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A POSTERIORI ERROR ESTIMATION FOR THE DISCRETE
DUALITY FINITE VOLUME DISCRETIZATION OF THE LAPLACE
EQUATION

PASCAL OMNESt#, YOHAN PENEL'#, AND YANN ROSENBAUMT#

Abstract. An efficient and fully computable a posteriori error bound is derived for the dis-
cretization of the Laplace equation by the discrete duality finite volume scheme on very general
twodimensional meshes. The main ingredients are the equivalence of this method with a finite el-
ement like scheme and tools from the finite element framework. Numerical tests are performed
with a stiff solution on highly nonconforming locally refined meshes and with a singular solution on
triangular meshes.
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1. Introduction. Let 2 be a twodimensional polygonal domain with bound-
ary 'suchthat ' =T'pUTl'y and I'p NIy = (). We are interested in the a posterior:
error estimation between the exact solution ¢ € H'(Q), of the following problem

(1.1) ~Ap=finQ
¢=¢sonlp
(1.3) Vé-n=gonly

and its numerical approximation by the finite volume method (FVM) described in [13]
and recalled in section 3. In this introduction, let us only mention that the unknowns
of this scheme are located both at the centers and at the vertices of the mesh. Equa-
tion (1.1) is then integrated both on the primal mesh, and on a dual mesh, whose
cells are centered on the vertices of the primal mesh. Finally, fluxes are computed
through the reconstruction of gradients on the so-called “diamond-cells”, which are
quadrilateral cells centered on the edges of the mesh. It has been shown that this
finite volume method may be written under an equivalent discrete symmetric positive
definite variational formulation, and has been named “discrete duality finite volume”
(DDFV) method since it can be interpreted in terms of discrete differential gradient
and divergence operators which are linked by a discrete Green formula. The main ad-
vantage of this scheme is that it may be used on fairly arbitrary meshes with possibly
distorted [17, 18] or highly nonconforming primal cells [13]. Another useful feature of
this scheme is the reconstruction of both components of the gradients (and not only
of its normal component with respect to the cell edges), which makes it easy to use
for anisotropic or non-linear (p-Laplacian type) diffusion problems (see, for example,
[4, 17, 18]). An extension of this scheme to div-curl problems as well as further defi-
nitions and properties of discrete differential operators have been presented in [12]. A
priori analysis have been given in [4, 13]. In the linear case, when the solution of (1.1)
to (1.3) belongs to H?(), it has been proved in [13] that the numerical approximation
obtained by the DDFV method tends to the exact solution with the optimal order h
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in the energy norm. For less regular solutions in H!75(Q), with s < 1 a convergence
with order h® has been observed in [12]; this motivates the study of a posteriori error
estimators that could efficiently drive an adaptive refinement strategy.

For the type of partial differential equation given by (1.1) to (1.3), a posteriori
error estimations for conforming Lagrange finite element methods (FEM) are now
very common. The reader is referred to, e.g., [2, 5, 27]. For these methods, there are
several types of estimators, which are detailed in the above references. In the residual
based class of estimators, the main terms are inter-element jumps of the normal
components of the gradients of the computed solution, weighted by constants whose
explicit computation was performed in [7] and [28]. Efficiencies of the estimators
obtained in [7] vary, according to the problems, between 30 and 70, and between
1.5 and 3.5 if one numerically evaluates eigenvalues of some vertex centered local
problems, as reported in [8]. References for non-conforming FEM may be found in [3]
and for mixed FEM in [29].

The case of cell-centered FVM has been less studied, on the one hand because
of their more recent use for elliptic problems, and, on the other hand, because they
generally lack a discrete variational formulation. For the basic ” four point” scheme on
so-called ”admissible” triangular meshes (see [14, 16]), A. Agouzal and F. Oudin [1]
have used the connection of this scheme with mixed finite element schemes to derive
an a posteriori estimator for the L? norm of the error; this estimator is not an upper
bound for the error, but is asymptotically exact under mild hypothesis. A second
estimator for this scheme has been provided by S. Nicaise in [20]. This estimator is
shown to be equivalent to the (broken) energy norm of the difference between the
exact solution and an elementwise second order polynomial (globally discontinuous)
reconstructed numerical solution. Then, in [21], S. Nicaise extends his ideas to the
so-called ”diamond-cell” FVM (as described in [10]). S. Nicaise proposes an a pos-
teriori error estimator which may be used if the cells of the mesh are triangles or
rectangles (or tetrahedrons in dimension three). This estimator is completely com-
putable (no unknown constant) and its efficiency is around 7 for the tests performed
in [21]. Finally, S. Nicaise has extended his work to diffusion-convection-reaction
equations in [22]. More recently, M. Vohralik [30] has also proposed a fully com-
putable a posteriori error estimator for numerical approximations by cell-centered
FVM of diffusion-convection-reaction equations on simplicial meshes. The main im-
provement over [21, 22] is the asymptotic exactness of the error bound which, like
in [21], measures the energy norm of the difference between the exact solution and a
reconstructed, globally discontinuous, elementwise second order polynomial numerical
solution. Note that in [22] the reconstructed numerical solution is globally continuous
and may involve higher order polynomials on each element.

Since the computations of the estimators in [21, 30] only require fluxes on the
edges and values of the unknowns at the centers of the primal cells (quantities which
are usually the output of FVM), we may apply them to the DDFV method, provided
the primal mesh respects the above conditions (although generalizations of [30] to
more general meshes are announced in [32]). Thus, up to now, we may not apply
these techniques to meshes as general as those we employ with the DDFV scheme,
like in particular the non-conforming meshes of section 7.

Let us finally mention some related results in the context of vertex-centered finite
volume (element) methods [6, 9, 19, 23, 24, 25].

In the present work, we use the equivalent discrete variational formulation of
the DDFV method and tools developed in the FEM framework to obtain a fully
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computable a posteriori bound for the L? norm of the error in the gradient computed
by the DDFV scheme: hence, no kind of postprocessing or solution reconstruction
like in [21, 30] is needed in our approach. This error estimator is efficient under
classical geometrical constraints on a subtriangulation of the primal mesh. The main
two difficulties encountered are, on the one hand, that the basis functions on which
the discrete variational formulation rely are non-conforming, and, on the other hand,
that the DDFV scheme uses two dual meshes. The first difficulty is solved thanks to
an argument which is now classical as soon as the discrete solution does not belong to
HY(Q) (see [3, 11, 21]): a Helmholtz-Hodge decomposition of the error is performed,
involving a conforming and a nonconforming part. The conforming part of the error
is treated rather classically and involves the normal jumps of the gradients through
neighboring diamond-cells. The nonconforming part of the error is treated thanks to
the discrete orthogonality property which links the discrete gradients and curls, as
shown in [12], and involves the tangential jumps of the gradients through neighboring
diamond-cells. The second difficulty results in the total estimator being a sum of
local estimators on the primal cells and of local estimators on the dual cells, before we
distribute each local dual estimator on the primal cells which intersect the considered
dual cell. Along all the computations, we have tried to obtain the best possible
bounds, with the objective that the resulting estimator be fully computable, and
that the efficiency be as good as possible. The constants which are involved in the
computations are explicitly evaluated thanks to the expressions found in [7, 21, 28],
and there is a free parameter in the bounds, with respect to which the estimators are
numerically minimized. The resulting tests show that the efficiency of the proposed
estimator varies most of the time between 5 and 10.

The remainder of this article is organized as follows. Section 2 sets some notations
and definitions related to the meshes, to discrete differential operators and to discrete
functions. In section 3, a slightly modified version of the DDFV scheme is presented
and its equivalent discrete variational formulation is recalled. In section 4, a repre-
sentation of the error is elaborated. This is used in section 5 to find a computable
upper bound of this error. In section 6, the local efficiency of the error estimators is
verified. Section 7 is devoted to numerical tests with a regular but stiff solution and
with a singular solution. Conclusion are drawn in section 8.

2. Notations and definitions. The following notations are summarized in
Fig. 2.1 and 2.2. Let the domain  be covered by a primal mesh with polygonal
cells denoted by T;, with ¢ € [1,I]. With any T;, we associate a point G; located in
the interior of T;. This point is not necessarily the centroid of T;. With any vertex Sk,
with k € [1, K], we associate a dual cell Py by joining points G; associated with the
primal cells surrounding Sy to the midpoints of the edges of which Sy is a node.

REMARK 2.1. This construction of the dual cells slightly differs from that given
in [12, 13]. The present construction ensures that a dual cell Py is star-shaped with
respect to the associated node Sy. It also ensures that when T; N Py # 0, the segment
[G;Sk] belongs to T; N Py. These two facts will be essential in the application of the
Poincaré type and trace inequalities used to obtain the a posteriori bound in section 5.
Finally, this construction also ensures that the dual cells form a partition of 2, which
will also be essential in the derivation of the a posteriori bound.

With any primal edge A; with j € [1, J], we associate a so-called diamond-cell D;
obtained by joining the vertices Sy, (;) and Sy, ;) of 4; to the points G, (;y and G, (j
associated with the primal cells that share A; as a part of their boundaries. When A;
is a boundary edge (there are J' such edges), the associated diamond-cell is a flat
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Fic. 2.1. A nonconforming primal mesh and its associated dual mesh (left) and diamond-mesh
(right).

Fi1G. 2.2. Notations for an inner diamond-cell (left) and a boundary diamond-cell (right).

quadrilateral (i.e. a triangle) and we denote by G, ;) the midpoint of A; (thus, there
are JU such additional points G;). The unit normal vector to A; is n; and points
from Gj, (j) to Gi,(;). We denote by A’ (resp. Aj,) the segment joining G, ;) (resp.
G, (;j)) and the midpoint of A;. Its associated unit normal vector, pointing from Sy, ;)
t0 Sk, (j), is denoted by n’; (resp. n’,). In the case of a boundary diamond-cell, A,
reduces to {G,(;)} and does not play any role. Finally, for any diamond-cell Dy,
we shall denote by M;,x, the midpoint of [G;_ ;) Sk, ()], with (o, 3) € {1; 2}2. With
n;, n; and nj,, we associate orthogonal unit vectors 7, 77; and 775, such that the
corresponding orthonormal bases are positively oriented. For any primal 7; such that
A; C OT;, we shall define nj; := n; if ¢ = ¢1(j) and ny; = —n; if i = 4s(j), so
that nj; is always exterior to T;. With nj;, we associate 7j; such that (nj;,7j;) is
positively oriented. Similarly, when A%, and A}, belong to 9P, we define (n;,, 77%;,)
and (ny,, 77,) so that n’;, and n’,, are orthogonal to A}, and A’, and exterior
to Pk.

The boundary I'y is supposed to be simply connected. This hypothesis is only
performed for the sake of simplicity and is in no matter restrictive. By a slight abuse
of notations, we shall write k Ef‘D (resp. T'p, f‘N and T'y) if the vertex Sy belongs
to the interior of I'p, relatively to I' (resp. to the closure of I'p, to the interior of 'y
and to the closure of I'yy). Identically, we shall write ¢ € T'p (resp. i € 'y, j € T'p
and j € 'y) if G; € T'p (resp. G; € 'y, Aj CT'p and A; C I'y). We shall denote by
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K'? the number of indices k € I'p, and by J'~ (resp. J'?) the number of edges A;
and points G; in 'y (resp. in I'p).

In the definition of the DDFV scheme, we shall associate discrete scalar unknowns
to the points G; and Sj, and discrete twodimensional vector fields to the diamond-cells.
This leads us to the following definitions.

DEFINITION 2.2. Let ¢ = (¢F,¢F) and ¢ = (I, ¢F) be in RT x RE.  Let
u = (u;) and v = (v;) be in (R?)’. We define the following scalar products

1
(2.1) @¥)rp =5 | 2 TI6Tvl + > IRl o |,
1€[1,1] ke[1,K]
(2.2) (wv)p = > [Dj|u;-v;.
JEL,J]

We shall also need the following trace operator arrld boundary scalar product
DEFINITION 2.3. Let ¢ = (¢, ) be in RI+7 x RE. For any boundary edge A;,
with the notations of Fig. 2.2, we define ¢; as the trace of ¢ over A; by

(2.3) ¢; = (¢k1 + %uﬁ%w)

Let ¢ = (¢, ¢F) be in R x RE and let w = (w;) be defined (at least) on the
boundary U'p, or on 'y or on I'. We define the following boundary scalar products

(2.4) (w, ¢ I'p,h Z |A |wj ¢j , (w, ¢ I'n,h Z |A |wj ¢J7
j€l'p Je€TN
(w, @)r,n = (W, @)rp,h + (W, P)ry h-
We recall here the discrete differential operators which have been constructed on
fairly general two dimensional meshes, and some of their properties. For more details
and for the proofs, see [12, 13].

DEFINITION 2.4. Let u = (u;) be in (R?)’. We define its divergence and (scalar)
curl on the primal and dual cells by

(V{u) = | | Z |A |uJ i,

JEIT;

1 A;
(Vi - u), = P Z (1A% 1wy -y + [ Alpluy - nlyy) + Z %uj ‘ny o,

| k| JEOP, JEOP,NT

Z | Ajluj - 7,

| JEIT;

1 A
(Vﬁ X u)k =1 Z (|A;‘1|uj Tl + [ Ay '7';‘21@) + Z %uj T

| k| jEOP;, JEOP,NT
We stress that 0P, N T is non-empty if and only if §k erl.
DEFINITION 2.5. Let ¢ = (¢7,¢F) be in RIT x R; its discrete gradient VE ¢
and (vector) curl VP x ¢ are defined by their values on the cells D; by

(Vh ¢) ¢sz - ¢kPJ (|A 1|ng1 + |A 2|ng2) + [ 3; - le] |Aj|nj}’
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F1G. 2.3. Notations for a boundary dual cell in formula (2.11)

(V) x ¢); = I:¢kpg - ¢£1] (JAG 751 + Al Tha) + [sz; - m | 4575}

1
21Dy {
We recall that the formulae in Def. 2.5 are exact for affine funcrtions.

PROPOSITION 2.6. Foru € (R?)? and ¢ = (¢7,¢") € RITT xRE | the following
discrete Green formulae hold:

(2.5) (W VPo)p =—(Vi"  w,¢)rp+(u-n
(0, VP x ¢)p = (V" xu,¢)rp + (u-7,0)r 1.

PROPOSITION 2.7. For all ¢ = (¢7,¢F) € RIT7" x R, there holds

(2.7) (Vi - (VR x¢), =0Vie[L1],
(2.8) (Vi - (V¥ x¢), =0Vk¢T,
(2.9) (Vi x (Vi)9)), =0Vie[L,1],
(2.10) (Vi x (Vi)9)), =0Vk ¢T.

In addition, for k € T, the following equality holds (see Fig. 2.3 for the notations)

1

1
(2.11) (Vi x (V9)), = Y] (61, — ¢1,) + 5 (6, — d%.) | -

DEFINITION 2.8. With any ¢ = (¢, ¢%) € RI+I" x R, we associate the function
on defined by

(¢n)1p, € P1(Dy), Vjell,J],

(M, () ks () = ) (T qbkpﬁ(j))v Vi€l J], V(ap) € {1§2}2-

REMARK 2.9. The definition of a PY(D;) function by its values in four different
points is in general not possible. However, in the present case, ¢p, verifies

¢h(Mi1k1) + ¢h(Mi2k2) = ¢h(Mi1k2) + ¢h(Mi2k1)

and the quadrilateral (M, g, Miy ko Miyky Misk, ) is a parallelogram, which ensures exis-
tence and uniqueness of the function ¢p. Moreover, the function ¢y, is only continuous
at the midpoints of the diamond-cell edges.
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PROPOSITION 2.10. There results from elementary computations that

(2.12) V(¢n)ip, = (V' 9);,
(2.13) V % (én)ip; = (Vi * ¢);.

DEFINITION 2.11. In the sequel of the present work, we shall note by Vy ¢y the
(L2(€))? function whose restriction to each cell D; is equal to V(¢n)p, = (V£ ¢);.

3. The finite volume scheme on general meshes. We recall the finite vol-
ume scheme used for the numerical approximation of Eq. (1.1)-(1.2)-(1.3). This
scheme is constructed on the basis of the discrete differential operators defined in
section 2.

(3.1) ~(Vi (Vo) = (N VielL1],
(3-2) ~(Vi - (VR = (F)i Yk ¢ I,

in which (f)I and (f)F are the mean values of f over T; and Py, respectively:

(3.3) (/)T = ul“ [0 ax ana (f)£=ﬁ RELS

Dirichlet boundary conditions are discretized by

_ 1
(3.4) oF = ¢a(Sk),Vk € Tp and ¢f = 3 (¢f, + 1) . Vie'p,

where in the second definition, it is understood that G; € I'p is the midpoint of
[SkySk,] C T'p. Note that there is a slight modification in the last boundary conditions
in (3.4) with respect to those proposed in [13]. The reason for this will appear in
section 4. Neumann boundary conditions are discretized by

where g; is the mean value of g over the corresponding segment A;
(36) 5= [ 9o
. g =—— g(o) do.
T Ay 4,

LEMMA 3.1. The scheme (3.1), (5.2), (3.4), (5.5) has a unique solution.
Proof. Let us consider ¢ = (7,17 such that ¢f = 0 for all k in I'p and 4] =0
for all 7 in I'p. Then, there holds

(3.7) —(Vi - (VEo) il = () vl vie L],

(3.8) —(VE (VRO = ()i vk » Yk € [L,K].

Eq. (3.7) is trivially obtained by multiplying Eq. (3.1) by yT. In the same way,
Eq. (3.8) is obtained, for k ¢ T'p by multiplying (3.2) by ¢}’. On the other hand, for

k € T'p, Eq. (3.8) still holds true because 1} vanishes. Multiplying (3.7) by |T;| and
(3.8) by |Px| and summing over all ¢ and all k, we obtain

(VPP (VPo), )1 = (F,d)7,p-
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The discrete Green formula (2.5) allows to write
(3.9) (VE®, VEU)D = (V¢ m,d)rn = (F )mp.

The fact that ¢ vanishes over I'p implies that ¢~j vanishes for all j € I'p; on the other
hand, taking (3.5) into account, we may transform (3.9) into

(3.10) (VR S, Vi) D = (F,4)1.p + (3, 9)rx 1

If the data (f, g, ¢q) vanish, then the right-hand side of (3.10) also vanishes, and we
may choose 1) = ¢ because Eq. (3.4) imply that ¢ vanishes over I'p. Then, we obtain
(VP ¢); =0 for all 4, which implies that there exists two constants (¢, ¢') such that
T = T for all i and ¢f = cF’ for all k. Applying the Dirichlet boundary conditions
(which vanish because the data vanish), we obtain that ¢ itself vanishes, which proves
injectivity. It suffices then that the linear system be a square system in order to
obtain existence and uniqueness of a solution; there are I + K + J' unknowns, while
Eq. (3.1) provides I equations, Eq. (3.2) provides K — K'? equations, Eq. (3.4)
provides K'» + JU'P equations and Eq. (3.5) provides J'~¥ equations, which means
a total of I + K + J' equations. O

PROPOSITION 3.2. Let ¢ = (¢, %) be the solution of the scheme (5.1)-(5.6).
Let ¢ = (w1, 0F) be such that vf = 0,Vk € Tp and vl =0,Vi € T'p. Let ¢5, and
Uy, be the functions associated to ¢ and v by Def. 2.8. Let us set in addition

(311) =g [ X w0+ Y el
1€[1,1] ke[l,K]
(3.12) bn(o) = _0;0;(0),
jer

where 01, 0F and 0; are respectively the characteristic functions of the cells T; and
Py and of the edge A; C I'. Then, there holds

a1y Y[ Voo veax= [ fuieact [ gy,

Proof. In Eq. (3.10), the left-hand side is evaluated with (2.2) and (2.12), while
the right-hand side is evaluated with (2.1), (2.4), (3.3), (3.6), (3.11) and (3.12). O

4. A representation of the error in the energy norm. Let us first recall
that the solution of system (1.1)-(1.2)-(1.3) verifies

(4.1) /Qvé-vwx)dx=/wa<x)dx+/mgw<o>da

forally € HY) :={y € HY(Q) /¥ =0onl'p}. We seek to measure the broken H'
semi norm of the error between the exact solution ¢ and the function ¢; associated
to the solution of the DDFV scheme. For this, we shall define

1/2

‘2 (x) dx

(4.2) e= EJ:/D \vé—vmh
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and we follow a now classical strategy, employed as soon as the discrete solution does
not belong to H(Q) (see [3, 11, 21]). Since V¢ — V5, ¢p, belongs to (L2(Q2))?, we may
write its discrete Helmholtz-Hodge decomposition in the following way

(4.3) Vo —Vion =Vd+V x ¥

with ® € HL(Q) and ¥ € H} := {\I! e H(Q), V¥ -7 =0 over I‘N}. This decom-
position is orthogonal and there holds

(4.4) VU-7=00onTy < I(cy) st Uy =cn.

If I'y were multiply connected, then there would exist one constant c, for each com-
ponent I'y 4 of I'y. Then, there holds

~ 12
= |92,
0,2

0,2
- zj:/Dj(Vé—Vh%)-V@(x)dx—l—zj:/Dj(ng—thsh).vx\j,(x)dx
::i1+i2.

In order to find a suitable representation of i; and i3, we shall need the following
definitions

DEFINITION 4.1. The boundary 0D; of any diamond-cell D; is composed of the
four segments [G;, (j)Sky()] with (o, B) € {1;2}. (see Fig. 2.2). Let us denote by S
the set of these edges when j runs over the whole set of diamond-cells and § those
edges in S that do not lie on the boundary I'. Fach s € S is thus a segment that we
shall denote by [Gi(s)Sk(s)], We shall also write s €T; (resp. s €Py) if s CT; (resp.
s C P)and s ¢ T'. Finally, we shall denote by ng one of the two unit normal vectors
to s, arbitrarily chosen among the two possible choices but then fixzed for the sequel,
and [Vén - ng|,, the jump of the normal component of V¢, through s.

PROPOSITION 4.2. Let ¢ = (¢7,¢F) be the solution of the scheme (3.1)-(3.6)
and ¢y, the function associated to ¢ by Def 2.8. Let & be defined in Eq. (4.3). Let
® = (o7, 0F) e RI+7" x RE be such that

(4.6) ®F =0,YVkelp and & =0,ViecTp.

The following representation holds

2'1:— Z/f <1> q>T dx+— 3> f((i)—(bkp) (x) dx

ze[l I] ke[l K]
+z/g%@%wW
A;Cn
wan Ly Z/vmh nl, (& - #7) (0)do
lE[l I]

Z Z/th n, (¢ -af) (0)do.

ke[l K]
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Proof. First, since ® € H},, we may apply (4.1) and we obtain

z-l=§jj/}3jvé-v<i>(x>dx—2jj/]3jvh¢h-vé<x>dx
:/vq;.v@(x)dx_z Vion - Vo (x) dx
Q j Dj

:/qu)(x)dx—i—/FNgfﬁ(a)do—zj: Dth¢h-V<I>(x)dx.

For any arbitrary ® = (®7, ®L) verifying (4.6), formula (3.13) leads to

i :/Qf ((f—(b,t) (x)dx—i—/FNg (<i>—<i>h> (0)do
(4.8) - Z/D Vion - (V‘f — VMI);,,) (x) dx.

Let us now consider a diamond-cell D;. Since V¢, is a constant over Dj, we may
write, using Green’s formula over D,

/D j Vién - (vé - VhCDh) x)dx= |  Vién nop, (<i> - @h) () do,

dD;

where ngp; is the unit normal vector exterior to D; on its boundary. Moreover,
for each s, the function ®;, belongs to P! over s and the quantity V¢, - ngp,; is a
constant; the integral of V¢p, -mgp, @ along this edge may thus be exactly computed

by the midpoint rule; since, by definition of ®;, this function equals % (@58) + @kp(s))
at the midpoint of s, there holds:

N A 1
Vhon- (vq> - VhCDh) x)dx= | Viénnon, [cb -2 (cbﬂs) + @kp(s))] (0) do .

D, aD;
Each s Eg’ contributes twice to the sum of integrals contained in the second line
of (4.8), since each interior s is located at the interface of two diamond-cells D;.
Moreover, since & € H L(Q), the jump of this function through s vanishes. Further,
each diamond-cell D; whose boundary intersects I' has two edges s of equal length
included in I', whose union is exactly A;. On these two edges, V¢, - npp, has the
same value and one may easily remark that

- 1
‘ngp, |®— = (L, + oF do =
~/8D_7‘OFVh¢h op; [ 2< it T k(s))] () do
(4.9) / Vién - n; (é—cﬁh) (0) do,

Aj
where we recall that @, is defined through formulas analogous to (2.3) and (3.12).

Now, we have to distinguish the case of the boundary I'p on which ® = 0 and on which
®, and thus ®; also vanish, and the case of the boundary I';, on which Vj ¢y - n; is
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known thanks to the boundary condition (3.5). With these remarks, may write

Ej: b, Vion - (V‘i’ - Vh@h) (x)dx =

(4.10) Z/S[Vh¢h I [A ; (@l(s) —|—<I>kp(s))] (o) do
+A§N/ gj <I> <I>h (o)da.

Then, we may write P — (@is) + (I)k(s)) [(@ <I>72 )) + (i) — @kp(s))] Sum-

ming in the first line of (4.10) the various COHtI“lbuthIlb of ®T for a fixed i and the
various contributions of ®£ for a fixed k, we obtain the following formula

Z/D Vinon - (Vfi)—vh@h) (x) Z Z / Vhén -1, <I> <I>T)( )do
7 J QCT
(4.11) + > Z / Vion - 1), <I> @P)( )do

ke[l K]

+ Z / gj <I> <I>h (U)do.

A;C'n

Finally, according to (4.8) and the definition (3.11) of ®}, we obtain (4.7). O

Before we turn to a representation formula for is in (4.5), we need some technical
lemmas related to the L?(2) scalar product of discrete gradients and curls.

LEMMA 4.3. Let ¢ = (¢, ¢L) be the solution of the scheme (3.1)-(5.6). Let
U = (07, Py e RT+7" % RE be such that

(4.12) Ul =cy,VkeTy and U] =cn,Viely.
There holds

(4.13) (VT x (VP),0)rp =0.

Proof. According to Eq. (2.9) and (2.10), there holds
(4.14)  (VEx(VP¢)i =0, Vi [1,I] and (VL x (VE#)p=0,Vk ¢T.

On the other hand, since the solution of the discrete problem verifies (3.4), there
holds, for & Ef‘D, with the notations of Fig. 2.3

1 1
Of, = 5 (0 +0k,) and o7, = (9} + Ok,)
which implies, thanks to Eq. (2.11),

(4.15) (VE x (VP@)k =0, VE €l'p .
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o

Fic. 4.1. Notations for the Neumann boundary

With the definition (2.1) and the choice (4.12), Eqs. (4.14) and (4.15) imply that

(16) (VPP X (VPO Wre = gex 0 P (VE x (VRO

keln

Now, if 'y is a closed path, formula (2.11) imply that the sum in (4.16) vanishes since
every ¢! and every qSkP in that sum have two contributions that cancel. On the other
hand, if T'y is not a closed path, then let us consider the boundary I'y represented
on Fig. 4.1. The points k € I'x are the points Ko, ---, Ky_1. We have also displayed
the neighboring edges [K1, K2] and [Ky_1, K] located on the Dirichlet boundaries
which are neighboring to I'y. According to formula (2.11), in which the notations of
Fig. 2.3 are used, we obtain

1
D IBIVEX (VR = D (b1, —1,) + 50K, — 0K, 1)
kel N p€E[l,N—2]

(417) = _¢11 + %(¢K1 + ¢K2) + ¢1N—1 - %(QSKN—I + ¢KN)'

Since we have chosen the solution ¢ of the discrete problem such that (3.4) is verified
on the Dirichlet boundaries, then ¢7, = 3(¢k, + ¢k,) and ¢ry_, = 3(Pxr_, + DKy )-
The sum in (4.16) thus vanishes. O

LEMMA 4.4. Let ¢ = (¢F,¢F) and ¥ = (WT WP be like in lemma 4.3. Let ¢y,
and Uy, be their associated functions through Def. 2.8. There holds

(4.18)2/ Vion - Vi x U(x)dx = [ Vg -7 Uy(0)do +cy | V- 7(0)do.
j 7 Dj

FD 1—‘N
Proof. Applying (2.12), (2.13) and the discrete Green formula (2.6), there holds
Z/ Vion - Vi x Up (x) dx = (V3 $, Vi) x ¥)p
i b

(4.19) = (VEP 5 (VP¢), W)pp+ (VPG -7, 0)r .

The first term in the right-hand side of Eq. (4.19) vanishes thanks to lemma 4.3 and
the second term may be split into a contribution over I'p and a contribution over I'y.
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Now, for any j € I, Def. 2.5 and the fact that for boundary diamond-cells |A;2| =0
and 2|D;| = |A;||A}|nf, - 75, there holds (V¢); - T; = |A_1j\(¢k2(j) — Pri(j)). In
particular, on the boundary T'p, the boundary conditions (3.4) imply

. 1 .
(VRe); -7 ¥ = A |(¢d(5kz y) = @d(Sk, () ¥j = m/Aj Vi 7(0)do ¥,

(4.20) = —/ Vg1 U, (0)do,
|A;] Ja,
since Uy, is a constant equal to \T!j on A;. This implies that
(421) (VPo-7,@)rpn= > |4 (VR9); 739 = | Va1V, (0)do.
jETD I'p

As far as the contribution over I'y is concerned, we infer from (4.12) that ¥; = cy
for all j € I'y. This allows us to write

(th¢ " T, @)Fz\uh =CN Z (¢k2(j) - ¢k1(j)) = CN(¢K2 - ¢KN—1) )
JETN
where the notations of figure 4.1 are used. If I'y is a closed path, then Sk, = Sk, _,
and this sum vanishes and is thus equal to cy fFN Vgﬁ -7 (0) do which also vanishes.
On the other hand, if I'y is not a closed path, then K» and Kx_; are on I'p and the
values of ¢ at those points are imposed to be the values of ¢4 by (3.4), that is to say
the values of ¢ at those points, which means
(4.22) (VFo-7,0)ryn=cn(b(Sk,) = 3(Sky 1) =cn | V-7 (0)do.
I'n

Egs. (4.21) and (4.22), together with (4.19) lead to (4.18). O

PROPOSITION 4.5. Let ¢ = (¢pF, ¢L) be the solution of the scheme (5.1)—(5.6)
and ¢y, its associated function. Let U be defined in Eq. (4.3). Let ¥ = (9T WP) ¢
R+ % RE be such that (4.12) holds and let W), be its associated function. Let
t:= Vg -1 be defined on the boundary I'p. Then, the following representation holds

-3 / t—1) \I/ \I!h) (0) do

A;CT'p
(4.23) - Z Z/ Vién - Tsl, \I/ \I!T) (0) do
16[1 1] CT,
Z Z/th 7, (¥ - 9F) (0)do.
kElK

Proof. From (4.5), there holds

@:Z/D‘(vés—vhqsh)-vX\i:(x)dx
(4.24) z/QV(b-Vx\I/(x)dx—zj:/Dth(bh-VhX\I/h(x)dx

—Xj:/Dthqﬁh-(VX‘if—VhX‘I’h) (x) dx.
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By application of the continuous Green formula, there holds
/Vé-vX if(x)dx=/vg£-r¢f(a)da
Q r
(4.25) = Vg -7V (0)do +cn Vo -7 (0)do,
FD I—‘N

where we have taken into account the boundary condition (1.2) and Eq. (4.4). Using
(4.25) and (4.18), formula (4.24) may be rewritten as

o= [ Véa (\if—\i/h) (0) do

(4.26) - Z/D P (v x U~V x \I!h) (x) dx.

We may now compute the second term in the right-hand side of Eq. (4.26) just like
we computed the last term in the right-hand side of Eq. (4.8). Considering separately
inner and boundary edges, we may write

zj:/Dth%-(fo[f—VhX\I!h) (x) dx =

(4.27) Z/[vmh - T], {\iz— % (\1158) +mf<s))} (o) do
s’

>

N
. Vidn - Top, [qf -3 (\I!T() + fokP())] (o) do .
jET i

As far as boundary edges are concerned, a formula analogous to (4.9) holds:
/ Vihon - Top, {\I’ 1 (\IfiT(s) + \I!kp(s))} (0)do =
8Djﬁl“ 2
(4.28) / Vidn - T [xp - @h} (o) do .
Aj

Now, if j € 'y, then U is a constant on A; whose value is cy; the same holds for U,
thanks to (4.12). The contribution over the boundary I'y thus vanishes in the above
expression. As far as Vi ¢y, - T; is concerned, we have seen thanks to (4.20), that its
value over 0D; NI'p is

_ 1
Vh¢h'7j =t; = —/ v¢d-T(0)dJ.
|A;] Ja,
We thus have
~ 1 N -
(4293 / Vidn - 7 [qf 5 (v \ykP(s))] (0)do = / 7 - 0] (o)do,
jEF BD_mF I'p

where ¢ is the piecewise constant function defined over each segment A; C I'p by
t(o) :==t;0,(0). If we compute the first term in the right-hand side of (4.27) just like
we computed the first term in the right-hand side of (4.10), and taking (4.29) into
account, Eq. (4.26) leads to (4.23). O
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5. A computable error bound.

5.1. Preliminaries. In the expression (4.7) of i1, as well as in the expression
(4.23) of ig, the values of (7, ®F) and (U7, UF) are up to now arbitrary, except for
boundary values given by (4.6) and (4.12).

DEFINITION 5.1. Since ® and U are not necessarily more reqular than HY(Q),
we choose as an interpolation their L? projection on the primal and dual cells

1 . 1 R _
(5.1) @F = d(x)dx Vie[l,I], ®F = — | d(x)dx VE¢Tp.
Tl Jr, [Pl Jp,
1

1 .
(5.2) wl= ‘|/ U(x)dx Vie[l,I], F =
7 T;

7 U(x)dx Vk¢T'n.

| Pl Jp,

In order to complete the definition of (®F,®F) (resp. (VI,¥F)), there remains to
define the values at the centers of the boundary edges located on Ty (resp. on T'p).
The values ®I for i € Ty and the values of VI fori € T'p are chosen such that

~ 1 . ~ 1 .
@':—/@adoand\ll':—/\lfado,
1A ), 1A,

which is easy if we remind that <i>j and \i!j are defined by formulas analogous to (2.3),
while the values of ®F at the vertices are given by (5.1) or (4.6) and the values of VL
at the vertices are given by (5.2) or (4.12).

In what follows, we shall need Poincaré-type inequalities, as well as a trace in-
equality.

LEMMA 5.2. Let w be an open bounded set which is star-shaped with respect to
one of its points. Let u € H'(w) and let 4, be the mean-value of u over w. Then,

(5.3) AC(W), s.t. flu = Gu| 12, < C(w) diam(w) [[Vul 12, -

Note that when w is convex, a universal constant C(w) is given by % When w is not
convex, we may use explicitly computable formulas given, for example, by [7, 28].

LEMMA 5.3. Let w be an open polygonal set such that & is star-shaped with
respect to one of its vertices z located on a part vyp (with non vanishing measure) of
the boundary v = Ow. Let us suppose that at least one of the edges s included in Ow
is such that the considered point z is a vertex of s and such that s C yp. Then,

(5.4) 3C(w, 1) 5.t [ull 2oy < Cw,70) ]2 [Vl 2, -

for any function u € H*(w), such that u),, = 0.

We may precise C(w,vp) by using formula (3.2) of reference [7].

REMARK 5.4. In (5.3) and (5.4), the constants C(w) and C(w,~yp) do not depend
on the diameter of w, but only on its shape.

LEMMA 5.5. Let T be a triangle and let E be one of its edges. Then, for any
function w € H'(T), such that [, u(o)do =0, there holds

a |E| 1/2
(55) llisie) < 5 (1) i) 9l

where o = 0.730276 and p =1 — @ are given by formula (23) of [21].
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Finally, we shall also need a trace inequality; we could for example choose that
given by Theorem 4.1 and Remark 4.1 in [7]. Since we try to estimate as precisely as
possible the constants which are involved in the forthcoming bounds, we prefer using
a slightly improved version of it.

LEMMA 5.6. Let T be a triangle and let E be one of its edges; let p be the distance
from E to the vertex of T' opposite to E, and let o be the length of the longest among
the two other sides of T. Let € > 0 be an arbitrary real-valued number; then for all
u € HY(T), there holds

2 1 _ 2 2
(5.6) ol < 5 (247 lullzagry + %0 [Vulzaqey )

The proof of (5.6) is omitted.

5.2. Bounds for the higher-order terms. Let us consider the expression of
i1 and i given by (4.7) and (4.23) and let us start by bounding the higher-order
terms (HOT). Indeed, we know thanks to the a priori estimations obtained in [13]
that the error norm e behaves like O(h) when the solution qAS is sufficiently regular.
Any contribution in i1 or 5 that would behave like O(h'T®) with o > 0 would then
be asymptotically negligible in the error estimation. Often, one does not include these
HOT in the expression of the a posteriori estimators (see, e.g., [27]). However, since
our purpose is to obtain a guaranteed upper bound for the error, we shall include the
HOT in our estimator.

PROPOSITION 5.7. Let hl := diam(T;), hf := diam(Py). Let fI (resp. fL) be
the mean-value of f over T; (resp. over Py ). There exist computable constants C(T;),
C(Py) and C(Py, 0P, NT'p) such that

(5.7) Z/ f (é-@f) (x)dx| < osc(f, T, Q) ||V ey’
B8 [, (80 (ix| < (s (0wt (g 200 ) P v
(5.9) jEXF:N /A -3 (- 81) (0)ao| < oscla. T [ V8], -
(5.10) >/ (=) (0= 0) (0| < oett o) [V,

Jj€T'D

where, by analogy with [3], we have defined

1/2

(5.11) osc(£,T,0 = | S (€@ f = ey |
i€[1,N]

1/2

(5.12) osc(f,P.) = [ 32 (CPORE) S = T emy |
kgD p

1/2

(513)  str(f£P.Tp, Q) = | 3 (C(PLOPNTo) P2y |

kelp
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1/2
diam?®(D;) _
(5.14)  o0sc(g9,I'nv) = (1 + \/5) zr: W|AJ| g — ngiz(Aj) )
JErN
1/2
diam?(D;) T2 :
(5.15)  osc(t,Tp) = a(l+V2) | Y ——=—L[A;| It = Fll7204,
& |Dj| ( J

Proof. Since ®T was chosen as the mean value of ® over T; (see (5.1)), we have
/ f (@—@?) (x) dx :/ (f—flT) (@—@?) (x) dx.

Applying the Cauchy-Schwarz inequality, formula (5.3) (since deH Y(T;)) and the
discrete Cauchy-Schwarz inequality, we are lead to (5.7). As far as (5.8) is concerned,
we may proceed in the same way as on the primal mesh, distinguishing however the
indices k ¢ I'p and the indices k € T'p. Indeed, for k ¢ I'p, we have chosen ‘bkp as
the mean-value of ® over Py, and we may follow the above considerations to obtain

)

(5.16) 3 /P‘f (&-@f) (x) dx| < osc(f, P,9) Hvé]

L2(Q\QF)

where Qg = UkefD P,. On the other hand, when k¥ € I'p, we have chosen ‘bkp
equal to 0 (see (4.6)). By definition, the associated dual cells Py have a part of their
boundary located on I'p, on which ® vanishes. We may thus apply formula (5.4) and
Cauchy-Schwarz inequalities to obtain

(5.17) S| s (é—@kp) (x) dx| < str(f,P,rD,Q)HVci)]

kelp P

r2@h)’

Inequalities (5.16) and (5.17) lead to (5.8). As far as (5.9) is concerned, since ®; has
been chosen as the mean-value of ® over Aj, the function b — <i>j has a vanishing
mean-value over A;, which is an edge of the triangle D;. Thus, the Cauchy-Schwarz
inequality over A;, inequality (5.5) and the discrete Cauchy-Schwarz inequality lead
to (5.9). Inequality (5.10) is obtained like (5.9). O

REMARK 5.8. The quantities (5.11) to (5.15) are HOT as soon as f € H*(Q)
with o > 0, and as soon as g (resp. t) belongs to HY/?t¢(Tx) (resp. to HY/?*+<(I'p))
with ¢ > 0. Indeed, in that case, Hf = fiT||L2(T,;) is of order (h?)mm(l’a) 1 e ()
which ensures that osc (f, T, Q) is of order h'+™in(1e)  This is also the case for the
term (5.12). Moreover, str (f, P,T'p,Q) is of order Ch||f||L2(Qg). Since QF is the
union of those of the dual cells whose associated vertex Sj lies on I'p, it is included
in a stripe whose width is h along I'p. Applying Ilin’s inequality (see, e.g., [9]),
then ||f||L2(Qg) is of order h™(1/2:%) which ensures that str (f, P,T'p,Q) is of order
pltmin(1/2,0) - Finally, ||lg — Gillp2(a,) (resp. [lt =il 2 4,)) is of order 1/2 4 ¢, and
thus osc(g,Tn) (resp. osc(t,I'p)) will be of order 1 + & under the condition that the

quantity %jfﬁ is bounded independently of h on the whole boundary I'.
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5.3. Bounds for the main terms. PROPOSITION 5.9. For any primal cell T;
and any dual cell Py such that T; N Py # 0, let s = [G;Sk] and tip1 and tik2 be the
triangles defined in Fig. 5.1 such that t;1 Utiko = T3 N Py, Let pik,o be the distance
from s to the vertex of tii,,o opposite to s and oy be the length of the longest among
the two other edges of tigo. C(T;) is the constant that appears in (5.3). For any
strictly positive p, p; and pl, let us define

(1+ 1+"i’;1> <1+ 1+%)
(5.18) Cs(p) = P
(1+\/T>mm+ <1+ 1+ ’”)pm
(5.19) i) = (CT)AT)* +
(5:20) (07 ()" = xi (i) Y Colpai) [1Vnm - mal, |32y and (n7)° = (4F)’

i

o
seT;

(6.21) (w7 (1) = ) 3 ) N -7l 2a amd (") =30 (07’

o /L
seT;

Then, for any set (1;)icp1,1) in (Rj) and any set (1), in (R ) there holds

(5.22) 3 Z/vhqsh n, (b @7) (0)do| <" HW‘LQ(Q
76[1]]

(523 | S Z / Vadn -7, (8- 97) (@)do| <o V|,
76[1]]

Proof. We shall only give the proof of (5.22), since the proof of (5.23) exactly
follows the same lines. By application of the Cauchy-Schwarz inequality on each of

the edges s €T;, and by the weighted discrete Cauchy-Schwarz inequality, we obtain
for any set of strictly positive real-valued numbers CT

Z /S[th ‘g, (<I> - <I>7T) (o)do| <

seT;
1/2 1/2
2 L s 2
G20 | 3 CTInen nill || 3 r 20T L
seﬁ seﬁ

Now, for each segment s, we may apply the trace inequality (5.6) on each of the two
triangles ¢;11 and t;; 2 and we may write, for a € {1;2} and for all strictly positive

3 (2+6l 04 612' ()LO-/LZ' (23
Eik,a, With C 5o = o k’“ and Cg 5o = 7"[‘)%&"‘
T - 7|
(5.25) H<I> ®; S Cisa |- 2 +C2s.a
L2(s) L2(tik,a) 2(tik,a)
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FiG. 5.1. For each primal cell T; and each vertex Sy of T;, T; N Py, is split in two triangles t; 1
and ti 2.

For each s €T3, let k4 be a real-valued number between 0 and 1. A convex combination
of (5.25) with weights ks for « =1 and (1 — k) for a = 2 leads to

1 A 2 5 . 2 2
— || — @7 < LI oA Hq)_cp.T Ch.s qu)‘
Z:o Cg ez 2:0 [CGT < bt ’ L2(tik,1)+ 2ol L2(tir,1)
seT; seT;
1— kK, - 2 12
S ool )
s L2(tik,2) L2(tik,2)

Now, we wish to give an equal weight to the various contributions of the triangles
tik,o in the above sum, in order to sum them up into a norm over 7;. This may be

obtained in the following way: let p; be fixed in T; independently of s. For each s €T;
and for a € {1;2}, let us choose €1, so that

N RV R Ll
(5.26) ¢

ik, = 3 < Co5.0 = 11iC1 5.0 , Vs €T, Va € {1;2},

Uik,a

and then s and CT such that ksC1 51 = (1 — ks)Ch 52 = CT. Tt is readily checked
that the definition of Cs by (5.18) lead to ksC1 51 = (1 — ks)C1 52 = CT = Cy(1).
Then, there holds, with the application of (5.3)

1 A 2 . 2 112
— || — @7 < o — of + p; |V )
z:o CT ") — E:O a%:g} ( L2 (tna) a L2(tin.o)
seT; seTy ’
. 2 .
<|®-af + 1
L*(Ty) L*(Ty)
9 N2
5.27 < [ O(T3) hT l} qu>‘ .
(5.27) <[(ca@ynl)’ + ] |va|,,

Plugging (5.27) into (5.24) and applying the discrete Cauchy-Schwarz inequality leads
to (5.22). O

REMARK 5.10. Since we may freely choose p; in Prop. 5.9, we shall pick up
the wvalue of u; which minimizes the quantity nl (u;) in (5.20) in order to obtain
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the best possible bound in (5.22). This minimization is performed numerically when
we effectively compute the estimators. However, we may already get an idea of the

behaviour of this quantity by bounding min,, o nF (us) by nt ((h?)z), for example.
By definition of ok, this length is lower than the diameter of T;, which implies

(1+v2)?
(5.28) a (1)) < 2(pikt + pine)

Under the hypothesis that the ratios p;’“ﬁ are all bounded by below by the same constant

which does not depend on the mesh, we obtain the following bound

. T ) T . 2
min ] (i) < Khi' Y Vadn - 0lll7eq)

o
seT;

where the constant K does not depend on the mesh. The same remark holds for the
choice of .

We may proceed in the same way on dual cells, but we have to distinguish those
dual cells whose boundary does not intersect I'p (resp. T'n), for which we have chosen
®F by formula (5.1) (resp. UL by (5.2)), and for which we may thus apply (5.3), and
those whose boundary intersects I'p (resp. I'y), for which we have to apply (5.4)
since (& — ®F) (resp. (¥ — W) vanishes over I'p N APy (resp. Ty NAP), see Egs.
(4.3) and (4.6) (resp. Eqgs. (4.4) and (4.12)). We end up with the following bounds

PROPOSITION 5.11. Let us set the same notations as in proposition 5.9. Let
Cs be defined by (5.18). Let C(Py), C(Py,IT'p NOP;) and C(Py,T'n NOPy) be the
constants involved in (5.8) and (5.4). Let us define for any strictly positive py, and p,

_ C(PORE)” + e if k¢Tp
5.29 - ( i [
(5:29)  xelyue) { C*(Py,Tp NP |Psl + e if kelp
ety (C(PRE)? + 4, if k¢Tn
(5:30) X (o) {02(Pk,erapk)|Pk|+M; if kely '
(531) (nF (1x))” = xu () Z Co(tur) |Vt - 1], |72y and ( Py =" (h)
SGPk k
2
632 150) = X0 3 Colu) 119 7ol gy and (") =32 (o 0y
k
SEPk

Then, for any set (pr)ken, k] in (Rj)K and any set (uy )kep, k) in (RY ) there holds

(5.33) 3 Z/vhfph n,], <I> ch) (0) do <77PHV<i>}

kell, K]

2’

(5.34) 3 Z/vhqsh T, fo foP) (0) do <n’PHV\I!’

ke[1,K] sC

L2(Q)

Plc

Now, gathering (4.5), (4.7), (4.23), (5.7) to (5.10), (5.22)—(5.23) and (5.33)—(5.34) we
obtain the following fully computable a posteriori error bound
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THEOREM 5.12. Let e be defined by (4.2), and let the definitions (5.11)-(5.15),
(5.20)-(5.21) and (5.31)-(5.32) hold. Then

e < %( [osc(f,T,Q) + (och(f, P, Q) + str?(f, P,FD,Q))1/2

(5.35) +20sc(g, A,T'n) + nt + r]P]2

1/2
+ [2036(t, ATp)+n7T + nlp} 2) )

6. Efficiency of the estimators. Since the jumps of Vj¢; through the com-
mon edge of two neighboring diamond-cells are involved in the estimators 57, - - -, we
shall work in the neighborhood of this common edge in each T;, and use functions
with a support included in the triangles t; o, with a =1 or 2, defined in Figure 5.1.
Since we consider a fixed s (i.e. a fixed couple ik) in what follows, we shall simplify
the notations into ¢, and te. For any triangle ¢ in {¢1,t2}, we shall denote by A s
the barycentric coordinates associated with the three vertices of ¢, with 4 € {1, 2, 3}.
Moreover, we shall suppose that the vertices of ¢; and ¢ are locally numbered so that
the two nodes of the edge s are the vertices 1 and 2 of each of the triangles ¢; and to.

DEFINITION 6.1. We define the following bubble functions

(6.1) b = 2TAia o3 for t =11 or t=ty,

b — { AN, 1M, 2 on ta, a € {1;2}

(6.2) 0 elsewhere

There holds w; := supp(by) C t and w, := supp(bs) = T; N P, = t1 Uts. The following
propositions are given, for example, in [27].
PROPOSITION 6.2. There holds

(6.3) 0<b<1,0<b,<1.
2
(6.4) /m@wzﬁq

PROPOSITION 6.3. There exists a constant C' > 0 only depending on the minimal
angle in the couple (t1,t2) such that, for t =t or t =ty and hy = diam(t)

1 9

(6.5) < / bi(x)dx = ~[t] < C B2,
1 1

(6.6) aﬁglm@ﬂ:§mgqﬁ,

(6.7) Vel 25y < Chi ' 11bell 2y

(6.8) HVbSHLQ(t) < Cls|™* ||bs||L2(t) :

In order to prove the local efficiency of the error estimator we shall make the following
hypothesis.

HYPOTHESIS 6.4. For any primal cell T; and any dual cell Py such that T; N Py, #
0, let s = [GiSk] and tix1 and ti 2 be the triangles defined in Fig. 5.1 such that
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tik,1 Utike =T, N Py. Let th = diam(Ti), hkP = diam(Pk) and S;, := |Ti N Pk|. We
shall suppose that there exists a constant C' independent of the mesh such that

(hiT)2S¢k_1 <C and (hkp)25ik—1 <C.

HYPOTHESIS 6.5. We suppose that the constants C(FPy), C(Px,I'p N OPx) and
C(Py,T'nyNOPy) that appear in Prop. 5.11 are bounded by a constant C independently
of the mesh.

Note that the constants C' in Hyp. 6.4 and 6.5 depend on the choice of the
points G; in the primal cells T;.

HYPOTHESIS 6.6. We shall also suppose that the triangulation of Q@ composed of
all the triangles t; o is reqular in the sense that the minimum angles in those triangles
are bounded by below independently of the mesh. This implies that the constant C in
Prop. 6.3 is bounded by above independently of the mesh.

THEOREM 6.7. For any primal cell T;, let hT := diam(T}) and (ﬂ? be the mean-

value of f over T;. Let nT (resp. /i ) be the lower bound of nT (1;) defined in (5.20)
(resp. 1/ (us) defined in (5.21)) when p; runs over RY. For any dual cell Py, let
hE := diam(Py) and (f)kp be the mean-value of f over Py. Let nf (resp. 'y ) be the
lower bound of nf (uy) defined in (5.31) (resp. n'kP(,uk) defined in (5.32)) when py

runs over R . Under Hyp. 6.4, 6.5 and 6.6, there exists a constant C independent of
the mesh such that

2

LQ(T¢)> ’

69  ()’<c (va R N

L2(T;)

(6.10) (77'?)2 <C th¢h - ng‘

2
L2(1y)

(6.11) (7711;)2 <C (th¢h - V¢’ 2L?(Pk) + (hkp)2 Hf - (ﬂkP‘ iz(Pk_)> ;
2 2
(6.12) (nlkp) s vah - WS’ L2(Py)

Proof. Let us consider an element 7; of the primal mesh and an edge s in T;.
Let us recall that by definition, such an edge s does not belong to I'. Let us consider
the function ws = [V, dp - ns)sbs, where b, is defined by (6.2). This function belongs
to Hj, and we may thus apply (4.1), which, taking into account the support of wj,
reduces to

(6.13) Vo - Vs (X)dx:/ f ws (x) dx.

Ws Ws

Moreover, since ¢, belongs to P!(D;) and ws vanishes on I, there holds

[ o T dx = 3 / Von )

= Z Vén -npp,ws(o) do

= Z Z /,[Vh¢h . ns/]sf U}S(U)dJ.

1 o
s'CT;
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But since w, vanishes on all the other edges s’ # s, there holds, taking into account
the definition of ws and the property (6.4)

/Q Vb - Vg (x) dx = / (Vi - 1)s ws(0) dor = [V - 1) / ba(0) do

2 2
(6.14) = 15l [[Vaon - nalul® = S 1[Vnén - nalalFae

And, taking into account (6.13)

N W

3
[V ron -ns]s||ig(s) =3 /Q Vion - Vwg(x) dx = / Vion - Vws(x) dx

= [/ (Vatn - 3) - Vunyi+ [ fu, (x) x|

3 R
(6.15) <3 (Hwh =V, 92y + W2y |ws|m<ws>) .

Let us now bound [|Vws|[2(, ) and [[ws| ;2 ,,)- There holds, thanks to (6.8),

(6.16) [Vl o,y = [[Vron - 0Ja Vsl o,y < 1Vh0n - 0l Cls| ™ [bal 2o, -
(6.17) ||w3||L2(w3) = |[Vhon - ng| HbSHLQ(ws) :

So there remains to find a bound for ||bs|[;2(,, ). In order to do this, we first infer
from (6.3) that b2 < bs. This implies, using (6.6),

2 2 1/2 1/2
(618 100y = (100 + I0ele) < ([ moax) <l
1 2

Taking into account that |[V¢p, - ngls| = [s|72 |[Vroén - sl p2(5) and considering
(6.15) to (6.18), we obtain

(619) 1193000l = € (18772 [T~ 9]

1/2
oy T2 )

One usually expresses || f| 2, as a function of thgéh - véHm( ) and of HOT.

Let t = t; or t, and let us denote by f; the mean value of f over ¢t. Then,
(6.20) Wz < N = Fell oy + 1l 2oy

Then, consider w; = f;b;, where b; is defined by (6.1). The function w; belongs to
H},. Thus, taking into account the support of b, Eq. (4.1) reduces to

(6.21) /tV<5 -V (x)dx = /tfwt(x)dx.

Moreover, since V¢, is a constant over each ¢, and since w; vanishes on the boundary
of ¢, there holds

(6.22) /Vh(bh - Vwy (x)dx = 0.
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Since f; is a constant over ¢, there holds, thanks to (6.5), (6.21) and (6.22),

(1) =€ ()" [mxix = C [ Fanxix
:cu(ft 7)) dx—i—/fwt dx]

[ Dyt [[(V6- Vi) - T (0]
(6.23) <C <||ft = Fll gy el oy + ||V~ thﬁhHLz(t) ||th|L2<t>) ’

with C' = 20/9 in the above expressions. Let us now bound ||wt||L2(t) and vat||L2(t)'
With (6.7), there holds

(6.24) ||V’LUt||L2(t) = |JFf} ||Vbt||L2(t) < |ft} Cht_l ||bt||L2(t)
(6.25) l[well 2y = [Fel 1106 L2 -

The remaining term that has to be bounded is [|b¢|2(,). For this, we first infer from
(6.3) that b?(x) < by(x) and then

1/2 B B
020 Al < V] ([0 ) < CLRIY = C il

in which C = 4/9/20. Combining (6.23)—(6.24)—(6.25)—(6.26), we finally get

LQ(t)) '

Since s is an edge of ¢, there holds |s| < hy; applying (6.20), we obtain

L2<t>) '

illsy = € (17 = Py + 17 [¥6 = T

) < € (1 = Sl + 1617 |76 - Vs
Thus, taking into account that ws = t; U t2, there holds

I 2 wyy S W2y + 11 L2y
<O (IF = ooy + 1Fi2 = Fll )

+Cs| (Hvé— V|

+ [V — Vil

‘ LQ(t2)>
L2<ws>> '

In this sequence of inequalities, we have used the fact that f; minimizes ||c — f|| L2(t)

L2(t1)

(6.27) < (1o = Ty + Ol 98- Ta0n

when ¢ runs over R; in particular, ||ﬁ - f||L2(t) < ||fws - fHL?(t)’ where f,,_ is the

L2(“’S)> :

mean value of f over ws. Combining (6.19) and (6.27), we obtain

(6.28) [|[Van - n5]5|L2(3)<c<|s|—1/2th¢>h =V, I e
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By definition, the local estimator n! is bounded by the value of ]’ ((h?f) . In (5.20),

we may bound C(T;) by 1/7 since the primal cells have been supposed to be convex,
and with (5.28) and (6.28), we obtain

2

L2(WS) ’

Under Hyp. 6.4, and since by definition S;; = %|8| (pik.1 + pir2) and |s| < hT, the
above inequality leads to (6.9). As far as (6.10) is concerned, let us consider the
function vs = [Vpep - T5]sbs. There obviously holds

1

e (1 v - 0, el - £

(")’ < e’y

o

seT;

(6.29) /QVQB'VXUS(X)CZXZ Vo -V x vy(x)dx = 0.

Ws

Eq. (6.29) and the calculations that previously led to (6.14) may be used to yield

3 3 .

V860 lol o = 5 | Fun- ¥ o= 5 [ (Vagn = V6) - ¥ vy
s 3 s R

, <2 - 2y

(6.30) <3 th¢h V¢HLz(w3)HV%HL (ws)

Just like (6.15) led to (6.19) and then to (6.9), the inequality (6.30) leads to (6.10).
The dual inequalities (6.11) and (6.12) may be obtained in the same way. The only
difference is in the bounds of x and x}, defined by (5.29) and (5.30), where Hyp. 6.5

is used, and where |Py| is sometimes used in place of (hkp )2. But since the cell Py is
star-shaped with respect to Sy, it is included in the ball of radius hf centred on Sj.

Thus, there holds |Py| < m (hy )2, which allows us to conclude. O

REMARK 6.8. The second terms in (6.9) and (6.11) are of higher order as soon
as f is more reqular than L?(£2).

7. Numerical results. We shall now consider two tests; the first has a stiff but
regular (C°°(£2)) solution, for which a uniform mesh refinement will asymptotically
give the optimal order of convergence, which means like O(h), or, equivalently, in
O (N~'/2), where N is the number of primal cells in the mesh; the second has a less
regular solution since it belongs to H*%(Q), with s < 2/3, for which a uniform mesh
refinement will asymptotically give a convergence order in O(h2/ 3), which means in
0] (N -1/ 3). We wish to verify that in the first case, the adaptive strategy will give the
same asymptotic order of convergence, but with lower errors, and that, in the second
case, we recover the optimal order in O (N -1/ 2). Moreover, we shall be interested in
the efficiency of the estimator.

In order to apply a mesh refinement strategy, it is necessary to rewrite the total
estimator given by (5.35) into a sum over the primal cells; indeed, it is on the primal
mesh that one usually has some kind of control, either through some meshing software
or through an appropriate refinement of a coarse mesh. Rewriting (5.35) is an easy
task, since we may split each dual cell into its intersections with various primal cells,
and since we may assess each boundary term to the primal cell whose boundary
includes the considered boundary edge. In the sequel, we shall denote by 7; this
aggregated local estimator.
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7.1. Adaptivity for a stiff but regular solution. We start with a prob-
lem inspired by [15], in which the authors consider the following multiscale problem.
Let Q =] — 1,1[? and let us choose the following data (with homogeneous Dirichlet
boundary conditions):

2 2 2 o oy riArt—e
f = 2k*n” cos(krx) cos(kmy) — dnx(r) exp(1/e”) exp[—1/(e* — )] NEET
with r = /22 +y? and x(r) = 1if r < e, while x(r) =0 if r > &. we choose k = 1/2,
n =10 and € = 1/4. The exact solution  of this problem is given by

¢ = cos(kmx) cos(kmy) + nx(r) exp(1/e2) exp[—1/(e2 — r?)] .

This solution is thus in C*°(Q), but displays a very strong peak in the neighborhood
of (0,0). We shall use a family of meshes with possibly nonconforming square cells.
More precisely, like in [15], we consider w = [—~1/4,1/4]? and Q\w is uniformly meshed
with squares of size h, while w is uniformly meshed with squares of size hg = h/2P.
For p > 1, the mesh is thus nonconforming. The mesh corresponding to h = 1/4
and h/hy = 4 is displayed on Fig. 7.1. Then, the following refinement strategy is
employed: we start with a conforming coarse mesh hg = h = 1/4, and for any given
mesh of this family let n2,, = ZTicﬂ\w n? and 02, = ZTij n?, and Ny and Ny
respectively represent the number of primal cells in 2 \ w and in w. We expect the
total error to behave like e ~ C(Neyt + Nim)_l/Q. We may also roughly expect 7est

(respectively 7;,¢) to behave proportionally to Nemiﬂ (resp. N;nl/z), so that:
e if we refine w only, the total error will roughly be (nZ,, + n2,,/4)"/? with
(Next +4Nipy) cells.
e if we refine Q \ w only, the total error will roughly be (n2,,/4 +n2,,)"/? with
(4Nezt + Nipg) cells.
e if we refine both w and Q \ w, the total error will roughly be & (n2,, +n2,,)*/?
with 4(Nezt + Nint) cells.
Then, after each computation, we compute C; := (02, +n2,;/4)"/?(Next +4Nine) /2,
Ce i= (N2 /4 + ﬂfm)l/Q(‘lNemt + Nint)1/2 and Cie == (02, + nviznt)l/Q(Newt + Nmt)l/Q
and the mesh is refined
e in w only if C; = min(C;y, Ce, Cie),
e in O\ w only if C. = min(C;, Ce, Cie),
e in both w and Q\ w if C;e = min(C;, Ce, Cie).
We present in Figure 7.2 a cloud of points corresponding to the true errors as a
function of the total number of primal cells, for all possible choices of couples (h, hg)
(with hg < h) so that the number of primal cells is lower than 70000. We have also
plotted the curve corresponding to a uniform mesh refinement (h = hg) and the curve
corresponding to the above described refinement strategy; we remark that the latter
curve is always below the cloud of points, and we may thus consider that, at least
in the present test, this strategy is optimal. This strategy leads to refine in w only
until h/hg = 16, with h = 1/4 and then to refine on the whole mesh. Note that this
corresponds to the observation in [13], apart from the fact that this mesh refinement is
now driven by the error estimator, while in [13] we needed the exact error to perform
it! The next observations concern the efficiency of the estimator. In Fig. 7.3, we have
plotted all the ratios of the estimators over the true errors for all the meshes used in
the previous computations. For these tests, the efficiency of the estimator is mostly
around 5, and always between 3.5 and 7. In Fig. 7.4, we have plotted the efficiencies
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error in the energy norm

100 1000 10000
Number of elements

Fic. 7.2. Errors for the multiscale problem
for the uniform refinement (upper curve), the adap-

Fic. 7.1.  Nonconforming mesh tive refinement (lower curve) and all other possible
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nr ' ' 4+ all meshes+
+ L d
65t 7 - 8
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S 55¢ + A 2 61 A
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4r 1 . ]
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100 1000 10000 Central refinement level
Number of elements
FiG. 7.4. Efficiencies for the multiscale
Fic. 7.3. Efficiencies for the multiscale problem as a function of the central refinement
problem. ratio p.

of the estimator for a fixed coarse grid h = 1/4 and for various refinement ratios,
with p up to 8. We remark that the efficiency is rather constant around 5, until p = 6,
and starts to deteriorate for p > 7. This is however robust enough for our purposes
here, since the optimal p was found to be 4. This deterioration was expected, since it
was proved in section 6 that the efficiency of the estimator depends on regularity of
the subtriangulation ¢;x. (see Figure 5.1). The fact that these triangles degenerate
at the boundary between the fine and coarse meshes when p grows larger explains
the observed worse efficiency. Note however that, as proved in [13], the a priori error
estimation does not degenerate with this refinement ratio.

7.2. Adaptivity for a singular solution. This test case is rather classical.
The domain 2 is chosen to be | — 1; 1[x] — 1; 1[\]0; 1[x] — 1;0[. The exact solution is
o(r,0) = 12/35in(20/3), expressed in cylindrical coordinates (r,6) centered on (0,0).
We use the Triangle mesh generator described in [26]. On a given mesh, we compute
the aggregated estimators 7; and ask to refine a given T; by a factor 4 in terms of area
if ; > (max; n;)/2. The triangle mesh generator will not exactly refine a given T;
into 4 similar sub-triangles, but will arrange so that the areas of the triangles near
the former T; will be lower or equal |T;|/4. In Figure 7.5, we have plotted the curves
of the true errors for a uniform and for an adaptive refinement, as a function of the
number of triangles in the primal mesh. The curve corresponding to the uniform mesh
refinement is, as expected, parallel to the N~1/3 curve, while the curve corresponding
to the adaptive mesh refinement is parallel to the N~1/2 curve, which means the
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optimal convergence is recovered. Finally, we plot in Fig. 7.6 the efficiency curves for
the uniform refinement and for the adaptive refinement. The efficiency varies roughly
between 10 and 8 (except for the very coarse mesh) in the former case, and seems to
tend to 7 in the latter.

8. Conclusion. In this article, we have applied tools inspired from the Finite
Element framework to derive a fully computable and efficient error bound for the
DDFV method applied to the Laplace equation in two space dimensions. We have
applied this theory to the adaptive simulation on nonconforming meshes of a regular
but stiff problem, and to the adaptive simulation of a problem with a singular solution.
On these tests, the efficiency of the estimator varies most of the time between 5
and 10. Based on new ideas developed by M. Vohralik for example in [31], further
work is under progress to obtain an estimator with a better efficiency for more general
diffusion equations discretized by the DDFV method.
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