formulation, like explained in the introduction of section 4.
We shall first define the following functions

Definition 4.8. Let ((¢x)xer, (¢0)oes. .., (Pr+)Kk+eT+) be given, we define ¢hA and ¢; by

S 1 (%) ;:%K ,Vxe K VK €T, (46)
O e (X) 1= 5 ,Vxe K* VK" e T, (47)
Definition 4.9. Let ((¢x)ke7, (9o )oct.n,s (Pk+)K-eT+) be given, we define ¢} and ¢? by
KoL TdLodK | (o ). (PLZOKN ) ke Vg if o= KI|L € Eime
1 — 2dz7 da ’
¢h(x)|vd,d* = P by — DK , (48)
7{7 +(x—x,) - (”T> Ngo, VX € Voo if 0 € Eept
and
¢%(X)‘Vm”* — % + (x — Xq) - (%) Ngr«, VX € Vy o , with o* = K*|L*, (49)
With these definitions, there holds
Lemma 4.10.
on— o = (0 — o7 ) + (6 — o) - (50)
Proof. From (13), (46) and (47), there holds
VANE® VAN *
Op (%) = ¢ (X) + ¢h(x) , ¥x € Q. (51)

Moreover, the following equality may also be easily checked by simple interpolation (see Fig. 5)

drotr +drodx = O~ + Pr~

+ if 0=KI|LE&n,o" =K*|L*
Pn(xo) = %¢)d(7 oL + Prcx y
7”4_% lf Uegemt,U*ZK*|L*

so that, since ¢y, is a P! function in Vo,
dre dre . . .
" Kol L Aofi | O 20K | () Vb Wx € Vo i 0= KL € Ein
Sn(X)y, . = o ;
¢_20 + % + (X - Xa) : Vh¢h 7VX € Va,o’* if oc gea:t
with, in both cases, o* = K*|L*. Recalling that V,,¢}, is given by (16), and with the definitions (48) and (49),
there holds

o)y, . = oK)y, . + X)), .
which, together with (51), leads to (50). O
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Moreover, from (48), (49) and (16), recalling that we have set nxy = nk, if o = K|L, there holds
Lemma 4.11.

oL = 0K\ _ (Vadn)py, .. ‘Dko if 0 =K|LE En
(Va0 .. DKo = o
L h\ oo * o ¢0_¢K _(v ) g
—Q0 )= hPR)V, - *DKe if 0 € et
and
L — Pk~

(Vh@%)\vm* Mg = ( > = (Vaon)v, . " DKL

m(o)

With these definitions, the remaining term which has to be evaluated in (27) reads
[(en=ot) oax = [ (5= 12) (6 - o) (yax
Q Q

b [ 12 (o of) i
Q

b (=) 6 - 00) G
Q

[ (6 - 6h) (ax.

where the following L? projections have been used:

fo(x) = fx = ﬁ/}(f(x)dx, Vxe K,VK €T,

« 1
57700 = e = gy [ ORI V€ Ve Wi
(=P =y | 0

We shall first evaluate the first and third terms in the right-hand side of Eq. (54).

Lemma 4.12. There exists a constant C, not depending on the mesh, such that

} [ r=52) (0h=02) ax+ [ (5=177) (0 = i) () ax
Proof. From (48), if o € Eipt, with o = K|L, there holds

o <XK+X(7) _ dkoPr +dio9K n (XK—XG) _ (¢L—¢K>HKL

2 2d, 2 ds
_ dko¢rL +dredrx  dko(dr — 9k)
o 2d 2d,
_ dxkot+dis, ¢k A
— T¢K - 7 - ¢h |K )

< Ch? Hf”Hl(Q) ||g||L2(Q) :

(54)

(55)

(56)

(57)

and the same equality holds if o € &gy, with o C 0K N 0. This shows that the function (bhA interpolates the

function ¢ at X&4%= € Vi ;. Thus, since ¢}, — qb,? is a P! function in Vg ., there holds, with (52)

2

[

) 12 ) 2
) < diam*(Vk,o) HV}"(bhHL?(VK,(,) < diam*(Vk ) ||vh¢h||L2(VK,U) )
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Summing over all Vi , for 0 € €k and K € T, and since diam(Vk,») < h, we obtain

ot —an]

<h .
L2(Q) — |¢h|1,h

In the same way, it may be shown from (49) that ¢} interpolates QS% at % € VK~ o+, so that

||¢i - ¢2 L2(Q) < h|¢h|17h :

On the other hand, since, through Hyp. 4.1, f € H'(), and since every K and every V, ,« are convex, there
exists a constant C' that does not depend on f, K or V, . such that

||f - fAHLz(K) < Cd?'am(K) ||vf||L2(K)

and

s

< Cdiam(Vy, o+)
L2(V, ) ’

IVAllLew, . -
This leads to
||f - fAHLz(Q) < Ch ”VfHL?(Q)

and

|£-r

Lo S Ch|Vfllzq) -

We conclude that

L =12 (oh o) x| (1=17") (0~ i) ()

< CR? |V Sllpagoy 9nly » (58)
Moreover, the triangle inequality and (39) lead to

<|l¢ b — <||¢ h
Ol < 8] oy 18 08] < 18] ey + P20 (59)

1(Q
which, injected in (58), and taking (25) into account, lead to (56). O
We now evaluate the last term in Eq. (54).

Lemma 4.13. There holds
/Q 577 (6 — 63) (x)dx = 0. (60)

Proof. Since f?°" is a constant over each Vs,o+, there holds

*

|57 (6 i) ()i = VZ Frowe [ (@h=00) (ax (61)

0,0

Since x, is the midpoint of o, and by symmetry of V, ,~ with respect to [xxxr], there holds

/ (x —Xy) - ng-p+dx=0.
%

o,0*

Thus, from Eq. (49), we infer that

/V 2 0)dx = m(V o) 2T (62)

o,0*
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Moreover, from Eq. (47)

Joiom= ], e ], S

0,0

By symmetry of V, ,+ with respect to [xxxz], there holds m(Vi+ o) = m(Vps o) = %m(VW,*). Thus,

[ diix =m0 (63)
\Z

o,0*

Thus, (60) follows from (61), (62) and (63). O

Finally, there remains to evaluate the second term in the right-hand side of (54). The following lemma will
be helpful for this

Lemma 4.14. Recall that Ry is the radius of the circle in which the triangle K is inscribed. There holds

2
[ 7o (h=0f) ax = 3 sxTE S mle)Vion ni

KET 0€EEK

- Z frx Z m3 (0)Vron  nge . (64)

KET’ oc€lK

Proof. By definition of ¢hA, see (46), and of f2, see (55), there holds

IRSCESICEED WD o SR CEE SICES (65)

KeT cefk

Since qb,ll is a P! function over the triangle VKo, the following quadrature formula is exact

o (x)dx = TVro)

VK,o 3

(o1, (xK) + 20, (%5)] - (66)

But we also have

61 (i) + 01, (x5) = 20}, (?) (67)
and
0}, (xa) = 9}, (XK‘;X”> + I Vi) (68)

Summing (67) and (68), and using (57), the fact that x, — xxg = dxonges and (52), Eq. (66) writes

m(Vk.,o) [ ¢k | dko

¢ (x)dx

325 +
Vi 3 2

Vion - nKO’:| .

dKam(U)
2

Since m(Vk,s) = , we finally have

2
/ (¢h - ¢—K) (x)dx = dKnlirg(U)Vh% ‘Mg -
VK,

The next step is the calculation of

) /V (6h-%) ax= 3 T ()G, 61 e

cefk o€lK



This is performed using the fact that d3,, = R2% — m(Z)Q (see Fig. 1). Thus,

Z/V <¢h——) (x)dx = % m(0)Vion - Nio

c€EK

Inserting (69) into (65) yields (64).
Now, we bound the first term in the right-hand side of (64).
Lemma 4.15. There exists a constant C such that

2
> fK% > m(o)Vagn - nko

KeT 0€EEK

< Cn’ 120 190 2y -

Proof. Recall that ¢ has been chosen so that (40) holds. This implies

[ R A

cEEK K

so that, using a continuous and then a discrete Cauchy-Schwarz inequality,

1
> fK Z o)Vioh NKs| < o5 > frRiv/m(E) llgll 12 k)
KeT o KeT
. 1/2
< EhQ <Z m(K)|fK|2> 9l 2@ -
KeT

1/2
since R < h by definition. Eq. (70) is then obtained since (ZKeTm(K) |fK|2) < | fllr2qa)-

Lemma 4.16. Under Hyp. 1.1 and 4.1, there exists a constant C, depending only on 0%, such that

8 Z f Y m*(0)Vién - ni,

KeT oelk

< CR?[|fll g e 19l 220y

Proof. Recall that for any o = K|L, there holds V,¢p, - ngy = —Vion - npg. Thus,

> i 3 mio)Vaon i = 3 m(0) (f ~ f1) Vadn ne
KeT ceEk 0€Eint,0=K|L
+ Z m3(0')fKVh¢h ‘DKL -
0€Eeqt

Since m(Vy,o+) = M’ there holds

m3(0) = V24/mVy o )m? (o)
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According to the last point in lemma 1.2, "ti(g) < C, with C depending only on #*. Since m(o) < h, there holds

o

m3(0) < Ch*\/m(Vy.or), (73)

so that, using a discrete Cauchy-Schwarz inequality yields
1/2

> m*0)(fx — f) Vadn -ngkr| < Ch? > (fx — fr)? |Pnl1p -

0€€int,0=K|L 0€&int,0=K|L

Next, let
1
foi= s [ 1,

(fx = L)’ <2(fx — fo)2 +2(fo — fL)° .

there holds

By definition of fx, there holds

1
= fr = e [ 1160 = fr)ax
and 1
lfx — fo] 2 () 1f = follzax) -

Since, by definition of f,, the function f — f, vanishes over o which is an edge of the triangle K, there holds
(see, e.g., [3, Lemma 2.2])

1 = Foll gy < Cliam(K) [ ]l s xc) - (74)
In (74), the constant C' does not depend on K. Thus,
diam?(K)
(fic = fo)* < O=s= IVl Lgaey < CIV ey

and the constant C' depends only on 6* according to the second point in lemma 1.2. Since o is also an edge of
L, a similar conclusion holds for (f, — f1)?, so that

Yo U= 1)’ <CIV T2

0€Eint,0=K|L

since each K is counted at most three times in the sum over the edges. This shows that

Z m3(0) (fx — f1) Vidn -nrr| < Ch? IVFllL2q) [onlip -

Uegintvo’:K‘L

Using (59) and taking (25) into account, this yields

> o) (fx = fL) Vadn - nkr| < O || fll g oy 9l L2 - (75)
0€Eint,0=K|L

Now the last term in (72) may be estimated in the following way
m?(0)

> mP (o) fkVnn nkL = Y (K )m/2(y *)ml/Q(K)me1/2(Va,a*)vh¢h'nKL~ (76)

c€Ecqat 0€Eeut
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Since for boundary triangles V, ,« = Vi » C K, there holds

ml/Q(K)ml/Q(Vg,g*) > m(VK,U) — % ,
so that
3 2
m3 (o) S2m (o) <Ch.

mY2(K)m'/2(Vy o) dio

with a constant depending only on 6*, thanks to the last point in lemma 1.2. Taking this into account in (76)
and applying a discrete Cauchy-Schwarz inequality, there holds

> m*(0) [k Vb ke

c€Ecqat

<Ch ||Vh¢hHL2(Bh) Hf||L2(Bh) ) (77)

since fx is the L? orthogonal projection of f over K. We have denoted by By, the strip around I' which contains
all K such that m(OK NT) # 0. Note that this strip has a width of at most h, so that, according to Ilin’s
inequality (see, e.g. [13, Formula (2.2)]), and since ¢ € H%(Q), there holds

¥4

<z

)

L?(Br) H2(Q)

which implies
||Vh,¢h||L2(Bh) < ’¢h B éL h + HV&‘

Chgll 2(q + ChM?

LZ(B}L)

6

IN

1/2
H2(0) <Ch ||9||L2(Q) ) (78)

according to (39). Moreover, since by Hyp. 4.1, f belongs to H'(f), we may apply Ilin’s inequality again to
obtain

11lL2(m,) < Ch'/? 11l 2.0y - (79)
Inserting (78) and (79) into (77), we conclude that there exists a constant C' such that

Y m*0)fxVidn - nkr| < Ch? gl pa Il o) - (80)
c€Ecqat
Gathering (80) and (75) into (72) yields (71). O

Starting from (23), we may now gather all the intermediary results (27), (42), (43), (45), (54), (56), (60),
(64), (70) and (71) to get the main result of this article

Theorem 4.17. Let Q) be a two-dimensional convex polygonal domain. Let @ be the exact solution of the equation
—AG = f in Q, with homogeneous Dirichlet boundary conditions. Let u = ((ux) ke, (Uo)oes,,,, (UK+)K*eT*)
be the solution of the finite volumes schemes (4)-(11), and let uy, be the function in Vio associated to u through
definitions 3.3 and 3.4. Then, under Hyp. 1.1 and 4.1, there exists a constant C depending only on 0%, such
that

|4 — uhHL2(Q) < Ch? HfHHl(Q) :
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5. CONCLUSION

In a two-dimensional convex polygonal domain, we have proved convergence in the L? norm with second-

order accuracy of a well chosen function constructed with the help of the solutions of two finite volume schemes

for

the Laplace equation, one defined on a (primal) triangular mesh and the other defined on the associated

Voronoi dual mesh, under the sufficient condition that the right-hand side of the Laplace equation is in H' ().
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